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Abstract

In several unbounded linear spaces containing all bounded endowments, we present the dynamic concave
utilities (hence the dynamic convex risk measure) as the solutions of backward stochastic differential
equations (BSDEs) with unbounded terminal values by applying some updated existence and uniqueness
results on unbounded solutions of scalar BSDEs with generators of linear growth, super-linear growth,
sub-quadratic growth and quadratic growth. The Legendre-Fenchel transform (dual representation) of
convex functions, the de la vallée-Poussin theorem, Young’s inequality and Gronwall’s inequality are the

main tools to prove these representation results.

Keywords: Dynamic concave utilities, Dynamic convex risk measure, Dual representation,

Backward stochastic differential equation, Unbounded terminal value.

2010 MSC: 60H10, 60G44, 91B30

1. Introduction

Fix a nonnegative real number 7' > 0 and an integer d > 1. Assume that (B;):eo, 7] is a standard
d-dimensional Brownian motion defined on some complete probability space (2, F,P), (Fi)i>o is its
natural and augmented filtration, and Fr = F. The equality and inequality between random elements are
understood to hold P—a.s. For each ¢t € [0, T, let L>(F;) denote the set of F;-measurable scalar bounded
random variables, and let A(F;) denote a general linear space of F;-measurable scalar random variables
containing L>(F;). Suppose that A(Fs) C A(F;) for each 0 < s < ¢t < T. By a dynamic concave
utility function defined on A(Fr), we mean a family of time-parameterized operators {U;(-),t € [0,T]}

mapping from A(Fr) to A(F;) and satisfying the following properties for each ¢ € [0, T]:

(i) Monotonicity: U:(§) > Ui(n) for each &, € A(Fr) such that & > n;

(ii) Translation invariance: U;(§ + 1) = U(€) + n for each £ € A(Fr) and n € A(F);

(iii) Concavity: Ui (6 + (1 — 0)n) > 0U(E) + (1 — 0)Us(n) for all £,n € A(Fr) and 6 € (0,1);
(iv) Time consistency: Us(§) = Us(U(§)) for each & € A(Fr) and s € [0, ¢].
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We denote by z - y the Euclidean inner product of two vectors z,y € R?. For a bounded endowment

¢ € L*(Fr) and for a lower semi-continuous convex function f : R — Ry U {+o0} such that f(0) =0

.

where Eqq[-|F;] is the expectation operator conditional to the sigma field F; under the probability

and lim inf|_, 4« f(q)/|g|* > 0, we define

T
Ui (€) := essinf { Eqq §+/ f(gs)ds
t

Q“ NP}, te 0,7, (1.1)

measure Q7 equivalent to P and

dQ ! 1/
]E|:Q ]:t:| ZeXP{/ Qast_i/ |QS|2ds}a tE[O,T]
0 0

dP
It is easy to verify that the time-parameterized operator {U(-),t € [0,7]} defined via (1.1) constitutes a

dynamic concave utility function defined on L (Fr). And, as shown in [15], all dynamic concave utility
functions are of a similar form under some mild additional assumptions. Furthermore, by Theorems
2.1-2.2 in [12] we know that there exists an (F;)-progressively measurable square-integrable R¢-valued
process (Z;)iejo,r) such that (Ui(§), Zt)iepo,r) is the unique bounded solution of the following scalar

backward stochastic differential equation (BSDE in short):

T T
Y, =& — / 9(Zs)ds Jr/ Zs-dBs, t€1]0,T], (1.2)
t t

where

9(2) == sup(z-q— f(q)) 20, VzeR
geRd

is the conjugate concave function of f with g(0) = 0, and limsupy, _, ., g(2)/|2|* < +o0.

In the other words, the dynamic concave utility function defined on L*(Fr) via (1.1) admits a dual
representation as the solution to BSDE (1.2). It is well known from [4] and [5] that if the endowment
¢ has only exponential moments of any order, which maybe unbounded, then BSDE (1.2) admits a
unique adapted solution (Y, Z¢)iepo,1) such that sup,cjo 7 |Y:| has exponential moments of any order,
and that the associated comparison theorem and stability theorem on the solutions of preceding BSDEs
hold. Several questions are naturally asked: for any endowment £ admitting only exponential moments
of any order, whether (1.1) can be well-defined? In this setting, does the dual representation still hold
true? Can these assertions be extended to some larger linear space of endowments under some suitable
assumptions on the function f? In the present paper, we shall give some affirmative answers to these
questions. In particular, we consider the general case of core function f, which can depend on (w,t).

Note that up to a sign, a dynamic concave utility is actually equivalent to a dynamic convex risk
measure. They are both important conceptions in finance mathematics, which have been extensively
investigated for example in [2, 3, 8, 9, 10, 11, 15, 16, 17, 18, 23, 24, 25, 26, 28, 29, 33, 34, 35]. Consequently,
all conclusions of the present paper are available for the dynamic convex risk measures.

The rest of this paper is organized as follows. In the next section, we introduce some notations,
spaces and several updated existence and uniqueness results of adapted solutions to scalar BSDEs with
generators of linear growth, super-linear growth, sub-quadratic growth and quadratic growth, which will
be used in this paper. In section 3, we state our dual representation results of the dynamic concave utilities
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defined on several unbounded linear spaces of endowments via the solutions of preceding BSDEs with
unbounded terminal values, and provide some remarks and examples to illustrate our theoretical results.
Finally, in section 4 we give the detailed proof of these results. Before that, two useful propositions are

presented and verified, which may be available in other places.

2. Preliminaries

First of all, we introduce some notations and spaces used in this paper. Let Ry := [0,400), and
for a,b € R, let a A b := min{a,b}, a* := max{a,0} and a~ := —min{a,0}. Let 14(z) represent the
indicator function of set A. For a convex function f : R? — R, denote by df(zo) its subdifferential at

29, which is the non-empty convex compact set of elements u € R? such that
f(2) = f(z0) > u- (2 — 2), VzeR%

For p, x> 0 and ¢ € [0, 7], we denote by LP(F;) the set of Fi-measurable scalar random variables 7

such that E[|n|?] < 400, and define the following three spaces of F;-measurable scalar random variables:
L(n L)*(F1) :={n € F; [E[[n|(In(1 + |n[))] < +o0},

Lexpp(n L)P|(F1) == {n € F¢ [E [[n| exp (u(In(1 + |n]))?)] < +00}

and
exp(uLP)(Fy) == {n € F¢ [E[exp (pu[n|")] < +o0}.

It is not hard to verify that these spaces become smaller when the parameter p or p increases, and for

each p, i, r>0and 0 <p <1<y,

L>®(F,) C exp(pL™)(F,) € Lexp|ia(ln L)9](F,) C Lexplpln L|(F;) = LY (F,)

and

LY(F;) € Lexplu(In L)P](F,) € L(An L)"(F;) € LY(F).

For each p,u > 0 and 0 < p < 1 < p, it is clear that the following spaces

Lexp[u(ln L)P] ﬂLexp (In L)P ULeXp (In L)?)(F;) and ﬂexp(ﬂLp)(]-})
>0 >0 >0

are all linear spaces containing L°°(F;). Note that under the conditions without causing confusion, the
o-algebra (Fr) is usually omitted in these notations on the spaces of random variables.

