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Abstract

Long-term care products cover the risk of permanent loss of autonomy. In the event of a
loss of autonomy, the insurer must pay an annuity until the death or recovery of the insured.
As recovery is very unlikely, long-term care product risk modellers in many countries assume
that the only cause of ending annuity payments is death. Therefore, estimating the mortality of
disabled insured individuals is crucial for insurers, as it significantly impacts the pricing and
reserving of long-term care products. Multiple pathologies can lead to the loss of autonomy of an
individual. Experience data show that the pathology responsible for the long-term care needs of
an individual has a significant impact on its mortality. Therefore, accounting for the pathology
is important, especially for reserving. However, the small number of data observations does not
enable insurers to estimate a single mortality table for each pathology.

In this paper, we present two clustering approaches to create groups of pathologies with
similar mortality rates. This allows us to aggregate the data of different pathologies and reduce
the number of different mortality tables without losing too much specific information on each
pathology. The first method relies on GLM trees, while the second method is a generalized
K-means approach. We then show that accounting for pathologies using the clusters obtained
from the proposed methods improves the predictive performance of mortality. Finally, estimating
different mortality rates according to pathology allows insurers to improve reserving and to study
the impact of an increase or decrease in the incidence of a specific pathology on the mortality of
disabled insured individuals.

Keywords: Clustering; Pathologies; Long-Term Care Insurance; Actuarial modelling; Generalized
Linear Models; GLM Trees; K-Means.
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Most long-term care insurance products cover the risk of loss autonomy by providing an annuity
until death. Therefore, the estimation of mortality after a loss of autonomy is crucial for insurers.
An overestimation of mortality would lead to an underestimation of the premium, while an underes-
timation of mortality could prompt individuals to underwrite the contract with another insurer due
to an overestimation of the premium.

Multiple pathologies can lead to the loss of autonomy and the need for long-term care (LTC). The
principal causes of such autonomy loss are dementia, cancer, neurological disease, and cardiovascular
disease. Less common causes include respiratory and osteoarticular diseases, as well as accidents.
As shown in Biessy (2016), pathologies have a significant impact on mortality in LTC. In this paper,
the author uses a multi-state model with the states of autonomy, death and four states of LTC,
combined with a continuous semi-Markov framework. The four states of LTC correspond to four
different groups of pathologies: "cancer", "dementia", "neurological diseases" and "other causes".
Therefore, neglecting pathology in the estimation of mortality leads to a loss of information for the
insurer.

Due to the recent development of long-term care products, insurers often lack data related to the
mortality of disabled insured individuals. Furthermore, information about pathologies is not always
available. This scarcity of claims makes it difficult or impossible for them to estimate a specific
mortality table for each pathology. Moreover, for operational reasons, insurers often prefer the
simplicity of having a lower number of tables while capturing most of the variance. Clustering
pathologies with similar mortality rates seems a good compromise to reduce the number of different
mortality tables without losing too much specific information on each pathology.

As in Biessy (2016), we consider that mortality in LTC depends on age and duration. We are thus in
a context of two-dimensional mortality laws. Therefore, this paper aims to study surface clustering
methods.

The problem of curve clustering was previously addressed by Abraham et al. (2003). As the problem
consists of clustering functions with an infinite dimension, Abraham et al. (2003) proposed a two-step
approach. In the initial step, the dimension of each element is reduced by approximating the curve
with a finite number of parameters. In this paper, the authors rely on B-splines with the following
condition: the splines have to be identically distributed on the interval for each curve. In the second
step, the K-means method is applied to the B-spline coefficients. Theoretically, this approach could
be extended to surface clustering for pathologies. In this context, one might have to independently
estimate B-spline coefficients for each element. Pathologies would then be clustered using the
K-means algorithm on the basis spline coefficients. However, this method may not be suitable for
our problem. Indeed, the scarcity of observations for some pathologies makes it challenging or even
impossible to fit two-dimensional P-splines or B-splines for certain elements.

Clustering methods have already been used in the context of mortality modelling. Using fuzzy
clustering implemented in the R package e1071, Debón et al. (2017) clustered mortality surfaces
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of EU countries. In this method, each country can be associated with more than one cluster. A
coefficient indicates the strength of the association between a country and each of the clusters. In
another study, Carracedo et al. (2018) proposed another method to detect mortality clusters of
European countries, using Local Moran’s Index. More recently, relying on data from the Human
Mortality Database, Léger and Mazzuco (2021) used three different functional clustering methods
to group countries with similar mortality trends.

Two methods, both relying on the generalized linear model (GLM) framework (Nelder and Wedder-
burn, 1972; McCullagh, 2019), are developed in this paper to cluster pathologies into homogeneous
groups in terms of mortality. The first one, presented in Section 3.1, uses GLM trees. The sec-
ond approach, presented in Section 3.2, is inspired by K-means, the most famous nonhierarchical
clustering technique.

We start by describing the dataset used in this paper in Section 1 and analysing the heterogeneity
induced by the plurality of pathologies. Then, Section 2 focuses on the basics of mortality modelling
in the context of long-term care insurance and how generalized linear models are used for this
purpose in the remainder of the paper. Clustering methods are then presented and applied to our
dataset in Section 3. The performances of the clustering methods are then compared in Section 4.
Using the clusters resulting from the best method according to the previous section, the benefits of
accounting for pathology when modelling the mortality of disabled policyholders are discussed in
Section 5. Section 6 concludes this paper by summarising the results and providing suggestions for
future research.

1 Data

This section begins by introducing the dataset used for this study. We then analyse the hetero-
geneity of mortality between pathologies using descriptive statistics, highlighting the importance of
considering this covariate in the estimation of mortality for disabled policyholders.

1.1 Presentation of the data

This study relies on data from a non-French health fund. Given that this paper focuses on mortality
in LTC, only disabled policyholders are retained in the database. A total of 11,115 disabled
individuals were observed from 2008 to 2016. Unlike French LTC insurance products, this health
fund considers recovery from disability as being possible. The definition used for disability differs
from the usual definitions in the French market, leading to the presence of transitions from disability
to the autonomous state in the database. Given that this paper focuses only on mortality, recovery
is treated as right censoring. Additionally, this health fund imposes a maximum lifetime benefit of
five years. As a consequence, each disabled policyholder exits the disabled state after a maximum of
5 years, and health status is not observed beyond this period. This maximum lifetime benefit implies
right censoring, and no observations are available for durations exceeding 5 years. Information
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regarding the pathology responsible for the loss of autonomy of each disabled policyholder is available.
The detailed diagnosis is provided by the health fund, along with a broader pathology group at a
more macro level. Examples of pathology groups include "Respiratory diseases", "Cardiovascular
diseases" and "Dementia". The health fund distinguishes 14 groups of pathologies. Rare pathologies
are grouped as "Other". A total of 5,000 deaths of disabled insured individuals were observed during
the observation period.

Table 1 summarises the number of claims and observed deaths per pathology. In this health fund,
many disabled insured individuals have multiple pathologies identified as the cause of the loss of
autonomy. The most prevalent causes of claims include dementia, cancer, cardiovascular diseases,
and accidents.

Pathology Censoring Death Total

Accident 740 295 1,035
Cancer 504 1,501 2,005
Cardiovascular disease 752 494 1,246
Dementia 1,235 907 2,142
Endocrine disease 28 28 56
Gastrointestinal disease 26 16 42
Infectious disease 31 15 46
Neurological disease 427 174 601
Osteoarticular 136 63 199
Other 360 88 448
Psychiatric disease & depression 198 132 330
Respiratory disease 55 67 122
Several 1,601 1,159 2,760
Urological or kydney disorder 32 51 83

Table 1: Number of observed insured individuals and causes of exit for each pathology

Although the original data are at the individual level, the models presented in the paper use
aggregated data. The observations are grouped by attained age, duration, gender, and pathology
by defining a discretization grid for age and duration. Age and duration intervals are split on an
annual basis. However, due to significant variations in mortality in the early onset of disability, the
first year following the loss of autonomy is commonly partitioned on a monthly basis. As a result,
the database used in the remainder of the paper contains one line for each combination of these
four variables. For each of these lines, the central exposure and count of deaths are calculated using
the original individual database.

Notation: xi denotes the ith split point of the discretization grid on the age interval, and tj denotes
the jth split point on the duration interval.
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The central exposure associated with the combination of age xi, duration tj , gender g and pathology
p is the sum of the individual central exposures of disabled policyholders with pathology p and
gender g, for an attained age between xi and xi`1 and a duration between tj and tj`1.

1.2 Heterogeneity of mortality of disabled insured individuals between patholo-
gies

Biessy (2016) shows the significant impact of pathologies on mortality within the French LTC
insurance market. Our data exhibit the same phenomenon. The impact of pathologies on mortality
can be illustrated by calculating the ratios of the actual counts of deaths over the expected counts
under the null hypothesis H0: "Given the gender, age and duration since the loss of autonomy, the
mortality rates are equal for all pathologies".

