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Non strongly relative hyperbolicity of some groups of Piecewise Linear homeomorphisms of the interval or the circle

We prove that some groups of PL homeomorphisms of the interval or the circle, included the classical Thompson groups T and F , are not strongly relatively hyperbolic.

1 Introduction.

Originally, the notion of relatively hyperbolic groups was proposed by M. Gromov in [G] and developed by B. Bowditch [B], B. Farb [F], and Osin [O]. There is now an interesting and rich literature on the subject. In this paper, we refer to Osin's paper ( [O]), for the definitions.

Definition of Thompson-Stein groups.

Let's r, s be two positive integers and 1 < n 1 < ... < n s be s integers. We denote by m the lcm(n 1 , ..., n s ).

The Thompson-Stein group F r,(n i ) [resp. T r,(n i ) ] is the group consisting of piecewise linear homeomorphisms of the interval [0, r] [resp. the circle [0,r] 0=r of lenght r] with finitely many madic break points, that is of the form N m q for q, N ∈ N and derivatives of the form n p 1 1 ×.....×n ps s for p i ∈ Z. We identify F r,(n i ) to the subgroup of T r,(n i ) consisting of g ∈ T r,(n i ) such that g(0) = 0.

The groups F r,(n i ) are torsion free and M. Stein, in [S], proved that F r,(n i ) and T r,(n i ) are finitely presented. In this paper, we show that :

Theorem. Let r, s be two positive integers and 1 < n 1 < ... < n s be s integers. The Thompson-Stein groups F r,(n i ) and T r,(n i ) are not strongly relatively hyperbolic.

This fact for the classical Thompson group F consisting of 2-adic PL homeomorphisms of the interval has been already proved, among many things, by Anderson, Aramayona and Shackleton in [AAS]. As in [AAS], our proof is based on Osin's result stating the hyperbolicity of the centralizers of hyperbolic elements, in strongly relatively hyperbolic groups.

2 Basic properties on Thompson-Stein groups.

The Bieri-Strebel criterion. Let Λ ⊂ R + * be a multiplicative subgroup, and A ⊂ R be an additive subgroup, invariant by multiplication by elements of Λ.

1)-There exists a PL homeomorphism with slopes in Λ and breaks in A that takes the interval [a, c] into the interval [a , c ] if and only if c -a and c -a are equal modulo (1 -Λ)A, where (1

-Λ)A = { i (1 -λ i )a i , λ i ∈ Λ, a i ∈ A}. (for a proof, see [S] appendix).
2)-Suppose that Λ = < n i > is the multiplicative group generated by the n i 's and

A = Z[ 1 m ] is the set of m-adic numbers, with m = lcm(n i ). Then (1 -Λ)A = d Z[ 1 m ]
, where d = gcd(n i -1).

Proof of 1. See [BS] or [S] appendix.

Proof of 2. That is (1 -Λ)A = dA.

Step 1 : (1 -Λ)A ⊂ dA. As (1 -Λ)A is a submodule, it suffices to prove that (1 -λ)a ∈ dA, with a ∈ A and λ = n s 1 1 ...n sp p ∈ Λ. By reducing to the same denominator, (1

-λ)a = (1 -n a 1 1 ...n ap p )a = (n b 1 1 ...n bp p -n c 1 1 ...n cp p
)a with b i , c i positive integers, a ∈ A. By replacing the n i by k i d + 1 and developping, we get (1 -λ)a = (dN )a with N ∈ N.

Step 2 : dA ⊂ (1 -Λ)A. Let a ∈ A, by Bezout identity, there exist u i ∈ Z such that : d = u 1 (n 1 -1)+....+u p (n p -1) and hence da = (n i -1)(u i a) ∈ (1-Λ)A.

Proposition 1. Let r, s be positive integers and 1 < n 1 < ... < n s be s integers.

1-Given a non degenerated interval I ⊂ [0, r], there exists an infinite order element of F r,(n i ) with (open) support contained in I.

2-The group F r,(n i ) is generated by B 0,1 : the set of g ∈ F r,(n i ) such that either Dg(0) = 1 or Dg(1) = 1. 3-Let m ≥ 2 be an integer. Given a m-adic number a, there exists f ∈ F r,m and k ∈ {0, ..., m -1} such that f ( k m ) = a. 3'-Let m ≥ 2 be an integer. The group T r,m contains an element t = t(r, m) such that t is of infinite order and t k (0) = k m , for all k ∈ Z, in particular 0 is a t-periodic point of period rm. 4-The group T r,(n i ) is generated by F r,(n i ) and t(r, m) with m = lcm(n 1 , ..., n s ). Proof of proposition 1. 1-Recall that the (open) support of a map f is the set of the non fixed points of f , it's an open set. Since f is PL it's a finite union of open intervals. Let ω, b be two points in A = Z[ 1 m ] such that [ω, ω + b] ⊂ I. Such points exist since A is a dense subset of [0, r]. Let's set ω 0 = ω ω 1 = ω + b n 1 +1 and ω 1 = ω + n 1 b n 1 +1 ω 2 = ω + b
We define a PL homeomorphism f I with break points ω 0 , ω 1 and ω 2 , with derivatives power of n 1 and with support ]ω 0 , ω 2 [, by setting :

