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Abstract

We consider a Markov kernel on a measurable space, satisfying a minorization condi-
tion and a modulated drift condition. Then we show that there exists a solution to the
so-called Poisson equation whose norm can be bounded from above using the modulated
drift condition. This new bound is very simple and can be easily computed. This re-
sult is obtained using the submarkov residual kernel given by the minorization condition.
Such a bound allows us to provide new control on the weighted total variation norms
of the deviation between the invariant probability measure my, of a Markov kernel Py,
and the invariant probability measure 7y of some perturbation Py of Py,. From the stan-
dard connexion between Poisson’s equation and the central limit theorem, a simple and
computable bound on the asymptotic variance is also derived.

AMS subject classification :

Keywords : Poisson’s equation; Drift conditions; Invariant probability measure; Perturbed
Markov kernels; Asymptotic variance

Basic definitions used throughout the paper. Let (X, X) be a measurable space, and
let M* (resp. M) denote the set of finite nonnegative (resp. positive) measures on (X, ).

e Any measurable function V' : X —[1,4+00) is called a Lyapunov function. For every
measurable function g : X =R, we set ||g]|y := sup,ex |9(x)|/V (z) € [0, +00], and we
define the space By := {g : X — R, measurable such that ||g|y < oo}.

e For any € M™ and any p-integrable function g : X =R, u(g) denotes the integral
[y gdp. If (p1,p2) € (MT)? is such that (V) < oo,i = 1,2 for some Lyapunov
function V, then the V-weighted total variation norm ||u; — pe|ly is defined by

1 = p2llv = sup |u1(g) — pa(g)|- (1)
lgl<V/

e A nonnegative kernel K(x,dy) € M™, x € X is said to be a Markov (respectively

submarkov) kernel if K (z,X) = 1 (respectively K (z,X) < 1) for any = € X. We denote
by K its functional action defined by

Ve eX, (Kg)(z):= /X 9(y) K(x, dy),
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where g : X — R is any K (z,-)—integrable function. For every n > 1 the n—th iterate
kernel of K(x,dy) is denoted by K"(x,dy), x € X, and K" stands for its functional
action. As usual K is the identity map I by convention.

1 Introduction

Let (Vo, V1) be a couple of Lyapunov functions. For a Markov kernel P satisfying standard
minorization and Vj—modulated drift conditions (see D(Vp,V;) below), Glynn and Meyn
proved in [ , Th. 2.3] that there exists a P—invariant probability measure 7 such that
m(V1) < oo, and that there exists a positive constant ¢y such that, for any g € By, satisfying
m(g) = 0, the Poisson equation

(I-Plg=g (2)

admits a solution g € By, such that m(g) = 0 and

191lve < <o llgllva- (3)

Also see [ , Th. 17.7.1]. Note that the function g is not assumed to be m—centred in
the original Glynn-Meyn’s statement. Throughout our paper, the condition 7(g) = 0 will be
used to simplify the statements. Simply apply the results to function g — w(g)1x to restore
the general context. Under the aperiodicity condition, Glynn-Meyn’s theorem is related to
the pointwise convergence of the series Y ;5 P¥g, see [ , Th. 14.0.1]. We point out that
the constant ¢p in (3) is unknown in general. In Section 2, the following theorem is proved
(see Theorem 2.3).

Theorem 1 Assume that P satisfies the following minorization condition
3SeX, weM!, VzeX VAcXx, P(z,A)>v(la)ls(n), (S)

and the following Vi—modulated drift condition with respect to the set S in (S) and some
couple (Vo, V1) of Lyapunov functions

Then P admits an invariant probability measure m such that w(lg) > 0 and w(V7) < oc.
Moreover let us introduce the submarkov residual kernel R := P — v(-)1g. Then, for every
g € By, such that w(g) = 0, the function g = ::OB RFg belongs to By, and satisfies the
Poisson equation (2), that is (I — P)g = g, with

b= v(Vo)
— ) (4)

Jllvi, < allglly, where a:zl—i—max((),
I < allglv e

Condition D(Vp, V1) is the so-called Vi-modulated drift condition (e.g. see | , Chap. 14
and Condition (V3)]. Such a condition has been widely used to analyse the geometric or sub-
geometric rate of convergence in total variation norms of the Markov chain to its invariant
probability measure 7w (e.g. see | , Chap. 16, 17 and the references therein| for an
overview and various examples, and [ | for an alternative operator-type approach). To
the best of our knowledge, an estimate of the constant ¢y in (3) is only provided in | ,
Prop. 1] for a discrete state-space X and in | | for a continuous-time Markov chain with



a general state-space X. In both | | and | | the existence of an atom is assumed,
and standard regeneration approach is then applied under the Vi —modulated drift condition
to obtain the existence and a bound of a w—centred solution to Poisson’s equation. Here, we
use a quite different approach that does not require the existence of an atom.

Let us comment the conclusions of Theorem 1. The P—invariant probability measure 7
satisfying m(1g) > 0 is derived from a Nummelin-type representation (see [ , Th. 5.2
Cor. 5.2]), that is: 7 = p(1x) ' with p:= 3320 vRF € M. This representation is classical
under various hypotheses (see Appendix A for a direct proof under the sole minorization
condition (S)). The original trick in this work is that, under Assumption D(Vp, V}), the
submarkov residual kernel R := P — v(-)1g satisfies the following drift condition

va,c < %,C - ‘/1 (5)

with Vj . := Vp+dlx for some explicit positive constant d (see Lemma 2.2). Then the residual-
type drift condition (5) enables us to define the function g and to prove the bound (4), while
the Nummelin-type representation of 7 is proved to be crucial here to obtain that g is a
solution to the Poisson equation. The innovative point in Theorem 1 is that the bound (4) is
simple and explicit. Note that a similar bound can be obtained when Assumptions (S) and
D(Vj, V1) are assumed to hold for P’ for some ¢ > 2 (see Remark 2.4).