Assuming that mortality rates are independent of the pathology responsible for the loss of autonomy,
crude mortality rates are estimated on the entire database of disabled policyholders for each gender,
without accounting for the pathology. The expected counts of deaths for each pathology, attained
age, and duration are then computed using the central exposures and crude mortality rates of
disabled policyholders.

The ratios of actual over expected counts of deaths for each pathology and gender are plotted in
Figure 1. Under the assumption that pathology has no impact on mortality in LTC, the observed
counts of deaths should be close to the expected counts. Therefore, the actual-to-expected ratios
should be close to 1. With a significance level of α “ 5% and under the Poisson assumption
of the number of deaths, the tolerance intervals of the ratios of actual over expected values are
constructed. The purpose of these intervals is to account for the variance in the random variable of
the observed counts of deaths. Considering pathology p, if the ratio is above the tolerance interval,
we can conclude that the mortality observed with pathology p is significantly underestimated by the
common mortality law aggregating all pathologies. If the ratio is below this interval, the mortality
is significantly overestimated. Figure 1 shows that using common mortality rates for all pathologies
leads to a significant underestimation of the mortality of disabled insured individuals with cancer
for both males and females. Moreover, using a unique mortality law for all pathologies results
in an overestimation of mortality of disabled policyholders with cardiovascular disease, dementia,
neurological disease, psychiatric disease, as well as those disabled because of an accident. Further
details about statistical hypothesis testing using the metric of actual over expected values are
provided in Section 4.2.1.

This finding highlights the importance of considering pathology when estimating the mortality of
disabled policyholders in the context of modelling LTC insurance products. However, datasets
containing information about the pathology leading to the need for long-term care are scarce, and
some pathologies are also poorly represented in portfolios. Table 1 shows that fewer than 100
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Figure 1: Actual-to-expected ratios obtained by considering a common mortality law for all
pathologies

individuals were observed by the health fund during the study period for the following pathologies:
endocrine diseases, gastrointestinal diseases, infectious diseases, and urological or kidney disorders.
Therefore, while accounting for pathologies is crucial, the lack of data for some of them makes
estimating a specific mortality table for each pathology challenging. Moreover, for the sake of
simplicity, insurers prefer to maintain a reasonable number of distinct mortality tables for disabled
policyholders. Therefore, clustering pathologies with similar mortality rates is an effective means of
enhancing mortality modelling without introducing excessive complexity.

2 The fundamentals of mortality modelling using the GLMs

This section focuses on the common tools used to model and estimate mortality of disabled
policyholders in long-term care insurance products. We first describe the tools for survival analysis
and the common assumptions used for such products in Section 2.1. Two different methods for
clustering pathologies are presented and tested in this paper. Since both approaches rely on
generalized linear models (GLMs), we describe the fundamentals of GLMs as applied to mortality
modelling in Section 2.2.
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2 THE FUNDAMENTALS OF MORTALITY MODELLING USING THE GLMS

2.1 Modelling the mortality of disabled policyholders

In the survival model theory, mortality is often described by the force of mortality µ, also called
mortality intensity. Numerous papers on LTC, such as Czado and Rudolph (2002), Biessy (2017)
and Biessy (2019), show that the force of mortality of disabled policyholders depends on the time
that has elapsed since the loss of autonomy. Semi-Markov models, initially introduced in the context
of disability modelling by Janssen (1966), followed by Hoem (1972), assume that the intensities of
the process depend not only on the current state but also on the time spent in this state. As in more
recent papers, such as Pitacco (2014) for disability modelling and Soetewey et al. (2022), Fuino and
Wagner (2018), and Xuanyuan and Xuanyuan (2023) for long-term care insurance modelling, we
assume the following:

Assumption. 2.1

Mortality rates depend on attained age and time spent since the loss of autonomy.

Let Xx denote the health status of a disabled policyholder at age x. Let A, LTC and Death denote
the autonomous, disabled and death states, respectively. The force of mortality µx,t is given by

µx,t “ lim
hÑ0

P
`

Xx`h “ D|Xx “ LTC, Xpx´tq “ LTC, Xpx´tq´ “ A
˘

h
(1)

The force of mortality µx,t is commonly assumed to be piecewise constant by age and duration, as
in Soetewey et al. (2022). This assumption is reasonable for appropriate steps of age and duration.
In the remainder of the paper, we assume the following:

Assumption. 2.2

Mortality rates are piecewise constant by age and duration on a yearly basis, except for the
first year following the loss of autonomy, in which mortality rates are piecewise constant on a
monthly basis on the duration axis.

The split points of the age and duration intervals are denoted as pxiqiPt1,...,Mxu and ptjqjPt1,...,Mtu,
respectively.

Mortality can also be described by qxi,tj , denoting the probability of an individual of integer age xi

who has been disabled for tj years dying before reaching duration tj`1 or age xi`1. µxi,tj and qxi,tj

are related by the following equation:

qxi,tj “ 1 ´ exp
˜

´

ż minptk`1´tk,xi`1´xiq

0
µxi`u,tj`udu

¸

“ 1 ´ exp
`

´µxi,tj ˆ min ptk`1 ´ tk, xi`1 ´ xiq
˘

. (2)
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2 THE FUNDAMENTALS OF MORTALITY MODELLING USING THE GLMS

As men and women are not equal when it comes to the risk of mortality and loss of autonomy, the
mortality rates of disabled policyholders depend on gender g.

We denote by µg,p
xi,tj

and qg,p
xi,tj

the force of mortality and the probability of death associated with
gender g and pathology p for age x, xi ď x ă xi`1 and duration t, tj ď t ă tj`1, respectively.

2.2 Basics of GLMs

Both methods used in this paper to cluster pathologies rely on generalized linear models (GLMs)
(Nelder and Wedderburn, 1972; McCullagh, 2019). GLMs are a generalization of linear models that
allow the probability distribution of the response variable Y to be chosen from the exponential
family introduced in Barndorff (1978). Examples of distributions from this family are Normal,
Exponential, Log-Normal, Gamma, Binomial, Poisson, and Inverse Gaussian. Let X denote the
covariates. The conditional mean of the response variable given X, is expressed as a function of a
linear combination of X through the following expression:

ErY |Xs “ G´1pXβq, (3)

where β is a coefficient vector, Gp¨q is the link function, and Xβ is the linear predictor.

The GLM depends on three elements:

• the probability distribution,

• the link function Gp¨q,

• the linear predictor η “ Xβ.

The optimal coefficient vector β is obtained by maximizing the log-likelihood.

The cross effects of a qualitative covariate with another covariate (qualitative or quantitative) can
be included in the linear predictor to allow group-specific coefficients in the model. In this case,
some elements of the vector of coefficients β may differ depending on the value of the qualitative
covariate involved in the cross effect.

In some situations, it may also be useful to add an additional covariate to the linear predictor, with
a fixed coefficient that does not have to be estimated. This term is called an offset. In this case,
Equation 3 becomes

GpErY |Xsq “ Xβ ` offset. (4)

In the context of mortality modelling, the response variable is the number of deaths. The common
probability distributions used in this context are Poisson and Binomial distributions (Hunt and
Blake, 2021).
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3 CLUSTERING METHODS AND INITIAL RESULTS

Let Dg,p
xi,tj

denote the number of deaths occurring at age x between xi and xi`1 with a duration in
claim t between tj and tj`1 for gender g and pathology p.

Assuming a binomial distribution of the count of deaths, ErDg,p
xi,tj

s “ 0eg,p
xi,tj

qg,p
xi,tj

, where 0eg,p
xi,tj

denotes the initial number of disabled live policyholders with pathology p at age xi with a duration
of claim tj . Assuming a Poisson distribution of the count of deaths, ErDg,p

xi,tj
s “ eg,p

xi,tj
µg,p

xi,tj
, where

eg,p
xi,tj

denotes the central exposure to risk (average number of disabled policyholders with pathology
p and gender g with attained age between xi and xi`1, for a claim duration between tj and tj`1).

While central exposures are widely available and easily estimated from a database, initial exposures
are more complex to estimate because of censoring and truncating. However, initial exposures can be
approximated from central exposures. Both distributions were tested in this study, but we retained
the Poisson distribution due to its better predictive performance in terms of the log-likelihood
values.

In GLMs, the link function is chosen by the user and determines the link between the regressor
and the estimated value of the response. However, as explained in Myers and Montgomery (1997),
each distribution has a special link function called the canonical link function, which has the nice
mathematical properties described in Nelder and Wedderburn (1972). The canonical function of the
Poisson GLM is the log function. In this paper, we work with the canonical link function because of
its useful properties.

With the number of deaths as the response variable, and using the Poisson assumption combined
with the log link function, we have the following equation:

logpErDg,p
x,t s “ logpeg,p

x,tµ
g,p
x,t q

“ logpeg,p
x,t q

looomooon

offset

` logpµg,p
x,t q. (5)

Therefore, using the Poisson regression to model the counts of deaths, an offset accounting for the
central exposure is added to the linear predictor.

