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HOROSPHERICAL 2-FANO VARIETIES
CAROLINA ARAUJO AND ANA-MARIA CASTRAVET

ABSTRACT. We classify 2-Fano horospherical varieties with Picard number 1. We
also review all the known examples of 2-Fano manifolds and investigate the relation
between the 2-Fano condition and different notions of stability.

1. INTRODUCTION

Fano manifolds are complex projective manifolds X whose tangent bundles have
ample first Chern class —Kx = ¢1(Tx). They play a distinguished role in the bira-
tional classification of complex projective varieties, and satisfy formidable properties.
For instance, Fano manifolds are rationally connected ([KMM92]), i.e., any two points
can be connected by a rational curve. They also satisfy special arithmetic properties:
algebraic families of Fano manifolds over 1-dimensional bases always have sections
([GHS03)).

In [deJS06], De Jong and Starr introduced a special subclass of Fano manifolds:
2-Fano manifolds are Fano manifolds X with positive second Chern character,

1
Chg(Tx) = 561(TX)2 — CQ(Tx) > 0.

This means that chy(Tx) - S > 0 for every projective surface S C X. The 2-
Fano manifolds are expected to enjoy stronger versions of the nice properties of Fano
manifolds. This expectation has been confirmed in several special cases. For instance,
under some conditions, 2-Fano manifolds are covered by rational surfaces ([dJS07],
[AC12]), and it is expected that families of 2-Fano manifolds over 2-dimensional bases
admit meromorphic sections (modulo Brauer obstruction).

On the other hand, very few examples of 2-Fano manifolds are known: complete
intersections in weighted projective spaces, certain rational homogeneous spaces with
Picard number 1 and some of their linear sections, and a few two-orbit varieties. We
refer to Section 4 for a survey of all the known examples of 2-Fano manifolds.

This paper was motivated by the goal of classifying 2-Fano manifolds. A natural
class of varieties where to look for new examples of 2-Fano manifolds is that of spher-
ical varieties. These are projective manifolds X admitting an action of a reductive
group G, with a Borel subgroup B, such that X has a dense B-orbit. The class

of spherical varieties includes in particular rational homogeneous spaces and toric
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varieties. The classification of rational homogeneous 2-Fano manifolds with Picard
number 1 was obtained in [ABC+22]. There has been progress in the classification of
toric 2-Fano manifolds ([Nobl11], [Sat12], [Sat16], [SS20], [SSS21], [ABC+23]). The
only known examples of toric 2-Fano manifolds are projective spaces.

Another important subclass of spherical varieties is that of horospherical varieties.
These are special spherical varieties with nice geometric and representation theoretic
properties. They can be defined as spherical G-varieties for which the stabiliser of a
point in the dense orbit contains a conjugate of the maximal unipotent subgroup of a
Borel subgroup. In this paper, we investigate the 2-Fano condition for horospherical
varieties with Picard number 1. These varieties were classified by Pasquier in [Pas09].
They are either rational homogeneous, or their isomorphism classes are uniquely
determined by one the following triples (Type(G),wy,wz), where Type(G) is the
semisimple Lie type of the reductive group G, and wy and wy are fundamental
weights (see Section 2 for details):

(1) (Bn,wn-1,wy), with n > 3;
(2) (B37w1>w3);
(3) (Ch, Wiy Win—1), with n > 2 and 2 < m < n;
(4) (F4,Cd2,td3);
(5) (GQanaw2).

We compute the second Chern character of each variety in Pasquier’s list and verify
whether the 2-Fano condition holds for these manifolds. As a result, we obtain the
following classification of 2-Fano horospherical varieties with Picard rank 1.

Theorem 1.1. The only non-homogeneous 2-Fano horospherical varieties with Pi-
card rank 1 are the one of type (2), and the ones of type (3) with (n,m) = (3k,2k+1)
for some k > 1.

The horospherical variety of type (2) can also be described as a general hyper-
plane section of the 10-dimensional orthogonal Grassmannian OG. (5,10) (|[GPPS22,
Proposition 1.16]). It was proved to be 2-Fano in [AC13, Proposition 34]. The horo-
spherical varieties of type (3) are known as odd symplectic Grassmannians, and those
with (n,m) = (3k,2k + 1) for some k£ > 1 were already known to be 2-Fano from
[AC12, Example 5.6].

This paper is organized as follows. In Section 2, we provide a background on
horospherical varieties. In Section 3, we check the 2-Fano condition for each variety in
Pasquier’s list. In Section 4, we investigate the relation between the 2-Fano condition,
K-stability and (slope) stability of the tangent bundle.

