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Abstract

Long-term care (LTC) products cover the risk of permanent loss of autonomy. While the
global definition of the loss of autonomy is the impossibility or difficulty of performing activities
of daily living (ADL) alone, in the LTC insurance market, the exact definition of the health state
leading to a claim varies across different markets and even within the same market. A difference
in the disability definition implies a difference in the mortality rates of the autonomous and
disabled policyholders. Insurers or reinsurers often have experience data coming from several
long-term care products with differing definitions of risk. One solution is to separate the data to
estimate mortality rates for each definition independently.

In this paper, we propose two methods to aggregate the experience data of two portfolios with
different disability definitions to improve the estimations of the mortality. The mortality laws of
the two products are modelled in a Poisson Generalized Linear Model framework. The first
method uses a constrained optimization model and is solved by sequential quadratic programming.
The second method uses the Penalized Composite Link Model (PCLM). These methods allow
better and simultaneous estimation of mortality for both products by combining all available data.

Keywords: Long-Term Care Insurance; Actuarial modelling; Multiple definitions; Penalized

Composite Link Model; Constrained optimization.
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1 Introduction

Long-term care (LTC) costs are among the major risks faced by individuals in retirement. For
example, Chapman (2012) reports that approximately two-thirds of people aged 65+ need LTC. By
using the U.S. Health and Retirement Study data, Johnson (2019) estimates a large gap between
the risk of needing vs. receiving LTC. As reported in Johnson (2019), 70% of individuals past age
65 need LTC, whereas less than 50% receive some form of LTC services. Similar levels of risk of
needing LTC have been reported in many other studies (Shao et al., 2017; Kemper et al., 2005;
Hurd et al., 2017).

LTC costs have been steadily increasing over the past decades in many countries, and this trend is
projected to continue (Colombo et al., 2011; Shi and Zhang, 2013; H et al., 2023). A recent report
by OECD (OECD, 2020) shows that on average, LTC costs were approximately USD 760 per capita
in OECD countries in 2018, accounting for 1.5% of GDP. In some countries, such as Denmark,
Norway and Sweden, LTC spending was as high as 3.5% of their GDP. In France, LTC spending
was 2.5% of its GDP.

The fundamental source of funding for LTC costs in most countries is public programs. For example,
in the U.S. LTC expenses are mainly funded by its public health program Medicaid (Colombo et al.,
2008; Kaye et al., 2010); in France, LTC expenses are mainly funded by its national allowance
program called Allocation Personalisée d’Autonomie (APA) with a cap (Or and Penneau, 2021).
Coupled with ageing populations, the increasing trend of LTC costs may place a large burden on
public health programs in many counties. It has become very important in many countries to
develop or to enhance the private insurance market to help fund LTC costs (Shao et al., 2019;
Colombo et al., 2011; Productivity Commission of Australia, 2013).

A typical private LTC insurance policy entitles the policyholder to regular payments, such as cash
benefits or on a reimbursement basis, when the policyholder loses autonomy according a certain
definition (Haberman and Pitacco, 1999; Shao et al., 2017). The definitions of “losing autonomy” or
“becoming disabled” vary across different markets, and these definitions are not uniform even within

the same market.

In the U.S. market, the disability definition in a typical LTC insurance policy is the loss of
independence in performing two or more activities of daily living (ADLs) and/or having cognitive
impairment (Pritchard, 2006). In the French market, the disability definition is mostly based on the
GIR (Groupe Iso-Ressources) assessment rules. Within the French LTC insurance market, different
disability definitions can be used in different insurance policies. For example, some LTC insurance
policies include a deferred period (such as 3 months, 6 months, or 9 months), and some start making

payments at the date of the loss of autonomy.

Differing disability definitions may result in very different transition rates between health states
(including disability rate and mortality rate) in the pricing model and can therefore have substantially

different financial impacts. An insurer or reinsurer may have experience data for many different
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portfolios of LTC insurance policies with differing disability definitions, where they typically analyse
experience for each portfolio of LTC insurance policies. This separate modelling approach can result
in information loss from a parameter estimation perspective. For example, two portfolios with
different definitions, from the same insurer with similar claims management team and system, should
have shared experience that can provide better estimations. This combined modelling approach can
also help experience analysis for portfolios with limited experience or areas with limited experience
data.

Let us consider an insured population such that the health state of each policyholder is observed
with only one of the two definitions. Instead of separating the policyholders in two portfolios
depending on the definition with which they are observed, we jointly estimate the mortality rates of

each product to prevent information loss.

In this paper, we develop two methods that make the best use of data available by combining
experience data of the two portfolios with different disability definitions. These two methods are
the constrained optimization method and the Penalized Composite Link Model (PCLM) method. A
common approach to estimate the parameters of a model is the maximum likelihood estimation.
The first method proposed in this paper estimates parameters by maximizing the likelihood subject
to some constraints linking biometric laws of the two portfolios. The second approach proposed in
this paper uses the Penalized Composite Link Model introduced by Eilers (2007) as an extension of
the Composite Link Model proposed by Thompson and Baker (1981). The Penalized Composite
Link Model has already been used in the context of mortality modelling in Remund et al. (2018)
for cause-of-death decomposition and in Camarda et al. (2016) by considering that the mortality
curve is a sum of 3 smooth components. In the latter paper, the first component represents infant
mortality, the second component captures mortality due to ageing, and the third component models
the accident hump for early adult ages. The constrained optimization model and the Penalized
Composite Link Model (PCLM) developed in this paper are embedded in the GLM framework.
Finally, the two models are also compared with the separate modelling approach to show the benefits

gained by combining experience data.

The two models developed in this paper use the P-splines smoothing method to avoid overfitting.
This smoothing method introduced by Eilers and Marx (1996) is based on the idea of penalizing

models with large variability between coefficients of adjacent splines.

The remainder of this paper is arranged as follows. Section 2 introduces the research question and
modelling framework. In Section 3, we provide technical details on estimation methods, including
P-splines smoothing, constrained optimization model, and the Penalized Composite Link Model
(PCLM). These models are applied to a real-life problem in Section 4; in particular, the application
is for the estimation results of two portfolios with and without the deferred period. Section 5

concludes.
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2 Modelling of the multidefinition problem

In this paper, long-term care products are modelled by using the semi-Markov framework, where
mortality in disability states depends on both attained age and time already spent in the disability

state.

Let us consider two disability definitions, and let 7T} denote the LTC state associated with definition
ke {1,2}. Let X:E,k) denote the health status of a policyholder observed with definition k. The three

possible health statuses in a long-term care insurance product are healthy, disabled and dead.

Let Qj denote the set of possible health statuses of a policyholder observed with disability definition
k, then

Qi = {Hg, Tk, Death},
where Hj, denotes the healthy state of definition k.
Let F,, and Fj3 denote two levels of disability such that F,, n Fg = (.
The two disability definitions are defined as follows:
e T1 = F, v Fg, and
o T5 = Fp,
such that T3 is included in 77. Being disabled with definition 2 implies disability with definition 1.

By construction, the autonomous state of the second definition is Hy = H; U F,. A policyholder
being disabled with definition 1 is either in health state F,, or Fg. In this paper, we consider that
for each disabled policyholder observed with definition 1 (i.e. X{V) = T7), its refined LTC state F,

or Fjg is known.

Let us assume the following:

Assumption. 2.1

No return to a better health state is envisaged, i.e., recovery is assumed to be impossible.

We then have transition diagrams for each of the two types of LTC insurance, as represented
in Figure 1, where i*(z), pf*(z) with k € {1,2} and p¥(z,t) with g € {o, 8} are the transition

intensities.
The transition intensities are given by

P(x, = T X = my)

e i*(z) = lim

h—0 h ’
P(x?, = Fu| X = H
. wz(av) = lim ( z+h | 1),
h—0 h
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(a) Definition 1
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(b) Definition 2
Figure 1: Modelling of the long-term care product with two disability definitions
P(x¥, = Death| X" = my)

P(Xa(cl-gh = Deatthﬂ(Ul) = F97 X((;)_t) = Fg’X((zl)_t)— # Fg)

o pufo(z,t) = }llir% . , and
. _ P(x, = Death|x{” = 1, XV, = 13, XV = Hy)
N k(%t):}}f% h

The dashed arrow represents a transition that we cannot observe with disability definition 2.

Transitions from F,, to Fjg are assumed to be observed for individuals who are disabled according to
disability definition 1.

Therefore, ;159 (x,t) denotes the mortality of a disabled of age z, who is in state F, since t years,

and ,uT’“ (z,t) denotes the mortality of an individual of age x, disabled since ¢ years according to the
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definition k.

Each disability definition can be associated with a different long-term care product. In the remainder

of the paper, the terms "product" and "disability definition" are equivalent.

We consider the following assumptions:

Assumption. 2.2

The policyholders are homogeneous and independent under the two types of insurance.