The covariates considered in this paper are the gender, age and duration. In what follows, we use
a formula assuming a quadratic impact of age, and a cubic impact of duration. As mortality in
LTC greatly differs for males and females, a cross effect of gender with both age and duration is
considered in the GLM formula.

3 Clustering methods and initial results

The first clustering approach, which rely on GLM Trees, is described in Subsection 3.1. The second
method proposed in this paper is inspired by the well known K-means algorithm. This method will
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3 CLUSTERING METHODS AND INITIAL RESULTS

be further explained in Subsection 3.2.

3.1 First method: GLM trees

As can be seen from its name, this method introduced by Achim Zeileis and Hornik (2008) combines
generalized linear models (GLMs) with tree algorithms. The basic unsupervised learning tree
algorithm builds a tree of clusters. The root cluster contains all the observations, and each node
contains a subset of the data of its parent. The tree successively splits each node according to
a specific metric. If all the observations in the node are considered to belong to the same group
according to the metric, then the node is not split further. The final leaves indicate the final label
of each observation.

The GLM tree method is as follows. As in Section 2.2, let Y denote the variable to be explained,
and let X denote the covariates included in the linear predictor to explain Y . Let Z denote the
covariates considered for splitting the tree and called the split variables. A variable can be used
both as a split variable and as a covariate in the linear predictor in a GLM, at the same time. As
with the basic tree algorithm, the root node contains all the observations. At each step, for each
node of the current level of the tree, the algorithm starts by estimating the GLM parameters using
all the observations from that node. Thereafter, the stability of the parameters is tested over the
split variables. The node is then split according to the split variable with the highest parameter
instability. These steps are repeated until the parameter stability threshold is met or the tree has
reached a maximum depth chosen in advance by the user. According to Achim Zeileis and Hornik
(2008), one of the main benefits of this method is the use of the same objective function for both
parameter estimation and partitioning. While the formula of the GLM fitted in each node implies
linear relationships between Y and the covariates X, recursive partitioning allows for a nonlinear
relationship by allowing cuts of quantitative variables at some identified optimal split points.

The formula of the GLM tree is written as follows:

Y „ fpXq|Z,

where fpXq describes the form of the linear predictor.

In this paper, we focus on the clustering of pathologies. For the sake of simplicity, insurers prefer to
have identical clusters of pathologies for both genders. Therefore, the only variable considered as
a split variable is pathology. The covariates considered as explanatory variables in the GLM are
gender, attained age of the insured, and duration since the loss of autonomy. GLM trees can be
fitted using a recursive partitioning algorithm implemented in R (R Core Team, 2020) within the
partykit library. A detailed description of the library is provided in Hothorn and Zeileis (2015).

The formula used for our application is:

Formula: Count „ Age ˆ Gender ` Age2 ˆ Gender ` Duration ˆ Gender ` Duration2 ˆ

Gender ` Duration3 ˆ Gender|Pathology.
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3 CLUSTERING METHODS AND INITIAL RESULTS

Assuming a Poisson distribution of the counts of deaths and using the log link function, an offset
accounting for the central exposure in each cluster is added to the GLM, as presented in Equation
4. Let κppq denote the assigned cluster of pathology p; the offset for cluster k is given by

Offsetg,k
x,t “ log

˜

ÿ

p

1tκppq “ kueg,p
x,t

¸

Figure 2 shows the results of the GLM tree clustering. The analysis of the actual-to-expected ratios
in Section 1.2 shows that the mortality of disabled policyholders who lose their autonomy because of
cancer greatly differs from the mortality associated to other pathologies. This difference in mortality
is detected by the GLM tree, which sorts cancer into its own cluster. Let us analyse the recursive
partitioning in parallel with the results of the actual-to-expected ratios plotted in Figure 1. We use
"global disabled mortality" to denote the mortality of the overall portfolio of disabled policyholders
without accounting for the pathology. The GLM tree seems to first separate the pathologies whose
observed mortalities are underestimated by the global disabled mortality, from the other pathologies.
These include cancer; respiratory disease; urological and kidney disorders; and the "other" group,
corresponding to all pathologies not listed among the 14 studied pathologies.

 = Accident, Cardio, Dem,

 Endocrine, Gastro, Infectious,

 Neuro, Osteoarticular, Psy,

 Resp, Several

 = Cardio, Dem, 

Neuro, Psy

 = Accident, Endocrine, 

Gastro, Infectious, 

Osteoarticular, Several

 = Cancer, Other, Resp, Uro/Kidney

 = Cancer
 = Other, Resp, 

Uro/Kidney

Node 1
Pathology

Node 2
Pathology

Node 5
Pathology

Node 3 Node 4 Node 6 Node 7

Figure 2: Resulting tree obtained by the GLM tree method

3.2 Second method: Generalized K-means

K-means is one of the most widely used unsupervised clustering algorithms. In this section, we
propose a K-means approach to cluster pathologies with similar mortality rates. Section 3.2.1 starts
by introducing the basics of the K-means algorithm and the chosen features required to apply it to
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3 CLUSTERING METHODS AND INITIAL RESULTS

our problem of surface clustering. The first step of the K-means approach depends on a random
distribution of the pathologies among the K groups. Section 3.2.2 studies the impact of this random
initialization on the composition of the final clusters. Since this impact seems rather significant in
our application, a similarity matrix is built by running the K-means algorithm many times. Two
approaches presented in Section 3.2.3 are then subsequently tested to cluster pathologies based on
this similarity matrix.

3.2.1 Generalized K-means for pathology clustering

After fixing the desired number of final clusters K, the goal of clustering is to make the elements
within the clusters as similar as possible while maximizing the dissimilarity between elements of
different groups. K-means clustering requires the choice of a distance or similarity measure between
single elements and clusters. Let a be an element and C denote a cluster. If the elements are points
from an Euclidian space Rn, then the common distance measure distpa, Cq is the Euclidian distance,

distpa, Cq “

n
ÿ

i“1
pai ´ Ciq

2.

Any other similarity or dissimilarity measure can be used to adapt the K-means algorithm depending
on the context and the problem. In this study, each pathology p is represented by an element
ap containing information about the observed counts of deaths and central exposures by attained
age, duration and gender. In this work, mortality associated with each cluster is estimated using
GLMs. Therefore, our method combines GLMs with K-means. The use of K-means in a GLM
framework has already been addressed in several papers as in Zhang and Lin (2021) and Abraham
et al. (2003). The latter proposed a two-step approach for unsupervised curve clustering. After
fitting B-splines to each element, the similarity between curves is assessed by measuring the distance
between the vectors of the spline coefficients. This approach is based on the idea that curves with
similar B-spline coefficients are close. However, this approach cannot be used in our work because
of the rather limited number of observations for certain pathologies, preventing a robust estimation
of their associated spline coefficients.

Let Ck, k P t1, . . . , Ku denote K distinct clusters. Each cluster can be represented by its mortality
surface, which represents the common mortality of all the pathologies within this cluster. The
similarity Spap, C lq between an element ap and a cluster Ck is assessed by the Poisson log-likelihood
of the observed counts of deaths from pathology p assuming the mortality rates associated with
cluster Ck. The distance measure is given by the following equation:

distpap, Ckq “ ´Spap, Ckq

“ ´

˜

2
ÿ

g“1

Mx
ÿ

i“1

Mt
ÿ

j“1
´µg,k

xi,tj
eg,p

xi,tj
` dg,p

xi,tj
log

´

µg,k
xi,tj

eg,p
xi,tj

¯

¸

, (6)
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3 CLUSTERING METHODS AND INITIAL RESULTS

where:

• Mx is the number of subdivisions in the age interval,

• Mt is the number of subdivisions in the duration interval,

• µg,k
xi,tj

is the common mortality intensity of pathologies in cluster Ck, and

• eg,p
xi,tj

is the central exposure of disabled policyholders of gender g with pathology p.

Remark: As in Section 3.1, we assume similar clusters of pathologies for males and females.

The steps of the adapted K-means clustering algorithm are as follows:

Algorithm. 3.1: K-means clustering algorithm

1. Randomly assign a cluster from 1 to K to each pathology in the dataset, corresponding
to the initial cluster of the pathology,

2. Iterate the following until the distribution of pathologies among the clusters stops
changing:
(a) Fit the GLM for each cluster without accounting for the pathology. The central

exposures and counts of deaths from pathologies within the same cluster are added.
(b) Assign each pathology to the cluster with the closest mortality surface, using the

distance measure distp¨, ¨q from Equation 6.

Since K-means requires fixing the number of clusters in advance, our method is combined with
the generalized information criterion (GIC) to select the best hyperparameter K when this value
is unknown. As recommended in Zhang and Lin (2021), K is chosen to minimize the Bayesian
information criterion (BIC). The choice of K is further discussed in Section 4.1.

