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13 Abstract

14 We consider the evolution and kinematics during dispersive focusing,
15 for a group of waves propagating atop currents varying with depth.
16 Our analysis assumes long-crested linear waves propagating at arbi-
17 trary angles relative to the current. Although low steepness is assumed,
18 the linear model is often a reasonable approximation for understanding
19 rogue waves. A number of analytical approximate relations are derived
20 assuming different sub-surface current profiles, including linearly varying
21 current, exponentially varying current, and currents of arbitrary depth
2 profile which are weakly sheared following the approximation of Stewart
2 & Joy (Deep Sea Res. Abs. 21, 1974). The orbital velocities are like-
2 wise studied. While shear currents have modest influence on the motion
25 of the envelope of the wave group, they significantly change wave kine-
26 matics. Horizontal orbital velocities are either amplified or suppressed
27 depending on whether the shear is opposing or following, respectively.
28 To illustrate these phenomena we consider a real-world example using
29 velocity profiles and wave spectra measured in the Columbia River
30 estuary. Near the surface at the point where focusing occurs, hori-
31 zontal orbital velocities are respectively increased and decreased by
B! factors of 1.4 and 0.7 for focusing groups propagating on following and
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2 Wave focusing on a shear current

opposing shear (respectively upstream and downstream in the earth-
fixed reference system). The implications for the forces a focusing wave
group can exert on vessels and installations are profound, emphasizing
the importance of considering current profiles in maritime operations.

Keywords: Wave-shear current interaction, Focused wave group, Wave
kinematics

1 Introduction

Rogue waves, characterized as enormous and abrupt waves appearing on the
sea’s surface, pose a significant threat to maritime activities. These waves
which are defined by being far higher than the waves around them, can emerge
without warning, occurring both in deep and shallow waters, and they result
from various physical mechanisms that concentrate the energy of water waves
into a small area. Their occurrence has led to numerous fatalities, injuries, and
extensive damages to ships and maritime structures. Among the mechanisms
responsible for their formation are dispersive focusing, refraction influenced
by variable currents and bottom topography, modulational instability, con-
structive wave interference enhanced by second-order interactions, cross-sea
interactions, and soliton interactions. For a comprehensive review of these
mechanisms, refer to the works by Kharif & Pelinovsky [1], Dysthe et al. [2],
and Onorato et al. [3].

The main objective of this paper is to analyze the effect of depth-dependent
underlying currents on the dispersive focusing of water waves in deep water.
Extreme wave events resulting from dispersive focusing or spatiotemporal
focusing phenomena can be described as follows: when initially shorter wave
packets are positioned in front of longer wave packets with higher group veloc-
ities, the longer waves eventually catch up and overtake the shorter waves
during the dispersive evolution process. At a fixed location (known as the focus
point) and time, the superposition of all these waves leads to the formation
of a large-amplitude wave. Subsequently, the longer waves move ahead of the
shorter waves, resulting in a decrease in the amplitude of the wave train. In
the absence of vorticity, giant waves created by dispersive focusing have been
frequently studied experimentally [4-7] and theoretically [8, 9], but studies in
the presence of a shear current are very scarce. Kharif et al. [10] investigated
the effect of a constant vorticity underlying current on the dispersive focus-
ing of a one-dimensional nonlinear wave group propagating in shallow water.
Their findings revealed that the presence of constant vorticity increases the
maximum amplification factor of the surface elevation as the shear intensity
of the current increases. The duration of extreme wave events follows a similar
behavior. In narrowband assumption Xin et al. [11] report the different effects
of following and opposing shear current on both the extreme and fatigue loads
on fixed-bottom offshore slender structures in extreme wave events. The work
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Wave focusing on a shear current 3

has shed light on the shear-current modified wave kinematics in the design of
offshore structures, which will be explored further in this work as explained
below.

This study is the first part of an investigation of waves focusing dispersively
on vertically sheared currents. The, in some respects, simplest case is treated in
this first part, where the theory is linearised with respect to wave steepness; a
second-order theory is found in part two [12]. Although nonlinear wave effects
are significant for rogue wave situations, a linear approximation has been found
to give reasonable results [13]. Our focus is on investigating the behavior of
focusing wave groups propagating obliquely to the current direction, as well
as wave groups traveling in the same direction as the current, in deep water
(see Figure 1). By analyzing the impact of these depth-dependent underlying
currents on the dispersive focusing of water waves, we aim to enhance our
understanding of the formation and characteristics of rogue waves, contributing
to improved safety measures for maritime activities as highlighted in [11].

We consider a range of vertically sheared currents, and of wave shapes
at focus, deriving a series of closed-form approximate results. The currents
we consider include the linear and exponential depth dependence — cases for
which closed-form solutions exist for the linear velocity field — and arbitrary
current profiles which satisfy the weak-shear approximation (fundamentally
that required for the celebrated approximation of Stewart & Joy [14]). Wave
groups focusing to a d-function singularity, and a narrowband Gaussian packet,
are considered. The approximate formulae derived are, we propose, useful for
their relative simplicity and analytical tractability, for instance for the creation
of focusing waves on sheared currents in numerical and laboratory experiments
(see, e.g., [15]).

Fig. 1 Geometry: a quasi-2D wave propagating along the z axis. A sub-surface shear cur-
rent makes an angle 6 with the direction of wave propagation. Here U(z) = Szey. Currents
with opposing and following shear are denoted by 0 € [0,7/2) and (7/2, ], respectively.

A main conclusion of our work, illustrated and quantified through many
examples, is the following: within a linear framework, the presence of shear has
modest effect on the focusing and defocusing of the wave-group envelope, but
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4 Wave focusing on a shear current

a large effect on the wave kinematics. The component of the orbital velocities
near the surface at the point of focus can be strongly enhanced.

2 Theoretical background

In this section we review the necessary background theory and phrase it in the
formalism we use herein. While not in a strict sense novel, the reexamination
of the basics sheds important light on the mechanisms in play which we will
refer extensively to in later sections. After defining the problem and geometry,
the linear initial-value solution is provided in a suitable form, and standard
current profiles and highly useful approximations are briefly recapitulated.

2.1 Problem definition

We consider a body of water with a free surface which, when undisturbed, is at
z = 0, and sustaining a shear current which depends arbitrarily on depth. The
depth is infinite (some results are generalised to allow finite depth in Appendix
A), and we ignore the effects of surface tension. The geometry is sketched in
figure 1. The background current has the form

U(2) = {U(2), Uy(2)} = U(2)eu; (1)
ey = {cosf,sin b}, (2)

where ey is a unit vector in the zy plane. Without loss of generality we choose
the coordinate system which follows the surface of the water so that U(0) = 0.
As well as simplifying the formalism this choice emphasizes that the effects
studies are due to shear rather than surface current. A nonzero surface current
is easily worked back into solutions by adding a Doppler shift to frequencies.
The angle between wave propagation and current is # and we shall assume
without loss of generality that the wave propagates along the x axis so that
k-U = kU, = kU(z) cos . In derivations we shall often retain a general wave
vector k = {k,,0}. We allow k, to take both signs in derivations, eventually
arriving at expressions for waves propagating only in the positive x direction,
whereupon we may consider only positive wave numbers. We assume long-
crested waves, so the surface elevation is ((r,t) = {(x,t) where r = (x,y).
We assume here that the current does not change direction with depth, but
generalisation to a z-dependent 6 is straightforward.

As is well known (e.g. [16]), the surface elevation and dispersion relation
depend only on U in the combination k-U = kU,, whereas U, has no influence
on (. The angle 0 thus only plays the role of varying U, through values between
—U and U. We shall see in section 4 that the same is not the case for the
velocity field beneath the waves.

In this paper we linearise equations and boundary conditions with respect
to ¢ and its derivatives, as well as orbital velocities — a companion paper
considers weakly nonlinear extensions.
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2.2 Linear initial-value problem, and solution

We will solve initial value problems in this set-up, a simpler, long-crested
version of the theory presented in [17]. The general linear solution can be writ-
ten in Fourier form with the 3D formulae in Ref. [17] assuming translational
symmetry in the y direction, as

> dk, . . .
C(r.t) = / o [ R)em s B (et (Bt eiber (3
™

— 00
where w4 (k) are the two solutions of the linear dispersion relation for a general
wave vector k, and by (k) = by (k,) are spectral weights determined by initial
conditions.

In the reference system following the surface current (i.e., U(0) = 0), the
dispersion relation always has one positive and one negative solution, corre-
sponding to waves propagating in direction k and —k, respectively, implying
that wy > 0 and w_ < 0.

Our initial condition is that the shape of the packet is prescribed at focus,
t = 0, and propagates only in the positive x direction. Let the Fourier transform
of ¢ at focus be

* dk, - | . o0 B
)= [ TG Q) = [ degn0pe ()

— 00 — 00

which with the general linear solution (3) implies

bi(ks) +b-(kz) = Co(ka). ()
In order to obtain the appropriate initial shape with only plane waves prop-

agating in the +z direction, we couple the kernel exp(ik,z) to exp(—iw_t)
when k; < 0 and to exp(—iw4t) when ky; > 0:

b (ka) = Co(kn)O (£ha), (6)

where © is the Heaviside unit step function, explicitly
Colkast) = Golka) [ =0 (ky) 4+ =+ O(k,) | (7)
Substituting k, — —k, for the b_ term and noticing the well-known symmetry

W (—kz) = —wy (ka), (8)

the solution may be written
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6 Wave focusing on a shear current

where we now simplify the notation, k,, — k and w4 (k) — w(k) is the positive-
valued frequency. As shorthand, we define the wave phase

Y=z, t; k) = kax —w(k)t, (10)

frequently written without arguments for succinctness. Since (9) is real-valued,
it follows that (o(—k) = (§(k), so we finally write

ooty =2Re [~ FEaimer. (11)

In the following we shall use this form and therefore assume k, = k > 0, with
the exception of derivations where it is sometimes necessary to return to the
more fundamental form. .