Denote by X the set of all (F;)-stopping times 7 taking values in [0, T]. For an (F;)-adapted scalar
process (X¢)¢e[o,7], We say that it belongs to class (D) if the family of random variables { X, : 7 € X7} is
uniformly integrable. Finally, let us recall some updated results on scalar BSDEs. Consider the following

scalar BSDE: . .
Y, =€&— / g(s, Zs)ds —|—/ Zs-dBs, t€][0,T], (2.1)
t t

where ¢ is called the terminal value, which is an Fpr-measurable scalar random variable, the random

function



glw,t,2) : A x [0,T] x RT = R,

which is (F;)-progressively measurable for each z € R?, is called the generator of (2.1), and the pair
of (F)-progressively measurable processes (Y3, Zt)epo,7) taking values in R x R¢ is called an adapted
solution of (2.1) if P — a.s., t — Y} is continuous, t — |g(¢, Z;)| + |Z¢|? is integrable, and (2.1) holds.
Throughout the whole paper, we will be given two (F;)-progressively measurable nonnegative scalar
processes (h¢)iejo,r) and (Bt)te[o,T], and four positive constants v, A,c > 0 and a € (1,2). Let a* > 2

represent the conjugate of «, i.e.,
1 1

a  «
Furthermore, we introduce the following assumptions on the generator g.
(HO) dP x dt — a.e., g(w,t,-) is convex.
(H1) g has a quadratic growth in z, i.e., dP x dt — a.e., for each z € R?, we have
7 Y2
90w, t, 2] < Buw) + 2 |2P%
(H2) g has a sub-quadratic growth in z, i.e., dP x dt — a.e., for each z € RY, we have
Ig(UJ,t, Z>| < Bt<w> + ,Y|Z|O(
(H3) g has a super-linear growth in z, i.e., dP x dt — a.e., for each z € R?, we have
7 A
|g(w, t, 2)| < he(w) 4 7]z (In(e + [2]))" .
(H4) g has a linear growth in z, i.e., dP x dt — a.e., for each z € R?, we have

lg(w, t,2)| < he(w) + 72|

Remark 2.1. Both assumptions (HO) and (Hj) yield that dP x dt — a.e., for each 6 € (0,1) and

21,20 € R?, we have

gw,t,z1) = g (w,t, Oz + (1 — 9)'211_90Z2>

1-6
= Og(w,t,z2) + (1 — O)hs(w) + 7|21 — 022,

< Og(w,t, z0) + (1 —6) (Et(w) i 7|219Z2|>

and then, by letting 0 — 1 in the last inequality,

|g(w,t,21) - 9(W>ta 22)| S ’7‘21 — 22|,
i.e., g is Lipschitz with respect to z.
Proposition 2.2. The following several assertions hold true.

(i) Assume that the generator g satisfies assumptions (HO) and (H1), and that

T —
I3 +/O hdt € (1) exp(uL).

n>0
Then, BSDE (2.1) admits a unique adapted solution (Y, Z)ie(o,1) such that
sup |Yi| € m exp(pl).
te[0,T) >0
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(ii) Assume that the generator g satisfies assumptions (HO) and (H2), and that
T_ 2
€] +/ hidt € ﬂ exp(uL=7).
0 pn>0
Then, BSDE (2.1) admits a unique adapted solution (Y, Zt)iejo,1) such that

sup V] € [ exp(uL=).
t€[0,T] >0

(iit) Assume that the generator g satisfies assumptions (H0) and (H3), and that
' h 1
€l +/ hedt € (] Lexp[u(ln L)z V],
0 n>0

Then, BSDE (2.1) admits a unique adapted solution (Y, Zt)ie(o,1) such that for each p >0,

the process <|Y}\ exp (,u (In(1+ |Yt‘))(%+/\)v(2x))> 011 belongs to class (D).
telo,

Moreover, if there exists a constant i > 0 such that

T
m+/”maememmMH”L
0

then for any positive constant fi < i, we have

sup [Yi] € Lexp[i(in L)),
t€[0,T)

(iv) Assume that the generator g satisfies assumptions (H0) and (H4), and that for some constant
W > o = yv 2T, we have .
€] +/ h.dt € LCXp[u(lnL)%].
0

Then, BSDE (2.1) admits a unique adapted solution (Yy, Zt)icpo,r) such that for some i >0,
the process (|Yt| exp <[L In(1+ \Yt|)>) 011 belongs to class (D).
telo,

Moreover, if .
e+ [ hudee () LewlpnL)?)
0 >0
then for any i > 0, we have
the process (|Yt| exp (/Z In(1 4+ thD))te[O,T] belongs to class (D).

Proof. Assertion (i) is a direct consequence of Corollary 6 in [5], and assertion (ii) follows immediately
from Theorem 3.1 in [20]. Furthermore, according to Theorem 2.4 of [21] together with Doob’s maximal
inequality for martingales, we can easily derive assertion (iii). Finally, in view of Remark 2.1, assertion
(iv) can be obtained by applying Theorem 3.1 of [27] and Theorem 2.5 of [6]. The interested readers are
also refereed to [19], [31] and [22] for more details. The proof is complete. O



3. Statement of the main result
In the rest of this paper, we always assume that the random core function
flw,t,q) : Qx[0,T] x R - RU {400}
is (F;)-progressively measurable for each ¢ € R%, and that f satisfies the following assumption:

(A0) dP x dt —a.e., f(w,t,-) is lower semi-continuous and convex, and there exists an (F;)-progressively

measurable R%valued process (@t)tejo,r) and a constant k > 0 such that dP x dt — a.e.,

|Gt (w)| <k and f(w,t, G (w)) < he(w).

Recalling that (h¢)iepo,) is a given (F)-progressively measurable nonnegative scalar process.

In particular, if dP x dt — a.e., f(w,t,-) is a convex function taking values in R and f(w,t,0) = 0, then
assumption (A0) is naturally satisfied.

For each endowment £ € A(Fr) and random core function f, we define the following process space:
HE f) = { (@¢)tefo,r) is an (F;)-progressively measurable R%-valued process :

T T
[ laPas < voo B Bar[le+ [ (415 a))ds] <+
’ ’ (3.1)

t 1 t
with L] := exp (/ qs - dBg — 5/ |qs|2ds>, t e [0,T],
0 0

do9
being a uniformly integrable martingale, and (i% = L1 }

In the present paper, we aim to study that under what conditions on the endowment ¢ and the random

core function f, the following time-parameterized operator

T
U(€) := essinf Eqgq f—i—/ f(s,qs)ds
t

qeH(E,f)

]—'t] , te€0,T], (3.2)

is well-defined, and admits a dual representation via the adapted solution of the following BSDE
T T
Y, —¢— / o(s, Z2)ds +/ Z.-dB., te0,T], (3.3)
t t
where the generator g of BSDE (3.3) is the Legendre-Fenchel transform of f, i.e.,

g(w,t,2) = sup (z- ¢ — f(w,1,q)), V(w,t,2)€Qx[0,T] xR (3.4)
q€R

Hence, the operator {U:(-), t € [0,T]} defined via (3.2) constitutes a dynamic concave utility function
defined on some linear spaces bigger than L*°(Fr). It is clear from (3.4) and (AO) that dP x dt — a.e.,

g(w,t,-) is a convex function defined on R%, and
glw,t,2) > 2+ G (w) — f(w,t, G (w)) > —k|z| — hi(w), VzeR™L (3.5)

Let us further present the following assumptions on the core function f, all of which can ensure that

the dual function g of f satisfies that dP x dt — a.e., g(w,t, 2) < +oc for each z € R%.
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A1) dP x dt — a.e., for each ¢ € R?, we have
(A1) q

fwrtq) > %mz ~ h(w).

(A2) dP x dt — a.e., for each ¢ € R%, we have

flw,t,q) >~ 77|g|*" = hy(w).

(A3) dP x dt — a.e., for each ¢ € R%, we have

(A4)

fw,t,0) = cexp (297 I} ) = hy(w),
dP x dt — a.e., for each ¢ € R%, we have

flw,t,q) > —hy(w) and f(w,t,q) = +oo in the case of |g| > 7.

The main result of the paper is stated as follows.

Theorem 3.1. We have the following dual representation results.