3.2.2 Impact of the random initialization and construction of a distance matrix

The first step of the adapted K-means algorithm is to randomly assign a cluster to each of the
MP pathologies. Let us analyse the impact of this random initialization on the composition of the
final groups of diseases for a chosen number of final clusters K “ 4. We then propose a method to
construct a matrix of distances between pathologies based on their assignments to the K groups for
a large number of random initializations.

The K-means algorithm is run successively with 1,000 random initializations. The distribution of
the assigned cluster for each pathology is plotted in Figure 3.

After building the 4 groups and fitting a GLM to estimate the mortality surfaces associated with
them, the groups were ranked by the level of mortality at age 70 for the first duration. This arbitrary
choice is used to label the clusters in each iteration. As shown in Figure 3, cancer seems to always
be assigned to the cluster 4, which has the highest mortality rate at 70 years old immediately after
the loss of autonomy. In contrast, other pathologies are rarely assigned to this group. This finding
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3 CLUSTERING METHODS AND INITIAL RESULTS

shows that cancer differs from other pathologies in particular by its high mortality rate for low
durations. Interpretation is more difficult for other pathologies since random initialization seems to
have a greater impact on their final assigned clusters.
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Figure 3: Impact of the random initialization on the cluster assigned to each pathology

We therefore need a metric to assess the similarity between pathologies. This can be estimated by
answering the following question: how often are two pathologies assigned to the same cluster? A
similarity matrix S P MP pRq is built, where Sp,p̃ P r0; 1s denotes the similarity between pathologies
p and p̃.

Let R denote the number of random initializations. Let κrppq P t1, . . . , Ku denote the assigned
cluster of pathology p for the rth random initialization; then Sp,p̃ is estimated by

Sp,p̃ “

řR
r“1 1tκrppq “ κrpp̃qu

R
. (7)

Note: S is symmetric by construction, and Sp,p “ 1.

The similarity matrix S associated with the R “ 1,000 random initializations plotted in Figure 3
is given by Table 2. Values above 0.6 in the upper diagonal are highlighted in yellow for values
between 0.6 and 0.7, orange for values between 0.7 and 0.8 and red for values above 0.8. The two
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3 CLUSTERING METHODS AND INITIAL RESULTS

pathologies the most often assigned to the same group are dementia and psychiatric diseases. Then,
urological and kidney diseases are assigned to the same cluster as respiratory diseases in 83% of the
1,000 initializations. With all similarity values between 0.6 and 0.8, we can see in yellow and orange
that endocrine, gastrointestinal, osteoarticular, infectious and respiratory diseases seem similar in
terms of mortality when they are responsible for the loss of autonomy. Other similarity values are
more difficult to interpret. Therefore, statistical methods are needed to construct optimal clusters
based on this similarity matrix. Two approaches are presented and tested in Section 3.2.3 to address
this problem.
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Accident Cancer Cardio Dem Endocrine Gastro Infectious Neuro Osteo-
articular

Other Psy Resp Several Uro Kid-
ney

Accident 1.00 0.00 0.22 0.34 0.55 0.49 0.62 0.38 0.57 0.38 0.32 0.37 0.40 0.24
Cancer 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.13 0.00 0.00 0.00 0.02
Cardio 0.22 0.00 1.00 0.55 0.10 0.01 0.12 0.57 0.08 0.20 0.46 0.18 0.41 0.18
Dem 0.34 0.00 0.55 1.00 0.10 0.07 0.19 0.62 0.10 0.10 0.84 0.06 0.39 0.03
Endocrine 0.55 0.00 0.10 0.10 1.00 0.78 0.65 0.04 0.78 0.55 0.06 0.71 0.46 0.59
Gastro 0.49 0.00 0.01 0.07 0.78 1.00 0.62 0.06 0.79 0.45 0.04 0.64 0.32 0.53
Infectious 0.62 0.00 0.12 0.19 0.65 0.62 1.00 0.13 0.63 0.30 0.14 0.52 0.60 0.49
Neuro 0.38 0.00 0.57 0.62 0.04 0.06 0.13 1.00 0.11 0.09 0.64 0.04 0.22 0.02
Osteo-
articular

0.57 0.00 0.08 0.10 0.78 0.79 0.63 0.11 1.00 0.46 0.10 0.60 0.45 0.47

Other 0.38 0.13 0.20 0.10 0.55 0.45 0.30 0.09 0.46 1.00 0.07 0.69 0.20 0.56
Psy 0.32 0.00 0.46 0.84 0.06 0.04 0.14 0.64 0.10 0.07 1.00 0.01 0.28 0.00
Resp 0.37 0.00 0.18 0.06 0.71 0.64 0.52 0.04 0.60 0.69 0.01 1.00 0.40 0.83
Several 0.40 0.00 0.41 0.39 0.46 0.32 0.60 0.22 0.45 0.20 0.28 0.40 1.00 0.40
Uro Kid-
ney

0.24 0.02 0.18 0.03 0.59 0.53 0.49 0.02 0.47 0.56 0.00 0.83 0.40 1.00

Table 2: Similarity matrix for K “ 4
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3 CLUSTERING METHODS AND INITIAL RESULTS

3.2.3 Clustering based on the similarity matrix

Using the similarity matrix S built with R iterations of generalized K-means for a fixed number of
final clusters K, the goal of this section is to construct K clusters of pathologies. This can be seen
as an optimal permutation problem (OPP), introduced in Morone (2022). In this paper, the authors
proposes a theoretical framework to find an optimal permutation of the rows and columns of the
matrix to obtain a new matrix as close as possible to a desired clustered form. Indeed, if there
exists a permutation matrix P such that P tSP is a block matrix composed of K blocks, then each
block defines a cluster. In this hypothetical situation, the similarity between pathologies of seperate
clusters is zero. A clear structure of clusters where all similarity values between two pathologies
of seperate groups are zero is an extreme situation. In most cases, the goal is to maximize values
within the blocks while minimizing values outside the blocks. One disadvantage of this method is
the need to set the number of elements within each cluster in advance in addition to the number of
clusters K, leading to less flexibility in clustering. Therefore, we propose two other approaches to
cluster pathologies based on the similarity matrix S without setting the number of elements within
each group in advance. While both methods are bottom-up hierarchical clustering algorithms, as
described in Algorithm 3.2, they differ in how they assess the distances between clusters.

Algorithm. 3.2: Bottom-Up hierarchical clustering algorithm

1. Assign each object to its own cluster.
2. Iterate the following until there is a single cluster:

(a) Aggregate the two clusters with the highest similarity or, equivalently, the smallest
distance;

(b) Update the distances or similarity values between all clusters using a chosen
formula.

Starting with MP elements, the number of clusters after the lth iteration is MP ´ l. The clusters
constructed at each step are called "temporary clusters" in what follows. Let pck

plqqkPt1,...,MP ´lu

denote the set of MP ´ l temporary clusters at the end of the lth iteration. The difference between
the two approaches lies in step 2b of Algorithm 3.2.

First method for updating the similarity between clusters

In the first approach, the computation of the distance between two temporary clusters relies on
conditional probability theory. At step l, the similarity between cm

plq and cm̃
plq is assessed by the

probability that these two temporary clusters are subsets of the same final cluster obtained with
K-means, conditional on the following event:

"For all temporary clusters cm
plq of step l, there exists a final cluster Ck, k P t1, . . . , Ku such that all

pathologies in cm
piq are in Ck". This event is mathematically written as

@m P t1, . . . , MP ´ lu, Dk P t1, . . . , Ku, cm
plq Ă Ck.
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3 CLUSTERING METHODS AND INITIAL RESULTS

Therefore, the similarity between cm
plq and cm̃

plq after l iterations is

P
´

Dk P t1, . . . , Ku ,
!

cm
plq Y cm̃

plq

)

Ă Ck
ˇ

ˇ

ˇ

!

@m P t1, . . . , MP ´ lu , Dk P t1, . . . , Ku , cm
plq Ă Ck

)¯

(8)

Figure 4 shows the construction of the groups using this clustering approach. Each pathology has
its own cluster at the beginning, as illustrated on the left. As K “ 4 and MP “ 14, we do not
need to go further than the 10th iteration of Algorithm 3.2. The numbers in the intermediate nodes
represent the iterations of the algorithm at which this aggregation occurred.

Figure 4: Dendrogram obtained with the conditional probability approach (K “ 4, Poisson GLM,
Formula = x ˚ Gender ` Ipx2q ˚ Gender ` t ˚ Gender ` Ipt2q ˚ Gender ` Ipt3q ˚ Gender")

Despite having the same number of final clusters as the GLM tree approach, this method yields
a different distribution of the pathologies within the groups. As anticipated in Section 3.2.3, the
algorithm first groups dementia and psychiatric diseases. In the second iteration, respiratory,
urological and kidney diseases are aggregated. As shown by analysis of the similarity matrix given in
Table 2, cancer seems to greatly differ from other pathologies and therefore has its own cluster. The
final clusters are circled using different colours in Figure 4. Despite being associated with infectious
diseases in 60% of the K-means iterations, the group "Several", corresponding to the case where the
disabled policyholder has multiple diseases, has its own final cluster.