In Section 3, Theorem 1 is proved to be relevant for perturbation issues. Indeed, when P
and P’ are two Markov kernels on (X, X') with respective invariant probability measures 7
and 7/, the following formula is of interest to control 7’(g) — 7(g):

w'(g) —m(g) =='((P' = P)7) (6)

where ¢ is the solution to Poisson’s equation used in Glynn-Meyn’s theorem. This was first
observed in | | for finite irreducible stochastic matrices (see also [ ]). Formula (6)
may be subsequently used in any problem which can be thought of as a perturbation problem
of Markov kernels (e.g. see | , , and references therein| and | , Sec. 17.7]).
Actually, from Theorem 1 Formula (6) still holds replacing § with g := >/ 2% R¥ (g —7(g)1x),
and the explicit bound (4) is then of great interest (recall that the bound in (3) is not
explicit). This perturbation issue is addressed in Section 3 for a general family {Py}gco of
Markov kernels, each of them satisfying a minorization condition and a Vi —modulated drift
condition w.r.t. some Lyapunov functions Vj and V; (independent of #). Thus, denoting by
my the Py—invariant probability measure provided by Theorem 1, and fixing some 0y € O, it
is proved in Theorem 3.2 that ||my — mg,||v; — 0 when 6 — 60, provided that for every z € X
we have Ag v, (x) := || Py(x, ) — Py, (x,)|lv, =0 when 6 — 6y (see (1) for the definition of the
V-weighted total variation norm). Moreover a bound for ||mg — g, |1, is given in terms of the
quantity my(Ag ;). Here Py, may be considered as the Markov kernel of interest, and the
Py’s for 6 # 0y must be thought of some perturbed Markov kernels which are more tractable
than Pp,. In particular the term mg(Ag,y;) is expected to be known or at least computable
for 6 # 6.

The general approach in Theorem 1, which is based on the residual-type drift condition
(5), is proved to be relevant under the V;—modulated drift condition D(Vj, V7). To the best
of our knowledge, the bound (4) for solution to Poisson’s equation is new. Note that the proof
of Theorem 1 does not involve the splitting technique. Such a bound (4) allows us to specify
the constant cg in the bound (3) of Glynn-Meyn theorem | , Th. 2.3] (see Corollary 2.5).
Finally Property (4) provides a simple bound for the asymptotic variance in the central limit



theorem (see Corollary 2.6). These results apply whenever explicit modulated drift conditions
are known: for such examples, e.g. see | , , | in the context of Metropolis
algorithm, | , | for autoregressive models, | , | for queueing systems,
[ | for Markov chains associated with the mean of Dirichlet processes. The standard
geometric drift condition involved in the so-called V' —geometrically ergodic Markov chains,
is a special case of modulated drift condition (see (15)). In this specific geometric case, the
bounds obtained in this paper for solutions to Poisson’s equation greatly improve those given
in | | (see Corollary 2.7). Classical instances of V —geometrically ergodic Markov chains
can be found in | , , ].

The perturbation theory for Markov chains has been widely developed in the last decades.
Recall that the strong continuity assumption introduced in | ] is suitable when Py =
Py, + 0D, e.g. see | , ]. Note that neither the specific investigation of uni-
formly ergodic Markov chains (see | , , , ]), nor that of reversible
transition kernels (e.g. see [ ) , and the references therein]), are addressed here.
Recently Keller’s approach | | involving a weak continuity assumption (for perturbed
dynamical systems) has been adapted to V-geometrically ergodic Markov models, either us-
ing the Keller-Liverani perturbation theorem | | (see [ , , |), or using
the elegant idea of | | involving a suitable Wasserstein distance (see | , ,
and references therein], also see | ]). In the perturbation results of Section 3, Schweitzer’s
approach [ | combined with the bound (4) is proved to be a relevant alternative method
to investigate the quantitative control of the deviation between the invariant probability
measures of Markov kernels. To the best of our knowledge, the results of Section 3 are new.
They can be compared in the specific context of V —geometrically ergodic Markov kernels,
see Example 3.7. In Example 3.8 an application to perturbed random walk on the half line
is addressed under polynomial drift conditions.

2 The drift conditions and Poisson’s equation

Recall that a Markov kernel P on (X, X') satisfying the following minorization condition (S)
(e.g. see [ 1)

IS X, weM!, VzeX VAcXx, P(z,A)>v(ly)ls(x) (S)

is said to have a small set. The positive measure v in (S) is often written in the literature as
v = ep for some probability measure p on (X, X') and some ¢ € (0, 1]. This formulation is not
used here (note that the number v(1x) used in some bounds below equals to €). Actually,
the main property derived from Condition (S) here is that the following so-called residual
kernel R is a submarkov kernel

Ve eX, R(z,-):=P(z,:) —v()lg(x). (7)

Assume that P satisfies Condition (S) and that Vj is a Lyapunov function such that the
function PVj is everywhere finite (i.e. Vo € X, (PVp)(z) < oo). Then we have v(V)) <
(PVy)(z) < oo for any x € S from (S), so that the nonnegative function RV} is well-defined.
Now, given another Lyapunov function Vi, let us introduce the following residual-type drift
condition:



Note that this condition is a special case of Condition D(Vp, V1) (i.e. b = v(Vp)), and that it
implies that V; < Vj since RV > 0, and that PV < (1 4+ v(Vh)) Vo, hence || PVy||v, < oo.

Assuming the residual-type drift condition (R(Vp, V1)) and using a Nummelin-type rep-
resentation for the P—invariant probability measure m, the next Proposition 2.1 is our key
preliminary result. It states that, for any g € By, the series Z;ﬁ% R*g pointwise converges
in X and defines a function g in By, satisfying the nice bound ||g|lv, < ||g]|v;. Moreover g is
a solution to Poisson’s equation when 7(g) = 0. Proposition 2.1 will be central for obtaining
the bound (13) for ||g||v;, under the general Vj—modulated drift condition D(Vp, Vi) (see
Theorem 2.3).

Proposition 2.1 Assume that P satisfies the minorization Condition (S) and that Vy is
a Lyapunov function such that PV is everywhere finite. If the residual kernel R given in
(7) satisfies the drift condition R(Vy, Vi) with a Lyapunov function Vi, then the following
assertions hold.

(i) For any g € By,, the function g := ,'EB RFg is well-defined on X and § € By, with
19lve < llgllva- (8)
(ii) The positive measure pu = Y 720 vRF is such that p(lx) < u(Vi) < v(Vp) < oo, and

m = mpr = u(lx)"tu defines a P—invariant probability measure satisfying w(lg) =
p(lx)™t >0 and 7(V7) < .