In particular, if the shape at ¢ = 0 is symmetrical around = = 0, {y(k) is
real, hence

C(x,t) =2 /000 g—kéo(k) cos(x,t; k). (12)

™

2.3 Vertically sheared currents

We here introduce the classic linear and exponential shear profiles used
as canonical examples, and approximate linear theories for arbitrary shear.
Known results are briefly reviewed and framed in the formalism we use herein.

2.3.1 Current with constant shear

First we quote well-known results for the simple, linearly depth-dependent
current
U(z) = Szey = Sz{cosb,sin b} (13)
with S the constant shear.
Due to the symmetry (8) it is sufficient to consider the positive-valued w(k)
assuming positive k, which we write in the form

wo(k) =keq(k) = /g —0 (14)

where the shear-modified wave number is

(k) =k+0%/g, (15)
and
o= 1Scosb. (16)
The group velocity is
L /g

Note for future reference that cgo (k) is symmetrical under ¢ — —o while ¢,
is not.
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Wave focusing on a shear current 7

In the spirit of [17, 18] we may define a Froude-shear number for the linear-
shear current based on velocity S/k and length 1/k,

FSiin. = —— 18

so that the shear-modified wave number is » = k(1 + FS3, cos? ). This is
particularly instructive in narrow-band cases (e.g., long groups with Gaussian
envelope) where there is a dominating carrier wave number; see sections 3.4
and 4.1 for further details. Here and henceforth a subscript ‘lin.” indicates the

subscribed quantity pertains to the linear current.

2.3.2 Current with exponential shear

We will frequently make use of the model current with exponential depth
profile, which we define

Uexp(2) = Uo(e”” — ey = {Us0, Uyo}(e** — 1), (19)

where a > 0 is a shear strength and U,y a current strength. This model has
been considered for the purposes of wave-current interactions for a very long
time, thanks to its similarity to a wind-driven shear-layer (Ekman current)
[19].

An explicit, exact solution to the linear problem with the exponential cur-
rent can be found in terms of hypergeometric functions, which we review in
section 4.4. The dispersion relation in this case is, however, implicit but easily
calculated numerically.

The exponential profile is a particularly useful model in combination with
the weak-shear approximation (see section 2.4.1), an approximation which is
excellent in the vast majority of oceanographic and coastal flows. Near-surface
flows, such as wind-driven Ekman layers or estuarine plumes, are typically
reasonably approximated by an exponential, and in this case the linearised
weak-shear theory yields a wealth of explicit analytical results, a number of
which we derive in this article.

2.4 Weak-shear and weak-curvature theory

We will summarise the results of theories for dispersion relations and flow fields
for an arbitrary current U(z) satisfying criteria of weak shear and weak cur-
vature, respectively. We emphasize that although the former approximation is
termed ‘weak shear’ due to the formal requirements for it to be asymptotically
accurate, in fact in an oceanic setting the shear can be very strong as in the
case of the Columbia River Estuary considered in section 4.5.1, and still give
results accurate to within a few percent or less.

The weak-shear approximation is in practice that underlying the celebrated
approximation of Stewart & Joy [14], typically sufficient in practice while in
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8 Wave focusing on a shear current

cases of extremely strong shear (as effectively felt by a wave of the wave-
length in question), the strong-shear-weak-curvature expressions [20] could be
necessary.

As discussed in Ref. [20], a suitable measure of the effective strength of
the current shear is a dimensionless depth-integrated shear, or “directional
shear-Froude number”, §(k), defined as

1 O
k) = (2)e** =F . 2
o(k) ol /_Oo dz U, (z)e Sgen. cos 0 (20)

with ¢o(k) = 1/g/k as usual. We use the symbol ¢ as well as F'S to make contact
with previously published theory [17, 18, 20], despite the slight redundancy.
The x component of U is taken, being the component aligned with the waves,
k-U = kU,.

That the parameter 0(k) is a direct generalisation of the shear-Froude num-
ber (18) for linear shear based on the along-wave (here: ) current component,
is easily seen by inserting U,(z) = Sz cos@ = 20z which gives d(k) = djin. (k)

with
Oiin. (k) = 20\/7/ dze? k = FSyin. cosé. (21)

For ease of comparison to the linear-shear case above, it is also instructive
for us to define the shear-induced Doppler shift for a wave propagating at an
angle 6:

o5(k) = wo(k)d(k) = k/ dz Ul (z)e?*** (22)

a generalisation of o for the linear current in Eq. (16). We defined wy = /gk.

2.4.1 Weak shear

A sufficient criterion for the approximate theory of Stewart & Joy [14] and its
generalisations [21, 22] to be accurate is §(k) < 1 for all k¥ which contribute
significantly (we follow the convention of [23] that < and >> refer to the
absolute values of the quantities compared). The results in references [14, 22]
were derived assuming weak current, U < ¢, yet it is shown in ref. [20] that
the true condition of validity is that the shear is weak. (This was suspected by
Kirby & Chen [22] and in fact obliquely discussed already by Skop [21]). After
a partial integration of the original form of the much-used approximation due
to Stewart & Joy [14], it can be written

w(k) = /gk — 05(k) = wo(k)[1 — 6(k)]- (23)

We mention in passing that although (20) performs excellently for most typical
ocean and coastal currents concentrated in the near-surface region (e.g. [20,
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Wave focusing on a shear current 9

24]), such as the exponential current profile, it does not perform particularly
well for the linear shear case even when shear is moderate [24]; for currents
which are close to linear, the strong-shear approximation in the next section
should be used.

Further formulae in the weak-shear approximation will be quoted or derived
later, as they are needed. Explicit expressions for the exponential current in
the context of surface motion are found in section 3.2.1, and weak-shear theory
for the kinematics and orbital velocities may be found in Section 4.2.

2.4.2 Strong shear, weak curvature

A similar theory allowing U(z) to have arbitrarily strong shear, but weak
curvature, was developed by Ellingsen & Li [20]; the explicit limitation on
curvature may be found therein. Now (k) can be arbitrarily large compared
to unity. The approximate dispersion relation derived in [20] (equation 18) is

w(k) ~ wo(k)(V1+ 0% — §) = 1/ gk + 02 — 0. (24)

Ellingsen & Li finds no practical situations where (24) performs significantly
worse than (23), and it fares far better when § is not small compared to unity.
Notice that when the linear current (13) is inserted, one finds os(k) = o
as defined in (16) and the dispersion relation (14) is regained exactly. The
formalism thus bears a close similarity to that with constant shear, in section
2.3.1. Moreover, 6 < 1 returns the weak-shear dispersion relation (23) to
leading order.

The close resemblance in form to the constant shear case makes it natural
to define a generalised function analogous to Eq. (15),

w5(k) =k +o5(k)?/g. (25)

whereby (24) can be written w(k) =~ ws(k) = \/gsxs(k) — os(k).

3 Surface motion

In this section we derive and analyse a number of potentially useful results for
the moving free surface of a focusing wave groups, including explicit approx-
imate expressions for general and special cases. We assume throughout in
Section 3 that the surface elevation at focus, ((z,0), is symmetric in z for
simplicity.

For purposes of analytical treatment, there are two challenges to contend
with when a vertical shear current is present: the dispersion relation is not
in general given in closed form, and the waves are described by Fourier inte-
grals with no closed-form solutions. We consider in the following a number of
special cases and/or simplifying assumptions which allow useful, closed-form
expressions to be derived.
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10 Wave focusing on a shear current

3.1 General dispersion considerations

We briefly argue why the dispersion relation predicts that vertical shear of
U(z) has little effect on the group envelope, but can greatly affect the phase
velocity and hence the wave kinematics. We focus now on the simplest case of
a linear shear current (13) which is sufficient to illustrate the overall effect of
shear.

If now o is not small compared to vk, the phase velocity in equation (14)
depends strongly on 6; for cosf > 0 (opposing shear) the two terms in (14)
tend to cancel each other while for cos§ < 0 (following shear) they add to each
other, giving a phase velocity which can be far higher. In contrast, the group
velocity is identical under § — —6 since ¢y, depends on |cos 6| only.

Bearing in mind that the envelope of a focusing group of waves is governed
by the group velocity and its k derivative, the evolution of the group as a whole
is largely independent of whether propagation is upstream or downstream.
The kinematics of the wave patterns within the focusing group, however, are
related to the phase velocity which can be very different depending on the
direction #. To wit, the ratio between phase velocity for opposite directions
0 =0and 0 =7 is

7)Y L+FSE, +FSin . o\
= = 1+ FS;,, + FSin. (26)
c0=0) " /1 {FS2 _FSy '

which very significant indeed when FSy;,. ~ O(1). In section 4 we study the

closely related amplification of horizontal velocities at focus depending on 6.
The situation becomes particularly pointed for strong shear, o > 1, in

which case the phase and group velocities in equations (14) and (17) are

o

—
BN
I

co (k) :%(|a| —o—)+%+... (27a)
cgo (k) :ﬁ ¥ (27b)

For cosf > 0 the group and phase velocities become asymptotically equal and
the wave becomes nondispersive, whereas for cos < 0 phase velocity can be
many times greater than group velocity.

The effect is illustrated in Fig. 2 where we plot n(z,t) at a series of equidis-
tant times as the wave group focuses and defocuses. A short Gaussian packet
with carrier wave number kg and length L is chosen for improved illustration,
as defined and discussed in section 3.4. We plot time in units of Tref = \/L/g.
The surface elevation ((z,t) was evaluated numerically from Eq. (12). The
shear S is constant and made strong for clarity of illustration, FSy,. cos @ takes
the values —%,O and % at k = kg. When 6 = 0 focusing is characterised by
a wave group which slowly varying phase as the group passes through focus.
When 6 = 7 on the other hand, crests and troughs move so rapidly that they
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Fig. 2 [Illustration of the different kinematic behaviour for waves focusing into a short
group, koL = 3 with a Gaussian envelope of standard deviation L in deep water for opposing,
zero and following linear shear. (a,b,c): ¢(z,t)/a for £ from —30 to 30 in steps of 0.25 with
graphs growing progressively lighter in colour for increasing |t|, and the ¢t = 0 (focused)
wave group drawn as thicker white lines. The dashed lines are plots of the maximum group
height, +=L(L* + Bgtg(x)z)_1/4, using Egs. (56), (54) and tg(z) = x/cq(ko). (d,e,f): same,
with ¢ as shades from darkest to lightest ((/a = —1 and {/a = 1, respectively), varying in
space and time.

appear almost chaotic at this time resolution. (An illustration of the shallow
water case is given in A.3.)