f I : [0, ω 0 ] → [0, ω 0 ] is defined by f I (x) = x f I : [ω 0 , ω 1 ] → [ω 0 , ω 1 ] is defined by f I (x) = n 1 (x -ω 0 ) + ω 0 f I : [ω 1 , ω 2 ] → [ω 1 , ω] is defined by f I (x) = n -1 1 (x -ω 2 ) + ω 2 f I : [ω 2 , r] → [ω 2 , r] is defined by f I (x) = x Moreover, the point ω is a repulsive fixed point, so f I is of infinite order. 0 r r ¢ ¢ ¢ | ω 0 | ω 1 | ω 2 - ω 0 - ω 1 - ω 2 Figure 1. 2-Let k be in {1, ..., s} and a ∈ A = Z[ 1 m ] such that (n k + 1)a < r (such a point exists since A is dense in [0, r]). Let's denote by V k the PL-homeomorphism defined as follows : 0 r r ¢ ¢ ¢ ¢ ¢ | a | (n k +1)a - n k a - (n k +1)a n k n -1 k 1 V k (x) = n k x if x ∈ [0, a] V k (x) = 1 n k (x -a) + n k a if x ∈ [a, (n k + 1)a] V k (x) = x if x ∈ [(n k + 1)a, r] Figure 2.
Let f be in F r,(n i ) , by definition the derivative Df (0) can be written as :

Df (0) = n e 1 1 ....n es s , where e i ∈ Z. Now, the homeomorphism f := f • (V e 1 1 • .... • V es s ) -1 satisfies D f (0) = 1. Therefore f (0) ∈ B 0,1 and f = f • (V e 1 1 • .... • V es s ) is a product of elements of B 0,1 . 3-Using the Bieri-Strebel criterion, two points a 1 , a 2 in Z[ 1 m ] belong to the same F r,m -orbit if and only if 2 -a 1 ) = N (m-1) m p
, where p ∈ N and N is a positive integer non multiple of m. Since a 1 and a 2 are in Z[ 1 m ], there exist p 1 , p 2 positive integers and N 1 , N 2 positive integers non multiple of m such that

a 1 = N 1 m p 1 and a 2 = N 2 m p 2 . Then a 1 , a 2 belong to the same F r,m -orbit if and only if ( N 1 m p 1 -N 2 m p 2 ) = N (m-1) m p
. Since N , N 1 and N 2 are non multiple of m, we have p ≤ max(p 1 , p 2 ) and eventually changing a 1 by a 2 we can suppose that p 1 ≤ p 2 . Finally, a 1 , a 2 belong to the same F r,m -orbit if and only if there is an integer P ≥ 0 such that m P N 1 ≡ N 2 mod (m -1). But since m P ≡ 1 mod (m -1), we can conclude that two points a 1 , a 2 in Z[ 1 m ] belong to the same F r,m -orbit if and only if N 1 ≡ N 2 mod (m -1). This implies that there are exactly m orbits of m-adic points under the action of F r,m : the orbits of 0, 1 m , ..., m-1 m . 3'-The rotation by 1 m has the required properties except the fact that it has finite order, we slighty modified it by the following way :

0 | 1 m 3 | 1 m 2 + 1 m 3 | 1 m - 1 m - 1 m + 1 m 2 + 1 m 3 - 1 m + 1 m 2 - 2 m ¢ ¢ ¢ ¢ ¢ t(x) = mx + 1 m si x ∈ [0, 1 m 3 ] t(x) = 1 m (x -1 m 3 ) + 1 m + 1 m 2 si x ∈ [ 1 m 3 , 1 m 2 + 1 m 3 ] t(x) = x + 1 m si x ∈ [ 1 m 2 + 1 m 3 , r] Figure 3.
We still have t k (0) = k m , for all k ∈ Z. But Dt rm (0) = m, therefore 0 is a repulsive periodic point and t has infinite order.

4-Let

g ∈ T r,(n i ) \ F r,(n i ) , g(0) is a point of Z[ 1 m ] \ {0}
, where m = lcm(n i ). By the previous point 3, there exists an element f ∈ F r,(n i ) (in fact f ∈ F r,m a subgroup of F r,(n i ) ) such that f (g(0)) = k m for some k ∈ {1, ..., m -1}. So, using the point 3', f (g(0)) = t k (0) for some k ∈ {1, ..., m -1}. Finally,

t -k • f • g(0) = 0, hence t -k • f • g ∈ F r,(n i )
and g is in the group generated by t and F r,(n i ) . This ends the proof of the proposition 1.

3 Relatively hyperbolic groups, Osin's results.

In this paper we don't really need the definition of the strong relative hyperbolicity. We need the following definition and the fact that there exists a finite collection (H i ) i∈I of subgroups of G, for which the conclusions of the two following results hold.

Definition. An element g ∈ G is said to be parabolic if there is some i ∈ I and γ ∈ G such that g ∈ H γ i , where

H γ i := γH i γ -1 is called a parabolic subgroup of G.
An non parabolic element is said to be hyperbolic.