Assumption. 2.3

| '
\

The interval of ages can be divided into subintervals such that mortality and incidence
rates from healthy states are constant in each interval. The split points are denoted

{zf 2, ... xAH/IH +1)> where M H denotes the number of intervals of ages for healthy states.

Assumption. 2.4

| r
\

The interval of ages and durations can be divided into subintervals such that mortality rates

in states Fy, g € {a, B} are constant in each interval. The split points of the age and duration

dimensions are denoted {21, 22" ... xﬂfﬂ} and {t{ = 0,3, ...,t%/[tgﬂ}, respectively.
F, Fy(..F F F
pto(z,t) = i (ay, 1), VEt] <t <t q,Vz|r, <z <zp

ME and M{ denote the number of subdivisions of the intervals of ages and durations for the
disabled state Fy, respectively.

The subdivision of ages can be different for healthy and disabled states. However, it is assumed
in the following that the set of ages {z!, 2% ..., xﬂfﬂ} is included in {zf, 28 . m]\HﬂIH}.
Therefore, the subdivision of ages in the healthy state is a more refined subdivision of the

interval of ages.

\. J

Let us note that the subdivision of the interval of ages is the same for the disabled states F,, and

Fg, whereas the subdivision of the duration interval can differ.

As intensities pf*() and i*(), k € {1,2} and p%9(,), g € {a, B} are piecewise constants (Assumption
2.3 and Assumption 2.4), we denote

o plfe = e (at) vpe (1, MY,

. i]; = ik(mf),Vpe {1,...,MHy,

o pho = pfo(al t9),Vpe{1,... . M}, qe{1,..., M{}.
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The total likelihood for all individuals from products 1 and 2 is given by

1 H
Li = [ [ exp (= (i + plft) et (p)) (1)@ (ufiy ™ @

MF Ma

HHexp —le®(p,q)) (uka) PV

p= lq
2 H
H exp (= (2 + pl2) ™2 (p)) (i2)™ W) (ufi2)” @

MF MP

HHeXP< e’ (p.q) ) (Mf@)Dﬁ(pq)7 (1)

p=1g=1

where:

el (p) is the sum of the central exposures in state Hy of all policyholders from product &

: H H
between integer ages z,, and z,,

e’ (p,q) is the sum of the central exposures of all disabled policyholders from both products

T 9
between integer ages x,, and xp +1 and durations ¢7 and tq e

D1 (p) denotes the number of deaths from the healthy state between 2

, and xfﬂ in the first

type of insurance,

D2(p) denotes the number of deaths from the healthy state between

second type of insurance,

H .
and x,, in the

S

D“(p, q) denotes the number of deaths from the F, disabled state with age at death between

T T : o e
z, and x,,; and duration between ¢; and ¢, 4,

DF ’k(p, q) denotes the number of deaths from the Fj disabled state for product £,

DP(p, q) is the total number of deaths of disabled policyholders with age at death between xg

and xZH and duration between tﬁ and t7, | from both products.

g+1

N'(p) denotes the number of transitions from Hj to the disabled state Ty between :L‘f and

xfﬂ, observed in product 1,
N?(p) denotes the number of transitions from Hy to the disabled state T» between xf and
xfﬂ, observed in product 2.

The detailed proof of Equation 1 is given in Appendix A.

The last term of Equation 1 represents the likelihood of all observations from products 1 and 2 in

state

Fg.
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The log likelihood function of the combined observations from products 1 and 2 is given by

MH

ot = . (= (ip + 1) €™ (p)) + N'(p)log (ip) + D1 (p) log (") +
p=1
MF Moz

Z Z '“pq p,q)) + D*(p,q)log (”5:3) +

Z (— (z’%—i—ufz) e (p)) + N*(p) log (i ) + D2(p)log (qu) +

Z Z ( e’ )) + DP(p, q) log (ui@) : 2)

Equation 2 is equivalent to a sum of log-likelihoods of the Poisson distribution, where:

« N'(p) ~ Poisson (z’},eHl (p)),

« N?(p) ~ Poisson (iZe(p)),

« D™1(p) ~ Poisson (ufleHl (p)),

« D2 (p) ~ Poisson (ufzeHQ (p)),

o D%(p,q) ~ Poisson (uﬁ‘;ea(p, q)), and

. F
« DP(p,q) ~ Poisson (Mpfi}eﬁ (p, q))-

Therefore, we assume in the following that the counts of deaths and the counts of losses of autonomy

have a Poisson distribution.

Moreover, Equation 2 shows that each transition rate can be estimated separately and independently.
As we focus this research on mortality rates, incidence rates are considered constants in Equation 2.

The problem is therefore simplified to

max liot,
F
pHL pH2 pFo "B

where I is given by

MH Mf My
ot = > (—up e (p)) + D (p)log () + >0 D (=ufse(p. @) + D*(p,q)log (1f%) +
p=1 p=1qg=1
l;;l l};
MH

Mg M
(= 2e™ () + D™ (p) log (1) + Z Z (~#pac’ (v, ) + D (p,q)10g (r) - (3)

J

1 1Ho
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3 Methods

In this section, we introduce the two proposed methods to make better use of all the available
information from observations with different disability definitions. In the first part of this section, we
focus on the P-splines smoothing framework that is used in the two methods to prevent overfitting
and to produce smooth estimated mortality laws. For the second part, we present the first method
that uses the constrained optimization algorithm. The third and final part of this section is devoted
to the presentation of the Penalized Composite Link Model, corresponding to the second method
proposed in this paper. While the first method assumes that the mortality intensities in each state
Hy, H, F,, and F can be expressed as the exponential of a combination of basis-splines, the second
method uses the same assumption only on the three following states Hy, F,, and Fjg. No assumption
on the shape of the mortality in Hs is made in the second model, leading to fewer coefficients to

estimate.

3.1 P-splines smoothing framework

Common parametric smoothing methods are introduced by Gompertz and Gompertz-Makeham,
assuming that mortality increases exponentially with age, or as in Perks (1932), Beard (1959)
allowing a deceleration of the mortality increase at old ages. Unlike these models, the P-splines
smoothing method is a nonparametric smoothing technique. One of the strengths of these techniques

is that they do not assume any particular shape of the mortality function.

A spline is a piecewise polynomial function that is continuous and has continuous derivatives up to
a certain order. This type of function is commonly used for smoothing problems. The P-splines
smoothing method, introduced in Eilers and Marx (1996), uses a B-spline basis with penalties to
prevent overfitting. This smoothing method, also described in Marx and Eilers (1998), is applied
to mortality estimation by using the Poisson-GLM framework in Currie and Durban (2002) and
Macdonald et al. (2018).

First, let us consider the case of a one-dimensional mortality law, as the mortality in H; depends
only on age. J! splines are uniformly positioned over the entire interval of ages. Splines are
therefore equidistant. An important property of the spline basis is that the sum of the B-splines
equals 1 at any point on the support. Let Bt e M aH gHy denote the matrix of the spline basis for
estimation of mortality in Hy, where each column corresponds to a spline, and each row corresponds
to an observation age (Jrf ,pe{l,..., M} in the case of mortality in healthy states). In the context

of mortality estimation, the P-splines smoothing method requires the following assumption:

Assumption. 3.1

Mortality rates can be expressed as the exponential of a combination of basis-splines.

Therefore,
pft = exp (BH10H1) , where 911 ¢ R/ (4)
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1
A term 3 p| D193 is then added to the log-likelihood to penalize complex models with large

variability between coeflicients of adjacent splines. For simplicity, the penalty term can be written

as .
T
5 (6H1)" pHigHt, (5)
where PH1 = p (DHl)TDHl.
The problem is therefore )
1 (M) — < (9H)" pHigH, 6
max 17t (07) — 2 (67) (6)

The output of this smoothing method depends on multiple hyperparameters listed below:
1. The number of splines distributed in the interval,
2. The degree of the splines,
3. The order of the penalty, denoted d,
4. The smoothing parameter p is the weight of the penalty in the penalized log-likelihood .

As the extrapolation of the fitted mortality is mostly driven by the form of the penalty matrix, the
choice of the order d and the smoothing weight p have a significant impact. In contrast, the number
of splines and their degree are less critical, and have a rather limited impact on the fitted mortality
laws. Ruppert (2002) and Eilers (2007) suggest that the following choice is often sufficient for these

two parameters:
o Use cubic splines (degree 3),
e Fix a knot every 4 or 5 observations.
As recommended in Currie and Durban (2002), parameters p and d are often chosen to minimize

the Bayesian Information Criterion (BIC), as defined in Schwarz (1978), given by

BIC = =21 (6") + log(M™) x df,

where df is the degree of freedom of the model.

The one-dimensional P-splines smoothing method can be generalized to two-dimensional smoothing
problems to consider the duration in the context of estimating mortality in disabled states. To this
aim, two matrices of basis splines are needed. Let g € {a, 5}. For each state F}, let B ¢ M MFE ]9
and B € M MO, I denote the matrices of splines for the age and duration dimensions, respecti(\lfely.