Another case suitable for illustration is the wave which takes the form of
a Gaussian soliton at focus,

¢(z,0) = ae~* /27, Co(k) = V2raLe 3F L7 (28)
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12

soliton of nondimensional width 1 in deep water. The solid graphs show ((z,t)/a for t/Tyer
from —20 to 20 in steps of 0.5. Here Tyefo = 1,0 and —1 (top to bottom). The abcissa is

Fig. 3 Illustration of the different kinematic behaviour for waves focusing into a Gaussian
x/L, and ¢(z,0)/a is shown with thicker, red line.

324

the width of the Gaussian focused shape. The shape is considered by [25],

where an explicit solution is found in the shallow-water case without shear.

The surface elevation according to Eq. (12) is
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wave group focusing on following shear (cos§ = —1) and that on opposing

329

behave quite dif-

the former appearing as a single soliton rising

while sharing the same averaged envelope,

1),
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ferently in a kinematic
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)

sense
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whereas the latter draws a hec-

tic picture of crests and troughs rapidly replacing each other as the focus is

)

slowly to its maximum and declines again
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Before considering particular cases we derive a general expression for the sta-

2
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Wave focusing on a shear current 13

where

&=/t (30)
and we assume ¢ is moderately large, in the order of ¢,(k), then take the
asymptotic solution as [t| = oo [23].

Equation (12) is rapidly oscillating and dominated by its stationary points
when [t| — oo. We presume for simplicity that only one such exists, which is the
case for for gravity waves except very special and extreme cases; should several
stationary points exist, the procedure is simply repeated for each one. Equation
(12) has its stationary point at k = ks, which solves ¥ (ksp) = 0 where a prime
here denotes differentiation w.r.t. k. This implies ¢4(ksp) = & with ¢ (ksp) being
the stationary-point group velocity. In general the stationary point must be
found numerically, for example with the Direct Integration Method [26] which
we will employ later.

Now let a subscript ‘sp’ indicate the quantity is evaluated at k = k¢,. To
connect with formalism in following sections (equation (54) in particular), we
define
d?w

dw
; Byp(§) = T2

sp — @
Clearly, Asp = wi, = cg(ksp) = &, and ¥, = —wlt = — B, (§)t (note that B,

is a function of & because kg, is). With the stationary phase approximation
(e.g., §6.5 of [23])

A (31)

k=Fkep k=kp

¢(z,t) =Re {1 / i Co(k)e™ (@t k) }

™ Jo

2 F . s
e { ) exp (v + F88(0)] } O(€ 2 cqumin), (32)

where ‘Sg’ denotes the sign function, © is the unit step function, and cg min is
the smallest value ¢,(k) can take. In particular, solutions only exist for & > 0
(bear in mind the assumption /¢, ~ 1).

In all cases in the following, Sg[¢,] = Sg(x) = Sg(t) when a stationary
point exists, which we therefore assume henceforth.

3.2.1 Stationary phase approximation, exponential shear

Consider next the case of an exponential current, equation (19). The weak-
shear approximation is sure to be accurate in any direction 6 if §(k) < 1
where, from equation (20), §(k) = (k) with w

Uxo «
co(k) a+ 2k’

da (k) = (33)

We might equally refer to é, as the Froude-shear number for the exponential
case (notation FSexpcosf = &4, although we will use d, in the following).
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14 Wave focusing on a shear current

fig/stationaryphasekO1l.pdf

Fig. 4 Wave surface elevation on an exponential shear current (19) with Uy/v/gL = 0.2,
alL = 2.5 and 6 = 0. The red dashed line is the stationary phase approximation (32) with
the weak exponential shear approximation using equations (35b), (36) and (37). The black
solid line is the numerical solution using the Direct Integration Method [26]. The initial wave
surface is a Gaussian group ¢(z,0) = aexp(—1x?/L?) cos(kox) with koL = 1The focusing
occurs at t = 0.

For a particular propagation direction € it is sufficient that §(k) < 1 for all
significant values of k. The maximum absolute value of d,, is at k = «/2 where

5a,max = |Ux0| V a/8g' (34)

Note that the global maximum of é, does not depend on the lengthscale L,
i.e., dmax < 1 guarantees the accuracy of weak-shear theory independently of
the size and shape of the wave group at focus, as should be expected. However,
note that this is a sufficient, not a necessary condition: if a is much greater
or smaller than unity, d, could remain far smaller than its maximal value for
all k£ which contribute significantly.

We note in passing the correnspondence with the assumption in Stewart
& Joy’s theory of weak current compared to the phase velocity; at k = a/2
the condition dmayx < 1 can be written U,o/2c¢ < 1 since the phase velocity
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is approximately 1/2¢g/c. This is a (reference system invariant) weak current
assumption: the maximum difference in U,o(z) over the water column is much
smaller than twice the phase velocity.

The weak-shear approximation, eq. (23), yields

-~ Uzoak .
(k) /g — 20 (35a)
e 1 g Uw0a2 .
Asp _5 - 5 ksp (kap ¥ OL)27 (35b)
2 2(qn —
B 1 g 4U o0 _ £ Ugoo?(a GkSp). (35¢)

sp = T 4ksp ksp (kap + OZ)S 2ksp B ZkSP(QkSp + a)3

We wish to solve (35b) with respect to kgp,. The assumption behind the weak-
shear approximation is that § < 1 as defined in Eq. (20). In this spirit we
write aUgr — yaUp with v a “smallness” parameter for bookkeeping we will
eventually take to 1. We expand ks, = kég) + ’ykéll)) and solve (35b) in orders
of v and insert into (35¢) to obtain

g 2gU00%¢ 2.
kep “18 (gt 20007 +O0(v%); (36)

2 3 8Uz 2¢6 -6 2
Buplt) = - % - B0 ) o). (37)

The frequency in the weak-shear stationary phase approximation is found by
inserting (36) into (35a) and retaining terms to O(y),

g Uxgalg+ 60?) 5
Wsp = i - 2(9 + 20[52)2 + O(Py )7 (38)

while the applicability of weak-shear theory is well indicated by the Froude-
shear number at the stationary point,

_ _Ua0 2

which has its maximum at £ = /g/2a where the result (34) is regained.

We test the stationary phase surface elevation solution in figure 4. The
red line indicates the arbitrary-accuracy numerical solution using the method
of reference [26], whereas the black is the weak-shear stationary phase solu-
tion, found by inserting (38) and (37) into equation (32). We observe a very
slight phase shift over time because the frequency ws, is only approximate,
whereas the ‘exact’ and approximate envelope of the group are virtually
indistinguishable.
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16 Wave focusing on a shear current

3.2.2 Stationary phase approximation for linear shear

In the special case of linear shear, an explicit formula is readily derived. Rather
than use Eq. (32) we substitute @ = 4/gk + 02 into the dispersion relation
(14), w = w, = @ — 0, from which it follows that k(w) = (w? —0?)/g; dk =
(2w/g)dw, and according to equation (12) ((x,t) is,

¢(z,t) :2Re/ %éo(k)eikx—i%t
0 2T

2
=—Re
g

e*i‘ngH"t/ dwwg‘o(k‘(w»emwwg%m . (40)
|

ol
Formally we write the exponent as it¢(w) with ¢(w) = w?x/gt — w, and

consider the asymptote ¢ — oo while assuming z/t ~ O(1). The stationary
phase w = wyp, is

qS'(wsP) = <2gstp - 1)‘ =0, (41)

or, in other words, wy, = gt/2x. (Introduction of the symbol & = z/t is not
equally handy as in the previous section, and we retain = and ¢ here.) With
the stationary phase approximation the integral is (e.g., §6.5 of [23])

/00 dw wéo(k(w))eixWQ/g_im ~ 79 Kolksp) expi {_th + 7TSg(%)} O(ksp)
\

ol lx] 2z dr 4
(42)
with ) )
ow — 0 t2 0.2
ksp:spi:%—*- (43)
g 4z g

There is no stationary point unless ¢/2z > |o|, hence the unit step function ©.
Thus, taking the real part, the stationary phase approximation to ¢(z,t) is

g o’z gt2

C(w,t) ~ méRe {50(ksp) expi [g ~ & vt ng;(x)} } Oksy)-
(44)

The approximation is only nonzero when x and t are either both negative or
both positive, as is reasonable since we have assumed propagation towards
positive z. In the symmetrical case where ((z,0) = ((—=,0), 50(/6) is real and
the exponential becomes a cosine.

3.3 Waves focusing to d-function singularity

Assuming the wave form at focus is a Dirac d function is the most extreme
form of focusing. As is conventional, we overlook the obvious fact that linear
theory cannot describe such a wave packet close to its maximum, and regard
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the solution some time before and after focusing. The case is particular in the
sense that the wave shape at focus has no intrinsic length scale. We write the
elevation at focus with the delta function in the limit form [e.g., 27, §7.2]

_ — lim & K
C(gj’()) - aé(zz:/L) - l}l}%& T xQ/LQ + M2

(45)
where L is some arbitrary, finite lengthscale for dimensional reasons (in later
sections it will play the role of characteristic width of the wave packet at focus).
Its obtains physical meaning is only when this singular model flow is compared
to whatever real flow it models. The Fourier transform is

Co(k) = aL Jim, e~ HLIKI, (46)
Using (12) we have
¢(x,t) =2aL Mli}rél+ ; d—f_ cos[kx — w(k)t]e HE*, (47)

The role of p is to render the integral well defined.
For an integral with rapidly oscillating integrand of form

/ dqf(q)eX*@ (48)

with ¢(q) ~ O(1), the stationary phase approximation is accurate for X > 1
assuming f(q) is significant for ¢ ~ O(1). Substituting ¢ = pk into (47),
we observe that X = xz/u, which is very large for any nonzero x. Thus the
stationary phase approximation should be sufficiently accurate everywhere, for
practical purposes.