(i1i) For any g € By, such that w(g) = 0, the function g satisfies Poisson’s equation
(I—-Plg=g. (9)

Proof. Let z € X. From R(Vy, V1), we derive that V3 <V — RV} and we obtain

n

Vn>1, > (RFV)(z) < Vi(a), (10)
k=0

so that 2 (RFV7)(z) < Vo(z). Now let g € By,. Using |g| < [|g]lv; V4, it follows that

“+o0o
D (B9)(@)] < llgllvs Vo ().
k=0

This proves Assertion (7). Next it follows from 1x < V4 and ZZ:O?) RFV, < Vp that

+o00 400
> v(RMx) < v(RM) < v(W) < oo
k=0 k=0

Hence the positive measure p := 2;08 vRF is such that

0 <v(lx) < p(lx) < p(V1) <v(Vp) < oo

Then the Nummelin-type formula m = p(1x) ! defines a P—invariant probability measure
satisfying 7(1g) = p(1x) ™! > 0 (see Proposition A.1). Assertion (i) is proved.



Let g € By,. Since 7(V1) = pu(1x) "1 (V1) < oo, we have 7(|g|) < co. Now define
Yn>1, gn:= Zng.
k=0

Then, using P = R + v(-)1g and setting 1in(g) := v(gn) = >_po v(R*g) we have
(I = P)gn = Gn = Rgn — pn(9)1s = g = R""'g — pn(9)1s. (11)

We know that lim, R"*'g = 0 (pointwise convergence) from the convergence of the series

120 REg. Moreover, using u(V1) < oo, we obtain that limy, o0 ptn(g9) = p(g). Finally,
for every x € X, we have lim, (Pg,)(z) = (Pg)(x) from Lebesgue’s theorem applied to the
sequence (gn)n w.r.t. the probability measure P(x,dy) since lim,, g, = ¢, |gn| < ||gllv, Vo and
(PVh)(x) < co. Taking the limit when n goes to infinity in (11), we obtain

(I -P)g=g—p(g)ls. (12)

Next, if we assume that w(g) = 0, then Equality (12) rewrites as Equality (9) since pu(g) =
m(g)/m(lg) = 0 from the representation of 7. The proof of Proposition 2.1 is complete. [

Now let us assume that P satisfies (S) and the standard V;—modulated drift condition
for some couple (Vp, V1) of Lyapunov functions

Elb>07 PVQ§VE)—V1+b15 (D(va‘/l))

This implies that the functions PV; and PVj are everywhere finite. Then we have v (V) <
oo from (S). Thus the nonnegative function RVj is well-defined where R is the residual
kernel defined in (7). If Condition D(Vj, V;) holds with an atom S (i.e. Vo € S, P(z,-) =
v(-)), then b = v(Vp) may be chosen, so that Condition R(Vp,V;) holds too. In the non-
atomic case, the drift condition D(Vp, V1) on P may not directly provide the residual-type
condition R(Vj, V1) since the constant b may be strictly larger than v(Vp). However, starting
from Assumption D(Vy, V1), the next lemma shows that the slight change of the Lyapunov
function Vp into Vp . = Vo + dlx, with some suitable positive constant d, does provide the
residual-type drift condition R(Vy ¢, V1).

Lemma 2.2 Assume that P satisfies Conditions (S) and D(Vy, Vi) w.r.t. some couple (Vy, V1)
of Lyapunov functions. Let ¢ > (b —v(Vy))/v(1x). Then Condition R(Vy ., Vi), with Vp . =
Vo + max (0, ¢)1x > Vi, holds for the residual kernel R defined in (7).

Proof. We already know that the function RV{ is well-defined and is finite from Assump-
tions D(Vp, V1) and (S). Set d := max(0,c¢) and Vp. = Vo + dlx. Note that v(Vj.) =
v(Vp) + dr(1x) < oo and that PV, = PVy + dlx < co. We have

R%,c = PVO,C - V(%,c)ls PVy +dlx — (V(VO) + dV(lx))ls
Vo —Vi+blg +dlx — (v(Vo) + dv(1x))1s

<
< Voe—Vi+ (b—v(Vo) —dv(lx))ls.

from the definitions of R and V., and from Assumption D(Vp,V;). Hence the expected
statement. H



Under the standard Vi-modulated drift condition D(Vj, V1) on P, the following statement
is derived from Lemma 2.2 and Proposition 2.1. Theorem 2.3 below can be thought of as
an extension of | , Th 2.3] (see also | , Th 17.7.1]) in that it provides an explicit
and simple bound on the Vy—norm of a solution to Poisson’s equation. To the best of our
knowledge, the joint use of Lemma 2.2 and Proposition 2.1, as well as the bound (13) below,
are new.

Theorem 2.3 Assume that P satisfies the minorization Condition (S ) and the Vi—modulated
drift condition D(Vy, Vi) w.r.t. some couple (Vy, V1) of Lyapunov functions.

Then the conclusions stated in Assertions (i) — (iti) of Proposition 2.1 hold true with the
following bound in place of (8)

(13)

- . b—v(V
Vg € Bv,, |gllv, < allgllv, with a:=1+ max (O, (O))

v(1x)

where v € M is given in (S) and b is the positive constant given in D(Vy, V4).

Let us mention that, when g € By, is such that 7(g) # 0, the centred function g := g—7(g)1x
is such that gy := ZZES RFgq is solution in By, to Poisson’s equation (I — P)gy = go =
g — m(g)1x. The bound (13) is similar to those in | , Prop. 1] and | ], which have
been obtained under Vi-modulated drift conditions, but assuming the existence of an atom.
In this work, we do not assume the existence of an atom. Nor do we use the splitting method
for passing from the atomic to the general case. Actually the atomic case appears here as
a special case where the constant b in D(Vp, V) can be chosen equal to v(V}), so that the
constant @ in (13) is one. In other words, the atomic case is encompassed by the assumptions
of Proposition 2.1.