(i)

(ii)

Assume that the core function f satisfies assumptions (A0) and (A1), and that

T
€ +/O hydt € m exp(uL).

u>0
Then, the process {U:(§), t € [0,T]} defined via (3.2) is well-defined, the generator g defined in (3.4)
satisfies assumptions (H0) and (H1) with hy = hy +k2/(27), and there exists an (F;)-progressively
measurable R%-valued process (Zt)tejo,r) such that (Y := U(§), Zt)epo,r) is the unique adapted
solution of BSDE (3.3) satisfying

sup V| € () exp(uL).
t€[0,T) >0

Moreover, the operator {U(-), t € [0,T]} defined via (3.2) constitutes a dynamic concave utility
function defined on N,~oexp(pl).

Assume that the core function f satisfies assumptions (A0) and (A2), and that

T
€] +/ h,dt € ﬂ exp(uLa).
0

n>0
Then, the process {Uy(€), t € [0,T]} defined via (3.2) is well-defined, the generator g defined in
(3.4) satisfies assumptions (HO) and (H2) with

he = he +7 5Tk

and there exists an (F;)-progressively measurable R%-valued process (Zt)tejo,r) such that (Y :=

Ui(€), Zt)iejo,1) is the unique adapted solution of BSDE (3.3) satisfying

2
sup |Yi| € (1) exp(uLar).
te[0,T) >0

Moreover, the operator {U:(-), t € [0,T]} defined via (3.2) constitutes a dynamic concave utility
Junction defined on Ny exp(uLax).



(iii) Assume that the core function f satisfies assumptions (A0) and (A3), and that
T
€] +/ hdt € ) Lexp[u(in L)' 2],
0 pn>0

Then, the process {U;(€), t € [0,T]} defined via (3.2) is well-defined, the generator g defined in
(3.4) satisfies assumptions (HO) and (H3) with

Bt = h,t + exp (27_%|k‘%) + Cc,’y,)\v

where C. 4 x 15 a positive constant depending only on (c,7y, A), and there exists an (F;)-progressively
measurable R%-valued process (Z;)icpo,r) such that (Y; = Uy(€), Zi)iepo,r) is the unique adapted
solution of BSDE (3.3) satisfying

sup Vi € | Lexplu(in L)'+,
t€[0.7] pn>0

Moreover, the operator {U(+), t € [0,T]} defined via (3.2) constitutes a dynamic concave utility

function defined on U,~oL exp|u(ln L)*2A].

(iv) Assume that the core function f satisfies assumptions (A0) with k <~ and (A4), and that

’ 1
13 +/0 hydt € m Lexp[a(ln L)z].

>0
Then, the process {U(€), t € [0,T]} defined via (3.2) is well-defined, the generator g defined in
(3.4) satisfies assumptions (HO) and (H4) with hy = hy, and there exists an (F;)-progressively
measurable R%-valued process (Zt)tejo, ) such that (Y := U(§), Zt)repo,r) is the unique adapted
solution of BSDE (3.3) such that for each i > 0,

the process (|Yt| exp (ﬂ In(1+ \Yt|)>)t€[0 - belongs to class (D).

Moreover, the operator {U:(-), t € [0,T]} defined via (3.2) constitutes a dynamic concave utility
function defined on Np>oL exp[f(ln L)z].

Example 3.2. We would like to introduce several practical examples of unbounded endowments in a

financial market. Let (Xi)icjo,r) be the unique adapted solution of the following SDE:
dXt = b(t,Xt)dt + O'(t,Xt) . dBt7 te [0, T], XQ = 2o,

where o € R is a given constant and both b(t,x) : [0,T] x R — R and o(t,z) : [0,T] x R — R are

measurable functions satisfying that for each x1,xo € R? and t € [0,T), we have
|b(t, x1) — b(t, 22)| + |o(t,21) — o(t, 22)| < c|zy — 22| and |b(t,0)| + |o(¢,0)] < ec.

We consider an endowment & which equals to Xr. By classical theory of SDEs we know that

Nl=

€:=Xr € L* CNysoLexplu(InL)z].



Moreover, if it is also supposed that |o(t,x)| < ¢ for each (t,x) € [0,T] xR, then there exists two positive

constants ¢y and co depending only on (¢, T) such that

E

exp (cl sup |Xt2>] < co exp(02|x0|2),
te[0,7)

which indicates that for each A > 0,

&=Xr e ﬂ exp(uL) C ﬂ exp(/,LL%*) C UpsoLexp[u(In L)' ™24 ¢ L2
n>0 n>0

Finally, if we let d =1, b(t,x) := bz and o(t,x) := oz for two positive constants b and o, then we have
L 5
Xy =xgexp | bt — 5 +oB:), tel0,T].

Thus, for a typical European call option & defined by (X7 — K)* with the previously agreed strike price
K >0, we can conclude that for each A € (0,1/2],

€:=(Xr — K)" € U,soLexplu(ln L) 2.

Example 3.3. We present the following several examples to which Theorem 3.1 can apply.

(i) Let (Gt)iefo,r) be an (F;)-progressively measurable Re-valued process such that APx dt—a.e., |G| < v
and let the core function f be defined as follows: ¥(w,t,q) € Q x [0,T] x R?,
he(w), q=q(w);
flw,t.q) =

400, otherwise.

It is clear that f satisfies assumptions (A0) and (A4), and if

T
£+ /0 heds| < +oo, (3.6)

]Ein

then

Ui(§) := essinf Eqq

T
§+/ h.ds
aEH(E,f) t

On the other hand, it is easy to verify that the convex conjugate function of f is the following:

T
et / F(s,q.)ds
t

ft] .

Ft] , te[0,T]. (3.7

Y(w,t,2) € Ax[0,T] xRY, g(w,t,z):= suﬁg (z-q— flw,t,q) = (W) - 2 — h(w).
g€ER?

According to Girsanov’s theorem, we know that when (3.6) is satisfied, the process {Ui(§)}eejo,1)
in (3.7) is just the first process of the unique solution of BSDE (3.3) with this generator g. We
remark that () of Theorem 3.1 indicates that the above assertion holds when (3.6) is replaced with

4 1
iy +/0 h.dt € ﬂ Lexp[u(lnL)2].

pn>0

(ii) Let the core function f be defined as follows: ¥(w,t,q) € Q x [0,T] x R?,

0, ‘Q| <
f(OJ,t,q) =
+00, g > 7.



(iii)

(iv)

(v)

It is clear that f satisfies assumptions (A0) and (A4) with hy =0, and for each & € L?, we have

Ui(§) := essinf Egq

Fi| = essinf [Eqa [€|F], te€]0,T]. 3.8
s b o =, Ssint g €1 7] [0, 7] (3.8)

T
§+/t f(s,qs)ds

On the other hand, it is easy to verify that the convex conjugate function of f is the following:

V(w,t,2) € A% [0,T] x RY, g(w,t,2) := sup (z-q — f(w,t,q)) =]zl
qER?
It follows from Lemma 3 of [7] that for each & € L?, the process {Uy(€)}iejo,r) in (3.8) is just the
first process of the unique solution of BSDE (3.3) with this generator g. We remark that (w) of

Theorem 3.1 indicates that the above assertion holds when § € N,>oL exp[p(In L)z].

Let the core function f be defined as follows: ¥(w,t,q) € Q x [0,T] x R4,

lq|?

- ld <7
flw,t,q) = 2

+o0, |q| > 7.

It is clear that f satisfies assumptions (A0) and (A4) with hy = 0. It is not hard to verify that the
conver conjugate function of f is the following: ¥(w,t,z) € Q x [0,T] x R?,

|2
0 lz| <;
g(watvz) = Su%(z tq— f(wvtaq)) = 72
acR ’Y|Z|_?a ‘Z| >,

and that this generator g satisfies assumptions (HO) and (H4). Thus, if £ € NusoL exp[p(ln L)z],

the conclusions in (iv) of Theorem 3.1 can be applied.