From equation (44) the stationary phase approximation for linear shear is

g t o’z gt? ™ gt?
=al,/——— —+=— —0gt—— — - .4
((x,t) =a o] 7 cos { p i ot 4Sg(x)} C] (233 lo|t (49)

Corresponding expressions for {(x,t) on other shear currents, including the
special case of an exponential currents, are obtained by inserting Esp = al into
the results in sections 3.2.

The surface elevation for a linear wave focusing towards a é-function sin-
gularity is shown in Fig. 5. Lines show a direct calculation of integral (47)
with the integration path rotated slightly into the complex k plane (closed
with a non-contributing arc at infinity), ensuring exponential convergence. Let
6 = 0Tt and t = t/T,t with reference time Tyt = +/L/g. Three differ-
ent shear strengths are shown: 6 = —0.5,0 and 0.5 with reference time The
circular markers are the values obtained using equation (49); these are indis-
tinguishable from the exact integral in all cases. As discussed in connection
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18 Wave focusing on a shear current

fig/deltapack_sigma_pm0O.5.pdf

Fig. 5 Surface elevation (/a (z in units of L, ¢ in units of Tyef = \/L/g) for a wave group
focusing to a d-function singularity on a linear shear current. a) t = —25Tyef, b) t = —5 Tyes.
Three different shear strengths: Tyero = —0.5 (blue, solid), Ti.fo = 0.5 (black, dashed), and
Treto = 0 (red, dotted); circular markers show the stationary phase approximation (49).

with equation (44), the cases & = —0.5 and 0.5 are nearly indistinguishable at
t = —25, but differences manifest at the later time £ = —5.

In stark contrast, the behaviour of the wave phase for case ¢ = 0 is always
quite distinct from the others, as should be obvious from inspection of the
argument of the cosine in Eq. (49), where the term o2z /g is highly significant
when t/z ~ o/g. This observation has consequences for creating a focusing
wave in a laboratory with a shear current.

An approximate solution in the shallow-water limit, which generalises
results in Refs. [25, 28], is found in appendix A.2.
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3.4 Long wave group with Gaussian envelope

We next consider a group with Gaussian envelope of characteristic length L
and carrier wave number kg > 0, i.e.,

¢(z,0) = ae~%" /2L cos(kox). (50)

We allow the shear current U(z) in equation (1) to be arbitrary and assume
w(k) and its first and second derivatives are known. Note that koL now acts as
a bandwidth parameter: The higher koL, the narrower the bandwidth: koL is
approximately the number of wavelengths of the carrier wave within the group.
We will assume in derivations that the group is long (i.e., narrowband), koL >
1, yet we will see in the following that narrowband (long-group) approximations
are excellent for many practical purposes already at kgL = 3 - 5 which would
not in most cases be considered a ‘long’ group.

Taking the Fourier transform of the Gaussian group we obtain with
equation (11)

alL [
vV 2 0

When koL > 1, only the first term in the brackets makes a significant con-
tribution, so, ignoring a term of order exp(—%k3L?), we may simplify (51)
to

C(a,t) = dk [e*%@*ko)zf + e 2Rk’ L? | coglker — w(k)e].  (51)

L o0 1 272
(@, t) ~ — dk e~ 3=k’ L% coglly — w(k)E). (52)

" Ver Jo
This simplification becomes suspect for kgL < 3, depending on the required
level of accuracy.

This is the Gaussian group in the sense of [15], prescribing the spatial shape
of the wave at focus, slightly different from the definition used in, e.g., [29, 30]
where the time series of the wave elevation is specified in the time domain.

The integral (52) gets its significant contributions from near k = ko. The
longer the group, i.e., the more periods of the carrier wave it contains, the more
focused the integral is around this value. We thus assume the group width L
is much larger than a wavelength, i.e., koL > 1. Following [15] we expand the
dispersion relation in a Taylor series around k = ko,

w(k) = w(ko) + Ao(k — ko) + 5 Bo(k — ko)* + ... (53)
where )
dw dw
Ao = — i Bo= —5 (54)
dk k=ko dk? k=ko

are found from the dispersion relation, either analytically or numerically using,
e.g., the Direct Integration Method [26].

Since koL is large the resulting integral is of Laplace type and is approx-
imated as such (see, e.g., § 6.4 of [23]) whereby ( tends asymptotically to
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20 Wave focusing on a shear current

((x,t) L Red eikor—iw(ko)t /Oo dg e~ (L2 +iBot)g +igla—Aot) (55a)
a V2T —0o

B L ) ) (v — Agt)?
= Re{\/m exp {zkox —iw(ko)t — M] } (55b)

with ¢ = k — kg. Taking the real part readily yields

EX) L+ \* L2(x — Agt)?
~ exp | —————5
a i Bx2) P |72t + B2
1 Bot (ZC - Aot)QBot
X COS |:l€0$ — W(ko)t — 5 arctan(ﬁ> W . (56)
This is the very general result of Ref. [15]. The effect of currents (and other
factors affecting the dispersion, such as finite depth) is only to modify the
expressions for Ay and By through the more general dispersion relation. For
gravity waves, Ag is typically positive and By negative. In the cases we con-
sider, the approximation (56) is reasonable already at koL ~ 3, adequate for
many purposes.

3.4.1 Linear shear

Turning to our special case of constant shear and deep water, Ay and By are
easily found from Eq. (14) and may be instructively written in terms of a
shear-modified wave number (see eq. (15))

%0=k0+02/g (57)

as

Aojin. = 3¢0(0);  Bojin. = —3¢0(50) />0 (58)
with ¢o(k) = v/g/k as usual. Insertion into (56) gives the approximation of
((z,t) for along Gaussian focusing group. Expressions for general water depth
are derived in A.3.

Figure 6 compares the approximation (56) to the exact linear solution (52)
for Gaussian groups of two different lengths and strong following and opposing
shear, ¢ = —0.5 and 6 = 0.5 for the left and right group on each horizontal line,
respectively. In Fig. 6b a moderately long packet (koL = 10) is considered, and
the approximation (56) is excellent in all cases, out to having propagated 50
times the initial group width. Surprisingly, Fig. 6a shows how even for a short
package koL = 3 performs reasonably well especially in the central region of
the group. In accordance with our discussion in Section 3.1, the development
of the envelopes in time is indistinguishable for the two opposite, strong shear
currents, making still images of surface elevations such as these qualitatively
indistinguishable.
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fig/GaussGroupComparison_dx_combo_editedbyZ-eps-converted-to.pdf

Fig. 6 Comparison of exact and approximate linear solution for a defocusing Gaussian
wave group on linear currents with 6 = —0.5 and & = 0.5 for the packets to the left and right
on each horizontal line, respectively, as a function of x measured in number of “widths” L
of the Gaussian envelope at focus. The first time (bottommost line of graphs) is at focus,
whereupon defocusing is illustrated with time increasing from bottom to top in each panel
by intervals AT = 10L/cy with c4(ko) = Ag,iin. from Eq. (58) (i.e., the group travels 10
times the ‘envelope width’ between subsequent times). Thin black line: full linear solution
(52), thick red graph: approximation (56). a) Short group, koL = 3, focusing at x = 0 and
x = 60L. b) Long group, koL = 10 focusing at = 0 and = = 30L, respectively.

3.4.2 Arbitrary current with weak shear

The first two derivatives of os(k) from equation (22) are

0

os(k) = / dz (1 4 2k2)UL(2)e?*; (59a)
0

oy (k) =4/ dz z(1 + k2)UL(2)e***, (59Db)
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22 Wave focusing on a shear current

from which we obtain, by insertion into Eq. (54), the coefficients Ay and By
for use in equation (56)

Ags = 3co(ko) — o50(ko);  Bos = —jco(ko)/ko — oo (ko). (60)

Comparison with Eq. (58) shows that the first term on the right-hand sides of
Eq. (60) are the no-shear expressions, and the remaining terms are corrections
due to the weakly sheared current.

The quantities 05,05 and 0§ can be written in closed form for a number of
different profiles U,(z) including the linear current (a special case where the
weak-shear theory does not perform particularly well [24]) and the exponential
which we consider next.

Note in passing that with a partial integration of (22) we may write

0

7s() =3UL0) = 5 [ dsUz(ape (61a)
0 —0o0

os(k) =— / dz 2U (2)e?**, (61Db)
0

of (k) =— 2/ dz 22U (2)e?**, (61c)

in other words, o5 represents the first-order correction to the wave-averaged
shear compared to the surface shear because U,(z) has nonzero curvature.
This is an indication why the weak—curvature theory in section 2.4.2 becomes
exact for the linear current which has U”(z) = 0, and also why the linear
current is a special case where weak—shear theory does not perform very well:
the shear correction to Ag and By for linear shear in equation (58) (which
is exact for the linear—current case) is symmetrical under ¢ — —o, but (60)
does not have this symmetry under o5 — —os. Another way of putting it is
that when shear-current corrections in the surface-following system may be
treated perturbatively, the first-order correction to the phase velocity is due
to mean shear, but for the group velocity it is due to mean curvature. When
the curvature vanishes, however, the leading group-velocity correction becomes
second order in the average shear. For further discussions, see [20].