J¢ and J¢ denote the number of splines for each dimension.

Notation: Let A be a matrix of dimensions 7 x ¢, Ayee = vec(A) = (AY, ..., AL)T where A, € R

is the k' column of matrix A.

10
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Then,
vie = exp (BI99), (7)

vece

with BY = B/ ® B ¢ M MFx M7, 9% 9> Where ® represents the Kronecker product.

The penalty matrix for two-dimensional P-splines smoothing is the sum of a penalty term on the
age dimension and a penalty term on the duration dimension. The overall penalty matrix is given

by the following equation:

Py = (L;s@PY) + (P ®1I9) € Mysy g9 jo.g9s (8)

where PJ and P/ are the penalty matrix as described for the one-dimensional case and I go and I

are the identity matrices of dimensions J¢ and J7, respectively.

3.2 Optimization with constraint

pe (a,t)
S p ()

Hoy >
" .
’.~~. X -""¢o
T L
p ()

Figure 2: Zoom on transitions from state Hy to Death

Figure 2 shows that Ho = H; U Fy,. Therefore, at each age x, the mortality in state Hy is a weighted
average of the mortality in H; and the mortality in F,. The 3 mortality laws 2, pt and pfe,
are linked by the following Equation (9)

P(X%),, = Death| X%) = H,)
,ugh = lim L . L
h—0
Mo pry D) _ m m
o PO oAy 5 P T e ey T K THY
pxM—mouxM=r)" A pxY = oxtV = F) P

A detailed proof of Equation (9) is given in Appendix B.

By using the P-splines smoothing framework for each of the four mortality laws, the optimal

11
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coefficients 01,072 9* and 6° are obtained by solving the following constrained optimization

problem
max 1 () — L (9T pigs g gtay L gayT pragra
0H1 gH2 o 98 2 2
1 1 T
1°0%) — = (6)T P20~ + 1°(0°) — = (95) PP, (10)
2 2
subject to
(1)
ILLHQ (GHQ) — P(Xm = Hl) Hy (HHl) +
! P(xM = H ux =R
(1) _ o _ (1) _
P(XIE - FO"X(I—tg‘) - FOéuX(x_t3+1) - Hl)

My
F, «

il (07). (1)
qZ_l PxM = uxV = F,) A
The optimization problem is solved by using Sequential Quadratic Programming (SQP) as described
in Kraft (1988) and Boggs and Tolle (1995). The SQP method is implemented on the statistical
programming software R in the slsqp() function from the nloptr package. The SQP method
replaces the original problem of optimization with a sequence of quadratic problems where the
objectives are second-order approximations of the Lagrangian and the constraints are first-order
approximations of the original constraints. One of the major advantages of the SQP methods is
that the initial point does not need to satisfy all the constraints of the original problem. The

documentation of the package can be found in Jelmer Ypma (2022).

3.3 Penalized Composite Link Model

The Penalized Composite Link Model was first proposed by Eilers (2007). This method is an
extension of the Composite Link Model introduced by Thompson and Baker (1981), that uses the
Generalized Linear Model framework (GLM) (Nelder and Wedderburn, 1972; McCullagh, 2019).

By assuming that the policyholders are homogeneous and independent under the two types of

insurance, policyholders in state Fj3 from both products 1 and 2 can be aggregated.

As in Section 2, Dk € NM" denotes the vector of counts of deaths in the healthy state Hy, k € {1, 2}.
D9 e Myr, Mtg(N) is the matrix of counts of deaths in state F,. Since policyholders cannot be
observed in state F, with product 2, D® is only composed of deaths of policyholders from product
1. However, since state Fj is observed for both products, DP e MMf’MtB(N) is the sum of the
matrices of counts of deaths in Fj3 of the two products. D;-Bj denotes the number of deaths in
Fj at age x1’ < x < xf; and duration tf <t< tfﬂ. Let D be the vector of counts of deaths
such that D = (D", D%, DP

vecs fuec?DHQ)T € NQ.MH+M{.(M?+M£B)'

H F @ By . .
of deaths, e = (eflt, e el ef2)T e N2M7+M: - (MZ+MY) jg the concatenation of the vectors of

Similar to the vector of counts

12
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central exposures in each state Hy, Fy, Fg, and H>.

Let us assume that the mortality rates in states H; and Fy, g € {«, 8} can be expressed as the

exponential of a combination of basis splines as in Assumption 3.1. Let

T
oy = (M@t pT (@) e RM" and

e RMz MY

o uls = vec(pt) , where pfs e M mr ¢ (R) is the matrix of the mortality intensities

in state Fy such that

pke = pfo (x5 09) wpe (1,... .M} qe{1,..., M7}

Then,

p = exp(BoM), (12)
fo. = exp(B909), g € {o, B}, (13)

where B! € My guy (R) and BY € Myrr, 9 50(R) are the splines basis for states Hy and Fy,
respectively. J i and J9, g € {a, B} denote the number of coefficients of splines needed to estimate

the mortality laws in the healthy state and disabled states g, respectively. Using notations from
Section 3.1, J9 = J¢ x J?. Therefore, #71 € R’" and 69 e R”".

A difference with Section 3.2 is that no assumption on the mortality in state Ho is made.

Based on Equation 2, it is assumed that the counts of deaths have a Poisson distribution with
parameter e X u, where e and p denote the vectors of central exposures and transition intensities,
respectively. This assumption is commonly used with Penalized Composite Link Models, as in Eilers
(2007), Remund et al. (2017) or Rizzi et al. (2015). Therefore,

DM = E[DM] = &M 1M ke (1,2, (14)
D9 =E[DY] = ¢’ x pfo, g € {a, B}. (15)

With observations from product 1, we can create a fictitious state Ho composed of policyholders in
H, and F, from product 1. We denote HY™® this fictitious state. Given Assumption 2.2, mortality

. 1. .
in ngod is the same as in Hy. Therefore,

A prprodl prodl
Dz = Mo 2 (16)

rodl rodl
where D2 and 2 denote the vectors of counts of deaths and central exposures in the state

HE" — H U F,, respectively. The subdivision of the age interval of this state is the same as for
states Hy and Ho.
Let pe {1,---, M}, From Assumption 2.4, we know that the subdivision of the interval of ages in

healthy states is either the same or more refined than is the subdivision of ages for the disabled

13
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states. Moreover,

VPE{L 7MH}7313€{17 MF}vx xf<xf+1<x§+1~

Therefore, if not directly calculable from the database, the central exposure in state F, between
ages a:f and xfﬂ (subdivision of the interval of ages used in states Hy,) for duration between t;

and tg 4 can be estimated by

Tyl — T
€suby (P, @) = €*(P,q)—f o3
T+~ Tp
as illustrated in Figure 3.
e®(p,q)
F F
l |
I ~—_ 1 v
H H
xp prrl

Couby (P> Q)

Figure 3: Subdivision of the age interval

A death in state Hgmdl is either a death in H; or F,. With product 1, we are able to decompose

this count of deaths as a sum of deaths in Hy and F,. Therefore,

AHp'r'odl
S 0) = €M) x g+ Z Sty (0 9) X 1> (27 15). (17)
Since mg < f < argﬂ,
uFa(a:f,tg‘) = uFa(afjg,t‘;) = ug‘;. (18)

Therefore, Equation 17 becomes

A prprodl
H2

(p) = 1 X :U’p + Z Csuby pa Mpq (19)

Moreover, Equation 14 and Equation 16 lead to

14
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Then,
H1 (

b (pv Q) "
DIs(p) = <) 0" Z e (p) =
p)

For 21)
T prodl , _ D,q (
e (p)

Therefore, all the expected values of the Poisson variables DP*(p), k € {1,2} and DY(p, q), g € {a, B}

are linear combinations of the components of the vector A = (uf*, u&. ., u2..).

We then write D ~ Poisson(CA), where:

- Ce M(MH+MH+(M,?+Mf).Mf),(MH+(M?+MtB).M{)(R)’ and
pt(6)

e AO) = | pFo(97) | e RMTHMECMDME) ity @ = (9192, 99)T ¢ RV +I°+T7,
puce(0%)

Details for the structure of matrix C are given in Appendix C.

Therefore,
D = CA(©), (22)
A(©) = exp(BO), (23)
where
B 0 0
B=1 0 B* 0 |eMuym,apin)nr)msose R (24)
0o o0 BP

To have smooth mortality rates, a penalty inspired from the P-splines smoothing method is added
to the log-likelihood such that

1
Pn(@) = 1(©) — 5@TP@, (25)
where:
« 1(©) is the log-likelihood associated with the random vector D = (Dt D% DS DH)T
P00 0[0 0
P = 0 PO‘ O + 0 Pa/ﬁ € MJH1+J(1+JB(R)7 (26)
o o0 P° 0

with PY = p%(DHTDY G e {Hy, o, 8,a/B} , and
. ,oG represents the weight given to the penalty, as in Section 3.1.