Proof. Let Vp . := Vp+dlx where d := max(0,¢) with ¢ := (b—v(Vp))/v(1x) (see Lemma 2.2).
Note that Vp and V. are equivalent Lyapunov functions in the sense that Vo < Vp. <
(14 d)Vy. Proposition 2.1 applied with the drift condition of Lemma 2.2 shows that, for any
g € By, the function g := gﬁ% R*g belongs to By, . with

191Ivo.. < llgliva

and that g satisfies (I — P)
from the inequality Vp . <

g when 7(g) = 0. Next (13) holds since || - [lv, < (1+d)|-[|v;.

g=

< (1+dV. W
Remark 2.4 Assume that Conditions (S) and D(Vy, Vi) are only satisfied for the Markov
kernel Pt with some £ > 2. Moreover suppose that T is the unique invariant probability
measure for both P and P*. Recall that M := ||[PVy|v, < oo from D(Vy,V1). Set Ry :=
P’ —v(:)1g. Then, for every g € By, such that w(g) = 0, the function

~

-1 “+o00
g: Pkgg with gy = Z ngg
0 k=0

@
I

bl

l

belongs to By, and satisfies the Poisson equation (I — P)g = g. Moreover we have

a(M*—1) b— V(VO)>

q <
”gHVO — M _ 1 I/(lx)

lgllvy with a:=1-+max (o,

7



where v € M and b are here given in Conditions (S)-D(Vy, Vi) related to P*. Indeed
Theorem 2.3 applied to the Markov kernel P¢ shows that, for every g € By, such thatm(g) =0,
the function gy € By, and gy satisfies (I — PY)g, = g, with moreover

1gellve < allgllv;-

The claimed statements then follow from (I — P)g = (I — PY)g, = g and from the inequality
19lve < NlGellv (M —1)/(M —1).

Note that the invariant probability measure m = m, g involved in Proposition 2.1 and
Theorem 2.3 only satisfies the moment condition 7(V;) < oo, and there is no guarantee
that (V) < oco. For Markov kernels satisfying a modulated drift condition, the existence
and uniqueness of the P—invariant probability measure is investigated in many works under

various hypothesis, e.g. see | , ], and [ , Th. 1]. For instance, if P is
y—irreducible for some positive measure ¢ on (X, X') and satisfies Condition D(Vp, V1), then
P has a unique invariant probability measure, e.g. see | , Th 6.12].

In Corollary 2.5 below, we prove that, if the invariant probability measure m = m, g of
Theorem 2.3 is such that 7(Vp) < oo, then it is the unique one integrating Vj. This statement
is suitable to the perturbation results of the next Section 3, in which the moment condition
m(Vh) < oo is involved.

Corollary 2.5 Let P satisfying the assumptions of Theorem 2.8. Assume that the invariant
probability measure m = m, g is such that ©(Vp) < co. Then

1. 7 is the unique P—invariant probability measure which integrates V.

2. For any g € By, such that w(g) = 0, let g = ;28 RFg. Then the function § =
g—7(9)1x is a m—centered solution on By, to Poisson’s equation (I—P)g = g. Moreover
we have

19llve < a(1+7(Vo)lI1xllv) llgllva (14)

where the positive constant a is given in (13).

Note that, when Poisson’s equation has a unique solution up to an additive constant, In-
equality (14) gives a bound for the norm of the solution in Glynn-Meyn’s theorem.

Proof. Let g € By,. We know from Theorem 2.3 and Equality (12) that the associated
function g := E;ﬁg RFg is in By, and satisfies Equation (I — P)g = g — u(g)1ls with p :=
Zgﬁ% vRF € M. Recall that 7 = p(1x)~'u. Consequently, if n is a P—invariant positive
measure on X such that n(Vy) < oo, then we have n((I — P)g) =0 =mn(g) — u(g)n(lg), thus
n=n(lg)u =n(ls)u(lx)m. This proves the first assertion of Corollary 2.5.

To prove the second one, first note that g € By, and the property 7(g) = 0 (under 7(Vp) <
o0) are obvious. Moreover, if g is such that 7(g) = 0, then we have (I — P)g= (I —P)g=g
from Theorem 2.3 and (I — P)1x = 0. Finally we have

11lve < (14 7(Vo) 11xllvo) 191lve < a (1 4+ (Vo) |1 1xlvo ) lgllva

using the definition of g, the triangular inequality and [g] < ||g||v; Vb for the first inequality,
the bound (13) applied to g for the second one. O



For a Markov model satisfying Assumption D(Vp, V1), it is worth noticing that the condi-
tion 7(Vp) < oo holds provided that P satisfies any preliminary Vp—modulated drift condition,
that is: PW < W —Vy+blg for some Lyapunov function W (apply Theorem 2.3 to the couple
(W, V5)). Recall that such nested modulated drift conditions D(W, V) and D(Vj, V1) occur
in most of the analysis of polynomial or subgeometric convergence rate of Markov models,
e.g. see | , , ], in particular see | , Lem. 3.5]) in the polynomial case and
[ , ] in the subgeometric case.

The next proposition provides a computable bound for the so-called asymptotic variance
involved in the central limit theorem for Markov chains (e.g. see | , Chap. 17], | ,
Chap. 21] and | ]). To the best of our knowledge, this bound is new, and this is achieved
thanks to the nice bound (13) of Theorem 2.3, since the asymptotic variance is known to be
closely related to Poisson’s equation.

Corollary 2.6 Assume that P satisfies Condition (S) and D(Vy, V1) with the additional
condition m(V,?) < co. For any g € By, such that w(g) = 0, set 'yg = 7((9)? — (Pg)?) where
g is the solution to Poisson’s equation (I — P)g = g provided by Theorem 2.3. Then we have

2 2 2 2
Vg < 207 7(V5) llgllvy
where a is the positive constant given in (13).

Proof. From Theorem 2.3, we obtain that

IN

(%) + 7((Pg)*) < a®|gll¥, (n (V) + 7((PV0)*))
2a’m (V) gt

T

A

using successively |g| < allg||v, Vo from (13), the Cauchy-Schwarz inequality (PVp)? < PV,?
and finally the P—invariance of . U

To conclude this section let us apply the previous statements in the case when P satisfies
Condition (S) and the following so-called V —geometric drift condition

35 € (0,1), 3K € (0,+00), PV <4V +Klg (G(5,V))

for some Lyapunov function V', where S € X is the set in (S). Then rewriting Condi-
tion G(,V) as PV <V — (1 —60)V + K1g, we obtain that P satisfies the following Condi-
tion D(Vp, V)

PV <Vo—V +blg with VO::L and b:= L (15)

1-6 1-6

For the sake of simplicity, in addition to Conditions (S) and G(6,V'), we also suppose that
v(lg) > 0 for P to be V—geometrically ergodic (e.g. see | ). In particular we know
that 7(V) < oo and that two solutions to Poisson’s equation in By differ from a constant.
Observing that ||- ||y, = (1—=9)||-|lv and that 7 (Vp) ||1x|lv, = 7(V) ||1x||v, the next statements
are easily deduced from Theorem 2.3, Corollary 2.5 and Corollary 2.6.