3.4.3 Exponential shear. Weak-shear approximation vs
numerical solution

As a particular example consider the exponential current (19). We will see
that a number of useful approximate expressions can be found assuming weak
shear and exponential current. Note that even the Columbia River delta shear
current, considered to be a very strongly sheared current in this context [31],
the weak-shear approximation is sufficient for most practical purposes as we
detail in section 3.4.4.
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We find A() = AOa and BO = BOa with

Uvm()Oé2 . BO _ _Co(ko) 4U$0012

Aoa = 3¢0(ko) = 755 '
0 200( 0) (2k0+0¢)27 4k0 (2k0+04)3

(62)

In figure 7 the approximate solution (56) with coefficients (62) inserted is
compared with the ‘exact’ numerical solution of the linear-wave initial value
problem. It is striking that although the derivation assumes koL > 1, the
approximation is reasonable already for koL = 3. Moreover, the shear is here
not extremely weak; from equation (33) we find that for maximally opposing
shear (0 = 0), d(ko) = 0.10 and 0(ko) = 0.07 for koL = 3 and 10, respectively,
the former of which is slightly higher than that for the Columbia River scenario
we consider in sections 3.4.4 and 4.5.1. This demonstrates the wide applicabil-
ity of the simple closed-form approximation, equations (56) and (62). A slight
phase shift with propagation is observed in both cases in figure 7 due to the
approximate dispersion relation, from equations (23) and (33). In both cases
in figure 7 the envelope is excellently approximated; we quantify this in figure
8 where the decaying height of the defocusing wave group is plotted. Even for
ko = 2 the agreement is reasonable although this can in no way be called a
‘narrowband’ wavegroup.

3.4.4 Measured current profiles: The Columbia River estuary

The flow conditions in the estuary of the Columbia River have been much
studied for a long time (e.g., [32-34]) due to its strong, and strongly sheared,
tidal current, severe wave climate and high shipping traffic. It is also a much
used case for studies of waves interacting with sheared currents in various
contexts (examples include [24, 26, 35-37]).

In their study of the Columbia River delta, Zippel & Thomson [38] (ZT)
measured simultaneous wave spectra and shear current profiles in the delta of
the Columbia River. An even more strongly sheared current is found among
the measurements of Kilcher & Nash (KN) from the same area [39] (another
set of measurements is described and used in refs [33, 35, 37]). Their respective
current profiles are shown in figure 9. In section 4.5.1 we also make use of the
measured wave spectrum in reference [38], while here we shall use a model
wave group which at focus is slightly more narrowband than the one measured;
this would represent the situation where only the part of the spectrum near
the peak is involved in the focusing, the remainder forming a small-amplitude
random-phase background which we presently ignore.

The velocity profiles shown were shifted to the reference frame following the
mean (Eulerian) surface velocity and fitted to an exponential profile U(z) =
Uplexp(az) — 1] (see figure 9c) which gives Uy = 1.6m/s, a = 0.26m~* for
current ZT and Uy = 1.4m/s, a = 0.39m~* for current KN.

To study an example of a focusing group we choose reasonable values for
a dispersively focusing wave group in this location — see also section 4.5.1:
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fig/stationaryphasek3.pdf

fig/stationaryphasek10.pdf
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fig/err_combo.pdf

Fig. 8 The decay of envelope amplitude for increasing wave group length koL (decreas-
ing spectral bandwidth) on the same exponential shear current as in figure 7. Each point is
calculated as the maximum modulus of the Hilbert transform of the analytic surface eleva-
tion. Red solid lines: narrow-band weak-shear approximation. Black dash-dot lines: ‘exact’
numerical solution.

ko = 0.15rad/m, L = 20 m, which gives kgL = 3.0. We choose for our example
the average of the two values for Uy and «, respectively.

It is worth pointing out at this stage that these parameters give a shear
Froude number of §p, = 0.11 (KN) and 0.080 (ZT), respectively, when inserted
into equation (33) (dpn = 0.090 with the chosen model parameters); in other
words, even though the Columbia River current is frequently used as an exam-
ple of a very strongly sheared current where the effect of shear on the waves
is highly significant, we can safely employ weak-shear theory with errors no
greater than a few percent, less than those from typical measurement uncer-
tainty from field measurements. Moreover, although kgL = 3 is not what one
would refer to as a narrowband wave group, we see from Fig. 7 that narrow-
band weak-shear theory gives a more than adequate approximation of the
surface. Thus we may confidently approximate ((z,t) with the approximate
formula (56) with coefficients (62) inserted.

With the mentioned approximation we plot a focusing and defocusing wave
group representative of the Columbia River flow conditions, in figure 10. Albeit
less extreme than for the model linear current, the trend is once again clear: in
the case of opposing shear (the focusing group propagates ‘downstream’ in the
river, in an earth-fixed system) the crests and troughs focus and defocus more
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fig/CRfigCurr.pdf

Fig. 9 Shear current profiles of the Columbia River delta current. Measured data by Zippel
& Thomson (blue dots) and Kilcher & Nash (red crosses), the lines are exponential functions
of form (19) fitted to the data.

gently than for the case of following shear (‘upstream’) where individual crests
and troughs within the group move faster and live shorter. The corresponding
increase in orbital velocities in the latter case is considered and quantified in
section 4.5.1. Once again we notice that the group envelope, represented by
the change in maximum group height with time, varies modestly.

3.4.5 Arbitrary current with strong shear

Insering dispersion relation (24) into formula (54) now gives the coefficients
Ap and By for strong shear in the strong shear, weak curvature approximation
(SSWCA) of Ellingsen & Li [20],

Ao pL =3¢0(%50) (1 + 2050050/9) — 059 (63a)
(9 +2050050)° | 05 + 95005, "

By gL =— ~ 0509 63b

4w (s250)3 wo(5450) %0 (68b)

where we use the shorthand 50 = s¢5(ko) and wo(2250) = /970 = #s50c0(s0);
5 was defined in equation (25). If the Froude-shear number § is small we
obtain (60) to leading order, while assuming linear shear (»¢5(k) — s, and
o5 = o = 0) yields expressions (58). The SSWCA should replace the weak-
shear approximation when the shear as seen by the significant waves as
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fig/GaussPack_fineres_combo_CR-exp.jpg

Fig. 10 Same illustration as in figure 2, but with an exponential current representative
of the Columbia River, shown in figure 9; see main text for further details. The exponential
profile (19) is used with koL = 3, oL = 6.5 and Uy = 0.107 Uyt with 8§ = 0,7/2 and 7 (top
to bottom). The nondimensional time # runs from from —50 to 50 in steps of 0.4. The dashed
lines are plots of the maximum height, +L(L* + B(Z)atg(x)2)—1/4 with tg4(z) = z/Aoa.

extremely strong (by oceanographic standards), i.e., when ¢ is not small com-
pared to 1, and/or the current shear appears close to constant with depth.
For the exponential current representative of the Columbia River, figure 9,
using expressions (63) instead of (62) gives practically identical results. Deriv-
ing explicit formulae for Ag g1, and Ap g1, with the exponential current (19) is
straightforward, but the resulting expressions are sufficiently bulky that we do
not quote them here. Several realistic situations where the weak-shear theory
is insufficient are mentioned and discussed in reference [20], although these are
not currents which occur in ocean or coastal waters.
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4 Wave kinematics and orbital velocities

We proceed now to considering the shear-affected wave orbital motion. We
consider three cases, a weakly sheared current in the approximation of [14] (see
sections 2.4.1 and 3.4.2), and two cases where an exact solution to the linear
problem exists: a current with constant shear and with exponential shear.

Taking a step back to the more general formalism of section 2, we set
k = {k;,0} (k, once again takes either sign) and write the orbital velocities
of a linear plane wave as

U(I7Z,t)  dk ﬂ(Z,t, k) .
v(z,z,t) | = Re/ o o(z,t; k) | e +cec. (64)
w(x, z,t) 0 T (2t k)

where as before we used that if some function ¢(x) is real, its Fourier transform
satisfies ¢(—k;) = ¢* (k) to only retain positive values of k. Solving the 3-
dimensional, linearised Euler equation in Fourier form produces the well-known
Rayleigh equation (e.g. [16, 40])

k- U"(2)

2 12
Ot Tk Ul

w(z,t; k) =0 (65)
(note that k& = |k| = |k;| here). Once w is found, the horizontal velocity
components u; = {4, 0} are obtained using the general relation [26]
F(w-k-Ua, =ik -Ud+ (w—k-U)d'k — ik*U'w, (66)
where the arguments of 4 (z,t; k), w(z,t; k), U(z) and w(k) are understood,

and a prime denotes derivative with respect to z. Note in particular that when
k = {k, 0}, one finds

@ =i [k; (67a)
—iU! (2

The eigenvalues of w(k) are real provided the denominator in (65) is not zero
[41], i.e., no critical layer exists. We shall assume this to be the case, physically
implying that no critical layers occur.

Equation (67b) shows how the orbital velocities are modified by the shear
current also for § = /2 (i.e., k- U = kU, = 0), even though the surface
elevation is equal to that without current in that case (equation (3) shows
that ¢ is affected by the current only via the dispersion relation w(k), in turn
obtained as eigenvalues of the Rayleigh equation (65) which depends only on
k-U.)

We now define

W(z,t; k) = w(0,t; k)e* f(z; k) (68)
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with f(0; k) = 1. The function f differs from 1 when U,(z) has curvature (i.e.,
nonzero second derivative) [20] — see e.g., equation (82) below. Thus, from
equation (67a),

Uz, t; k) = i0(0,t; k)™ [f (25 k) + f'(z; K)/K]. (69)
The kinematic boundary condition gives
@(0,; k) = —iw(k)Go(k)e " (70)

where we used (7), whereby we obtain the general expressions
Tdk oz bz it (a,t; k)
w(zx, z,t) =2Im Tw(k)co(k)f(z; k)eZetvi®t B (71a)
0 7T
(e ) =2Re [ SRR (1 )+ (i B)/HE O (1)
0 i
< dk wk)Uy(2) -

v(z,z,t) = — 2Re/o ﬂmgo(k)f(% k)ekzetv ()t (7le)

We define the surface velocity amplification as the ratio of the horizontal
orbital velocity at the (linearised) surface at the point of focus, u(0,0,0), with
vs without shear;

Re [, dkw(k)Co(k)[1 + f/(0; k)/F]
Re [ dkwo(k){o(k)

ampg = (72)

with wo(k) = /gk as usual, and noting that f(z; k) — 1 without shear.