Conventions and notation. Throughout this paper we work over the field C of
complex numbers. Given a vector bundle £ on a variety Z, we follow Grothendieck’s
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notation and denote by P(€) the projective bundle over Z of one-dimensional quo-
tients of the fibers of &, ie., P(€) = Proj(Sym&). On the other hand, given a
complex vector space V', we denote by P (V') the projective space of one-dimensional
linear subspaces of V', so that P(V) = P(V*).

Acknowledgements. Carolina Araujo was partially supported by grants from CNPq,
Faperj and CAPES/COFECUB. Ana-Maria Castravet was supported by the ANR
grant FanoHK and the Laboratoire de Mathématiques de Versailles. Most of this
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conceived as a contribution to “Edge Volume: 2018-2022” after our participation in
Edge Days 2022. We thank the organizers and participants of the several Edge Days
for making it such a nice conference series. Special thanks to Vanya Cheltsov for his
aggregating energy.

2. HOROSPHERICAL VARIETIES

Let G be a complex connected reductive group, and X a spherical G—variety, i.e.,
X has a dense B-orbit for a Borel subgroup B C GG. We say that X is a horospherical
variety if the stabiliser of a point in the dense B-orbit contains a conjugate of the
maximal unipotent subgroup of B.

Horospherical varieties with Picard number 1 were classified by Pasquier in [Pas09].
They are either rational homogeneous, or their isomorphism classes are uniquely
determined by one of the following triples (Type(G), wy,wz), where Type(G) is the
semisimple Lie type of the reductive group G, and wy and wy are fundamental
weights:

(1) (Bp,wp—1,wy), with n > 3;

(2) (B37w17w3>;

(3) (ChywWim, wWim—1), with n > 2 and 2 < m < n;
(4) (F47W2,W3);

(5) (GQ, w1, (A)Q).
Following [GPPS22], we denote by X*(n), X2, X3(n,m), X* and X® the correspond-
ing horospherical varieties, where the superscript indicates the class that a variety
belongs to. We refer to this list of varieties as Pasquier’s list. Next we explain the
geometric characterization of non-homogeneous horospherical varieties from [Pas09].
From now on, X always denotes a smooth projective non-homogeneous horospherical
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variety of Picard number 1 associated to the triple (Type(G),wy,wz). Let Vi and Vy
be the irreducible G-representations with highest weights wy and wy, respectively,
and vy and vz the corresponding lowest weight vectors. We denote by Py C G the
stabilizer of [vy] in P(Vy), and by Pz C G the stabilizer of [vz] in P(Vyz). They
are maximal parabolic subgroups of G, so that the quotients G/Py and G/P, are
rational homogeneus spaces of Picard number 1. We assume that both Py and Py
contain the same Borel subgroup B. The horospherical variety X is the closure in
P(Vy @Vy) of the G-orbit of [vy +vz]. The group G acts on X with two closed orbits,
Y = G/Py and Z = G/ Py, and one dense open orbit U = X \ (Y U Z). We denote
by Ny the normal bundle of Y in X, and by Nz the normal bundle of Z in X. Let

: Xy — X be the blow-up of X along Y, and denote by Ey C Xy the exceptional
d1V1sor Then there is a natural projective space bundle py : Xy > Z. Asa projec-
tive bundle over Z, we have an isomorphism Xy = P(&y), where & = Ny* @ Oy.
The exceptional divisor Ey is isomorphic to G/(Py N Pz), and the projections to
Y and Z (via the restrictions of my and pz, respectively) correspond to the natural
projections G/(Py N Pz) — G/Py and G/(Py N Pz) — G/Pz. The situation is
illustrated in the following diagram:

T o
EYHXYHZ
[

Y — X

Similarly, denoting by 75 : Xz — X the blow-up of X along Z, with exceptional
divisor E; C X, there is a natural projective space bundle py : X, — Y. As
a projective bundle over Y, we have an isomorphism X, = P(£;), where £, =
Nz* @ Oyz. The exceptional divisor Ey is isomorphic to G/(Py N Pz), and the
projections to Y and Z (via the restrictions of py and 7y, respectively) correspond
to the natural projections G/(Py N Pz) — G/Py and G/(Py N Pz) — G/Pz. The
situation is illustrated in the following diagram:

T o

EZHXZHY

| L=

4 — X

Remark 2.1. In the above geometric description of the non—homogeneous horo-
spherical variety X, the roles of Y and Z are interchangeable. However, there is an
important geometric distinction between them. The automorphism group Aut(X)
is a semi—direct product of G with its unipotent radical, and it acts on X with two
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orbits: the closed orbit Z and the dense open orbit X \ Z = U UY. These varieties
are often referred to as two-orbit varieties.