Corollary 2.7 Assume that P satisfies the minorization Condition (S) with v(1g) > 0 and
the V —geometric drift condition G(5,V) w.r.t. some Lyapunov function V. Then



1. The conclusions stated in Assertions (i) — (iii) of Proposition 2.1 hold true with the
following bound in place of (8):

K —
Vg € By, |gllv, < allglly with here a:= 1+ max (0, 1/(1X)(Vl(‘:)5>

so that a
Vg € By, |gllv < 15 llg[lv- (16)

where v € M is given in (S) and §, K are the constants given in G(6,V).

2. For every g € By such that w(g) = 0, the function g = Z;ﬁ% Pkg is the unique
m—centered function in By solution to Poisson’s equation (I — P)g = g, with

(W) v
gy < LUETOMEV) o

3. If (V%) < oo then, for any g € By such that w(g) = 0, the asymptotic variance
792 = 7((9)? — (P§)?) with g := >_;°° R*g solution of Poisson’s equation (I — P)g = g,
satisfies

2a’7(V?)
2 < 2 )
FYg = (1 - 5)2 HgHV

In this geometric ergodicity context, bounds similar to (16) and (17) have been obtained in
[ , Egs. (35) and (36a)] for the norm || - ||yeo for some ag € (0,1]. Actually the method
in | ] consists in converting the V —geometric drift condition G(6, V') into the following
residual-type geometric drift condition RV < §* V. When the positive constant K in
G(4,V) is such that K < v(V) (in particular in atomic case), the previous residual-type drift
condition holds with ag = 1, but otherwise we have ag < 1. In practice ag may be close to
zero (i.e. 0%° is close to one), so that the bounds in | , Egs. (35) and (36a)] degrade
since they depend on (1 —§%0)~!. By contrast, even in this geometric ergodicity context, the
joint use of Lemma 2.2 and Proposition 2.1 simply involving here the V —modulated drift
condition (15) is proved to provide the relevant bounds (16) and (17) for the norm || - ||y of
solutions to Poisson’s equation.

3 General perturbation results

In this section we deal with the quantitative control of the deviation between the invariant
probability measures of Markov kernels. Let us first present a preliminary statement based
on Theorem 2.3.

Proposition 3.1 Assume that P satisfies Conditions (S)-D(Vy, V1), and let m = m, g be the
P—invariant probability measure of Theorem 2.3. Let P' be another Markov kernel on (X, X)
with invariant probability measure ' such that ||P'Vo ||y, < oo and 7'(Vh) < co. Then

17" = 7l < a(l+7(Vi)lI1xlvi) 7' (Av) (18)
where the positive constant a is defined in (13) and where the function Ay, is defined by

Ve eX,  Ay(z) = [IP(x,) = P'(2,)]lv-

10



Proof. Recall that ||PVy|ly, < oo from D(Vp, V1), so that Ay, and 7n'(Ay,) are well-defined
under the assumptions of Proposition 3.1.

Let g € By, such that ||g||y, < 1. Since 7(V1) < oo from Theorem 2.3, 7(g) is well-defined.
Define gg = g — 7(g)1x and go := >_;20 R¥go with the residual kernel R := P —v(-)1g. Then
we have

' ((P' = P)go) = 7'(g0) — 7' (o — 90) = 7'(g0) = 7'(9) — 7(9) (19)

using the P’—invariance of 7', the Poisson equation (I — P)gy = go from Theorem 2.3, and
finally the definition of go. It follows from the definition of Ay; that

7(g) — 7()] < /X |(P'0) (@) — (Po) ()] dn'(z) < [ldollve /X Avy () ().

Finally we know from Theorem 2.3 that ||g||v;, < allgo||v, with a defined in (13), so that

lgollve < allg —m(g9)1xllvy < a(l+7(V1)|1xllv;)

from which we deduce (18). O
Now let {Pp}pco denote a family of transition kernels on (X, X), where © is an open

subset of some metric space. Let us introduce the following minorization and modulated
drift conditions w.r.t. this family {Ppy}oco:

VO €O, Sy € X, diy € Mj, VeeX, VAe X, Py(z,A)>rvp(la)ls,(x), (Se)
and there exists a couple (Vp, V1) of Lyapunov functions such that
Vo € @, 3[)9 > 0, PQVO < V() -Vi+ 69159. (D@(%, Vl))

Let us fix some 6y € ©. The family {Py,0 € © \ {6p}} must be thought of as a family of
transition kernels which are perturbations of P, and converge (in a certain sense) to Py,
when 6 — 6y. To that effect, under the Conditions (Se)-De(Vy, V1) we define

Voeo, VeeX, Agy(x):=|Px,-)— Po(x,-)lv- (20)

Finally, under the additional conditions supgcg bp < 0o and infpcg vp(1x) > 0, we define the
following positive constant

by — vp(V
a:zl—l—max(O,c) with c¢:= supw.

pco  Vo(lx) 2

In Theorem 3.2 and Corollary 3.3 below, each Markov kernel Py is assumed to satisfy the
assumptions of Theorem 2.3. Accordingly, the Py—invariant probability measure denoted
by 7 in these two statements is mg = my,, g (see the definition of 7 in Assertion (ii) of
Proposition 2.1 with v = vy and Ry := Py — vp(-)1s,). Since my is assumed below to satisfy
(Vo) < oo, we know from the first assertion of Corollary 2.5 that there is no ambiguity
about what 7y is in Theorem 3.2 and Corollary 3.3.

Theorem 3.2 Assume that the family {Py}oco satisfies Conditions (Se)-De(Vo, Vi) with

b := supyce by < 00 and infgce vy(1x) > 0. Moreover suppose that, for every 6 € O, the
Py—invariant probability measure mg = mg,, g of Theorem 2.3 satisfies mo(Vp) < 0.