Penalty matrices P! € M u, (R), P* € Mja(R), and P’ € M s(R) are the typical penalty
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3 METHODS

matrices used in the P-splines smoothing method. Each state Hy, F,,, and Fp has its own matrix,

penalizing coefficients of adjacent splines to ensure that the fitted mortality laws are smooth.

One might want to add a penalty between coefficients of the states F,, and Fg. This is the aim of
the penalty matrix P*% e M ja +7¢(R). If not, P/8 — 0. Using vector notations, we have:

® ILL]]);Il:Ap7pE{17"‘7MH}7

° M;ff; = (ngc)(q—l).Mf-‘rp = AMH-&-(q—l).Mf-i-pvp € {1a <o va}’q € {17 S Mta}a
F
° ,U,p,% = (lu’gec)(q—l).Mf-i-p = AMH-&-Mf.Mf‘-i-(q—l).Mf-i-p?p € {17 SRR Mf}a qe€ {17 EER) Mtﬁ}a and
H H
. 'UPQ:AMH+M£.(M3+MtB)+p’pe{1""’M }
Therefore,
MH
1(®) = —(A(®) x €), + Dy log (A(©) x €)p) +
p=1
My Mg
—(A(©) x e)MH+(q—1).Mf+p + DMH+(q71).Mf+p log ((A(@) X e)MH+(q71).Mf+p> +
p=1g=1

gt
M=

—(A(©) x 6)MH+M{.M3+(q—1).M£+p+
1

=
Il
-

<
Il

DMH+M{.M;¥+(q—1),M{+p log ((A(@) x e)MH+M{.Mg+(q—1).M{+p) +

g
T

i
L

Do e (a0 +p 108 ((A(G) x 6>MH+M5-(M?+M5)+IJ> ' (27)

The optimal coefficient 0 is obtained by maximizing the penalized log-likelihood given by Equation
25, i.e.,

A

O = arg max P (o). (28)

We are then able to write the model as a Composite Link Model. This allows us to simultaneously
estimate three smooth mortality laws while having a constraint allowing us to include observations
from a portfolio with a different disability definition. Then, from Eilers (2007) and Remund et al.
(2017), the coefficient O is estimated by repeatedly solving the following system:

(XTWX + P)6 = XT(D - D) + XTWX6, (29)

where X = W™XCTB; W = diag(D); T’ = diag(A); D = CA(8©).

A tilde indicates the current approximation at each iteration.
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4 APPLICATION TO THE PROBLEM OF THE DEFERRED PERIOD

Starting values of the parameter © are needed. A convenient way is to start with the coefficient
obtained by separately estimating the mortality rates in both healthy and disabled states (Hp, Fj,

and Fj3) by using the P-splines smoothing method with observations from product 1 only.

4 Application to the problem of the deferred period

4.1 Introduction to the deferred period and the problem with the data

The deferred period is the minimum period that the loss of autonomy must last before the benefit
begins. The length of the deferred period has a significant impact on the probability of the insurer
paying the benefit to the policyholder. The premium is therefore lower as the length of the deferred
period increases. The usual length in French long-term care contracts is 3 months. One of the
advantages of the deferred period is that it reduces the number of short claims and, therefore, the

management costs linked to the payment of the annuities.

Some long-term care products have a deferred period, while some do not. For contracts with
a deferred period, as no annuity is paid to policyholders during the deferred period, the loss of
autonomy is not reported in the database if the policyholder dies during this period, i.e., before
the first annuity, as shown in Figure 4. This death is considered a death in autonomy. Only
policyholders surviving until the end of the deferred period, at least until the payment of the first
annuity, have a date of loss of autonomy reported in the database. Therefore, policyholders are
considered healthy as long as they have not received any annuity. Therefore, the healthy group is

composed of autonomous and newly disabled individuals, as shown in Figure 4.

Healthy . Total of annuity paid =0

>

End of the deferred
period

~

' Healthy - '
or newly disabled

n n

Figure 4: Illustration of the consequences of a deferred period on the data observed in the portfolio

Let us assume that the real date of loss of autonomy is available for all disabled policyholders

who survived the deferred period. If not, the date of loss of autonomy can easily be estimated by
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4 APPLICATION TO THE PROBLEM OF THE DEFERRED PERIOD

subtracting fr months from the date of the first annuity payment.

As the mortality during the first few months of disability is very high and the deaths occurring
during the deferred period are reported as deaths in the healthy state, estimating mortality laws on

such a database without considering this information can have multiple consequences:
e The mortality in the healthy state is overestimated.

o The mortality of the disabled policyholders during the deferred period is underestimated (only
disabled individuals surviving the deferred period are considered exposed, but no deaths are

reported during this period).

e The incidence is underestimated since the loss of autonomy is reported only if the newly

disabled policyholder survives until the first annuity.

Let us assume that we have a database with some policyholders having a deferred period and some
policyholders covered from the first day of the loss of autonomy (without any deferred period).
This situation can also occur in the case of having several databases from different insurers. In this
situation, one cannot simply aggregate the data basis without accounting for the deferred period of

one product.

This situation corresponds to a problem of multidefinition as described in Section 2, with one

definition included in the other one.

4.2 Modelling of the product

In this case, product 1 corresponds to the product without a deferred period, and product 2
corresponds to the product with a deferred period. Being disabled for product 2 implies being
disabled for more than fr months. Therefore, a policyholder disabled with definition 2 (product 2)
is disabled with definition 1 (product 1). Thus, T < T7.

These products can be represented as in Figure 1, where:
e H; denotes the state of healthy policyholders,

e F, denotes the state of newly disabled policyholders. The loss of autonomy occurred less than

fr months ago,

» Fj denotes the state of disabled policyholders who have lost their autonomy more than fr

months ago, and

e H, denotes the state of healthy and newly disabled policyholders who have not yet received

any annuity.

In this case,
0, itt# fr/12
wh(z,t) = Ir/ (30)
+oo, ift = fr/12.
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4 APPLICATION TO THE PROBLEM OF THE DEFERRED PERIOD

The transition from F,, to Fjg, if observed, systematically occurs at the end of the deferred period.
It is natural to think that there is no jump in the mortality function before and after the deferred
period. D%(p,q),pe {1,..., MY}, qe {1,..., M?} denotes the number of deaths occurring during
the deferred period (only observed with product 1). As the maximum duration in F, is t = fr/12,
then 370, = fr/12.

Dﬁ(p, q),p € {1,... ,Mf},q € {1,..., M} denotes the sum of counts of deaths occurring after
the deferred period for products 1 and 2. As disabled policyholders enter state Fjg at the end of
the deferred period, the mortality before the end of the deferred period uimta should be close
to the mortality ugﬁ during the first subinterval of duration in Fj. It is therefore interesting to

consider the mortality in F, and Fs as only one smooth mortality law u% (z,t) = u™*(x,t), such
that F = {F, U Fg}.

As introduced in Section 2,

F . P(Xerh = Death]Xm € F, Xm—t € 177 X(w—t)* = Hl)
w(x,t) = }lllr% - .

(31)

A policyholder who entered state F' less than fr months ago is necessarily in state F,. In contrast,
a disabled policyholder who lost autonomy ¢ years ago, with ¢ > fr/12, is necessarily in state F for
t — fr/12 years. Therefore,

pfe (z,t), ift < fr/12

F
x,t) = .
w (e 1) uls <x,t—fr), ift> fr/12

(32)
12

A more detailed proof of this equation (Equation 32) is available in Appendix D.

Note: The second parameter of ,uF f(,) denotes the time since entry into state Fjg. This corresponds
to the time since the end of the deferred period. In contrast, the second parameter of uF (x,t)

denotes the time since the loss of autonomy, corresponding to the time since entry in F,.

Let DY = [D*: D] € Myp

denotes the vector of counts of deaths in LTC during the last period before time fr/12. DF Mp+1 =

+a¢ be the augmented matrix of the counts of deaths. DF, M2
t ’

Dé 1 denotes the vector of counts of deaths in LTC occurring during the first period after the deferred
period.

Therefore,
DF _ (Da

vec

DE T, (33)

vec) vec

As the subdivision of the interval of ages is the same for F,, and Fjg, the subdivision of the interval

of ages of F is {zf, ... ,acJ\F/[ r}. By using the subdivision of the duration interval from F,, and Fg,
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4 APPLICATION TO THE PROBLEM OF THE DEFERRED PERIOD

the subdivision of the interval for the overall LTC state F' is

F F _ _.p B fr
{tl,...,tMtFH} - { O g = 1] +12,...,th+1+12}, (34)

where MF = M + M.