Since the resulting groups are different from those obtained with the GLM tree method, the
predictive performances of these two approaches will be further studied in Section 4.2.
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Second method of updating the similarity between clusters

In the second approach, the distance between two temporary clusters cm
plq and cm̃

plq is assessed by the
maximum distance between an element of cm

plq and an element of cm̃
plq. This method is implemented

in R within the stats library. The function hclust() implements hierarchical clustering algorithms
based on a set of dissimilarities. The similarity matrix constructed in Section 3.2.2 is transformed
into a dissimilarity or distance matrix D “ 1´S. While several agglomeration methods are provided
in this function, corresponding to different ways of recomputing the distances at each step, the
complete linkage method assesses the distances between clusters according to the maximum distance
between two elements of these clusters, as is wanted here. More details about the hclust() function
are provided in RDocumentation (2023). The resulting dendrogram, obtained with K “ 4, is plotted
in Figure 5. As anticipated in Section 3.2.2 by analysing the values of the similarity matrix S, cancer
has its own cluster because of the specificity of its mortality surface. Moreover, we are not surprised
to see that psychiatric diseases and dementia are in the same group, and that urological, kidney
and respiratory diseases are all included in the same cluster. While endocrine, gastrointestinal,
osteoarticular, and infectious diseases are grouped in the same cluster, respiratory diseases that also
look similar to endocrine diseases are grouped with urological and kidney disorders instead. This
can be explained by a greater similarity with urological and kidney disorders and low similarity
between respiratory diseases and all other pathologies associated with endocrine diseases.

This approach for updating the similarity measure at each step of the Algorithm 3.2 yields the same
final groups as does the GLM tree approach.

4 Choice of the number of clusters in the generalized K-means
methods and comparison between all clustering approaches

In this section, we compare the performances of the three clustering methods. We start by
discussing the choice of the number of clusters K in the two generalized K-means approaches. Many
insurance and reinsurance companies rely on expert judgments to cluster pathologies instead of
using clustering algorithms. How would an expert aggregate the 14 pathologies examined in this
paper to create 4 homogeneous groups in terms of mortality? We asked an epidemiologist working
for the reinsurer SCOR to construct clusters of pathologies with similar mortality rates, based on her
experience and expert judgment. We want to compare the performance of the model using clusters
produced by expert judgment to that of the models using groups from the three clustering methods
presented in this paper. After selecting the optimal hyperparameter K, the performances of all
the clustering methods including expert judgment clustering, are compared. For each clustering
method, mortality rates are estimated using the resulting groups of pathologies. The goodness of fit
of each mortality model is then assessed by the actual-to-expected ratios as in Section 1.2, and the
Bayesian information criterion. The fitted mortality laws of the best model according to the metrics
used for the performance comparison, are then analysed in Section 4.3.

19



4 CHOICE OF THE NUMBER OF CLUSTERS IN THE GENERALIZED K-MEANS
METHODS AND COMPARISON BETWEEN ALL CLUSTERING APPROACHES

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

C
an
ce
r

C
ar
di
o

N
eu
ro

D
em P
sy

O
th
er

R
es
p

U
ro
/K
id
ne
y

S
ev
er
al

E
nd
oc
rin
e

G
as
tr
o

O
st
eo
ar
tic
ul
ar

A
cc
id
en
t

In
fe
ct
io
us

Figure 5: Dendrogram obtained with the complete linkage method from hclust() (K “ 4, Poisson
GLM, Formula = x ˚ Gender ` Ipx2q ˚ Gender ` t ˚ Gender ` Ipt2q ˚ Gender ` Ipt3q ˚ Gender")
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4.1 Choice of the number of clusters

The generalized K-means algorithm requires to set the number of final clusters K in advance. This
choice therefore has an impact on the final groups and on the estimation of mortality for each
pathology. Several methods can be used to select the optimal hyperparameter K. As in Zhang and
Lin (2021), our optimization relies on the minimization of the Bayesian information criterion (BIC)
proposed by Schwarz (1978), which is given by

BIC “ ´2 logpLq ` logpNqΛ, (9)

where:

• L denotes the associated maximum likelihood of the model,

• N denotes the number of individuals in the database,

• Λ denotes the number of parameters of the model.

Since the same GLM formula is used for all clusters, Λ is proportional to the number of clusters K

in our case. Increasing the number of final clusters leads to an increase in the number of parameters,
resulting in an increase in the log-likelihood due to greater flexibility. However, adding complexity
can lead to overfitting. The goal of generalized information criterions as the BIC is to find a trade-off
between the simplicity and the goodness of fit of the model by adding a penalty that increases with
the number of estimated parameters Λ.

Figure 6 shows the evolution of the BIC with K for the two aggregation methods based on generalized
K-means. As we can see, allowing for two mortality tables instead of a single common mortality
table for all pathologies leads to a significant decrease in the BIC. After decreasing with K, the
BIC starts to increase. BIC reaches a minimum for K “ 3 for the two distance update formulas.
Considering only this statistic would lead us to choose K “ 3. However, the difference in the BIC
between K “ 3 and K “ 4 is very small. Moreover, for comparison purposes, we prefer to have
the same number of final clusters K for all methods, including the GLM tree approach. Therefore,
K “ 4 in the remainder of the paper.

4.2 Comparison of the methods: Goodness of fit

To assess the goodness of fit of each model fitted with the resulting clusters of each clustering
method, we first analyse the ratios of actual over expected counts of deaths by gender and pathology.
We then compare the Bayesian information criterion computed for each clustering method. Since
the GLM tree yields the exact same final groups as the generalized K-means algorithms combined
with the complete linkage method for the distance update, only three models are compared:

1. the GLM tree and generalized K-means with complete linkage method,
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Figure 6: Variation in the Bayesian information criterion with the number of final clusters K

2. generalized K-means combined with the conditional probability method to update the distances,
and

3. the expert judgement clustering.

4.2.1 Comparison of the ratios of actual over expected counts of deaths

After estimating mortality rates by using the groups of pathologies resulting from each clustering
methods, the performance of each method is assessed by comparing the expected counts of deaths
in the portfolio to the observed counts. The ratios of actual over expected counts of deaths by
pathology and gender are plotted in Figure 7 for each clustering method, and can be compared to
those obtained in the model that does not account for pathology plotted in Figure 1. A model has
good predictive performance if the observed number of deaths is close to the expected number of
deaths, that is, if the actual-to-expected ratio is close to 1 for each pathology.

Figure 7 shows that the 3 models accounting for pathology, regardless of the clustering method,
seem to improve the predictive performance. Let Dp denote a Poisson random variable representing
the total number of deaths for pathology p in the database. We want to test the hypothesis

H0 : Dp „ PoissonpEpq, where Ep denotes the total expected count of deaths

for each pathology p, with a significance level α “ 5%.

Given that only one observation of Dp is available for each pathology p, the well-known chi-squared
test, commonly used for Poisson distribution testing, is not suitable. Therefore, another statistical
test based on the ratios of actual over expected counts of deaths is constructed to decide whether to
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Figure 7: Comparison of the ratios of actual over expected counts of deaths for all clustering methods
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reject the null hypothesis H0 for each pathology.

Let qγpEq denote the quantile of a Poisson distribution of mean E. qγpEq is the smallest integer d

such that PpD ď dq ě γ.

Under H0,

P

ˆ

qα{2pEpq

Ep
ď

Dp

Ep
ď

q1´α{2pEpq

Ep

˙

ě 1 ´ α,

for each pathology p.

A detailed proof of this inequality is given in Appendix A.

Figure 7 shows the bounds of this interval for each pathology p. H0 is rejected for pathology p, with
the signifance level α “ 5%, if the ratio of actual over expected counts of deaths is not included in
the interval.

Considering the 14 pathologies and two genders, a total of 28 hypotheses were tested for each
model. A summary of the statistical hypothesis tests is given in Table 3. For each method, this
table summarises the number of rejected hypotheses. Hypothesis H0 is rejected in 64.3% of the
combinations of gender and pathology for the model not accounting for the pathology information.
Moreover, the test rejects the hypothesis for highly represented pathologies such as cancer and
dementia. The model leading to the fewest rejected hypotheses is the one using the GLM tree
clustering method. Only 10.7% of the tests lead to a rejection of H0. Moreover, H0 is rejected for
females for accident, cardiovascular diseases and psychiatric diseases, representing 6.8%, 5.6% and
2% of the observed claims, respectively. The two other clustering methods also lead to rejection of H0

for females for accidents and cardiovascular and psychiatric diseases, as well as other combinations
of gender and pathology.