Proposition 2.36. Let G be a group and (H i ) i∈I a finite collection of subgroups of G. Suppose that G strongly hyperbolic relative to (H i ). Then the following conditions hold :

1)-The intersection

H γ i ∩ H δ j is finite whenever γ = δ 2)-The intersection H γ i ∩ H i is finite for any γ / ∈ H i .
3)-Let r be an element of infinite order in G, if there is an integer n such that r n ∈ H γ i then r ∈ H γ i . Theorem 4.19. Let G be a finitely generated group strongly hyperbolic relative to a collection (H i ) and g be an hyperbolic element of G. Then the centralizer C(g) of g is hyperbolic.

4 Proof of the theorem.

Recall that, two homeomorphisms having disjoint support commute, hence, using proposition 1.1, one can easily produce free abelian subgroup of rank greater than 2 in F r,(n i ) . Therefore, F r,n i and T r,n i are not hyperbolic groups. Moreover, the centralizer of an element of F r,n i with non full support contains a subgroup that is isomorphic to

F r,n i : Consider [a, a ] ⊂ [0, r] such that a, a in Z[ 1 m ], a -a ≡ r(mod d) and f (x) = x for all x ∈ [a, a ]
. By the Bieri-Strebel criterion, there exists a PL homeomorphism H with breaks in Z[ 1 m ] and slopes of the form m s for s ∈ Z that maps [a, a ] into [0, r]. Therefore H -1 F r,n i H is a group of PL homeomorphisms of [a, a ] with breaks in Z[ 1 m ] and slopes of the form m s , it can be injected in F r,n i by prolonging every element of it by the identity on [0, a] and [a , r].

Suppose that F r,n i [resp T r,n i ] is strongly hyperbolic relatively to a non trivial (i.e containing at least 2 elements) finite family (H i ).

Proposition 2. 1)-Let f ∈ B 0,1 \ {Id} then f is parabolic and its centralizer C(f ) is contained in a parabolic subgroup.

2)-Let f and g be two homeomorphisms in B 0,1 \ {Id} then f and g belong to the same H γ i , in other words B 0,1 ⊂ H γ i . Proof of proposition 2.

1)-Let f ∈ B 0,1 \ {Id}, suppose that Df (0) = 1 (the other case is analogous) then, there exists a non degenerated interval [0, a] such that f (x) = x on [0, a]. The centralizer of f contains a copy F r,(n i ) : it's not hyperbolic. Therefore, by Osin's results, f is parabolic : f belong to a H γ i . Now, if g ∈ C(f ) then the intersection of gH γ i g -1 = H gγ i with H γ i contains the cyclic group generated by f , since f = Id and F r,(n i ) has no torsion, this intersection is infinite and Osin's proposition 2.36 implies that g ∈ H γ i . 2)-Let f, g ∈ B 0,1 . We claim (we'll prove this after we have concluded the proof of 2) that it's possible to find two infinite order elements f ∈ C(f ) and ḡ ∈ C(g) that commute.

Hence, by the point 1) f, C(f ), f , C( f ) are contained in a same parabolic subgroup and g, C(g), ḡ, C( f ), g are contained in a same parabolic subgroup. Since F r,(n i ) has no torsion, Osin's proposition 2.36 implies that parabolic subgroups coincide or have trivial intersection. But ḡ ∈ C( f ) so they coincide, hence f and g belong to a same parabolic subgroup.

Proof of the claim. Case 2' : Df (1) = 1 and Dg(0) = 1 is analogous to the case 2.

Proof of the theorem for F r,(n i ) . By proposition 2, the set B 0,1 is contained in a parabolic subgroup, since it generates F r,(n i ) , the whole group F r,(n i ) is contained in this parabolic subgroup, this contradicts the hypothesis.

Proof of the theorem for T r,(n i ) . By the previous point, the subgroup F r,(n i ) of T r,(n i ) is contained in a parabolic subgroup H γ i . Consider the element t of infinite order defined in proposition 1 part 3'. Since t rm fix 0, it belongs to F r,m so it belongs to H γ i . By Osin's result, it follows that t also belongs to H γ i . Finally, by proposition 1 part 4, t and F r,(n i ) generate T r,(n i ) so T r,(n i ) is contained in H γ i a contradiction.

Case 1 :

 1 Df (0) = Dg(0) = 1. There exists a non degenerated interval [0, a] such that f (x) = g(x) = x for all x ∈ [0, a]. Then f = ḡ ∈ F r,(n i ) with support in [0, a] (such a map exists by proposition 1.1 or Bieri-Strebel criterion) satisfy the claim. Case 1' : Df (1) = Dg(1) = 1 is analogous to the case 1. Case 2 : Df (0) = 1 and Dg(1) = 1. There exist two non degenerated intervals [0, a] and [b, r] such that f (x) = x for all x ∈ [0, a] and g(x) = x for all x ∈ [b, r]. Taking f ∈ F r,(n i ) with support in [0, a] ∩ [0, b] and ḡ ∈ F r,(n i ) with support in [b, r] ∩ [a, r], then f and ḡ satisfy the claim.