A common basis of B-splines is used for the age dimension for the 2 states. The matrix of splines for

ages in disabled states is denoted Bf ;€ Myr yr. Splines are positioned over the entire interval of

N I fr . i
duration [tl 7th+1 = th+1 + 12} Some splines are common to F, and Fjg, as shown in Figure

5, which represents the splines basis on the overall duration interval, JtF < Jr+ JtB . In the example

of Figure 5, 4 splines are common to F, and Fj. Therefore, J/' = J&* + Jtﬁ —4.

The matrix of splines for the duration dimension is denoted Bf eM Mo ME JF-
t t 7t

B-Splines
fr/12
0.94
Fo Fy
© 0.64
=
©
>
1 %
0.34
\)
004 - el el e
0 fri12 05 0.75 1 1.25 15 175 2 2.25 25 2.75 3 3.25 35
X
S1 — S4 — S7 — S10 $13  LTC state — alpha ---- beta
Spline — s2 — 5 — s8 s11 sum
— 83 — S6 — $9 s12

Figure 5: Basis of splines for the duration for states Fi, and Fjg

To ensure the same coefficients associated with the splines shared by F,, and Fj, B = Bf' ® BE is
B*| 0

of a slightly different structure than 5l

More details about the structure of the matrices Bf and B are given in Appendix E.
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4 APPLICATION TO THE PROBLEM OF THE DEFERRED PERIOD

4.2.1 Constrained optimization method applied to the deferred period

The method explained in Section 3.2 is applied to the problem of the deferred period. Having one
single spline basis for state ' = F,, U Fjg has only a slight impact on the form of the objective
function, which becomes

max /71 (9H) — % (651)" pHgH 4 1H2 (gH2) — % (6%2)" pH2pH2 1

9H1 79H279F
1
1°(07) +1°(67) — (6F)" PFor, (35)
subject to

P(X, = Hy)
P(Xy =Hi uX,=F,)
ME P(Xac = FomX(xft‘qX) = FomX(

2

q=1

' (077) = ' (07) +

a—tg,) = 1) bo (07) . (36)
P(X, = Hi U Xy = Fy) Fra \7 )
4.2.2 PCLM method applied to the deferred period

B 0
The submatrix 0 B from matrix B in Equation 24 is replaced by a single matrix BY. This

slight modification does not affect the remaining formulas or the method for the estimation of the

optimal coefficients.

o
With the same reasoning, the submatrix ' 0 P 5] from matrix P in Equation 26 is replaced by a

single matrix P¥. This allows us to add constraints between splines before and after the deferred

period to ensure smoothness of the mortality law on the axis of the duration.

BA 10 0 P00
Therefore, B = 0 BF ,and P = 0 pF
0 0

4.3 Data: Application to a single portfolio by recreating a fictitious deferred
period

4.3.1 Presentation of the data set

We rely on data from a large French LTC portfolio. This portfolio does not have any deferred
period. As the incidence and mortality laws greatly differ for males and females, biometric functions
have to be estimated separately for each gender. We focus the application only on females. In
this application, we consider mild and severe LTC, with the GIR1234 definition from the AGGIR
grid used by the French government for the attribution of public aid and described in Dupourqué
(2012). In this portfolio, 1388 deaths are observed in the autonomous state (Hj), versus 832 in LTC

21



4 APPLICATION TO THE PROBLEM OF THE DEFERRED PERIOD

(Ty = Fy U Fg).

To ensure that Assumption 2.2 of homogeneity and independence is met, this portfolio is divided
into two data sets. The first one, denoted D Bj, corresponds to the definition 1, without a deferred
period. This portfolio is only a subset of the initial portfolio. Policyholders not represented in D By
are selected in the second portfolio DBy. This second database is then modified to fictitiously create

a deferred period by postponing the eventual date of loss of autonomy by fr = 3 months.

Mortality rates are piecewise constant for the duration. However, since the mortality is very high at
the date of occurrence of the loss of autonomy and decreases substantially during the first year,
it is common in long-term care modelling to fix smaller steps on the subdivision of the interval of
duration during the first year. In the following application, we assume a constant mortality rate by
month during the first year of loss of autonomy. Starting from the second year, mortality rates are

assumed to be yearly constants.
For the age dimension, mortality rates are assumed to be constant between two integer ages.

After cleaning the original data at the individual granularity, observations are aggregated to obtain
exposures and counts of deaths for each subdivision of ages and durations on which mortality rates

are assumed to be constants.
Observations from DB, are:

e the vector of central exposures in Hy: eflt,

o the vector of counts of deaths in Hy: D1,

o the matrix of central exposures in F,: €%,

o the matrix of counts of deaths in F,: D,

o the matrix of central exposures in Fj (only individuals in DBy ): e?! and

o the matrix of counts of deaths in Fj (only individuals in DBy): D7,
Observations from DB,y are:

« the vector of central exposures in Ha: ef’2,
o the vector of counts of deaths in Hy: D2,

o the matrix of central exposures in Fj (only individuals in DBs): e?? and

e the matrix of counts of deaths in Fj (only individuals in DBy): D?2.

4.3.2 Results

In the case of the deferred period, insurers are mostly interested in mortality in Hy and F' = Fi, U Fjg.

Observations from Hjy are used only to improve the estimations of the two other mortality laws.
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4 APPLICATION TO THE PROBLEM OF THE DEFERRED PERIOD

The mortality for Hy has a rather limited interest for insurers.

In this section, we compare the results of estimations of the 2 mortality laws p/t and pf” with 3
different methods:

1. Independent estimations of each mortality law with the P-splines smoothing method (Without

constr. ),
2. Constrained optimization (Constr.) from Section 3.2,
3. Penalized Composite Link Model (PCLM) from Section 3.3.
The smoothing parameter p in each of these methods is selected to minimize the BIC.

Estimated mortality intensities in the healthy state and their associated confidence intervals are
plotted in Figure 6. While estimated intensities are similar at young ages where data contain
many observations, the mortality curve estimated with the PCLM method diverges from the two
others after 85 years old. The estimated mortality function at old ages is higher with the PCLM
method compared to that of the mortality obtained by only using information from the portfolio
without a deferred period and the mortality estimated with the constrained optimization model. In
fact, the optimal smoothing parameter p associated with mortality in H; minimizing the BIC is
smaller with the PCLM method. Therefore, the linear smoothing penalty is weaker, and the fitted
mortality function is more flexible than that with the two other methods. It gives more weight to
the observations and less to the linear constraint, enabling the capture of more variance at old ages.
The size of the confidence interval is smaller than that with the constrained optimization method
than with the two other methods.

Mortality in healthy state

'
[ee]

Py method

@ Without constr.
o

¢ 1 Constr.
g, -10
3 PCLM (opt rho)
-12
60 70 80 90
Age

Figure 6: Mortality in the healthy state H;

Mortality in LTC depends on 2 inputs, the attained age and the duration since the loss of autonomy.
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4 APPLICATION TO THE PROBLEM OF THE DEFERRED PERIOD

Therefore, the log-mortality is represented as a surface instead of a curve for mortality in the healthy
state. The surfaces of the log-mortality rates estimated with the three methods are plotted in
Figure 7. The resulting mortality rates obtained either with the independent estimation or with the
constrained optimization methods are similar. Adding the constraints to the maximization of the
likelihood does not significantly change the optimum. However, the PCLM method is more different

in the formulation of the problem since no coefficients are associated with mortality in state Hs.

As a consequence, the maximum likelihood estimators of this method result in different mortality
rates in LTC compared to those produced by the other two methods. As shown in Figure 7,
the mortality function estimated with the PCLM method does not seem to depend greatly on
the duration. Moreover, the pattern of this estimated mortality law shows that the mortality of
disabled policyholders has a smile shape on the age dimension. For a fixed duration, the mortality
is high at young and old ages and seems to reach the minimum at approximately 80 years old.
This phenomenon can be explained by the prevalence of the pathologies affecting the disabled
policyholders. This prevalence depends greatly on the attained age. Pathologies affecting young
disabled policyholders are mostly diseases affecting mortality, such as cancer. In contrast, the
most represented pathologies at approximately 80 years old are Alzheimer’s disease and dementia.
These pathologies are known to have a limited impact on mortality. Therefore, as explained in
Biessy (2016), cancer has a high contribution to mortality in LTC at young ages, especially for low

durations.

Logmortality in LTC

Logmortalit
100 9_5_5 y

W,
90 | ¢ i

Q
c’ -6-5
< g0 7.0
7.5
70 I -8.0
60 H H

Duration

Figure 7: Mortality in Long-Term Care (state F')

Figure 8 compares the estimated mortality laws of disabled policyholders at 85 years old as a function
of duration. For all methods, the order of the penalty is fixed to 2 on the age dimension and 1 on the
duration dimension to prevent unreasonable divergence of the mortality with increasing duration.
For a fixed attained age, the mortality with and without constraints has a smile shape, with mortality

decreasing at low durations and increasing after the first year. In contrast, the mortality of disabled
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4 APPLICATION TO THE PROBLEM OF THE DEFERRED PERIOD

policyholders aged 85 years old, estimated with the PCLM method, is essentially the same for all
durations. The PCLM method gives more weight to the smoothing penalty p on the duration shape
compared to that of the 2 other methods. Since this penalty tries to minimize the variations in the
duration dimension, the mortality is more likely to be constant in this dimension. The confidence
interval obtained with the PCLM method is narrower than those estimated with the two other

methods.