In the presence of following shear where U/ (z) is primarily positive, the
maximum of the horizontal velocity at focus u(0, z,0) can lie below the surface.
In this case we define a maximum amplification

B u(0, z,0)
aMPrax = Max {W} ) (73)

where ug is the horizontal velocity of the no-current case.

4.1 Long Gaussian group (narrow-band)

Assume now as in section 3.4 the initial shape QO )/aL = \/7w/2exp|—3 k -
ko)?L?] with koL > 1. We may restrict ourselves to the upper range of the
water column |z| < koL?, which is no significant limitation since velocities,
which decay exponentially as exp(koz), are negligible when |z| ~ koL? > L.
The Laplace integral approximation becomes identical as in in section 3.4 with
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expansion around k = kg, giving the orbital velocities as the real part of

N ac(ko)L . . (.’1? - Aot)Q d . koz7 .
U~ \/mexp [zkom iw(ko)t 312+ Bt | dz [f(z7 ko)e ] :

(74a)

ac(ko)koL . . (x — Apt)? | U, (2) f(z; kq)eko?
~ ——————exp |thor — iw(ko)t — - ;
vV L2 + ZB()t 2(L2 + ZBot) UJ(]C()) - koUI(Z)

(74b)
. —iac(ko)koL | 165 koyet, ()

T VIZ ¥ iBot

with Ag, By as in equation (54). We leave it to the reader write out the real
part along the lines of equation (56) if desired. Correction terms of order
(x — Aot)/koL enter far from the centre of the group at x = Agt.

In the narrowband case it is opportune to also define a surface-shear number

(IL‘ — Aot)2

oz — dw(ko)t — —o 20U
xp {’ 0z — iw(ko) 2(L% + iBot)

U,(0)
Tyg=—=L 75
0= Zolko) (75)
as well as a current strength number
(" = max[U;| — min[U,] (76)

co(ko)

Here wo (ko) = koco(ko) = v/gko as usual, and the functions max and min find
extrema with respect to z.
In particular, for linear shear (13)

20
vV gko

(o was defined in equation (16)) whereas ly is not defined in deep water. For
the exponential current profile in the Stewart & Joy weak-shear approximation,
see section 4.2.1.

Yo,lin. = = 2FSiin. cos 0 = 20y,

4.2 Wave kinematics with arbitrary, weakly sheared
current

In this section we derive expressions for the orbital velocities under a focusing
wave group on an arbitrary, weakly sheared current. Special cases of the final
expressions, equations (83), will be simplified further in the following.
Consider a focusing wave group on a current U(z) = {U,, U, }(#) which is
well described by the approximate theory first put forward by Stewart & Joy
[14, 42] as described in section 3.4.2. This is typically a very good approxi-
mation even in strongly sheared oceanic flows (e.g. [20, 24, 26]). The orbital
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velocities of a linear plane wave of wave number k of either sign in the xz-
plane for such a situation have been found using assumptions of weak current
[14, 42], although as discussed in section 2.4.1 these approximations are in
fact valid for weakly sheared current, usefully measured via the small-shear
parameter (or Froude number) d(k) (see Eq. (20)).

The vertical orbital velocity to O(4) is [20, 42]

W(z,t; k) =wo(0,t; k)eF*[1 — A(z; k)]; (77)

plus terms of O(§2), wy is the vertical velocity without current (which can be
related to (p via equation (70)), and

A(z; k) = e / dz U (3)e?*GE—2), (78)

Comparison with (20) reveals that

A(0; k) = d(k), (79)
hence A(z; k) is a generalisation of the small-shear Froude number (k) but
with contributions only from the wave-aligned current component U, (z) at
depths greater than |z|. (Note: A must not be confused with the quantity of

the same name in ref [20]). Clearly A ~ O(). The dependence of A and ¢ on
k will often be suppressed. We will need the derivative

A'(2) = =2kA(z) + UL(2)/co- (80)
The corresponding horizontal velocities, obtained via equation (67), are

(2,t; k) =iwg(0,¢; k)e" [1+ A(z; k) — UL(2)/wo, (81a)
(2,t; k) = — it (0, t; k)e* U (2) /wo (81b)

=3}

[SH

plus terms of order 62.
In the formalism of equation (68),

1—A(z; k)

1—o(k) (82)

f(z k) =

The function only occurs in equations (71) in the constellation w(k)f(z; k) =
wo(k)[1 — A(z; k)], using the weak-shear dispersion relation in equation (23).
We shall also require the derivative wf’(z) = 2kwoA(z; k) — kU.(2) so that
wf’(0) = 2wokd — kUL(0).
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For a group which at ¢t = 0 focuses to a shape ((z,0) the velocity fields are
found by insertion into (71):

u(zx, z,t) = 2Re /000 %wo(kz)&)(kz) [1 + A(z; k) — Ua(z) ek=tiv. (83a)

wo

v(z,z,t) = —2U, (2) Re /OO g—kgo(k)ekz+w; (83Db)
0 2w

w(x, z,t) = QIm/O %wo(k)&)(k)[l — A(z; k)bt (83¢)

plus corrections of order §2; here, ¥ = 1 (z,t; k).
The surface velocity amplification for an arbitrary U(z) satisfying d(k) < 1
for all significantly contributing k&, from equation (72), is now

n Jo dk Re{io(k)}[woci(k) — U, (0)]
J5° dkwoRe{Co(k)} ’

a'Inpw.s.,O =1 (84)

4.2.1 Gaussian wave group on exponential weak shear

Consider the same situation as in section 3.4.3: a Gaussian wave packet with
carrier wave number k considerably greater than L~ i.e., the group is fairly
narrowbanded. The current profile is exponential, (19) in the now familiar
weak-shear approximation. A subscript ‘«’ will refer to the exponential current
as before, and a subscript 0 means evaluation at k = kg. The velocity fields
are readily found from (83) by inserting {Uy, U, }(0) = a{Uso, Uyo}e®* and
A(z) = Ay (z) where

Ap(z) = 0% (85)
with 4 (k) from Eq. (33). We define the shorthand

a = a/k. (36)
and note that for the exponential current the definitions (75) and (76) yield

Uzo . aUyg

atloa
— T o = —
Co (ko) ’ 0 w()(k‘o)

= atloa; b0 = at2 (87)

We find from equations (74) and (85) — with (82) and noting that c(ko) =
wo (ko) (1—6a0)/ko in the Stewart & Joy approximation (23) — that the orbital
velocities are approximated by

awo (ko)L
b ’t %R B T - T
u@,21) e{ T2 + iBoal

U!(z)L
v(x, z,t) ~ —Re{ay(z)e%(x’z’t)}; (88b)

[1—(1+ a)da0e™?] e%(m’z’t)}; (88a)

VL% +iBoyut
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awo(ko)L N t)
w(x, z,t) 2 Im{ —————[1 — 040e*%] " 0\ "&Y 88c
(@.21) { 1~ dge™ (s5¢)
with the shorthand
(SC — Aoat)2

Uo(x,z,t) = koz + ikox — iw(ko)t — (89)

2(L% + iBoat)’

and Yo, from equation (87). Ag, and By, were given in equation (62). The
approximate expression (88a) is compared to the exact analytical expression
presented below in section 4.4.2 in figure 13.

The surface amplification is now easily found from equation (88a),

ampy = 1 — (1 + a) dao- (90)

Equation (88) demonstrates a striking observation mentioned above: when
shear is opposing, i.e., Yo > 0, the maximum value of u is not necessarily
at z = 0 but can be positioned below the surface. With the approximate
expression (88a), the criterion for the maximum to lie below the surface —
that v/(2) < 0 at z =0 — is readily found to be

(a4 1)%600 > 1 (91)
or alternatively
a+2 9
@S>~ 92
o a(a+1)2 ot (92)

with the current strength parameter iy, from equation (87). The last form
is the asymptotic expansion as a >> 1, which is good to better than 10% for
a 2 3.5. A sufficient criterion for (92) to hold valid asymptotically as a — oo
is thus simply that the maximum lies beneath the surface if

Note that the large-a limit is not in contradiction to the weak-shear approxi-
mation if Ly, < 1 since limg_yo0 dao = Hoa-

For U,o > 0 the maximum value of u is located where u/(z) = 0, provided
this occurs at a negative z, otherwise it is at z = 0. Differentiating (88a) we
find the maximum value at focus to be at level zmax o and give amplification
amp,,. o as follows,

1
Zmax,o = in {O, - In[(a 4+ 1)25(,(0}} ; (94)

2 —l/u . 2
AMPyax o = 11& [(a N 1) 6a0:| ’ lf (a + 1) 60‘0 ~ 1’ (95)
' 1 — (a+1)dq0, otherwise



756

757

758

759

760

Springer Nature 2021 BTEX template

34 Wave focusing on a shear current

fig/amplification_sae_v2-eps-converted-to.pdf

Fig. 11 Velocity amplification for an exponential current. Marker shapes indicate values
of o0 as quoted in the legend of panel (a), and graphs and markers are colour coded as the
legend in panel (b) shows; both legends are common to all panels; we defined coo = co(ko)-
The solid lines show the maximum amplification, while the dashed lines of the same colour
show the surface amplification (visible only when the two are different). The small black
dots show the weak-shear narrowband approximation of equation (95). The insets show the
shape of the wave group at focus.

with d,0 from equation (87). Asymptotes for a — oo are

2
— 71«%111(110&& ) + .. 110a > 0,
amp, .. o =

ax,x 1 (96)
' _uu0a+1+ﬂ0a+0(ai ) an <07

while
amp oo & 1 — Fatlog + ..., a— 0. (97)
Equation (95) is a main result of this paper. Although derived assuming a
narrowband wave package, it approximates the velocity amplification to within
a few percent already for relatively broadband (short) wave groups, koL = 2.