11



Then we have
176 — mao Vi < amin {co, mo(A0,vs) » co o, (Do,v5) } (22)
with a defined in (21) and with

Ve, cyp:=1+ 7T9(V1)Hlx||vl <1+4%b HlXHVl' (23)
If the following additional assumption holds

Ve € X| lim Agyo ({L‘) =0, (AVO)
9*}90

then we have
lim ||mg — 7 =0.
0 1 9 H 0 0o H V1

Proof. Let 6§ € ©. We have PyVy < (1 + b)Vp from Dg(Vp, V1) and the definition of the
positive constant b. Thus Proposition 3.1 can be applied to (P, P’) := (Py,, Py) and to
(P,P") := (Py, Pp,), which provide Inequality (22). Also observe that the bound in (23)
follows from the inequality mp(V1) < by < b which is easily deduced from Dg(Vp, V1) using
mo(PpV) = mp(Vo) (recall that mp(Vh) < oo by hypothesis). Next we have

lim 7, (Agy,) = lim /Agyo(x)dﬂgo(x) =0 (24)
0 — 0o 0—6o Jx
from Lebesgue’s theorem using Agy, < 2(1 + b)Vo, 7, (Vo) < oo and Assumption (Ayy).
Then we obtain that limy_, g, |79 — 7, ||y, = 0 from the second bound in (22) and from the
inequality (23). O
When Condition De(Vp, V1) is satisfied, so is Condition D(Vp, 1x) since Vi > 1x. Thus,
when Theorem 3.2 applies, then it also applies with V; := 1x and then provides the control
of the total variation error since ||mg — g, ||7v = |70 — T, |1 Using mp(1x) = 1, ||1x]l1, = 1,
so that we have here ¢y := 1 + mp(1x)||1x|1; = 2, we obtain the following estimate for
Im6 — moo [l v -

Corollary 3.3 Under the assumptions of Theorem 3.2 we have

|9 — mgo|l7v < 2a min {mg(Ae,v;) » Tao (Aa,vp) } (25)

with a defined in (21). If moreover {Py}oco satisfies Assumption (Av,), then we have
limg _, g, |79 — 7o, ||7v = 0.

The convergence of mp,(Agy;,) to 0 when 68— 6y in (24) is of theoretical interest: it is
used to prove that limg_, g, |79 — mg,||vy; = 0 in Theorem 3.2. However it is worth noticing
that this term g, (Ag,y;) in the bounds (22) and (25) is not computable in practice since
the probability measure mp, may be considered as unknown in our perturbation context. By
contrast, the value of m9(Ag ;) in bounds (22) and (25) is expected to be known or at least
computable for § # 0, so that the bounds of interest in (22) and (25) are

|76 — oo llvi < acoy To(Da,v,) and  ||mg — ma, [Ty < 20 ma(Qa,vp) (26)

with cg, given in (23). However the bounds in (26) are relevant only if limg _, g, 79(Ag,1;) = 0,
which is not guaranteed under the conditions of Theorem 3.2. For this purpose note that, in

12



the proof of Theorem 3.2, the conditions (Sg) and De(Vp, V1) for Py with 6 # 6y are only
used for obtaining the inequality ||mg — mg,[|v; < acom,(Dgv;,) of (22). Consequently, if we
are only interested in the two bounds in (26), then the assumptions of Theorem 3.2 can be
relaxed as follows.

Proposition 3.4 Assume that the (unperturbed) Markov kernel P := Py, satisfies Condi-
tions (S) and D(Vp, V1), and that, for every 8 € ©\ {6y}, we have ||PyVo||v, < co. Moreover
suppose that, for every 8 € © \ {6y}, there exist a Py—invariant probability measure mg on
(X, X) such that mp(Vo) < co. Finally assume that the Py,—invariant probability measure mg,
of Theorem 2.3 satisfies mp,(Vo) < 0o. Then the two bounds in (26) hold.

Indeed, under the assumptions of Proposition 3.4, the first bound in (26) directly follows
from Proposition 3.1 applied to (P, P’) := (Py,, Pp) with 0 # 6. The second bound in (26)
is obtained by replacing V; with 1x. In Proposition 3.4, the existence of a Py—invariant
probability measure my must be assumed when 0 # 6y since we do suppose that Py satisfies
minorization and modulated drift condition for 6 # 6y. Actually, 79 may be any Py—invariant
probability measure when 6 # 6y, while g, is the Py ,—invariant probability measure of
Theorem 2.3. In any case the assumption 7y(Vp) < oo is required for every 6 € ©. Finally
let’s stress once again that the bounds in (26) are of interest only when the term my(Ag ;)
is computable and can be proved to converge to 0 when 6 — 6.

Remark 3.5 (Stability issue) In some classical perturbation schemes, as the standard
truncations of infinite stochastic matrices or the state space discretization procedure of non-
discrete models, the whole family {Pyp}gco satisfies Condition (Se)-De(Vo, Vi) provided that
the unperturbed Markov kernel P := Py, satisfies Conditions (S)-D(Vy, V1). Moreover the set
S and the constant b involved for P := Py, in (S)-D(Vy, V1) can often be used for the perturbed
Markov kernels Py. In this case the conditions b := supgeg by < 00 and infpee vp(1x) > 0 of
Theorem 3.2 and Corollary 3.3 are straightforward. In the context of geometric drift condi-
tions, the previous facts are proved to hold in many papers for truncatures of infinite stochastic
matrices (e.g. see [ ) , and references therein]), and in | | for the state space
discretization procedure. The case of Markov models satisfying modulated drift conditions can
be addressed similarly.

Remark 3.6 If Py is replaced with iterate P} for some £ > 2 in Conditions (Se)-De(Vo, V1)
and if for every 6 € © both Py and PHE admit a unique invariant probability measure my, then
all the previous perturbation results still hold replacing mo(Ag v;,) with m9(Age,v,), where

Vz € X, AZ,G,VO(‘T) = ”PQK(J:?‘) —Peﬂ(xa‘)HVo-
Indeed, under the previous assumptions, Theorem 3.2 and Corollary 3.3 obviously apply to

the family {Pf}gee. The same remark is valid in Proposition 3.4 when PQ‘; satisfies Condi-
tions (S) and D(Vy, V1) for some € > 2.