Let the core function f be defined as follows: ¥(w,t,q) € Q x [0,T] x R,

flw,t,q) = eldl ¢ h(w).

It is clear that f satisfies assumptions (A0) and (A3) with (¢,v,\) = (1,2,1). It is not hard to
verify that the convex conjugate function of f is the following: V(w,t,z) € Q x [0,T] x RY,

g(w,t,z) == sup (z-q — f(w,t,q)) = [z](In|z| = 1) — hy(w),
g€ERY

and that g satisfies assumptions (HO) and (HS). Thus, if £ + fOT hidt € U,~oLexp[p(In L)3], then

the conclusions in (iii) of Theorem 3.1 can be applied.

Let the core function f be defined as follows: ¥(w,t,q) € Q x [0,T] x R?,
1
f(wata Q) = Z|Q|4 + ht(w)'

It is clear that [ satisfies assumptions (A0) and (A2) with (o, a*,v) = (%,4, V/4). It is not hard
to verify that the convex conjugate function of f is the following: ¥(w,t,z) € Q x [0,T] x RY,

3, a4
g(w,t,2) ;== sup(z-q— f(w,t,q)) = f|z|§ — h(w),
g€ER? 4

and that this generator g satisfies assumptions (HO) and (H2). Thus, if§+f0T hydt € Nyuso exp(uL?),
then the conclusions in (ii) of Theorem 3.1 can be applied.

10



(vi)

(vii)

Let the core function f be defined as follows: ¥(w,t,q) € Q x [0,T] x R?,

1
t = —|q|?.
flw,t,q) 2A/IQI

It is clear that f satisfies assumptions (A0) and (A1) with hy = 0. On the other hand, it is easy
to verify that the convex conjugate function of f is the following: ¥(w,t,z) € Q x [0,T] x RY,

i
g(w,t,z) ‘= sup (Z q— f(w7taq)) = §|Z|2
geR?

It follows from [4] that for each & € exp(yL), BSDE (3.3) with the above generator g admits a
unique adapted solution (Y3, Zt)iepo, ) such that {exp(v|Y:])}iepo,r) belongs to class (D), and the

process Y can be explicitly expressed as follows:
1
Y= 5 In (E [exp(v€)|F2]) , ¢ €[0,T7].

Thus, according to (i) of Theorem 3.1, we can conclude that for each & € Ny~oexp(pl),

S R
2y Jy

Let d = 1 and the core function f be defined as follows: ¥(w,t,q) €  x [0,T] X R,

U = i f ]E q
&) qzss(lﬁl}f) ©

ft] = %IHE [exp(Y€)|F:), te€[0,T].

+o00, q<l1;
%, q>2.

It is clear that f satisfies assumptions (A0) and (A1) with v = 2 and hy = 0. It is not hard to
verify that the convexr conjugate function of f is the following: ¥(w,t,z) € Q x [0,T] x R,
z, z < 1;

g(w,t,z) ‘= sup (Z q — f(w7t7q)) =
g€ER? 22, z>1,

7

and that this generator g satisfies assumptions (HO) and (H1). Thus, if & € Ny>oexp(pl), then

the conclusions in (i) of Theorem 3.1 can be applied.

Remark 3.4. We make the following remarks on Theorem 3.1.

(1)

(i)

As stated in the introduction, the conclusions in (i) and (i) of Theorem 3.1 have been respectively
explored in [12] and [15] for the special case that the endowment £ is a bounded random variable, i.e.,
€ € L. It is further assumed that f is independent of (w,t) and takes values in Ry with f(0) =0
in [15]. We would like to emphasis that Theorem 3.1 illustrates that the dual representation, as
the unique adapted solution of BSDEs, of several class of dynamical concave utilities holds still for
unbounded endowments and general random core functions. In particular, this makes it possible to
compute the unbounded dynamical concave utilities via solving the solution of BSDEs by numerical

algorithms such as Monte Carlo method.

In Theorem 3.1, the integrability requirement on & + fOT hidt is independent of two constants v and
c. This brings convenience to the application of Theorem 3.1. In fact, when the core function f is
given, one can pick proper constants v and c¢ so that either of (A1)-(A4) holds for f.

11



(1ii) The space LP (p > 1) is smaller than the space of NysoL exp[p(ln L)z] and bigger than the space
of UpsoL explu(In L)1 22, It is interesting to find some appropriate growth conditions on the core
function f, which are weaker than (A4) and stronger than (A3), such that the dual representation
in Theorem 3.1 holds for the endowments & € L? or &€ € LP (p > 1). The existence of these

conditions is unsolved up to now.

(iv) The proof of Theorem 3.1 is enlightened by [12], [15] and in particular [13], where all of the
Legendre-Fenchel transform of a convexr function, the de la vallée-Poussin theorem, Young’s in-
equality and Gronwall’s inequality play important roles. See the next section for more details. In
addition, from the proof of Theorem 3.1, it can be observed that the boundedness assumptions on

the process (Gt)tefo,) i (A0) can be appropriately weakened in stating (i)-(iii) of Theorem 3.1.

4. Proof of the main result

In this section, we will give the proof of Theorem 3.1. Before that, let us establish two useful technical
propositions, which are interesting in their own right.
First of all, let us recall the known Young inequality. Let f : Ry — R, be a strictly increasing
continuous function with f(0) = 0, and g be the inverse function of f. Then, we have
z Yy
wy< [ s+ Mol <of@)+ ust). Vo0, (41)

Based on this elementary inequality, we easily prove the following proposition.

Proposition 4.1. Let u,6 > 0 be two arbitrarily given positive constants. Then, we have

5
2y < wexp <5) T (1 +y)¥, V>0 (12)
1
and
In(1 0
xy < xexp ((n(;;x))) + yexp (u(ln(l + y))%) , Vao,y > 0. (4.3)

Furthermore, for each ¢ > 1 and € > 0, there exists a constant Cy . .5 > 0 depending only on (g, ¢, 11, 9)

such that
5
oy < oxp (55 ) 4y Ini 4 9)F + Cpss Yoy 20 (1.4
and in the case of § > 1,
In(1+ z))°
ry < e exp (W) + yexp (ﬂ(ln(l + y))%) + Coeps: Yo,y > 0. (4.5)

In particular, we have

ry < pexp (Z) +pyIn(l+y), Va,y >0, (4.6)

and for each q > 1, there exists a constant éu,q > 0 depending only on (u,q) such that

2
yexp(x) < Oy qexp (q:;) + yexp (u In(1+ y)) , Vr,y>0. (4.7)

12



In addition, for 6 > 1, we have
1 *
vy < pa’ + ——y°, Yo,y >0, (4.8)
’uéTl
where 6* :=6/(6 — 1) is the conjugate of 8, i.e., 1/6 +1/6* = 1.

Proof. Inequalities (4.2) and (4.3) follow immediately by picking

(In(1+ x))5> 1

10

)

f(x) =exp (Z‘;) —1 and f(z) =exp <
respectively, in (4.1). Observe that for each ¢ > 1 and € > 0, we have

€ exp (7((111(;)305)

lim = +o00, V6 >0
Tr——400 x
and 5
coxp ((q’”“ﬁ?”” )
lim = +o00, Vé > 1.
Tr—r+00 €T

Then, there exists a constant kq . .5 > 0 depending only on (g, i, d,€) such that for each x > kq - .5,

(¢ —1)a°

xéseXp< 5 ),v5>0

and

(¢ = 1(n(1 +x))°
10

Thus, the desired inequalities (4.4) and (4.5) follow immediately from (4.2) and (4.3) together with the

f(x) = exp (jj) .

in (4.1), we have (4.6). Furthermore, note that for each ¢ > 1 and = > 0, we have

wﬁaexp( ),V6>1.

last two inequalities. By picking

0 <In(1+ exp(z)) — In(exp(z)) = In(1 + exp(—z)) < In 2,

(In(1 + exp(z)))® < (In2 +z)* < <1 + qil) (In2)? 4+ ~—=

and

q—1 ’
exp(z) < exp < 22 x? + 2(qﬂ_ 1)> .