761

762

763

764

765

766

767

768

769

770

771

772

773

775

776

777

778

779

780

781

782

783

785

786

787

788

789

790

791

792

Springer Nature 2021 BTEX template

Wave focusing on a shear current 35

As the inset of figure 11 shows, this Gaussian group is so short as to hardly
be referred to as a “group” at all.

The close similarity between the four panels of figure 11 shows with clarity
that the amplification factor is essentially determined by two nondimensional
groups, the relative current strength iy, and the relative shear parameter
a. Moreover, it is striking how closely the simple formulae (95) approximate
the numerically calculated amplification for a wide range of parameters of
the Gaussian wave group on an exponential profile, even when the underlying
assumptions (koL > 1 and 040 < 1) are clearly violated.

4.3 Wave kinematics with arbitrary strongly sheared,
weakly curved current

When the current U, (2) is not weakly sheared, i.e., (k) ~ O(1), an approx-
imate solution for the vertical velocity is found by applying the method of
dominant balance to the Rayleigh equation (65) [20]

LY ) . 1 UY(E) E .
w(z,t; k) = wp(0,¢t; k) [ek — E/—oo dzm(ik smhk(z—z)] (98)

with ¢ approximated by equation (24). With (67a) it follows that

S b 1) — i (0 4 N N A O N 7
a(z,t; k) = iwp(0,t; k) [ek — E/_Oo dzmek cosh k(z —Z)}(gg)

When U, (z)/c < 1 these expressions can be reduced to equations (77) and
(81a), respectively, in the latter case noting that cosh & = —sinh & 4+ 2 exp(§).

When an exponential current (19) is inserted, the integral can be evaluated
in closed form and expressed in terms of a hypergeometric function. However,
the resulting expression is no simpler than the exact solution in this case with
no restrictions on shear or curvature, presented in 4.4.2. Due to the relative
complexity of the analytical expressions we will not pursue the weak-curvature
approximation further for the purposes of kinematics.

4.4 Exact linear solutions

Exact solutions to the Rayleigh equation (65) exist for nonzero w only in
special situations [16]. We consider two cases: U being a linear or exponentially
decaying function of z.

4.4.1 Current with linear shear

Consider linear shear, U(z) = {U,,U,} = Sz{cosf,sinf} and w = /5r — 0o,
x=k+o%/gand o = %S cos 6 as before. The linear-theory orbital velocities
for a wave with wave vector k = {k, 0} on such a current are well known. Since
U!(z) = 0, the Rayleigh equation (65) becomes near trivial and following [43]
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fig/VelLin.pdf

Fig. 12 Horizontal velocity profiles with linear shear current. The shear profile is expressed
as Uz (z) = 20z with, left to right, & = {0.75,0.5,0.25,.0.125,0, —0.125, —0.25, —0.5, —0.75}.
The wave shape at focus, shown as inset, is ((z,0,t)/a = exp(—%xz/LQ)cos(kom) with
koL = 3, i.e., a maximum Froude-shear number |FSy;, | = 0.43 according to equation (18).

(after a rotation of the coordinate system) gives the simple result
W(z,t; k) = w(0,t; kK)e**;  a(z; k) = ib(0,t; k)e. (100a)

This is ostensibly the potential wave solution, which one obtains for a strictly
2-dimensional flow with constant vorticity [43], but note that ¢ is not zero;
instead

1S'sin 0
w(k) — kU, (z)
This accords with [43] and describes a shifting and twisting of vortex lines as
the plane wave passes. ¥ vanishes when shear is zero or the current is parallel
or antiparallel to the wave (f = 0 or ).

Thus for the focusing wave group one obtains (notice that with our
convention, k = {k, 0} with k& > 0)

0(z,t; k) = — w(0,t; k)ek. (101)

w(z, z,t) :2Im/ %w(k)éo(k)ekzew; (102a)
0 s
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> dk * kz i
u(z, z,t) =2Re ?w(k)go(k:)e e’ (102b)
0 s
> dk  Sw(k)sin® - bz i
—=_9 B SV i Zel¥ 102
v(zx, 2, t) Re/0 37 (k) — kUL (2) Co(k)e™ e (102¢)

At first glance it might seem as if u and w are not much affected by the
shear, having as they do the same structure as the expressions sans current.
However, the quantitative effect is highly significant, because as previously
discussed the frequency w contained in 1 varies very significantly with the
sign of o when the latter is not very small compared to +/gk. Thus, being
proportional to w(k), the orbital velocities u, w can be very significantly greater
for 0 < 0 compared to ¢ > 0. Secondly an oblique angle between wave and
current makes for significant horizontal motion across the wave plane (also true
for currents of more general depth profile, provided vertical shear is non-zero,
according to equation (67Db)).

For the linear profile the velocity is always highest at the surface, hence
the velocity amplification is

amnpy. — o Wk w(k)Re{Co(k)}
lin fooo dk wo(k)Re{g'O(k)}

(103)

with w(k) from equation (14). The case of a narrowband wave group is con-
sidered in section 4.5, in which case the amplification becomes particularly
simple.

The qualitative difference in behaviour during focusing and defocusing was
illustrated in figures 2 and 3. Figure 12 shows the horizontal velocity pro-
files beneath the focus point, u(0, z,0) for linear shear currents of different
strengths, for a Gaussian wave group with kgL = 3. The qualitative shape of u
remains the same, except amplified. The surface amplification varies between
approximately 0.65 and 1.52 for the strongest opposing and following shear,
respectively.

4.4.2 Current with exponential shear

In the case of an exponential current (19), Hughes & Reid [44] showed that the
Rayleigh equation (65) permits the exact solution (see also [45] and Appendix
B of [46])

Wizt k) = Wt k)oF(A_, Ay; Ry W(z))e" (104)

with o F} being the hypergeometric function, W(t, k) follows from free-surface
boundary conditions, and

kUweo‘Z

Ay =kt va?+k?)/a; R=1+2k/a; W(z) = .
w~+ kUyo

(105)
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fig/VelWeak4pnew.pdf

Fig. 13 Horizontal orbital velocity profiles at focus, u(0, z,0), normalised by the surface
value without shear, for a medium-bandwidth focusing wave, koL = 3 (a) and koL = 5
(b) on an exponential current, equation (19). Insets show the wave group shape at focus.
Here Ugzo = 0.2 Uyer (solid lines) and —0.2 Uyer (dashed lines). Comparison of exact solution
[equations (67a) and (106)] (black lines) and the weak-shear narrowband approximation (red
lines), equation (88). The values on the top of each curve refer to a/kog.

The horizontal velocity @(z,t; k) is found from equations (67), v = iw'/k,
giving

_akUg;oW(t; k)

w'(z) = kw(z) &+ KU R

e+ 2 B (A1, Ay +1; R+1,M(z2)) (106)

The dispersion relation to find w(k) is implicit, given by the combined
free-surface boundary condition (see [26])

W' (0) — k(gk — waly)w(0) = 0. (107)
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whose solution w(k) is readily found numerically. Alternatively we may apply
the Direct Integration Method [26] directly.

The solutions (104) and (106) are exact for linear waves regardless of how
strongly sheared the current is. The comparison of the exact solution using the
theory in this section and the approximate solution in section 4.2.1 is shown
in figure 13. The results demonstrate that the approximate expression gives
fairly accurate solution given a relatively weak shear current. Although the
exact solution (106) can be used without difficulty, the computation of the
hypergeometric function can be time consuming. Therefore, one may consider
the approximate expression instead.

4.5 Surface velocity amplification for long, Gaussian
groups

Consider the case of a long, or narrowbanded, Gaussian group with carrier

wavenumber ko, as considered in section 3.4, i.e., {y(k)/a = /7 /2L exp[2(k—

ko)?L?], where kg > 1 (as we have seen, koL ~ 5 is sufficiently large). At

x = z = t = 0 the integrals in equation (72) now particularly simple in the

Laplace approximation, and we obtain

c(ko)
Co(ko)

ampg ~

{1 + kiof’(o; ko)] ) (108)

In other words a typical value of the amplification is, to leading order, the
ratio of phase velocities at the carrier frequency with and without shear, which
as discussed in section 3.1 can vary greatly for realistic shear currents, with a
currection term playing a role if the profile U, (z) has significant curvature.

In particular, for linear shear U, (z) = Sz, we have f'(z) = 0 (e.g. [17]) and
with (14),

[ 2
aMPyiy shear ~ |/ 1+ % - wi =1/1+FS: cos?0 — FSy,. cosf (109)
0

0

where the shear-Froude number was defined in (18), taken here at k = ko.
This accords with equation (26) which was based on the difference in phase
velocity only.

4.5.1 Velocity and amplification in real conditions: the
Columbia River Estuary

We consider now the current and wave climate measured in the estuary of the
Columbia River, as detailed in section 3.4.4. To make the study as realistic as
possible, we devise a focusing wave based on the wave spectrum reported in
reference [38] and generate a wave field from this. The power spectrum we use
is shown in figure 14 (a).



867

868

869

870

871

872

873

Springer Nature 2021 BTEX template

40 Wave focusing on a shear current

fig/CRfigSpectrum.pdf

Fig. 14 (a) Power energy spectrum measured in the Columbia River delta [38], (b) intial-
value spectrum (o(k) based on S(f). Circular markers: measured data. Solid line: fitted
function.

We devise a smooth initial-value spectrum fo(k) based on the measured
wave spectrum S(f) with f = w/27 is the wave frequency in cycles per second.
In this paragraph only, we use dimensional units without an asterisk. Unlike for
generating a random sea state [47], for a focusing wave group we can obtain an
initial wave elevation spectrum C~0(k) which resembles that which is measured,
as follows. The discrete measured values {f;, S;} are transformed to a set of
discrete value pairs {k;, @},

V2S;Af = GAE (110a)
z \/QSZAf dw o \/QSZA]C qg
G = (Akz) A2 Af 2f;

: A (110b)
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where we used Aw/Ak ~ dw/dk, Af is the distance between frequency values
fi, and we used w = /gk. We finally fit the set of points {k;, CNZ} to the spectrum
of a broadband Gaussian group, (51), (o(k) = YL aexp[—L%(k + ko)?/2],
which gives kg = 0.13rad/m and 1/L = 0.087/mThe measured spectrum S(w)
is shown in panel (a) of figure 14, and the smooth fo(k) is plotted along with
the measurements, transformed with equation (110b) in figure 14(b).