Our perturbation results are discussed through the two following examples.

Example 3.7 (Geometric drift conditions) In the perturbation context, under Condi-
tion (Se), the standard geometric drift conditions for some Lyapunov function V are the

13



following ones:

P,
V0 € ©, Kp:=sup(FPyV)(zr)<oo and dp:= sup (BV)(x)

€Sy TESG V(l’) © (07 1) (27)

In addition to Assumptions (Se) and (27), we assume that, for every 6 € O, we have
vo(ls,) > 0 where (Sp,vp) € X x M is given in (Se), so that each Py is V—geometrically
ergodic, with unique Py—invariant probability denoted by my satisfying me(V) < oo (e.g. see
/ /). Moreover suppose that K := supgecg Ky < 00 and § := supgeg 09 < 1. Then

Vo € O, P9V§5V+K159SV—(l—(S)V-i-KlSe.

Note that the second inequality reads as the Condition D(Vy, V'), PyVy < Vo —V 4 blg, with
Vo =V/(1=9), Vi =V and b = K/(1 =), so that Theorem 3.2 could be applied here to
control ||mg —mg,||v. Mention that the bound of Theorem 3.2 then provides a generalization of

the bounds [ , (10) in Th. 2] to the truncation of a transition kernel defined on a general
state-space X without assuming the existence of an atom. Similarly the bound of Theorem 3.2
extends that in [ , (16) in Th. 3 with m = 1] to a general state-space X without assuming

that the residual kernel is a contraction on By, i.e. RV < BV for some 5 < 1.

The focus here is on the comparison of our results with [ , Prop. 2.1] and | ,
Eq. (3.19)], Thus we only apply Corollary 3.3 in order to control the total variation norm
\|mo — 7o, ||7v. Hence, we only use the following Condition D(Vy, 1x) derived from D(Vy, V')
using V> 1x:

_ %4 K
V@E@, Pg‘/()é‘/()—lx—i-blsg with %:ﬁ and b:ﬁ
Therefore, if m = infgcg vg(1x) > 0, then {Pyp}loco satisfies the assumptions of Theorem 3.2
and we have from Corollary 3.3

2a . . b
”7T9 — ﬂgOHT\/ S m min {WQ(AQ’V) N WQO(AQ’V)} with a=1 + max (0, E) (28)

using the fact that Ag v, (x) = Agv(x)/(1—0). Moreover we have limg _, g, |9 — g, ||7v = 0,
provided that Condition (Av) is satisfied here with Vo :=V (see Corollary 3.3). Recall that,
if the term mg(Ag,y) can be computed and is proved to converge to 0 when 6 — 0y, then the
bound of interest in (28) is

Imo — mgy Iy < To(Ag,v) (29)

2a
—1-94
and that (29) can be obtained under less restrictive assumptions focussing on Py, by using
Proposition 3.4 (see also Remark 3.5).

Now, let us compare Inequality (29) with the bound obtained in [ , Prop. 2.1] and
/ , Eq. (3.19)] (see also [ | for the iterated function systems), that is
Ag,14(7)

I76 — 7o, lTv < Cyp | Inp|  with ~g := sup (30)

reX V(.ﬁlf)

where the positive constant C depends on the above constants 6, K and on the V —geometric
rate of convergence of the iterates Py* to the invariant distribution mg.
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e The interest of the bound (30) is that it uses Ag 1, (x) rather than Ag v (x) in (29). Note
that the supremum bound over x € X in the definition of vy only requires to consider
this supremum on a level set {x € X : V(z) < ¢}, observing that the supremum on the

complementary set is arbitrarily small when c is large enough (use Ng 1, (x)/V(z) < 2/c
when V(z) > ¢).

o The drawback of (30) is that it involves a logarithm term, but above all that the constant
C in (30) depends on the V—geometric rate of convergence of P)' to my, which is
unknown in general (or badly estimated).

In conclusion, to prove that limg _, g, ||mg — g, ||7v = 0, it is more relevant to use the results
/ , J. However, if the term mg(Ag ) can be computed for 6 # 0y and if mo(Ng,v)
converges to 0 when 0 — 6y, then the bound (29) is much more relevant than (30) since the
multiplicative constant in (29) is simple and easily computable, in contrast to that in (30).

Example 3.8 (Random walk on the half line) For 0 belonging to some open metric space
O, let us consider the random walk {XT(LB)}HGN on the half line X := [0, +00) given by

X(ge) eX and VYn>1, Xﬁbg) := max ((),AX'(Q_)1 + Wée)) (31)

n

where, for every 6 € O, {Wée)}nzl is a sequence of R-valued i.i.d. random wvariables as-

sumed to be independent of Xée), and to have a common parametric probability density func-
tion w.r.t. the Lebesque measure on R which is denoted by pg. Assume that

B = supE[Wl(e)] <0 and M :=supE[(max(0, Wl(e)))m] < 0 (32)
€O 6co

for some integer number m > 2. The transition kernel associated with { X, }nen is given by

—x “+oo

VeeX, VAEX, Py(w,A)=1400) [ poly)dy+ / Laz+y)poy) dy.  (33)

Next define the following Lyapunov functions on X:
VeeX, V)=Q0+2)™ Vi) =04+2)"" and Vi(z)=1+z)" 2
Applying to Py the modulated drift inequality [ , Eq. (59)] and using [ , Lem. 3.5],

we obtain that there exist a finite interval S = [0, sg| for some sy > 0 and positive constants
a,b',c,c such that the following nested modulated drift conditions hold

VOe©, PV <V-—cVi+alsg and PpVy<Vy—cVi+b1g. (34)
Note that these constants a,b',c,c may be chosen independently of 6 from the computations
in [ | and the uniform conditions in (32). Moreover ¢’ in the second drift condition may
be chosen such that ¢ € (0,1], so that the following Condition De(Vy, Vi) holds
V/ b/
Vo€ O, PyVp<Vo—Vi+bls with VO::C—9and bi= . (35)

Next assume that the following function

Vy €R,  h(y) = inf inf po(y — 2)
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is positive on some open interval of R. Then the family {Py}oco satisfies Condition (Se)
with Sg := S and vy := v, where v is the positive measure on R defined by

VAEX, w(la):= /X 1a(y) h(y) dy.