We end this section by collecting in Table 2 below some numerical invariants of X,
Y and Z for each horospherical variety in Pasquier’s list. In what follows, we denote
by ¢1(X) the index of the Fano variety X, so that —Ky = ¢;(X) - Hy, where Hx is
the ample generator of Pic(X), and similarly for Y and Z. We denote by cy,/x and
cz/x the codimensions of Y and Z in X, respectively.

Type c1(X) a(Y) ca1(2) Cy/x Cz/x
X1(n) n+2 n+1 2n 2 n
X2 7 D 6 4 3
X3(n,m)||2n+2—m|2n+1—m |2n+2—m| m |2(n+1—m)
X1 6 D 7 3 3
X° 4 3 ) 2 2

TABLE 1. Numerical invariants of X, Y and Z.

3. THE 2-FANO CONDITION

In this section, we check the 2-Fano condition for each non-homogeneous horo-
spherical variety X in Pasquier’s list. As we saw in Section 2, for each X there is a
complex connected reductive group G acting on X with two closed orbits, Y and 7,
and one dense open orbit U = X \ (Y U Z). Moreover, the blow-up of X along Y
admits a structure of projective space bundle over Z:

X, -5 7.

lﬂy

X

(Similarly, the blow-up of X along Z admits a structure of projective space bundle
over Y.) In order to compute the second Chern character of X, we first relate it
to the second Chern character of the blow-up Xy using Lemma 3.1 below. We
then compute the second Chern character of Xy using the projective space bundle
structure py : Xy — Z and Lemma 3.2 below.

The following formula relates the second Chern character of a variety with its
blow-up.
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Lemma 3.1. [deJS06, Lemma 5.1] Let X be a smooth projective variety, andY C X
a smooth projective subvariety of codimension ¢ > 2 and normal bundle NY/X Let

: Xy — X be the blow-up of X along Y, with exceptional divisor E C Xy, and
set 0 =TY|E-
E— Xy
J{O’ in%
Y — X
Then
c+1

ChQ(XY) = W;ChQ(X) + E2 — j*O'*Cl(Ny/X).

The following formula computes the second Chern character of a projective space
bundle.

Lemma 3.2. [deJS06, Lemma 4.1] Let Z be a smooth projective variety and let £ be
a rank r vector bundle on Z. Denote by py : P(€) — Z the natural projection and
set & = ¢1(Ope(1)). Then

cha(P(E)) = py (cha(Z) + cha(€)) — pyer(E) - € + gg?

(We note that in [deJS06] the notation P& stands for Proj(Sym £*), and this accounts
for the sign difference between the formula in Lemma 3.2 and the one from [deJS06,
Lemma 4.1].)

Applying Lemma 3.1 to the blow-up 7y : Xy — X yields:
Cy/x +1
2

where jy : By — Xy denotes the natural inclusion.

Recall that, as a projective space bundle over Z, we have Xy = P(E7), where
&z = N7 ®0Oyz and Ny is the normal bundle of Z in X. We write 7 := ¢1(Op(e,)(1))-
Applying Lemma 3.2 to the projective bundle py : P(€7) — Z yields:

(1) Chg(Xy) = W;ChQ(X) + E}% — jy*ﬂ';cl(./\/‘y),

(2) chy(Xy) = Py (cha(Z) + cha(E2)) — pyei(E7) - €+ %fé

Let P C P(Vy @ V) x P(Vy) be the blow-up of P(Vy @ Vy) along P(V4). As
projective space bundle over P(Vz), we have P = Ppu,)((O(-1) @ V) ® O). Let
E, = P9m("W) he the fiber of P — P(Vy) over a general point 2z € Z C P(Vz). The
blow-up map P — P(Vy @ Vy) is an isomorphism along F,. The image of F, in
P(Vy @ Vy) is the linear subspace spanned by P (V) and the point z € Z C P(Vy).
Note that Xy is the proper transform of X in P, and the map py : Xy — Z is the
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restriction to Xy of the second projection P — P(Vy). Consider the fiber F, &2 P¢z/x
of the projective bundle ps : Xy — Z over the point z € Z.