Method Rejected Not rejected Percent re-
jected (%)

Without pathology 18 10 64.3
GLM tree 3 25 10.7
K-means combined with
conditional probability

9 19 32.1

Expert judgment 12 16 42.9

Table 3: Summary of the statistical hypothesis testing

Therefore, based on these performance metrics, the GLM tree clustering approach seems to be the
most suitable method for clustering pathologies in the context of modelling the mortality of disabled
policyholders.
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4.2.2 Comparison of the Bayesian information criterion

A common metric for comparing models is the Bayesian information criterion (BIC), which was
previously used in this paper to choose the optimal number of clusters in Section 4.1. The BIC was
computed for each clustering method, as well as for the model not accounting for pathology in the
estimation of mortality. The results are summarised in Table 4. The lower BIC is, the better the
fitting performance of the model. All models accounting for pathology through clusters have lower
BIC values than the model fitting a single mortality law, regardless of the pathology.

Based on this performance metric, the best model is the one using the clusters resulting from the
GLM tree method presented in Section 3.1 or from the generalized K-means with the complete
linkage method presented in Section 3.2.

Method BIC
Without pathology 19,228.78
GLM tree 16,893.62
K-means combined with
conditional probability

16,941.71

Expert judgment 17,052.63

Table 4: Comparison of the Bayesian information criterion before and after clustering for each
method

Therefore, the model using clusters obtained with the GLM tree method and the generalized
K-means combined with the complete linkage method is considered the best model in the remainder
of the paper.

4.3 Fitted mortality laws resulting from the best model

The fitted mortality surfaces resulting from the best model are plotted in Figure 8. We recall that
although the clusters are identical for males and females, mortality differs with gender. With 4
clusters, we therefore have 8 fitted mortality surfaces depending on attained age and duration,
organised as follows: each row represents a cluster, and each column represents a gender. As we can
see, the force of mortality associated with cancer is especially high for short durations compared to
that associated with other pathologies. Two years after the loss of autonomy, the excess mortality
of disabled policyholders with cancer seems to decrease. Dementia and cardiovascular, psychiatric
and neurological diseases seem to be the pathologies associated with the lowest mortality after the
loss of autonomy for both genders. Disabled policyholders affected by respiratory, urological and
kidney diseases are more likely to experience mortality than are those who are disabled because of
accidents; endocrine, gastrointestinal, infectious and osteoarticular diseases; or several diseases. The
mortality rates resulting from the other clustering approaches are plotted in Appendix B.
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Figure 8: The fitted mortality rates associated to each cluster resulting from the GLM tree or
generalized K-means combined with the complete linkage method for updating similarity between
clusters
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5 Actuarial application

Using the best model chosen in Section 4.2, we can derive some actuarial consequences of accounting
for pathology when estimating the mortality of disabled policyholders. We start by estimating the
impact of the pathology information on reserving. Then, by accounting for the heterogeneity of
mortality between pathologies by deriving 4 different mortality tables associated with the 4 clusters,
we can estimate the impact of a change in the incidence rates of a given pathology p on the global
mortality in LTC.

5.1 Reserving

Let us consider a LTC insurance product that pays a monthly annuity of R “ 1000e in the event of
loss of autonomy. The loss of autonomy is assumed to be permanent. Therefore, the only cause of
ending annuity payments is the death of the disabled policyholder. Let i “ 3% denote the discount
rate. Let µg

x,t denote the mortality intensity of a disabled insured individual at age x, knowing his
or her gender g and the time since the loss of autonomy t. Let µg,p

x,t denote the mortality intensity
knowing pathology p in addition to the other covariates x, t and g. The actuarial valuation of a
lifetime annuity paid to a newly disabled policyholder of age x and gender g is given by the following
formula:

Πg
x “

`8
ÿ

t“1

1
p1 ` iq

t
12

exp
˜

´
1
12

t´1
ÿ

k“0
µg

x` k
12 , k

12

¸

R. (10)

Knowing the pathology p responsible for his or her loss of autonomy, the valuation of the lifetime
annuity paid to the newly disabled policyholder of age x and gender g is given by the following
formula:

Πg,p
x “

`8
ÿ

t“1

1
p1 ` iq

t
12

exp
˜

´
1
12

t´1
ÿ

k“0
µg,p

x` k
12 , k

12

¸

R. (11)

Ignoring information about pathology when estimating the mortality of disabled policyholders, an
insurer would consider same valuations of the lifetime annuities of all newly disabled policyholders
of same age and gender, regardless of the pathologies that caused their loss of autonomy. Let us
consider four women who lost their autonomy at age x “ 75 for distinct causes. The four considered
causes of disability are cancer, dementia, respiratory disease and osteoarticular disease. According
to the resulting clusters of the GLM tree method, these four pathologies have different mortality
rates.

Without accounting for the pathology, the valuations of the lifetime annuities for these four disabled
policyholders, computed with Equation 10, are equal to 35,121.68 e.

Accounting for the pathology, the valuations of the annuities of these four disabled policyholders
given the pathology are shown in Table 5.
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Pathology Πg,p
x

Πg,p
x ´ Πg

x

Πg
x

Cancer 12,009.41e ´65.8%
Dementia 47,130.45e `34.2%
Resp 23,473.14e ´33.1%
Osteoarticular 40,609.34e `15.6%

Table 5: Valuation of a lifetime annuity of a disabled woman knowing the pathology

Table 5 shows that the reserves required for newly disabled policyholders of the same age at loss of
autonomy strongly depend on the pathology causing their disability. An insurer not accounting
for the pathology when estimating reserves would strongly underestimate the resources needed to
meet the costs of the loss of autonomy of an insured policyholder with dementia or osteoarticular
diseases, as well as any pathology belonging to the same cluster (i.e., accidents; cardiovascular,
neurological, endocrine, gastrointestinal, infectious and psychiatric diseases; and several diseases).
In contrast, cancer is an aggressive disease that leads to high mortality, especially in the first year
following the loss of autonomy, as shown in Figure 8. Therefore, an insurer ignoring pathology
information would strongly overestimate the resources needed to meet the costs of the annuity of a
disabled policyholder for whom cancer is identified as the cause of loss of autonomy. Considering
the pathology, the reserves needed for a policyholder disabled because of cancer are 65.8% lower
than the reserves estimated without the information of the pathology.

5.2 Application of a shock

Assuming a unique mortality table for all disabled insured individuals can be sufficient for an insurer
if the distribution of the pathologies in the portfolio of disabled policyholders remains the same.
The unique mortality table of the disabled individuals can be seen as a weighted average of the
mortality of each pathology. The weights are given by the distribution of each pathology at each
age and duration. However, due to the heterogeneity of mortality among the different pathologies,
a change in the distribution of the pathologies has an impact on the resulting global mortality in
LTC. Estimating a unique mortality table regardless of the pathology does not enable an insurer
to estimate the impact of a change in the incidence rates associated with a specific pathology. A
reduction or increase in the mortality of a specific pathology would also change the distribution of
the pathologies in the portfolio, resulting in a modification of the global mortality in LTC.

In this section, we focus on the impact of a reduction or increase in the incidence of a certain
pathology. This may occur in the event of preventive actions proposed by the insurer to reduce the
incidence of certain pathologies.

Figure 9 shows the impact of an increase or decrease of 10% in the incidence of cancer at each age
on mortality during the second year. Reducing the incidence of cancer implies a decrease in the
prevalence of this pathology among the disabled policyholders. Since these insured individuals have
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a much greater mortality than other disabled policyholders, this change in the incidence implies
a decrease in the global mortality in LTC observed in the portfolio. In contrast, increasing the
incidence of cancer leads to an increase in the mortality intensity estimated for the second year of
disability. As the difference in mortality between clusters is more pronounced at a young age than
at greater ages, a variation in the incidence of cancer has a greater impact on global mortality in
LTC, all pathologies combined.
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Figure 9: Shocks applied to the incidence of cancer for females: impact on the global mortality in
LTC during the second year following the loss of autonomy (µf

x,1)

The impact of a change in the incidence of dementia at each age on mortality during the second
year is plotted in Figure 10. Unlike cancer, dementia is one of the pathologies associated with
the highest life expectancy following the loss of autonomy. Therefore, increasing the incidence of
dementia increases its prevalence among disabled policyholders, leading to a decrease in the global
mortality in LTC.
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Figure 10: Shocks applied to the incidence of dementia for females: impact on the global mortality
in LTC during the second year following the loss of autonomy (µf

x,1)
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6 DISCUSSION

The smile shape of the mortality curve observed in Figure 9 and Figure 10 is often observed when
estimating the mortality of disabled policyholders for a fixed duration t, especially for low durations.
This phenomenon has already been observed in French LTC portfolios, as in Le Bastard et al. (2023).
This is mostly due to the evolution of the distribution of pathologies with age among disabled
policyholders. The resulting mortality in LTC during the second year of disability, if the loss of
autonomy due to cancer was not covered by the insurer, is plotted in Figure 11. The smile shape
disappears by setting the incidence of cancer to 0, showing that this specific pattern comes from the
prevalence of cancer among the disabled policyholders at young ages.
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Figure 11: Mortality in LTC during the second year following the loss of autonomy if cancer is
excluded from the possible causes of disability