By letting exp(z) instead of x and § = 2 in (4.3), inequality (4.7) follows immediately by picking

s (2( w (q+1)(ln2)2).

C,o:=¢
g Xp q—1) (q—1)p2

Finally, by picking f(x) = pz®~! in (4.1), we get (4.8). The proof is then complete. O

Remark 4.2. We make the following remarks regarding several inequalities in Proposition 4.1.
(i) Inequality (4.6) can be compared to the well-known Fenchel inequality:
zy <exp(z)+y(lny —1), Vx eR, Vy > 0. (4.9)

It is easy to check that the inequality (4.6) plays the same role as (4.9) in [13] and [14].
13



(i) Inequality (4.7) can be compared to the following one

2
yexp(x) < exp (z?) + exp(p?)y exp (u In(1+ y)) , YreR, Yy >0, Vu>0, (4.10)

which comes from Lemma 2.4 in [27]. Note that the claim of u > yV2T for some certain positive
constant v > 0 is equivalent to that of p > qyvV2T for some suitable constant ¢ > 1. It is not hard
to verify that (4.7) plays the same role as (4.10) in [27], [6], [19], [31] and [21].

(iii) Inequality (4.8) can be compared to the classical Young inequality

1 1 -
zy < gx‘; + 5—*y5 , Va,y >0, V6 > 1. (4.11)

It seems to be more convenient to use (4.8) than (4.11).

Furthermore, by Gronwall’s inequality we can verify the following proposition.

Proposition 4.3. Let (q:)¢cjo,1] 15 an (Ft)-progressively measurable R¢-valued process such that P—a.s.,

fOT |gs|>ds < +00. Define its stochastic exponential by

t 1 t
Lg ‘= exp (/ qs - de - 5/ |qs|2d8>a te [OaT]
0 0

Then, we have

1
E[L%In(1+ L) < 5]E +In2 (4.12)

T
JRITRY
0

T *
| tialat
0

where Cy, 1 is a positive constant depending only on («,T). Furthermore, for each p,e > 0, there exists

and

E|L% [In(1 + L%)]QT} < CorE + Car, (4.13)

a positive constant éu,e,'y,k,T > 0 depending only on (u,e,v, A\, T) such that

T
/ Liexp (%*Iqsl%) ds
0

Proof. Tt suffices to consider the case that those terms in the right hand side of (4.12)-(4.14) are finite.

E L% exp (pln(l + L] 77 )| < eE 4 Cpmarr (4.14)

Note that
dL} = Lig -dBy, te[0,T]. (4.15)

We first verify (4.12). Define i(x) = 2 In(1 + ) for each « > 0. Then, for each x > 0, we have

x 1 1 1
—— >0 and 0<!"(z)= —.
1+ o <) 1+x+(1+$)2<a:

U'(z) =In(1+2z)+
It then follows from It6’s formula that, in view of (4.15),
di(LY) =1"(L})Liq, - dB; + %l“(Lg)(Lg)ﬂqt\?dt <U(LHLiq, -dB; + %L§|qt|2dt, te[0,T]. (4.16)
For each n > 1, define the following (F;)-stopping time:

t
rimint{t 205 [ (LOLY? 0 fds = np AT,
0

14



Note that 7,, = T as n tends to infinity. By (4.16) we deduce that for each n > 1,

E[I(LL )] —In2 < %E [/ qut|2dt} .
0

By sending n to infinity in the last inequality and using Fatou’s lemma, we can easily obtain (4.12).

We now prove (4.13). Define I(z) = (e + z)[In(e + x)]§ for each € Ry. Then, for each x € R, we

have
I'(z) = [Ine + 2)] 7 + %[ln(e +a)F >0
and
7 ' T S Gt ) s 1 (@) [n(e+a)F
7 _ Oil 1 1 2 )
0<1"(x) 2[n(e+x)}2 e+x+ 1 [ln(e + x)] 2 e+a:< 1 .

Furthermore, for each x,y € R, by Young’s inequality we get

-

*
o

e+ 0] F 7 = (Inte+ 0 F) T (1) < C 2 e +a)¥ + 2y

*

It then follows from It6’s formula that for each ¢ € [0, T,

_ _ 1-
di(Lf) = U(L{)L{q: dB; + §lll(Lg)(Lg)2|Qt|2dt
= 1 o* * x
< U@L aB+ 1 (go*a” - e+ VT + Tlal™ )at )

_ 1 _ * *
ZI(L?)qut . dBt + (Sa*(a* — Q)Z(Lg) + %Lg\qﬂa > dt.

IA

For each n > 1, define the following (F;)-stopping time:
t
Tpi=1inf{t > 0: / (l_’(Lg)Lg)2 |gs|?ds > n} AT.
0
Note that 7,, — T as n tends to infinity. By (4.17), we deduce that for each n > 1 and ¢ € [0, T7,

1 AT _ * tATH .
Bt —e < o’ =28 | [ )+ T | [ mal o
0 0

T *
[ otaleas|.
0

Applying Gronwall’s inequality to the last inequality yields that for each n > 1,

T *
| olaas
0

By letting t = T and sending n to infinity in the last inequality, and then by using Fatou’s lemma, we

IN

1 o o
sa'(a” =2) [ BlLd, s+ B
8 0 " 4

E[l(L{\,, )] < (CZ*E + e) exp (;a*(a* — 2)t) , telo,T).

can obtain the desired inequality (4.13).

Finally, we verify (4.14). Given p > 0 and define I(z) = (k + z)exp (,u[ln(l:ﬂrx)]ﬁ) for each
x € Ry, where k is a fixed positive constant large enough such that for each € R,

s + Ik + 2)]

2

(I;: + x)[ln(l;: + )] TR

>0

I'(z) =i(z)
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and

Nl 2w G et %)
(k + 2)2[n(k + 2)] 7723

9 XD (u[ln(fc + )] 1+12,\)

L+2X gn(k + x)]%
Furthermore, it follows from (4.2) with (p,8) = (77, 55) that there exists a positive constant k- de-

(4.18)

pending only on A such that for each x > 1 and y > 0,

1

zy < yexp (7‘%31%) +72z[In(1 + z)** < 29°z(Inz)* + yexp (7 Xy

y‘“

) .

and then for each z,y € R, we have, in view of k being large enough,

exp (lin( + o) 75 ) Y
2 2 — < In(k 4 z)] =%
mi o) EE L S T g o) U

(4.19)

= 29 exp ( 152*) +y” exp (7‘%.1;%) +kaqy-
It then follows from It6’s formula together with (4.18) and (4.19) that for each t € [0, 7],

. - 1- -
di(Lf) = ll(Lg)Lth'dBt+il//(Lg)(Lg)2‘Qt|2dtSl/(Lg)Lth'dBt

LY i
+1’jr o) (272/!” exp (u[ln(k + L?)]l%m) + |gs|? exp (7—%|qt|%) n km) At (4.20)

< I(L{)L{g -dB; + I fz,\ (272u”l~(L?) + L{|q:|* exp (V’%I%I%) + Li’/%m) dt.

For each n > 1, define the following (F;)-stopping time:
o, 2
—inf{t>0: / (z’(Lg)Lg) lgs|2ds > n} AT.
0
Note that 7,, — T as n tends to infinity. By (4.20) we can deduce that for each n > 1 and ¢ € [0, T,
Efl(L,, )] — Fexp (ju(n f) 77 )

272M2A+1 AT L tATh ) . N u}%)\ T
——FE I(LT)d E LY|qs s d 0

12X /0 (E2)ds| + 1795 / S‘q|eXp(” A"”*) i

2 2A+1

§271+2/\/0t [i( Wﬂ)} ds+ 2/\E V L%gs|* exp (7 XX )ds

Applying Gronwall’s inequality to the last inequality yields that for each n > 1,
BfI(LS,,)] < ( £ E

q
) /L AR eXp(v Xgs|x )ds

9n2 221
X exp (Zi”\t) , teo,T].