Claim 3.3. The inclusion F, C Fz embeds F, = P°2/X as a linear subspace in
F o~ Pdim(Vy)'

Proof. The preimage of Z via the second projection P — P(VZ) is the projective

bundle P4 ((Oz(—1) ® Vy) @ O) — Z. The inclusion P(£;) = Xy C P comes from
the canonical embedding

E =N, @04 C NP(VZ)/P(VY®VZ)|Z © 0z =(02(1)® Vy) @ O,
and the claim follows. O

In all cases, cz/x > 2. Let S, be a general linear subspace of dimension 2 in
F, = P°2/x and let Sz be its image in X. We compute chy(Xy)-S% and chy(X) - Sz
from the above formulae. Clearly, S, - €2 =1 and, as pz, S’ = 0, formula (2) gives

cz/x +1
— 5

The inclusion Ey =Pz(N3) C Py(Ey) = Xy comes from the natural surjection
Ey %Ng@(’)z —»N;

It follows that the scheme theoretic intersection £z := S% N Fy is a line in S, = P2
Note that by Claim 3.3, the image of £ in X C P(Vy @ Vy) is a line. It follows that
F% - S}, =1. Next we compute

Sz - Uv.myei(Vy)) = (Lz - jymyei(Ny)) . = (Tvilz) - er(Ny).
Since c1(Ny) = c1(Tx)y —ai(Ty) = (e1(X) —e1(Y)) - Hyy, and Hyy - {7 = 1, we get

Sy - (Jr.mya(Vy)) = ai(X) — e (Y).
It follows from (1) and (2) that

ChQ(XY) . S/Z =

Cy/X+1

ChQ(XY)SIZ:ChQ(X)SZ+ 2

— (Cl(X) — Cl(Y)),
and we obtain the following theorem:

Theorem 3.4. Let X be one of the non-homogeneous horospherical varieties in
Pasquier’s list. In the notations of this section and Section 2, if Sz is the image in
X of a general plane in a general fiber of the projective bundle py : Xy — Z, then

Cz/x — Cy/X

ChQ(X)'SZ: 9

+ (1 (X) = er(Y).



8 CAROLINA ARAUJO AND ANA-MARIA CASTRAVET

Similarly, if Sy is the image in X of a general plane in a general fiber of the projective
bundle py : Xz — Y, then we have

Cy/x —Cz/X
2

and the following intersection numbers:

(1) Chg(X) : Sy = —3(7’L — 2)/2, ChQ(X) . SZ = n/2,

(2) Chg(X) : Sy = 3/2, ChQ(X) . SZ = 3/2,

(3) cha(X)-Sy =(—2n—243m)/2, cha(X)-Sz = (2n+4—3m)/2,

(4) cho(X)-Sy = —1, cho(X) - Sz =1,

(5) cha(X)-Sy = —1, cho(X) - Sz = 1.

In particular, the only 2-Fano non-homogeneous horospherical varieties in Pasquier’s

list are the varieties X? and X3(n,m) for (n,m) = (3k,2k + 1) for some k > 1.

Proof. The formulae for chs(X) - Sz and cho(X) - Sy follow from the preceeding
discussion. The intersection numbers then follow immediately from Table 2. Note
that in Cases (1), (4) and (5) we have che(X) - Sy < 0, and hence X is not 2-Fano.
In case (2), it follows from [GPPS22, Fact 1.8] and [ABC+22, Lemma 3.1 that
by(X) = 1. Since chy(X?) - Sy = chy(X?) - Sz = 3/2, we conclude that X? is 2-
Fano. This also follows from [AC13, Proposition 34]. In Case (3), the two conditions
cha(X) - Sy > 0 and chy(X) - Sz > 0 hold if and only if 3m = 2n + 3. The latter
condition is equivalent to (n,m) = (3k, 2k 4 1) for some k& > 1. Since the classes of
the surfaces Sy and Sz generate Hy(X,Z) (see [GPPS22, Section 1.7]), we conclude
that X3(3k,2k + 1) is 2-Fano. This also follows from [AC12, Example 5.6]. O

ChQ(X)'Sy: +(01(X>—01(Z>)