6 Discussion

In the context of studying long-term care insurance products, multiple pathologies can be the cause
of an individual’s loss of autonomy. Since LTC insurance datasets containing pathology information
are rare, literature about the impact of pathology on the mortality of disabled policyholders is still
scarce. In this paper, we rely on data from a health fund. After demonstrating the heterogeneity of
the force of mortality induced by the plurality of causes of disability, this paper studies two clustering
methods to determine which pathologies lead to similar mortality rates after the loss of autonomy.
In fact, although accounting for pathology when estimating the mortality of disabled policyholders
seems important for capturing the variance, the lack of data does not enable us to independently
estimate specific mortality tables depending on gender, attained age and duration of the claim for
each pathology. It is therefore necessary to construct groups of homogeneous pathologies. For the
sake of simplicity and to reduce the complexity of the models, groups of pathologies are assumed to
be identical for both males and females. Despite having the same clusters, the force of mortality
is still estimated separately for each gender to account for the heterogeneity between males and
females.
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6 DISCUSSION

Both methods presented in this paper rely on generalized linear models. For each gender and cluster,
we assume a quadratic effect of the attained age and a cubic effect of the duration of the claim. The
first method uses GLM trees implemented in the partykit package in the statistical software R.
The second method developed in this paper is a generalized K-means approach, resulting in the
construction of a similarity measure between pairs of pathologies. Optimal clusters are subsequently
constructed using bottom-up hierarchical algorithms. Starting with one cluster for each pathology,
each step leads to the merging of the two closest clusters based on a distance measure. The distance
measures between each pair of clusters are then updated after each step. Two formulas for updating
the distances are tested in this paper. The first relies on the theory of conditional probabilities. The
second one, called the complete linkage method, is implemented with the stats package in R.

As of today, because of the lack of literature on clustering pathologies for long-term care insurance
products, most insurers rely on expert judgment to group them. The three clustering methods
proposed in this paper, as well as the expert judgment approach, are compared in terms of the
goodness of fit of the resulting mortality models. To do this, actual and estimated counts of
deaths are compared for each pathology for each clustering approach. The performances of the
resulting models are also compared using the Bayesian information criterion. We show that the three
clustering methods proposed in this paper yield better fitting performance than does the expert
judgment approach. Indeed, experts perform reasoning based on their preconceived view regarding
the distribution of the severity of the pathologies in each subgroup of pathologies. An interesting
example is that all types of cancer do not have the same severity. Therefore, the clustering is biased
by their preconceived view. Using clustering methods based on the portfolio’s experience enables
the creation of homogeneous groups of pathologies with similar mortality rates, while avoiding the
potentially biased expert judgment.

Finally, using the best model based on the two previous performance metrics, we show through
actuarial applications the benefits for an insurer of accounting for pathology when estimating the
mortality of disabled insureds.

Tables containing the coefficients of the Poisson GLMs fitted using the resulting groups from each
clustering method can be found in Appendix C. The p-values presented in the fifth column show the
significance of the coefficients related to the variable indicating the cluster, as well as the coefficients
associated with interactions of variables involving the cluster. This information again highlights the
importance of accounting for pathology as a covariate for predicting mortality.

In the context of modelling LTC products, P-splines are used to fit mortality in LTC in several
papers such as Le Bastard et al. (2023), which enables to consider more complex structure of the
surface that describes mortality. As mortality rates vary greatly between different pathologies, the
distribution of pathologies among disabled insureds in the portfolio significantly impacts the global
mortality in LTC. Although the shape of the mortality surface in LTC is complex, part of this
complexity comes from the variation in the distribution of pathologies across age and duration.
Therefore, a simpler impact of age and duration given the pathology is assumed in this paper, by
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6 DISCUSSION

considering an additive impact of age and duration. A cross effect of age and duration has been
considered, but did not improve the performance of the models. Access to data containing more
observations would allow us to consider using P-splines.

We remind the reader that this work relies on data coming from a foreign market having a specific
definition of the LTC insurance. The resulting groups of pathologies may not be transposable to
other countries for two main reasons: the heterogeneity of the populations and potential differences
in the definition of the loss of autonomy. However, most current data in France do not include
detailed information on the pathology. While our work provides an initial insight on groups of similar
pathologies, future research should study the sensitivity of the constructed groups of pathologies
with respect to the country.

Future research should also consider different groups of pathologies for males and females. Another
idea would be to consider different groupings depending on attained age and duration. To this
end, we suggest using the survival trees described in Bou-Hamad et al. (2011). In this method, all
covariates can be partitioned recursively to create groups of homogeneous observations. Additionally,
future research could also consider a joint mortality model to consider the dependence between
mortality laws of different pathologies, as proposed in Debón et al. (2011) to account for the
interdependence between mortality tables in several Spanish regions.
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A APPENDIX A: PROOF OF THE STATISTICAL HYPOTHESIS TEST FOR THE
ACTUAL-TO-EXPECTED RATIOS

A Appendix A: Proof of the statistical hypothesis test for the
actual-to-expected ratios

We want to test the hypothesis

H0 : D „ PoissonpEq where E denote the expected count of deaths,

with a significance level α.

Let γ P r0; 1s. Let qγpEq denotes the quantile of a Poisson distribution with parameter E. qγpEq is
the smallest integer d such that

P pD ď dq ě γ.

Therefore we have

P pD ă qγ̃pEqq ă γ̃.

Let γ and γ̃ denote two probability values; then,

P pqγ̃pEq ď D ď qγpEqq “ P pD ď qγpEqq ´ P pD ă qγ̃pEqq

ě γ ´ γ̃.

Let γ “ 1 ´ α{2 and γ̃ “ α{2; then,

P
`

qα{2pEq ď D ď q1´α{2pEq
˘

ě 1 ´ α,

and

P

ˆ

qα{2pEq

E
ď D ď

q1´α{2pEq

E

˙

ě 1 ´ α. (12)

Therefore, the null hypothesis H0 is rejected if 1 is not included in the interval
„

qα{2pEq

E
;
q1´α{2pEq

E

ȷ

,
with a significance level α.
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B APPENDIX B: PLOTS OF MORTALITY RATES RESULTING FROM THE
NONSELECTED CLUSTERING APPROACHES

B Appendix B: Plots of mortality rates resulting from the nonse-
lected clustering approaches
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Figure 12: The fitted mortality rates associated to each cluster resulting from the generalized
K-means algorithm with distance measure using conditional probabilities
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B APPENDIX B: PLOTS OF MORTALITY RATES RESULTING FROM THE
NONSELECTED CLUSTERING APPROACHES
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Figure 13: The fitted mortality rates associated to each cluster resulting from the expert judgment
approach
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C APPENDIX C: COEFFICIENTS OF THE POISSON GLM USING PATHOLOGY GROUPS
FROM EACH CLUSTERING METHODS

C Appendix C: Coefficients of the Poisson GLM using pathology
groups from each clustering methods

Estimate Std. Error z value Pr(>|z|)
(Intercept) -9.60 0.96 -10.05 0.00 ***
x -0.01 0.02 -0.35 0.73
Gendermale -2.54 1.67 -1.52 0.13
cluster2 0.48 1.25 0.38 0.70
cluster3 2.40 1.03 2.32 0.02 *
cluster4 -2.72 1.39 -1.95 0.05 ¨

I(x^2) 0.00 0.00 2.11 0.03 *
t 0.43 0.23 1.90 0.06 ¨

I(t^2) -0.21 0.13 -1.63 0.10
I(t^3) 0.03 0.02 1.48 0.14
x:Gendermale 0.09 0.04 2.08 0.04 *
x:cluster2 0.02 0.03 0.60 0.55
x:cluster3 0.06 0.03 2.30 0.02 *
x:cluster4 0.17 0.04 4.18 0.00 ***
Gendermale:cluster2 2.15 1.96 1.10 0.27
Gendermale:cluster3 2.09 1.76 1.19 0.23
Gendermale:cluster4 2.23 2.16 1.03 0.30
Gendermale:I(x^2) 0.00 0.00 -2.18 0.03 *
cluster2:I(x^2) 0.00 0.00 -1.29 0.20
cluster3:I(x^2) 0.00 0.00 -4.24 0.00 ***
cluster4:I(x^2) 0.00 0.00 -4.78 0.00 ***
Gendermale:t -0.74 0.33 -2.21 0.03 *
cluster2:t -0.11 0.31 -0.34 0.73
cluster3:t -0.43 0.31 -1.36 0.17
cluster4:t -0.52 0.65 -0.80 0.42
Gendermale:I(t^2) 0.43 0.20 2.18 0.03 *
cluster2:I(t^2) -0.01 0.18 -0.05 0.96
cluster3:I(t^2) -0.41 0.22 -1.85 0.06 ¨

cluster4:I(t^2) 0.03 0.44 0.07 0.94
Gendermale:I(t^3) -0.07 0.03 -2.06 0.04 *
cluster2:I(t^3) 0.01 0.03 0.27 0.79
cluster3:I(t^3) 0.10 0.04 2.51 0.01 *
cluster4:I(t^3) 0.01 0.08 0.12 0.91
x:Gendermale:cluster2 -0.05 0.05 -1.05 0.29
x:Gendermale:cluster3 -0.07 0.05 -1.53 0.13
x:Gendermale:cluster4 -0.10 0.06 -1.60 0.11
Gendermale:cluster2:I(x^2) 0.00 0.00 0.95 0.34
Gendermale:cluster3:I(x^2) 0.00 0.00 1.45 0.15
Gendermale:cluster4:I(x^2) 0.00 0.00 1.87 0.06 ¨