Logmortality in LTC at age 85
-7.0

~
(9]

\ _________________ method

Without constr.

................ © ! Constr.
PCLM (opt rho)

Logmortality
[e0]
o

¢
u

-9.0
Duration

Figure 8: Mortality in Long-Term Care (state F') at age 85

One might want to evaluate the evolution of mortality with duration for a given entry age. Figure
9 shows the mortality rates of disabled policyholders losing their autonomy at 70 years old. For
all methods, mortality decreased with time during the 3 first years. However, the decrease rate is
smaller with the PCLM method. While the PCLM method gives the lowest mortality rates during
the first three months, the estimated mortality for higher durations is higher than those with the

two other methods.

Figure 10 shows the mortality intensities during the first month following the loss of autonomy. As
anticipated with Figure 7, the mortality function has a smile shape on the age dimension. The
confidence interval obtained with the PCLM method is narrower than those associated with the two

other methods.
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Logmortality in LTC (entering at 70)
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Figure 9: Mortality of a policyholder losing autonomy at age 70
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Figure 10: Mortality of disabled policyholders during the first month following the loss of autonomy

The deviance residuals in the healthy (H;) and disabled (F') states are plotted in Figures 11 and
12, respectively. We use these graphics to analyse if the residuals are within the interval [—2;2]
and if there exists a trend in the residuals (lower residuals at low ages and higher residuals at old
ages, for example). The existence of a trend may indicate that the model does not well capture
the effect of one of the dimensions (age and/or duration) on the mortality rates. In the healthy
state, all models seem to perform well. In the disabled state, models with and without constraints
seem to underestimate mortality during the first year compared to the PCLM model. In contrast,
this model overestimates mortality during the second year. The residuals during the first year seem

homogeneous and quite similar among the 3 models.
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Healthy state:
Comparison of the residuals
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Figure 11: Deviance residuals in the healthy state H;
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Figure 12: Deviance residuals in the disabled state F

Figure 13 displays the first month of disability. The deviance residuals are within the specified

interval [—2;2] and seem quite homogeneous among all ages.
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4 APPLICATION TO THE PROBLEM OF THE DEFERRED PERIOD

LTC state: Comparison of the residuals
during the first month

method

Without constr.
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Figure 13: Deviance residuals in the disabled state F' during the first year following the loss of
autonomy

4.3.3 Model Performance

The predictive performances of the three methods are evaluated with cross-validation. The following

metrics are analysed:

o the root mean square error (RMSE)

NG
1 ~
W;I(DI? - D,?)Z,Ge {HlvF}v
where N# = MH NE — ME (M2 + Mtﬁ), and DAkG denotes the k™ term of the vector of

expected counts of deaths in group G,
o the root mean percentage error (RMPE)

NC G o\ 2
1 Dy — D
( k_ ’f) .G e {H,,F},

G
M= = Dy

o the \? statistic

e the deviance




5 DISCUSSION

Model performance on the healthy state is evaluated on the age range [60, 90], and model performance
on the disabled state is evaluated on the first year of disability for ages between 65 and 90 years old.
When the metrics of the two methods presented in this paper are better than those of the method
without constraints (independent estimation of each biometric law), then the metric is displayed in

bold. The best value for each metric is written in red. The results are shown in Table 1 and Table 2.

Table 1 shows that adding a constraint to the P-splines smoothing method improves the Root
Mean Square Error (RMSE), the Root Mean Percentage Error (RMPE), the deviance and the x?
statistics of mortality in the healthy state. This method also improves the metrics for the mortality

of disabled policyholders, as shown in Table 2.

The PCLM method mostly improves the predictive performance of the mortality of disabled
policyholders as shown in Table 2. The root mean percentage error and x? are the lowest for this
method compared to those of the two others. This method also improves the Root Mean Percentage

Error (RMPE) on the prediction of the mortality of autonomous policyholders (Table 1).

Method RMSE RMPE %2  Deviance
Constr. 2.19  0.60 173.32  204.82
Without Constr.  2.19 0.63 180.95 205.96
PCLM 221 0.57 176.70  215.38

Table 1: Cross validation: mortality in the healthy state

Method RMSE RMPE x> Deviance
Constr. 030 5.76 1338,40 509.40
Without Constr. 0.30 5.80  1344,35 509.52
PCLM 0.30  4.69 1226,24 514.33

Table 2: Cross validation: mortality in disabled state

Additional plots of confidence intervals and analyses of Poisson residuals for each state Hy, Hy and

F are available in Appendix F.

5 Discussion

In this paper, we present two methods to estimate transition rates by using combined experience
data of two long-term care portfolios with differing disability definitions. In this paper, we focus
on the case when one of the definitions is included in the other. In this situation, the healthy
state (denoted Hj) of one of the products/definitions is a mixture of the healthy state (H;) and
the disabled state (77) of the other product, as described in Section 2. The disabled state T} is
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5 DISCUSSION

divided in two distinct states, namely F,, and Fg, such that F,, = T7\T>. Fj is the state containing
policyholders disabled according to both definitions.

We focus on the estimation of mortality in healthy and disabled states by using combined experiences
from both portfolios. Mortality in the healthy state is considered a function of age only; whereas,
mortality in disabled states is assumed to be a function of age and duration since the loss of
autonomy. In fact, mortality in the disabled state often depends greatly on the duration, with a

higher mortality in the first months following entry into the disabled state.

Assuming that the population of both portfolios is homogeneous, the mortality of this healthy
state Hs is a mixture of the mortality in H; and F,. The three mortality laws are then linked.
To avoid overfitting, the two methods introduced in this paper rely on the P-splines smoothing
method embedded in the Poisson Generalized Linear Model framework as presented in Section 3.1.
With the Poisson assumption justified in Section 2, counts of deaths are assumed to have a Poisson

distribution of parameters proportional to the central exposure and the mortality intensities.

The presented methods are based on the idea of maximizing the likelihood. The first approach
described in Section 3.2 consists of maximizing the Poisson likelihood subject to multiple constraints
linking the biometric functions of the two portfolios. In this method, the mortality laws (mortality in
Hi, Hy, F, and Fj3) are assumed to be expressed as exponential of the combination of basis-splines.
A set of spline coefficients must be estimated for each state. The second approach presented in
Section 3.3 uses the Penalized Composite Link Model introduced by Eilers (2007). This method
uses the fact that the expectancy of the counts of deaths in each state (Hy, Ha, Fi, and Fj3) can
be expressed as a linear combination of the mortality in Hy, F,, and Fj3. Therefore, no coefficients
are associated with mortality in Hs. This method allows us to reduce the number of estimated

coefficients compared to that of the first method.

The presented methods are then applied to solve the problem when having two portfolios with
and without a deferred period. In this case, being disabled for the product with a deferred period
implies having the disabled status for the product without a deferred period. This situation is then
a special case of the problem solved in this paper, since one of the disability definitions is included
in the other. To meet the assumption of homogeneity between the two portfolios, a single French
long-term care portfolio is randomly divided into two. One of the data sets is then modified to
include a fictitious deferred period. The two methods are then evaluated on these portfolios and
compared with the separate modelling approach to show the benefits of combining information of

the two portfolios despite the difference in the disability definitions.

We show that combining information improves the confidence intervals and the predictive perfor-
mance. First, adding a constraint to the maximization of the P-splines likelihood helps to reduce the
size of the confidence interval of the mortality in the healthy state, without having a large impact
on the mortality estimated independently on one single portfolio. However, this first method has

almost no impact on the estimated mortality in the disabled state and its associated confidence
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5 DISCUSSION

interval. The results of the cross-validation show that this method has better predictive performance
than that of the separate modelling approach. The PCLM method helps reduce the confidence
interval of the estimated mortality in the disabled state, but it has an impact on the estimated
mortality compared to that of the estimation without combining information of the portfolios.
The cross-validation shows that this method gives better predictive performance on the RMPE
(Root Mean Percentage Error) and x? metrics. However, this method slightly increases the residual

deviance of the model compared to that in the separate modelling approach.