4. 2-FANO VARIETIES AND STABILITY

We end this paper by reviewing all the known examples of 2-Fano manifolds, and
investigate the relation between the 2-Fano condition and stability conditions. The
notion of K-polystability for Fano manifolds has become very proeminent, specially
since the establishment of the Yau-Tian-Donaldson conjecture, which asserts that
the existence of a Kahler-Einstein metric on a Fano manifold is equivalent to its
K-polystability. As we shall see, even though the 2-Fano condition seems very re-
strictive, it does not imply K-polystability. Another related but weaker condition is
the (slope) stability of the tangent bundle. Until very recently, there were no known
examples of Fano manifolds with Picard rank 1 and non-stable tangent bundle. In
[Kan21|, Kanemitsu verified which horospherical varieties have stable tangent bun-
dle, presenting the first examples of Fano manifolds of Picard rank 1 and non-stable
tangent bundle. We do not know of any example of 2-Fano manifold with unstable
tangent bundle, and one may ask whether the 2-Fano condition implies stability of
the tangent bundle.
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All the known examples of 2-Fano manifolds fall under one of three categories:
complete intersections in weighted projective spaces, horospherical varieties with
Picard number 1, and linear sections of rational homogeneous spaces. We briefly
discuss each of these classes. It is remarkable that all the known examples have
Picard number 1.

4.1. Complete intersections in weighted projective spaces. Let P(ay, ..., a,)
be a weighted projective space, and assume that ged(ao, . .., a;, . ..a,) = 1 for every
i €{0,...,n}. Denote by H the effective generator of the class group of P(ay, . .., a,).
Let X be a smooth complete intersection of hypersurfaces with classes d,H,..., d.H
in P(ay,...,a,). Then the Chern character of X is given by

“af 4. +ak =Y db
(X) = (n ) 4 Y WE I Z B
k=1 '

It follows that X is 2-Fano if and only if >_ d? < Y a?.
By [PW95, Corollary 0.3], the tangent bundle T'x of any such complete intersection
X is stable as long as dim(X) > 3.

4.2. Horospherical varieties with Picard number 1. We recall that horospher-
ical varieties with Picard number 1 were classified by Pasquier in [Pas09]. They
are either rational homogeneous, or are two-orbit varieties belonging to one of the
5 classes in Pasquier’s list. The classification of rational homogeneous 2-Fano mani-
folds with Picard number 1 was obtained in [ABC+22]. Together with Theorem 1.1,
it yields the following classification of 2-Fano horospherical varieties with Picard
number 1. We refer to [ABC+22, Section 3] for the notation regarding rational
homogeneous spaces.

Theorem 4.1. The following is the complete list of 2-Fano horospherical varieties
with Picard number 1:

(1) Rational homogeneous spaces:
- A /P¥, for k=1,n and for n = 2k — 1,2k when 2 < k < "*;
- B,/P*, for k=1,n and for 2n =3k +1 when 2 < k <n —1;
- C,/PF, for k =1,n and for 2n = 3k — 2 when 2 < k <n —1;
- D,/P%, fork =1,n—1,n and for 2n =3k +2 when 2 < k <n —1;
- E,/P%, forn=6,7,8 and k =1,2,n;
_ F4/P4,'
- Gy/ Pk, fork =1,2.

(2) Two-orbit varieties from Pasquier’s list:
_ X2,'
- X33k, 2k + 1) for k > 1.



10 CAROLINA ARAUJO AND ANA-MARIA CASTRAVET

We recall that X? is isomorphic to a general hyperplane section of the 10-dimensional
orthogonal Grassmannian OG 4 (5,10), while each X3(n,m) is an odd symplectic
Grassmannian.

All rational homogeneous spaces are K-polystable and have stable tangent bundle.
On the other hand, as already mentioned in 2.1, the automorphism group Aut(X)
of any two-orbit variety X from Pasquier’s list is non-reductive. This implies that
X is not K-polystable by Matsushima’s criterion, which asserts that the existence
of a Kahler-Einstein metric on a Fano manifold implies the reductivity of its auto-
morphism group.

Kanemitsu investigated the stability of the tangent bundle of the two-orbit varieties
in Pasquier’s list in [Kan21]. The ones with stable tangent bundle are precisely the
following: X*(3), X2, X3(n,m), with n > 2 and 2 < m < n, and X°. In particular,
we see that all 2-Fano horospherical varieties with Picard number 1 have stable
tangent bundle.

4.3. Linear sections of rational homogeneous spaces. Some linear sections of
rational homogeneous spaces of Picard rank 1 under their primitive embeddings are
known to be 2-Fano. Here is the known list:

(1) Let X be a general codimension ¢ linear section of the Grassmannian G(k, n)
under the Pliicker embedding, with 2 <k < 5. Then X is 2-Fano if and only
if n =2k and ¢ <1 by [AC13, Proposition 32].

(2) Let X be a general codimension ¢ linear section of the orthogonal Grassman-
nian OG 4 (k,2k) under the half-spinor embedding, with £ > 4. Then X is
2-Fano if and only if ¢ < 3 by [AC13, Proposition 34].
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