UE)\,'YT
1+2)°

)

Letting t = T and sending n to infinity in the last inequality, and then using Fatou’s lemma, we obtain

'liki%f + kexp (u(ln k) 2%

that there exists a positive constant C,, , x, 7 > 0 depending only on (x,7, A, T') such that

1 T 1 1
E[Lgexp (uln(1 + L§)| 7 )| < CupaaE [ | ptia e (5 Hjadd) ds| + G (420
0
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Observe that for each ¢ > 0,
£ exp ('y‘% le%>
lim

votoo Oy ra?

= +o00.

There exists a positive constant éa,u,w,A,T > 0 depending only on (e, i, 7y, A, T') such that for each z € RT,
Cuyr1 T2 exp (’y*% |m|%) < eexp (27*% |x|%> +Ce AT (4.22)

The inequality (4.14) follows immediately by combining (4.21) and (4.22). The proof is completed. [

Remark 4.4. In the above proof, by letting qs1 4 (s) = 0 and replacing the mathematical expectation

with the conditional mathematical expectation with respect to Fy, we can also verify that for eacht € [0,T],
T
L4
—7las[*ds
| &
L] LINTE T ra .
E| =L {ln <1+T)] Fi| <CorE / Falgs|™ ds
Li Li ¢ Li
and

1
L% L% TF2x T Lg . N
E[Lge){p{u [ln (1+L§ Fi /t L—gexp (27 A|qs|x)ds

We are now in the position to prove Theorem 3.1.

Fi| +1In2, (4.23)

e Le 1 1
E[T1n<1+T> F| < ZE
LY LY 2

ft + Ca,T (424)

<¢E Fil + Crcnr. (4.25)

4.1. Proof of Assertion (i) of Theorem 3.1

Assume that the core function f satisfies (A0) and (A1), and that
T
|§|+/ hydt € () exp(pL). (4.26)
0 pn>0

First of all, we show that (G:)¢cjo,r] € H(, f), and then the space H (¢, f) is nonempty. Indeed, since

the process (Gt ):e[o,) is bounded, the stochastic exponential

t i
7 1
Lg ‘= exp (/ qs - dBs — 7/ ‘(75|2d8)7 le [O7T]
0 2 0

is a uniformly integrable martingale, which has moments of any order. From (A0) and (A1) we can verify

that dP x dt — a.e., |f(¢,)| < hs, and then by (4.26) and the fact that N,soexp(pL) C L?,

T T )
|£|-|—/0 hsds <|£|+/0 hsds> LY

1
2 2

2{E <|£|+/0Thsds> {E[(L%)Q}}% < oo,

A

Eqga =2E

T
|£|+/0 (hs+|f(8,c}s)|)d8] < 2BEqe

(4.27)

IN

Hence, (Gt)efo,r) € H(E, f).

Furthermore, for each (gt):ejo,77 € H(&, f), its stochastic exponential

t t
1
Ll := exp(/ qs~st—f/ |qs|2ds>, t € 0,7
0 2 0
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is a uniformly integrable martingale. By (A1) and (3.1) we have for each t € [0, T],

1 r Lq 2 1 /T 9 Lq 1 T
5 isdsf = —E sds lf = —E / stS.F
2,)/ /t L?‘q | t] 27 ( : ‘C] | Lg t 27 Qe \ |q | t
T
< Equ / (hs + f(s,q5))ds ft] (4.28)
t
T
< ]EQq / (hS + |f(55QS)|)dS Fi| < 4+oo.
0

Then, by (Al) and (4.6) with u = 1/ we can deduce that for each ¢ € [0, T],

T
Bor |6+ [ f(s.0.0s ft]
t
T q T q
L 1 L
>k ) T ) o) |2 T
> <§|+/t hbds> %] Fi| + > </t qs] ds) 7, Fi
(4.29)
> _lg |§|+/Thd Al - ie[Ew (14 5| 2
—— X - - —-In —
= ~ eXpy Y \ sas t ~ Lg Lg t
1 Tpe

Combining the last inequality and (4.23), we know that for each ¢ € [0, 7],

exp {7 <|f| + /tT hsds> H]—}] - %ln 2, (4.30)

which means, in view of (4.26), that the process U;(€) in (3.2) is well defined.

T
Eq | €+ / F(s,,)ds

-Ft‘| > —EE
~

In the sequel, by (A1) we deduce that dP x dt — a.e., for each z € R?,
ot 2) = sup {50 = JGost )  sup {5 q— Slaf + e | < TP+ e,
qeR? qeR? Y 2
which together with (3.5) yields that the generator g defined in (3.4) satisfies assumptions (HO) and (H1)
with hy = hy +k?/(27). Tt then follows from (i) of Proposition 2.2 and (4.26) that BSDE (3.3) admits a
unique adapted solution (Y3, Zt).e[0,) such that

sup |Y| € n exp(pL). (4.31)
t€[0,T) >0

To show the dual representation, we need to further verify that U;(§) = Y; for each ¢ € [0, T], where
Ui (€) is defined in (3.2). We first prove that for each (g:):cjo, 77 € H(E, f), it holds that

T
Ege E—I—/t f(s,qs)ds| Fe| > Y:, t€]0,T). (4.32)

According to (A0) and (3.4), by the dual representation of a convex function, we know that

flw,t,q) = sup (z- ¢ — g(w,t,2)), Y(w,t,q) € 2x[0,T] xR (4.33)
z€R4

For each n > 1 and t € [0, T, define the following stopping time:
7l i=inf{s > t: / |Zu?du > n} AT. (4.34)
t
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It follows from (3.3) and (4.33) that for each n > 1,

Y, = YTTtL—/ng(87Zs>dS+/nZs'st
t t

= Ynﬁ—i_/n(Zs'qs_g(szs))ds+/" stBg
t t

< YT”tL-i-/ ! f(s,qs)ds—i—/ nZs~dB§, t € 0,17,
t t

where the shifted Brownian motion Bf := B; — fot gsds, t € [0,T] is a standard d-dimensional Brownian
motion under the new probability measure Q7 in view of Girsanov’s theorem. Taking the mathematical
expectation conditioned on F; with respect to the probability Q7 in the last inequality, we obtain that

for each n > 1,

Y: < Equ YTfL +/ ' f(SaQS>dS
t

}'t] , telo,T). (4.35)

On the other hand, by (4.12), (4.28) with ¢t = 0 and (3.1), we know that

T
| 176 aolas
0
and then, in view of (4.6) with u =1 and (4.31),

<sup m) L4 exp< sup |Yt|>
t€[0,T] t€[0,T]

Thus, the desired assertion (4.32) follows by sending n to infinity in (4.35) and applying Lebesgue’s

E[L%In(1+ LY)] < 400, Ege < +o0,

Ega l sup |Yi|| =E <E +E[L%1In(1+ L)) < +oc.

te[o,T]

dominated convergence theorem.