Gendermale:cluster2:t 0.82 0.46 1.78 0.08 ¨

Gendermale:cluster3:t 0.91 0.49 1.86 0.06 ¨

Gendermale:cluster4:t 0.76 0.89 0.85 0.39
Gendermale:cluster2:I(t^2) -0.61 0.28 -2.19 0.03 *
Gendermale:cluster3:I(t^2) -0.60 0.37 -1.62 0.11
Gendermale:cluster4:I(t^2) -0.63 0.60 -1.05 0.29
Gendermale:cluster2:I(t^3) 0.10 0.05 2.19 0.03 *
Gendermale:cluster3:I(t^3) 0.11 0.07 1.55 0.12
Gendermale:cluster4:I(t^3) 0.12 0.10 1.12 0.26

Table 6: Coefficients of the Poisson GLM using clusters from the GLM trees
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C APPENDIX C: COEFFICIENTS OF THE POISSON GLM USING PATHOLOGY GROUPS
FROM EACH CLUSTERING METHODS

Estimate Std. Error z value Pr(>|z|)
(Intercept) -12.21 0.82 -14.86 0.00 ***
x 0.12 0.02 5.29 0.00 ***
Gendermale 0.31 1.02 0.30 0.76
cluster2 5.00 0.91 5.49 0.00 ***
cluster3 2.61 1.26 2.07 0.04 *
cluster4 4.65 1.27 3.66 0.00 ***
I(x^2) 0.00 0.00 -4.79 0.00 ***
t 0.18 0.35 0.50 0.61
I(t^2) -0.11 0.22 -0.49 0.62
I(t^3) 0.01 0.04 0.34 0.73
x:Gendermale 0.01 0.03 0.43 0.67
x:cluster2 -0.07 0.03 -2.57 0.01 *
x:cluster3 -0.13 0.03 -3.89 0.00 ***
x:cluster4 -0.15 0.03 -4.58 0.00 ***
Gendermale:cluster2 -0.76 1.16 -0.66 0.51
Gendermale:cluster3 -2.85 1.96 -1.45 0.15
Gendermale:cluster4 -2.10 1.87 -1.12 0.26
Gendermale:I(x^2) 0.00 0.00 -0.32 0.75
cluster2:I(x^2) 0.00 0.00 1.75 0.08 ¨

cluster3:I(x^2) 0.00 0.00 4.93 0.00 ***
cluster4:I(x^2) 0.00 0.00 5.06 0.00 ***
Gendermale:t -0.12 0.49 -0.25 0.80
cluster2:t -0.17 0.41 -0.42 0.68
cluster3:t 0.26 0.42 0.61 0.54
cluster4:t 0.08 0.43 0.18 0.86
Gendermale:I(t^2) -0.26 0.31 -0.85 0.39
cluster2:I(t^2) -0.52 0.28 -1.81 0.07 ¨

cluster3:I(t^2) -0.10 0.26 -0.41 0.68
cluster4:I(t^2) -0.11 0.26 -0.42 0.67
Gendermale:I(t^3) 0.07 0.05 1.33 0.18
cluster2:I(t^3) 0.12 0.05 2.33 0.02 *
cluster3:I(t^3) 0.02 0.04 0.42 0.67
cluster4:I(t^3) 0.03 0.04 0.69 0.49
x:Gendermale:cluster2 0.01 0.03 0.17 0.87
x:Gendermale:cluster3 0.08 0.05 1.47 0.14
x:Gendermale:cluster4 0.05 0.05 1.07 0.28
Gendermale:cluster2:I(x^2) 0.00 0.00 -0.31 0.75
Gendermale:cluster3:I(x^2) 0.00 0.00 -1.51 0.13
Gendermale:cluster4:I(x^2) 0.00 0.00 -1.16 0.25
Gendermale:cluster2:t 0.30 0.61 0.49 0.62
Gendermale:cluster3:t -0.61 0.59 -1.03 0.30
Gendermale:cluster4:t 0.29 0.62 0.48 0.63
Gendermale:cluster2:I(t^2) 0.09 0.44 0.21 0.83
Gendermale:cluster3:I(t^2) 0.69 0.37 1.89 0.06 ¨

Gendermale:cluster4:I(t^2) 0.12 0.39 0.31 0.76
Gendermale:cluster2:I(t^3) -0.03 0.08 -0.36 0.72
Gendermale:cluster3:I(t^3) -0.14 0.06 -2.21 0.03 *
Gendermale:cluster4:I(t^3) -0.05 0.06 -0.77 0.44

Table 7: Coefficients of the Poisson GLM using clusters from the K-means algorithm with the
distance measure using conditional probabilities
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C APPENDIX C: COEFFICIENTS OF THE POISSON GLM USING PATHOLOGY GROUPS
FROM EACH CLUSTERING METHODS

Estimate Std. Error z value Pr(>|z|)
(Intercept) -7.20 0.40 -18.23 0.00 ***
x 0.06 0.01 4.36 0.00 ***
Gendermale -0.45 0.54 -0.84 0.40
cluster2 -4.07 0.79 -5.15 0.00 ***
cluster3 2.35 3.11 0.75 0.45
cluster4 -1.84 0.95 -1.93 0.05 ¨

I(x^2) 0.00 0.00 -4.61 0.00 ***
t 0.00 0.22 0.02 0.98
I(t^2) -0.62 0.18 -3.47 0.00 ***
I(t^3) 0.13 0.03 3.87 0.00 ***
x:Gendermale 0.02 0.02 1.06 0.29
x:cluster2 0.02 0.02 0.67 0.50
x:cluster3 -0.18 0.08 -2.37 0.02 *
x:cluster4 -0.05 0.03 -2.12 0.03 *
Gendermale:cluster2 0.21 1.06 0.19 0.85
Gendermale:cluster3 -3.81 4.24 -0.90 0.37
Gendermale:cluster4 -0.54 1.28 -0.43 0.67
Gendermale:I(x^2) 0.00 0.00 -1.07 0.28
cluster2:I(x^2) 0.00 0.00 0.97 0.33
cluster3:I(x^2) 0.00 0.00 3.18 0.00 **
cluster4:I(x^2) 0.00 0.00 3.61 0.00 ***
Gendermale:t 0.17 0.36 0.49 0.63
cluster2:t 0.04 0.34 0.11 0.92
cluster3:t 0.59 0.38 1.56 0.12
cluster4:t 0.33 0.32 1.02 0.31
Gendermale:I(t^2) -0.17 0.31 -0.55 0.59
cluster2:I(t^2) 0.55 0.24 2.28 0.02 *
cluster3:I(t^2) 0.35 0.25 1.40 0.16
cluster4:I(t^2) 0.40 0.22 1.78 0.08 ¨

Gendermale:I(t^3) 0.04 0.06 0.67 0.50
cluster2:I(t^3) -0.12 0.04 -2.75 0.01 **
cluster3:I(t^3) -0.09 0.04 -2.07 0.04 *
cluster4:I(t^3) -0.09 0.04 -2.25 0.02 *
x:Gendermale:cluster2 0.00 0.03 -0.12 0.90
x:Gendermale:cluster3 0.12 0.11 1.17 0.24
x:Gendermale:cluster4 0.03 0.03 0.94 0.35
Gendermale:cluster2:I(x^2) 0.00 0.00 0.44 0.66
Gendermale:cluster3:I(x^2) 0.00 0.00 -1.22 0.22
Gendermale:cluster4:I(x^2) 0.00 0.00 -1.01 0.31
Gendermale:cluster2:t -0.54 0.51 -1.05 0.29
Gendermale:cluster3:t -1.28 0.58 -2.19 0.03 *
Gendermale:cluster4:t -0.03 0.50 -0.06 0.95
Gendermale:cluster2:I(t^2) 0.27 0.39 0.70 0.48
Gendermale:cluster3:I(t^2) 0.78 0.42 1.87 0.06 ¨

Gendermale:cluster4:I(t^2) 0.04 0.38 0.10 0.92
Gendermale:cluster2:I(t^3) -0.05 0.07 -0.64 0.52
Gendermale:cluster3:I(t^3) -0.13 0.08 -1.73 0.08 ¨

Gendermale:cluster4:I(t^3) -0.02 0.07 -0.30 0.76

Table 8: Coefficients of the Poisson GLM using clusters from expert judgment
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