The governing nondimensional parameters are thus g, = 0.18, a = 2.03
(ZT) and g, = 0.16, a = 3.05 (KN). The shear-Froude number for current ZT
and KN are §,0 = 0.092 and 0.095, respectively, so although these currents are
frequently referred to as very strongly sheared in the context of natural flows
[31, 34, 35], the conditions lie safely in the weak-shear regime where Stewart &
Joy’s approximation (sections 2.4.1 and 4.2) can be used. Moreover, although
the wave shape at focus is so broadband as to hardly be called a group (resem-
bling the shape in the inset of figure 11a), the narrow-band approximation
(88a) is an excellent approximation to the velocity profiles at focus.

The resulting horizontal orbital velocity profile u(z,0,0) at focus is shown
in figure 15(a) for the wave group propagating downstream, across and
upstream on the Columbia River current as seen by an earth-fixed observer,
corresponding to, respectively, maximally opposing, zero and maximally fol-
lowing shear, i.e., # =0, § = 7/2 and § = 7. (Bear in mind that velocities in
our formalism are measured in the system following the mean surface velocity;
see figure 9).

The surface shape at focus is identical by construction, and the envelope
of the focusing and defocusing groups are virtually indistinguishable, yet the
difference in maximum orbital velocity is dramatic. The wave-induced orbital
velocity beneath the focus point, (0, 0,0), is increased and reduced by factors
of approximately 1.4 and 0.7 compared to the no-shear case for groups propa-
gating upstream and downstream on the river, respectively. This corresponds
to the wave-induced dynamic pressure, at * = t = 0, payn = %puz, being
approximately doubled and halved, respectively, very significantly affecting
the force exerted on vessels and constructions. (For balance is worth bearing
in mind that waves propagating against the current are typically higher than
those propagating downstream in this location [38]).

5 Conclusions

We have considered the linearised theory of focusing long-crested wave groups
on shear currents of arbitrary vertical depth dependence, allowing an arbi-
trary angle between the current and wave propagation. Although limited in
steepness, a number of insights into the way groups of waves focus and defo-
cus can be gained. We derive a large number of approximate relations which
can explicitly reveal the underlying physics, while at the same time being use-
ful tools in their own right, for instance for the generation of focusing wave
groups in a wave tank along the lines of [15].
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fig/VelCR.pdf

fig/CRAmpF . pdf

Fig. 15 Top: Horizontal orbital velocity u(0,z,0) beneath the focus of a medium-
bandwidth Gaussian group (koL = 1.48) in the presence of measured currents in the
Columbia River Estuary, as measured by Zippel & Thomson (ZT, [38]) and Kilcher &
Nash (KN, [39]), shifted so that U(0) = 0 and approximated by exponentials U(z) =
Uplexp(az) — 1]. Values for |Uzol|,a,a and 6,0 for ZT and KN are found in the main
text. Black lines show ‘exact’ numerical solutions, red lines are the weak-shear-narrowband
approximation, equation (88a). Solid, thick, and dashed lines refer to cos§ = 0,7/2 and ,
respectively. Bottom: velocity amplification as a function of the angle 6 between wave prop-
agation direction and current for the same two velocity profiles.
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Particular attention is paid to two groups of currents: the current vary-
ing linearly with depth, and currents of arbitrary depth dependence whose
effect on waves may be approximated using the theory by Stewart & Joy’s [14]
and others, the criterion for which is that the depth-averaged shear is, in the
appropriate sense, sufficiently weak. For the linear current, exact and read-
ily tractable solutions exist, allowing several classical results without shear
to be generalised. The “weak-shear” assumption behind the latter class of
currents is not a significant limitation in practice, since the vast majority of
oceanographic currents and wave spectra satisfy the appropropriate criterion
of validity. For instance in the Columbia River delta which we consider as
an example, the shear is frequently described as being very strongly sheared
[31, 34, 35], yet remains safely within the weak-shear assumption’s range of
validity. The assumption is already in widespread use in ocean modelling (e.g.
35]).

For the much used model of a current profile varying exponentially with
depth — modelled as U(z) = Up[e** — 1] with o > 0 — the weak-shear
approximation yields a number of broadly applicable, simple and closed-form
approximate relations for the surface elevation of a progressing wave group,
and its concomitant orbital velocity field.

Particular attention is paid to Gaussian wave groups which at focus takes
the shape of a carrier wave (wavenumber ko) with a Gaussian envelope of width
L: {p(x) x exp(f%xZ/L2) cos kox. Assuming a long group — i.e., narrowband
in Fourier space — we may derive a wealth of relations which can describe
a wide range of realistic situations. Strikingly, the group does not need to be
particularly long (or narrowband): the narrowband results are excellent for
most practical purposes already koL = 3, a group which at the point of focus
mainly consists of a single tall crest with deep troughs either side.

A key observation from studying the developing wave group is that while
the shear current has modest effect on the evolution of the group envelope, the
behaviour inside the group is far more affected. In opposing shear individual
crests rise slowly and take longer to traverse the length of the group, while
following shear causes the wave behaviour inside the group to appear more
volatile, with individual crests and troughs rising and falling more rapidly.

Regarding the orbital wave motion beneath the surface, this difference in
behaviour depending on the direction of sub-surface shear becomes even more
important. For following shear, horizontal orbital velocities are significantly
amplified compared to the case sans shear, and reduced in opposing shear.
The amplification can significantly alter the wave forces acting on a body
encountering the focusing group.

We derive a simple approximate relation for the velocity amplification
beneath the focus point of a Gaussian wave group atop an exponential velocity
profile, as a function of two nondimensional groups of parameters: the relative
current strength Up+/ko/g, and the vertical vs horizontal rate of variation,
Cl{/ko .
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For illustration of these observed phenomena in a practical setting we have
considered waves in the mouth of the Columbia River, where depth-resolved
current measurements as well as measured wave spectra are available [38, 39].
For a focusing wave with the same spectrum as that measured, i.e., hav-
ing the same surface elevation ((x,0) at the point of focus, the horizontal
orbital velocity beneath the crest is increased by approximately 40% for fol-
lowing shear (i.e., propagating upstream in an earth-fixed frame) compared
to a depth-uniform current, whereas for opposing shear (downstream propa-
gation) the amplitude is reduced by about a factor 0.72. This corresponds to
the wave-induced dynamic pressure being approximately doubled and halved,
respectively, greatly affecting the forces such a focused group will exert on
vessels and structures.

A Linear focusing theory in shallow water

A.1 Linear shear

The dispersion relation with finite depth & is now (e.g. [43]),

w(k) = \/gk; tanh kh + (o tanh kh)” — o tanh kh. (111)

Following Refs. [25, 28|, the surface elevation integral (11) can be solved
approximately in shallow water by expanding w(k) in powers of h and k

w(k) =kep, — koh + %lng_%h% — g_%(%g%?’ + %ka‘l)h%

+ 1kPoh® — 9—302&92]{2 - %04)h% + O(h?) (112a)
=wi k — %wng + ... (112b)
with
w1 =¢p, — ho + %029_%h% - %g_%lm‘lh% + O(h?); (113a)
ws =Lenh® — oh® + O(h#), (113b)

where ¢p, = y/gh is the phase (and group) velocity in the shallow-water limit
in absence of a shear current.

A.2 J-function singularity in shallow water with linear
current profile
Consider the case of a group focusing to the delta function singularity, equation

(47), where the expansion (111) is inserted. We shall need the linear and cubic
in k.
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Evaluating the integral (47), the surface shape at any time ¢ is then,
approximately,

al ,[xwlt} (114)

C(:C’t): (wgt)1/3 ! (wgt)1/3

This is a direct generalisation of the result of refs. [25, 28] including a constant
shear.

A.3 Gaussian wave group, arbitrary depth
For linear shear S and general depth h, the expressions for Ag = w'(kg) and

By = w”’(ko) which may be inserted into (56) are

ho  CoSo+ (2x—ko)h [g
Ag=— =5 + Z, 115
G 203V ” —

C20%0Ty | 1 [ hko 2o ko

with shorthand
Co = coshkoh, Sy =sinhkoh, To = tanhkoh = So/Co, (116)

and shear-modified wave number

ko +02/g koh — o0
s=ko+0°To/g — : 117
0+ To/g {ko(l +02h/g) koh — 0 (117
(Note w(ko) = v/g¢To — 0Tp in this formalism).
In the shallow water regime, koh = £y < 1 we obtain
3 5
Ao =/ gh —v,& + %(03/000)502 — Zcoo(1 + ivi/cgo)é}f + ve€3 + ...
(118a)
5 )
koBo = — co0&g + 20,E8 + ... (118b)

with cgo = co(ko) = /g/ko and v, = o/kg. For example, from equation

(56) one sees that for a Gaussian package the time it takes for the group
_s

to change significantly is ¢t ~ L?/By ~ (koL?/co0)&, %, by which time the

group has traveled of order Agt/\g ~ (k3L?/27)¢;? wavelengths of the carrier

wave. However, notice that the leading-order correction to the phase and group

velocities are order FShn{é and can be significantly affected by the shear even
when &g is not extremely small. This is illustrated in Figure 16 in moderately
shallow water, g = 0.2: The group at focus (red graph) does not change shape
perceptibly, but the phase velocity is clearly increased for o < 0 and decreased
for o > 0.
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fig/Focus_Gaussian_Fs=0.5_shallow.pdf

Fig. 16 Waves focusing into a group with a Gaussian envelope in moderately shallow
water, koh = 0.2. The solid graphs show 7n(z,t)/a for \/gkot from —45 to 45 in steps of 0.5
with the shape at ¢ = 0 shown in red. Here S = /gko, koL = 3, and § = 0 (top), 7/2
(centre) and 7 (bottom).
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