Thus, the family {Pp}gco satisfies Assumptions (Se)-De(Vy, V1) w.r.t. the Lyapunov func-
tions Vo(z) = (1 4+ )™ t/c and Vi(z) = (1 + 2)™2, with moreover supgeg by = b < 00
and infgpeg vg(1lx) = v(1x) > 0. The Py—invariant probability measure mg provided by The-
orem 2.3 applied to P := Py under D(V,Vy) in the first drift inequality in (34), satisfies
mo(Vy) < 0o. This gives mg(Vy) < oo, so that Theorem 3.2 and Corollary 3.8 apply. How-
ever, for these statements to be relevant, we have to investigate the function Ag v, (x) and the
quantity wo(Ag,v,). To that effect, fizing some 6y € ©, define

Vo €O, Yy eR, (y) = Ipa(y) — po, (v)]

and V8 € ©, ¢gg :z/ég(y) dy and cpm ::/ ly|™ 1 6 (y) dy.
R R

Note that eg < 2 and that ¢, < 00 since PyV{ is everywhere finite. Let g € By, such that
lg| < Vb. Then we have

—x +oo
Ve X, |(Pag)@) — (Poog)@)| < Vo(0) [ do(y)dy+ / V(e +) 8o(y) dy
€ Cm m— m—
< f+,/(1+w L Jy™ ) So(y) dy
C C R
€0 dm €g Cm €0,m
= o c Vo) + c

with some positive constants ¢y, dy, only depending on the function t — (14+t)™~! fort > 0.

Thus
€0+ dmegVo(x) + cmepm

C/
Therefore Assumption (Av,) of Theorem 3.2 holds provided that

Ve e X, Agy,(z) <

911_}1%0 (59 + Ee’m) =0.

Thus, such a condition ensures that limg _, g, |79 — 7a,|[v; = 0.

Finally we have

go+dm 779(‘/0) €0+ CmEom
; .

V9 €O, mo(Aoy,) <

c
Hence the following bounds (see (26))
1 — a0 lvi < acoy mo(Do,v) and |[mg — maollTv < 2a m(Ag,vp) (36)
b—v(V
with  a:= 1+ max O,A and cg, =1+
v(1x)

are of interest, provided that the quantities e, €9 m and wo(Vo) are computable for 6 # 0y and
that both g and g, converge to 0 when 6 — 0.
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Note that, for this specific model, it follows from [ , Prop. 3.5] that
Vy € [2,4+00), E[(max(O,Wl(e)))ﬂ <00 = / |27t dmp () < o0.
R

Therefore, under Conditions (32), the Lyapunov function Vi in the modulated drift condition
(85) is the greatest possible one providing Condition De(Vy, V1) with mg(Vy) < oo for any 0 €
O. Accordingly V1 is the greatest possible Lyapunov function for which a bound can be obtained
for ||mg — g, |lvy via Theorem 3.2. Finally note that the property limg_, g, ||mg — mg,||7v = 0
and the second bound in (36) hold when the moment condition in (32) is satisfied with m = 2.

A Existence of an P—invariant probability measure under the
minorization Condition (S)

Let P be a Markov kernel on (X, X') satisfying Condition (S). The next proposition provides,
under Condition (S), a simple characterization for P to have an invariant probability measure
m such that w(1g) > 0. Note that the Nummelin-type representation (37) of 7 is well-known
under various recurrence assumptions on the underlying Markov chain {X,, },cn. The reader
can consult [ , Th. 5.2, Cor. 5.2]), | , Chap. 10]) where comments on the story
of such kind of results are provided. An analytic proof of Proposition A.1 is provided below.
Note that we do not need to introduce the concepts of irreducibility, recurrence, atom or
splitted chain associated with { X, }nen.

Proposition A.1 If P satisfies the minorization condition (S), then the following assertions
are equivalent.

(i) There exists an P—invariant probability measure m on (X, X) such that w(1g) > 0.

+o00
(it) ZV(Rk_llx) < o0 with R:= P —v(-)1lg.
k=1

Under any of these two conditions

+oo
To= u(lx)_l W with = ZyRk_l e M (37)
k=1

1

is an P—invariant probability measure on (X, X') with u(lg) =1 and 7(1lg) = p(1x)” > 0.

Proof. Let P satistying Condition (S) and T be the following kernel
VeeX, VAe X, T(z,A) :=v(la)ls(x)

so that R = P — T. Note that, for every k > 1, we have v R*"1 € M™. Recall that for
two nonnegative kernels K7 and K, the inequality K7 < K5 means that for any measurable
nonnegative function g, K1(g) < Ka(g). Set Tp := 0 and T;, := P" — R" for n > 1. Then

n
Vn>1, 0<T, <P", Ty =T, 1 P=(P" ' =T, )T and T, = Y _v(RF1)P " Fig. (38)
k=1
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The first property follows from 0 < R < P. The second one is deduced from P" — T, =
(P! — T, _1)(P —T). Finally, the last one is clear for n = 1 and it holds for n > 2 by an
easy induction based on T,, = P"'T + T},_1 R.

Now, let us prove Proposition A.1. Assume that Assertion (i) holds. We deduce from (38)
that 0 < w((P"—T,)1x) = 1-7m(Th1lx) = 1-m(1g) > p_; ¥(RF1x) from which it follows that
S v(RFMy) < m(1g) ™! < oo since m(1g) > 0 by hypothesis. This gives Assertion ().
Conversely, if Assertion (ii) holds, then p := /2 vRF1 € M since u(1x) > v(1x) > 0.
Moreover we have

+oo
VAe X, u(Ply) = Z v(P*14 — Tj,_1P14) from RF' =Pt 1) 4
k=1
+oo +oo
= > v(PPla—Tila) + > v(P*'T14 — Teo1T1a)  from (38)

k=1 k=1
= (L4 + (T14) — (1)
w(la) +v(la)p(ls) —v(ly) from the definition of 7.

With A = X we obtain that 0 = v(1x)u(ls) — v(1x), thus u(lg) = 1 since v(1x) > 0.
Consequently p is P—invariant, so that 7 := ,u(lx)fl 1 is an P—invariant distribution such
that 7(1g) = u(1x) " > 0. O
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