The methods introduced in this paper can be extended to other cases where portfolios have different
disability definitions. For example, some long-term care products offer the possibility for the
policyholder to be covered for several levels of loss of autonomy, namely “Mild” and “Severe”
disability. Policyholders only covered for severe disability are considered “autonomous” if they are
only mildly disabled. The long-term care portfolio of the insurer is composed of policyholders with
different disability definitions. This portfolio can therefore be divided into two different portfolios,
one for each definition. The first covers both mild and severe disability, whereas the second covers
only severe disability. In this situation, being disabled with the second definition implies being
disabled for the first definition. It is therefore a special case of the problem of multiple definitions
studied in this paper. The two methods that we introduced can be used to estimate simultaneously
the biometric laws of both definitions by combining information of all policyholders, instead of

separating policyholders covered for the mild disability from the other policyholders.

The methods introduced in this paper assume that the counts of deaths have a Poisson distribution.
One of the properties of the Poisson distribution is that its mean equals variance. However,
overdispersion is often observed in the context of mortality modelling. Accordingly, the Poisson
assumption may be too restrictive. In future studies, a dispersion parameter can be introduced to
improve the model. The models assume homogeneity of policyholders in the two portfolios. This
assumption can be difficult to satisfy because of antiselection. In the example of the deferred period,
the population of policyholders choosing a long-term care contract without a deferred period is
likely different from the population of policyholders underwriting a contract with a deferred period.
Finally, in future research the methods developed in this paper may be generalized to parametric

forms of mortality.
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A PROOF OF THE TOTAL LIKELIHOOD OF THE COMBINED OBSERVATIONS

A Proof of the total likelihood of the combined observations

Let j denote an individual. Each individual is observed with only one product (1 or 2). We

introduce:

. :cis( Jj), the minimum age at which we observe individual j (age at underwriting, or age at the

beginning of the observation period),

. a:iH( j), the age of end of observation in healthy state (equal to the age of death, age of loss of

autonomy, or age at censoring),

« 27(j), the age of end of observation in disabled state T}, where k denotes the definition with
which we observe individual j (age of death, or age at censoring if individual j is in state T

at the end of observation period),

xF9(5), the age of end of observation in disabled state F, where g € {, 8} (age of death, age
of transition from F, to Fg or age at censoring if individual j is in state I, at the end of

observation period),
o M (j), the cause of exit of healthy state for individual j such that:

— M (j) = 0 if individual j is still in the healthy state at the end of the observation (right

censoring),
— cH(j) = 1 if individual j dies in healthy state,

— M (j) = 2 if the cause of exit of the healthy state is the loss of autonomy (entry in state
Ty, if the health status of individual j is observed with definition k),

o« ¢T'(j), the cause of exit of disabled state (Tj, k € {1,2}) for individual j such that:

— ¢!'(4) = 0 if individual j is in state T} at the end of the observation (right censoring),

— ¢T'(j) = 1 if individual j dies in the disabled state (T} or Tb depending on the definition
with which we observe individual j)

o cf9(j), the cause of exit of disabled state (F,, g € {«, 8}) for individual j such that:
— cf9(4) = 1 if individual j dies in disabled state F,,

— ¢f9(4) = 0 otherwise.

If individual 7 does not lose autonomy during the observation period, then F(]) = ﬁ(]) If
individual j is observed with definition 2, then zFa(j) = zf(j). If individual j dies in state F,, then
at3(j) = ate(j) = 27()).
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A PROOF OF THE TOTAL LIKELIHOOD OF THE COMBINED OBSERVATIONS

The likelihood associated with one individual observed with definition & is given by

b (- o) () o )

xT

- (— [ ()« ) dt) (1 (). 77) - 7)) ) 0

0

x B (g)—aFe (j) _ S _ 1 p
exp —J uf (T () + ) dt | (6 (275 (), 25 (5) = 2T ()) ) <P
0

(37)

Therefore, the total likelihood for all individuals from products 1 and 2 is given by

e

wFa ()~ (j)
eXp(*J uF"< +tt dt) Fa mFa ), 2P (j) — 27 (j )) (efa =1y

0
exp _Lﬁ(j)fﬂ(i) (it ( )+ t, t ), 2F8(j) — aFa( ))l =1
oo (- [, @+ dw) (2 (#70)) 0 (= (7))
i=1 23(j
. _JmFﬂ(j)—mH(j) s (ﬁ( Nt t) &t ( Fs (x?ﬂ( N, 275 () — 77 (5 )) FB ()= b (38)
p o H J ) K J)s

where ng, k € {1,2} denotes the number of observed policyholders from product k.

Let ef"' (p) denote the central exposure to risk of individual j in state Hj between integer ages

xf and mfﬂ. Let e? (p, q) denote the exposure to risk of individual j in state F, between integer

ages azg and :cgﬂ and durations tJ and t],,. Let eHk(p 2 e;'*(p) be the sum of the central
ni

exposures in state Hy of all policyholders from product k. Let e® Z p,q). Fja is the
ng =

only state observed in both products. Therefore, let €7 (p, q) = Z ef (p, q) denote the sum of the

j=1
central exposures in state Fj for product k. We denote e’ (p,q) = €21 (p,q) + €>2(p, q) as the sum

of the central exposures of both products.

Let N'(p) denote the number of transitions from H 1 to Ty between z17

» and xlﬁrl. Let N%(p) denote

the number of transitions from Hs to TH between 28 and a:p 1

p
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A PROOF OF THE TOTAL LIKELIHOOD OF THE COMBINED OBSERVATIONS

Let DH1(p) denote the number of deaths from the healthy state between xf and fo in the first
type of insurance. Let D2(p) denote the number of deaths from the healthy state between xf
and xfﬂ in the second type of insurance. Let D(p, q) denote the number of deaths from the F,
disabled state with age at death between .1‘3;
the central exposure, let DP ’k(p, q) denote the number of deaths from the Fj disabled state with

T : o «
and z,,, and duration between ¢; and ¢;, ;. For

» and :L‘I:,FH and duration between tﬁ and tg 41 for product k. We denote
D’(p,q) = D*!(p.q) + D**(p,q).

As intensities pf*() and zk(), ke {1,2} and u%9(,), g € {a, B} are piecewise constants (Assumption

age at death between z.

2.3 and Assumption 2.4), we denote
. ,ufk = (mf),Vpe {1,..., M7},

o if =iff),vpe{1,...,M"}, and

o pwbe = pFo@l 1), wpe(1,... MY qe (1,..., MY},

and Equation 38 becomes

1 H
Liot = | [ exp (— (i + uf) e (p) (i2)™ @ (ufir) 7

ME My

HHexp —plae®(p,q)) (uka) "V

p=1g=

fiks 9 Ho\ _H A\N%(p) [ Hy\D™2(p)
H exp (* (lp + py 2) € Q(p)) (lp) (“p 2)

p=1

MF MP

[T e (i) ()" (39)

p=1q=

The last term of Equation 39 represents the likelihood of all observations from products 1 and 2 in

state Fg.
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A PROOF OF THE TOTAL LIKELIHOOD OF THE COMBINED OBSERVATIONS

The log likelihood function of the combined observations from products 1 and 2 is given by

MH
Lot = Y (= (ip + ") €1 (p)) + N'(p) log (i) + D™ (p) log (") +
p=1
MF M(X
ZZ '“pq ,q)) + D"(p, >10g(/‘£%1)+
p=1q=
MH
Z (— (2129 + ufz) e (p)) + N*(p) log (i ) + D2(p)log (qu) +
=1
MF MP
3 Z (e’ (0,0)) + D7 (p, ) og (115 - (40)

p=1q=
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B PROOF OF THE CONSTRAINT

B Proof of the constraint
Let us prove the constraint given by Equation (9) in Section 3.2.

P(X%) . = Death|X"?) = H,)
P

H H. H . xH +h
ppt = (zy) = lim - " (41)
P(X?, = peatn| X2 = Hy) =P(X""), = pearn| XV = H; U XV = F,)
P(x(), = peatn, {X{ = H; U XV = F,})
PxY =H ux® = F)
_P(X{Y, = pearn, X§ = Hy) + P(X{Y), = peatn, X{ = Fo)
PxY = H, uxM = F,)
:P(Xiljh = Death| X = H)P(XY = Hy) )
PxY =m ux® = F)
ooy _ (1) _ m Mm
M2 P(Xy Yy = Death (X3! = Fo, X oy = Fas X(Lyo ) = H1}) )
o] PxY =H uxV = F)
1) _ @y _ (1) _
P(X:E - FOU X(x,tg) = FCY?X(x,tZtJFl) = Hl)
:P(ijh = Death| X = Hy)P(XY = Hy) .
PxtY = uxV = F)
a 1 1 1 1
2 P(X(Y, = pean (X3! = Foy X)) = Fa, X0 ) = H1) )
= PxY = H uxM = F,)
1) _ 1) _ 1) _
P(x(V = F,, Xiomtg) = Fon X(oLpa ) = H1)
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B PROOF OF THE CONSTRAINT

Therefore, Equation (41) becomes

2 _ (2 _
e — P(X471,, = Death|X[}) = Hy)
p h—0 h
px™ — 1) P(x'}),, = Death| X)) = Hy)
= D M _ lim 2 P +
P(Xy’) = Hyu X, = F,) =0 h
o oy (1) (1) (1)
My P(Xy Fa,X(x ta) = FmX(x o, ):HI)X
= PxY =H ux® = F)
1 1 1 1
) P(XL), = pearn (XS = Fo, X[, o) = Fo, X} )
1m
h—0 h
(1) (1) (1)
PX(l) H X :Fa’X:v te _Fa’X:p t“ _H>
- M Dy 2 et Sl b (42)

Pxs) = H o x{V =
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C STRUCTURE OF MATRIX C

C Structure of matrix C

Let E' and Ef2 € M1 (R) be the diagonal matrices of the central exposures in states H; and

Hy, respectively. Let E® € My pa(R) and Ef e M, r 1,8 (R) be the matrix of the sum of the
x T t

central exposures in F,, and Fj, respectively. We denote "EY, = diag(Efk) € Myr (R),g € {a, B} as

the diagonal matrix of the central exposures in state Fy for the k" duration.