Next, we set ¢s € dg(s, Zs) for each s € [0,T] and prove that (G;)¢cjo,r) € H(&, f) and

T
Yi—Egu |6+ [ flsq)ds
t

]-‘t] , telo,T]. (4.36)
Since f(s,ds) = Zs - 4s — g(8, Zs), by (Al) we have for each s € [0,T],
005, 20) < Zu- G — o |@ul? + b SAUZP + @l — S|l + he =212~ 1@l + b
b S — S S 2’}/ S s = S 4,}/ S 2’)/ S S S 4’7 S S

and then
T T
/ G [2ds < 47/ (VZe[? + he — (5, 2,)) ds < +oc.
0 0

Moreover, for each n > 1, define the following stopping time:
t
0y = inf{t >0: / (1Zs* +1Gs1?) ds > n} A T. (4.37)
0

and define
5 t 1 t d@(j -
q = Jd. - —_ = q.|? —_=n ._ q
Ll exp(/o g, - dB, 2/0 A ds), te0.7] and —2t =L .

Then, Q¢ is a probability measure on (€2, Fr) equivalent to P for each n > 1. Letting q; = 4s1p0,0,,1(5)
in (4.12) of Proposition 4.3, we obtain that for each n > 1,

E[LI In(1+ LY )] <

DN | =

E U Lf|cjt|2dt] +1n2. (4.38)
0
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Since f(s,qs) = Zs - Gs — g(s, Zs), it follows from (3.3) that for each n > 1,

Yo = Y, 7/ g(s,ZS)der/ Zs-dB,
0 0

= Yon—i-/ (Zs-(js—g(s,Zs))ds—i—/ Z,-dB?
0 0

Yan+/ /f<svc’1's)ds+/ Z,-dBI, te 0,1,
0 0

where Bt = DBy — MU” Gsds, t € [0,T] is a standard d-dimensional Brownian motion under the prob-
ability measure Q¢ via Girsanov’s transform. Taking the conditional mathematical expectation with

respect to F; under Q4 in the last inequality, we obtain that for each n > 1,

Yo = Eqgq {an + /0 B f(s,qs)ds] . (4.39)

On the other hand, by (A1), (4.6) with u = % and (4.38), we deduce that

[§+ / f(s.4) } |
(o [ ais]- 2o [([ ) )

1 1 . - 1 an
>——RF exp{ <§+ hds)} ——E|LZ In(1+ L% +E[/ LZcIﬁdS}
E| € B m(+18)]+ B | [ Lila

1 on In2
eXp{Qv <€|+/O hsds>} +HE UO L] dS} —;7~

In view of (4.26), (4.39) and (4.40), there exists a positive constant C' > 0 independent of n such that

I \/

(4.40)

1
—-—E
2y

Y

supE [/ Lg|ds|2ds] <C
0

n>1

and then, in view of (4.38),

Q

supE [LE In(1+ LI )] < 5 +1n2 < o0 (4.41)
n>1

According to the de La Vallée Poussin lemma and the last inequality, we deduce that the random variable
sequence (LI )22, is uniformly integrable, and then IE[L%] =1, so (Lg)tE[O,T] is a uniformly integrable

martingale. Furthermore, by applying Fatou’s lemma and (4.41), we obtain

E [Lg In(1 + L?;)] <liminfE [L8 In(1+ LI )] < +oo. (4.42)

n—oo

To show that (G )iejo,7) € H(, f), we have to prove that

T
1+ [ o (a0l ds| <+ (4.43)
0
Indeed, by (A1), (4.6) with g =1, (4.26) and (4.42) we have
T
€l +/ (hs + f_(syq})DdS]
0
. . ~ ~ (4.44)
< 2Eqa | €] +/ hsds| <2E |exp <§| +/ hs ds) +2E {LqT In(1+ LL)| < 4o0.
0 0
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By a similar computation to (4.39), we deduce that for each n > 1,

Y, = Egq | Ve +/ " f(s,d5) ds
t

ft] ., telo,T). (4.45)

Then, in view of (4. 45) with ¢ = 0, (4.44), (4.6) with p =1, (4.31) and (4.42),
sup |Yy

T
[Freaa] <] [ e
0 t€[0,T]

which together with Fatou’s lemma and (4.44) yields (4.43). Sending n to infinity in (4.45) and applying

sup EQq 4+ |Y0| + EQ& < 400,

n>1

< Ega

Lebesgue’s dominated convergence theorem, we get (4.36).

Finally, note that U;(§) = Y; for each t € [0,T]. According to the existence and uniqueness of BSDE
(3.3) and the related comparison theorem, we easily verify that the operator {U;(:), t € [0,T]} defined
via (3.2) satisfies (i)-(iv) in the introduction and then constitutes a dynamic concave utility function
defined on N~ exp(pL). See for example the proof of Theorem 2.16 in [21] for more details. The proof

is then complete.

4.2. Proof of Assertion (ii) of Theorem 3.1

Assume that the core function f satisfies (A0) and (A2), and that

T 2
€] +/0 hydt € m exp(puLa®). (4.46)

>0
First of all, according to assumptions (A0) and (A2) together with (4.27), (4.46) and the fact that

Nu>0 exp(MLaL*) C L?, we can deduce that (Gt)tefo,r) € H(E, f), and then the space H(¢, f) is nonempty.

Furthermore, for each (¢:):efo,r) € H(&, f), its stochastic exponential

. t 1 t )
LY := exp ( ¢ dBs — = | gl ds), t €0, (4.47)
0 2 0

is a uniformly integrable martingale. By (A2) and (3.1) we have for each t € [0, T],

T ra . T «
/ félqs\“ ds / lgs|* ds| F
t t t

T
A<m+um%mw

TR Fl| = v Eg

(4.48)

IN

EQq Fi| < +o0.

It follows from (4.24) that there exists a positive constant Cy, r depending only on («,T') such that
T
L1 .
75|Qs|a ds ]:t
| 5

1

2
(e:0,0,p) = (1,2, =, Copy™=7)

a*

Lq Lq 2
E| =L [ln (1 + T)} Fi| <CyrE

0T 4.4
i 7, +Cor (4.49)

Then, applying assumption (A2), inequality (4.4) with

and inequality (4.49), we conclude that there exists a positive constant Cy, 7 depending only on (v, T)

ft]
T Lq
<|5|+ | ds> =

such that for each t € [0, 77,

T
5+[ F(s,qs)ds

Fi +’77ﬁE Fi

T q
LS,
lgs]*"ds | =%
(/ 74
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. 2
> —E |exp{ 2(y51Cpr) " <|§|+ / hsds> Fi| = Conr
t

1 L LIN]T 1 Troo
—_— E| XX |mn(1+=£ F, ) / = g.1* d
VT Cor Lz[n< +L?)] 1 , Ll

]-}] (4.50)

2
*

T =
Z -E exp 2(7ﬁca,T)“% <|£| +/ h5d8> -Ft — C’a,fy,T — fy*ﬁ7
t

which means, in view of (4.46), that the process U;(€) in (3.2) is well defined.
In the sequel, by (A2), (3.4) and (4.8) with 1 = v and 6 = a we deduce that dP x dt — a.e., Vz € R?,

1 *
g(w,t,z) = sup {z-q— f(w,t,q)} < sup {z g T gl* + ht(w)} <Al2]|* + hi(w),
g€ERI g€ER?

which together with (3.5) and (4.8) with yu = ~ yields that the generator g defined in (3.4) satisfies
assumptions (HO) and (H2) with
he=hy +~ a1k

It then follows from (ii) of Proposition 2.2 and (4.46) that BSDE (3.3) admits a unique adapted solution
(Y:, Zt)tefo,r) such that

sup |Yi| € ﬂ exp(uLa). (4.51)
t€[0,T) >0

To show the dual representation, we need to further verify that U;(§) = Y; for each t € [0,T], where
Uz(€) is defined in (3.2). We first prove that for each (g:)epo,r) € H(&, f), it holds that
Eqa Fi

T
§+/t f(s,qs)ds >Y:, te[0,T]. (4.52)

In view of (A0), (3.3) and (3.4), a same computation as that from (4.33)-(4.35) yields that for each n > 1,