Co
- C= 01] eM(MH+MH+(Mt0‘+Mt6).M{),(MH+(Mt°‘+MtB).M{)(R)’
[Ef 0 0 |
0 YES 0 0
0 0o . 0 .. 0
0 0 0 0
v (6%
« Co=1| 0 0 e 0 0 GM(MH-&-(Mf-i-Mf).Mf)(R)’
0 0o ES o0 0
0 0 . 0 0
0 0
0 0o "E° ,
- 'Mt_
EH2 pHh EH2 v gy Ef2vEe,
« Ci=|— e - - R et 0 ... 0
| B+ 2 By BT+ 2 B B+ 3 "By
My
Cr = (B™ 4 Y BT B | B B vES. 0 0]
q=1

The matrix C1 € M 4 (MH 4+ (Mo MP) MF)(R) is composed of "concatenation" of Mf + 1 diagonal
’ t t /"

matrices of dimension M| and the matrix is completed with columns of 0.

38



D PROOF OF THE MORTALITY RATES IN STATE F IN THE APPLICATION TO THE
PROBLEM OF THE DEFERRED PERIOD

D Proof of the mortality rates in state F' in the application to the
problem of the deferred period

Let X ) e {H,, F,, Fg, Death} denote the health state at time ¢ observed with LTC product 1, as
modelled with the diagram in Figure la. Let F' = {F, u Fg}

Let X € {H», F3, Death} denote the health state at time ¢ observed with LTC product 1, as
modelled with the diagram in Figure 1la.

Let 7, = min{u > 7,_1| X, # X;,_,} denote the sequence of jump times, with 79 = 0. Let Z = X,

be the sequence of visiting states.

u (1) = lim hP (X%, = DeatnxM e XD, e F X[, =)

~ lim P (X( ) = Death|XM e F, X" e F,ry = (x — 1), Xo = Hl)

P (XY, = Death, x{V € FIX) € Fomy = (2 — ), Xo = H)

= lim

h—0 P <X§1> eFIXP e Fm = (x—1t),Xo = Hl)

P (X}Hh — Death, XV e FIXY e Firy = (z — 1), Xo = H1>
= 111m

h—0 p (XS eFIXWeF = (z—1t),X= Hl)

P (Xiljh = Death, XtV = F,|xV e F.ry = (z — 1), Xo = Hy
= lim +

)

=0 p (X( —F XV e P = (z - t),XO - Hl) +P (XS’ FlxW e By = (x — 1), Xo = Hl)
)
(

P (X(l)h = Death, X$" = Fg|xX\) € Fry = (x — 1), Xo = Hy

lim

0P (XY = X e For = (@ = 6), Xo = H1) + P (X = Byl X1V € Fory = (2= 1), Xo = H1 )

(43)

In the case of the deferred period, the transition rate from Hp to Fjp is equal to 0. Therefore,

(XWeFm=(x—t),Xo=H}={XVY=F,n=(—t),X=H}
Additionally, as no return to a better health state is possible,

P <X§1> — P XD = Foymy = (2 — t), Xo = H1> —p (TQ > 2| XD = Fyomy = (x — 1), Xo = HI) .

Moreover, from Equation 30
0, ift# fr/12

wh(z,t) =
voo, ift = fr/12.
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D PROOF OF THE MORTALITY RATES IN STATE F IN THE APPLICATION TO THE
PROBLEM OF THE DEFERRED PERIOD

Therefore,

P(7_2>.CU|X7(.11):FQ,T1:($_1€) XO—H1 = < uu—(:U—t))+w1(u,u—(m—t)))du>

r— t

t
< JO(MFD‘ r—t+yy) +w (w—t+y,y))dy>
ift > fr/12

- exp(—LtuFa(x—t—f—y,y)du) ift < fr/12.
(44)

Another consequence of the no return to a better health state is that

P (X = Byl X = Fuyri = (o= 1), Xo = H1 ) <P (2 <2, X1 = Fy| XD = Foym = (2 = 1), Xo = Hy )
t

JP m—t+y|X(1):Fa,n:(x—t),XO:Hl)><

0
6fr/12(y) dy,

+oo ift = fr/12

where d¢,/12(y) =
0 otherwise.

Therefore,
p (X;U — Fa| XM = Fyym = (@ — ), Xo = H1> —0,Vt < fr/12. (45)

Then,

o if t < fr/12, from Equation 43 and Equation 45

P (X( D — Death, x\" = Fu|x = Faym = (@ — 1), Xo = Hl)

F
H (l‘,t) = lim —
h—0 h p (X;(g - Fa!Xn) =Fymn=(@x—-1t),Xy= Hl)
= lim P <X(+)h = Death| X" = Fng) =Fo,m=(x—1),Xo= Hl)
h—0 h
:MFa(xvt)ﬂ

o ift > fr/12, from Equation 43 and Equation 44

; 1 P (X)) = Death, X = Byl XY = Foomi = (2= 1), Xo = Hy)
' (z,t) = lim — N a
h—0 h P(X;):Fﬁyxn) :Fa,ﬁ:(x—t),Xo:Hl)

~ lim hP ( XM, = Death| XM = F3, XU = Fyomy = (2 — ), Xp = H1> .
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D PROOF OF THE MORTALITY RATES IN STATE F IN THE APPLICATION TO THE
PROBLEM OF THE DEFERRED PERIOD

As the transition from F, to Fj can occur only fr months after entry into F,,, and no return

to a better health state is possible, then
P <X£]:|-)h = DCCLth|X§1) = FB7X7('11) = FOMTI = (x - t)7X0 = Hl) =

P (X, = Death| XV = Fy, XD = Fa,mo = (@ = t 4 f1/12), XD = Fomy = (2 = 1), Xo = Hy ).

Therefore,

1
uF (@,1) = lim =P (Xfcljh — Death| XV = Fy, XU = By my = (x— t + fr/12)>

= pf(x,t — fr/12).
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E DETAILS ON THE STRUCTURE OF THE MATRIX BY FOR THE APPLICATION TO
THE DEFERRED PERIOD

E Details on the structure of the matrix B for the application to

the deferred period

Let B* € Mo s be the matrix of the values of the splines at each subdivision point before the
deferred period ({t{,...,t M{”H})- J? denotes the number of splines from B/ having a non-null

value on the interval [ % t%ta]

Let Bf € M, s ;s be the matrix of the values of the splines at each subdivision point after the
t 7t

deferred period ({tfa + %, oty J;;}) Jf denotes the number of splines from B} having a
t
] ; 5, T Ir
non-null value on the interval {tl + L th+1 + 12].

Let s denote the number of splines shared by states Fi, and Fg (s = 4 in Figure 5). The first s

columns of Btﬂ are the continuous extension of the last s columns of By'. Let BY(s),g € {a, 3}

denote the submatrix of By composed of only splines shared by Fy, and Fjs. Let BY(—s),g € {«, 8}

denote the submatrix of Bf composed of only splines not shared by F, and Fj.

Bi'(—s)
0

B (s)
B/ (s)

0

Then, B = [ B
t

Therefore, from Section 3.1, the matrix B for the estimation of the mortality in two dimensions in
LTC is given by

BY = BF @ BY (46)
By (-s)® By | B(s)® By 0
B F B F|* (47)
0 Bt (5)®Bw Bt (75)®Bz
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F ADDITIONAL PLOTS

F Additional plots

Logmortality in LTC
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Figure 14: Mortality of disabled policyholders during the second month following the loss of

autonomy

Logmortality in LTC
during the third month
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Figure 15: Mortality of disabled policyholders during the third month following the loss of autonomy
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F ADDITIONAL PLOTS

Residuals

Logmortality
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Figure 16: Mortality in state Ho

Residuals for the
(healthy+LTC deferred) state

method
—e— Without constr.
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—e— PCLM (opt rho)

60 70 80 90
Age

Figure 17: Deviance residuals in the state Ho
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