Y, < EQ‘I YT,"L +/ ' f(s’QS) ds
t

ft] ., telo,T), (4.53)

where the stopping time 7! is defined in (4.34). On the other hand, by (4.48) and (4.49) with ¢t = 0
together with (3.1) we know that

. T
E [L% [In(1 + L%)]T] < 400, Ege /0 |f(s,qs)|ds| < 400,

and then, in view of (4.51) and (4.4) with (g, q,p,6) = (1,2,1, ),

sup |Y| | L%
t€[0,T]

2

<E |exp{ 2 ( sup |Y}|> +E [Li} [In(1+ LqT)]aT] + C, < 400,

Eqe | sup |Yi|| =E

t€[0,T]

te[0,T)

where C, is a positive constant depending only on «. Thus, the desired assertion (4.52) follows by

sending n to infinity in (4.53) and applying Lebesgue’s dominated convergence theorem.
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Next, we set ¢s € 0g(s, Zs) for each s € [0,T] and prove that (g)icjo,r) € H(§, f) and

T
Y;:EQlf §+/t f(87(js)d8

ft] . telo,T]. (4.54)
Since f(s,qs) = Zs-qs—g(s, Zs), by (A2) and (4.8) with p = 2714 and § = a we have for each s € [0, T,
. 1 o o L 1
9(8,25) < Zs - Gs =~ 77 qs|* A hs <297 1[ 2] + SR CZ e BN 7 B o %
and then, in view of the basic assumption of 1 < a < 2 < ¥,
T T i LT
/ |gs|2ds < / (14 1Gs]* )ds < T + 2yo-1 / 27 'Y (1 + |Z,|?) + hs — g(s, Z,)] ds < +o0.
0 0 0

Moreover, by letting ¢; = ¢s1j0,0,1(s) in (4.13) of Proposition 4.3, we can conclude that there exists a
positive constant C, v depending only on (a,T) such that for each n > 1,

a*

E{QHMH+LQHQ]<QMEL/ ﬂmwhﬂ+aﬂu (4.55)
0

where the stopping time o, is defined in (4.37). In view of (3.3) together with the fact that f(s,gs) =
Zs - 4s — g(s, Zs), by an identical analysis to (4.39) we obtain that for each n > 1,

Yo = Egy {Yan + /0 " i) ds} . (4.56)

On the other hand, applying assumption (A2), inequality (4.4) with

1 1

2 1 1
(eaQ757 H’) = (17 27 Ev 500475“7 Q_l)

and inequality (4.55), we obtain that there exists a positive constant C_’amT depending only on (a,y,T")

such that

EQZ {g""/o nf(qus)d3:|
>_E " pads ) L ~=e | ([ ds)
> & [(1+ [ nas) g, | e ([ Talas) 23,
>-E lexp {2(2’Yﬂllca,T)az* (|§| + /Un hsds)a*}

0

_%rﬁc;#E [L?}n [In (1+LZ )] } +7 R [/ " qusw*ds}
0

- CamT

(4.57)

2
3

T o
> —E |exp{ 2(2y77 Co 1) <€|+/ hsds>
0

1 On ~ * — 1
+57 "TE U Lilgs|* dS] — Capyr — 577 =T
2 o 2

In view of (4.46), (4.56) and (4.57), we conclude that there exists a positive constant C' independent of
n such that

swEU wmﬁﬂsc
0

n>1
and then, in view of (4.55),
supE [Lgn [In(1 + L )] “} < Cor(C+1) < +oc. (4.58)
n>1

23



From the de La Vallée Poussin lemma, we deduce that the sequence of random variables (Lgn);’f’:l is

uniformly integrable, and then IE[L%:] =1, so the process (Lf )teo,7) is a uniformly integrable martingale.

Furthermore, by applying Fatou’s lemma and (4.58), we obtain

E

n—oo

L3 [n(1+ L3)] ] < liminf E [Lgn [In(1 + L2 )] ] < oo, (4.59)
To show that (q:)icjo,r) € H(E, f), we have to prove that

T
€+ / (he + 1£(5,3)]) ds| < +o. (4.60)

Indeed, by (A2), (4.4) with (g,q,p,6) = (1,2,1, 2), (4.46) and (4.59), we have

s Ly o

< 2Eqq =2E

T
|§|+/O (hs+f(s,zjs))ds]
T T )
\§|+/0 hsds <|§|+/0 hsds> LT] (461)

. 2
< 2FE |exp 2<§|+/ hsds> +2E
0

where C,, is a positive constant depending only on a. By a similar computation to (4.56), we deduce

15 [+ 2§)] 7 | +2C0 < +o0,

that for each n > 1,

Tt
Y: = Eqa YT;,+/ f(s,qs)ds
t

ft] , te[0,T]. (4.62)

Then, in view of (4.62) with ¢ = 0, (4.4) with (g, ¢, 1, 6) = (1,2,1, 2), (4.51) and (4.59),

/ f(s,d) ds /OTf<s,as>ds

which together with Fatou’s lemma and (4.61) yields (4.60). Sending n to infinity in (4.62) and applying

sup |Yy]
te[0,1]

sup Eqa
n>1

< Eqs + Yol + Eqq < +o00,

Lebesgue’s dominated convergence theorem, we get (4.54).

Finally, note that U;(§) =Y; for each t € [0,T]. According to the existence and uniqueness of BSDE
(3.3) and the related comparison theorem, we easily verify that the operator {U,(-), ¢t € [0,T]} defined
via (3.2) satisfies (i)-(iv) in the introduction and then constitutes a dynamic concave utility function

defined on Ny>0 exp(uLo%*). The proof is then complete.

4.8. Proof of Assertion (i) of Theorem 3.1

Assume that the core function f satisfies (A0) and (A3), and that there exists a positive constant
> 0 such that .
|§|+/ hydt € Lexpla(ln L)1 2] (4.63)
0

First of all, according to assumptions (AO) and (A3) together with (4.27), (4.63) and the fact that
Lexp[ip(ln L)' 2] € L?, we can deduce that () eo,r) € (&, f), and then the space H(&, f) is nonempty.

Furthermore, for each (q¢):cjo,r] € H(E, f), its stochastic exponential

t 1/t
LY :=exp (/ qs - dBs — 7/ |qs|? ds)7 tel0,T) (4.64)
0 2 Jo
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is a uniformly integrable martingale. By (A3) and (3.1), we have for each ¢ € [0, T,

TrLe L1 r Lo
cE /t ﬁexp(?v_ﬂqsﬁ)ds /texp<2’y_?|qs|i)ds Fi

T
/(; (hS + |f(83qs)‘)d3 < +00.

]:t = C]EQQ

(4.65)

IN

C]EQq ft

It follow from (4.25) with p = ﬁ_1+12* that for each € > 0, there exists a positive constant C’e,ﬁm,\j

depending only on (e, ii,v, A, T') such that for each ¢t € [0, 7],

Lq Lq ﬁ
E[LZ; exp{,u_“r12A {ln (1—1—1/?)} H}}]

T
L1 1 1
<eE [/ Tq &XP (27 *Iqsl*)ds
t t

Then, applying assumption (A3), inequality (4.3) with 4 = i and § =

(4.66)

Fi| + Cs,ﬂm/\,T-

ﬁ7 and inequality (4.66) with

€ = ¢, we conclude that for each t € [0, T,

]—"t]
i T q T q
L 1 1 L
> _F ) T 2y X |g. | ™ =T
> <I£+ / héds> o ( / exp (27 o )ds> o
r T T 1422
> -E <|€|+/ hsds> exp ] ji lln <1+§|—|—/ hsds>] Fi
t t
o[ 2% A TLE a3y
— —_L 0 TFex s A DY by
e B Y e Bt

T T 142
> —E <|§| +/ hsds> exp{ [ [ln (1 + €] —|—/ hsds>] Fi| — C’c,ﬂmA,T,
t t

which means, in view of (4.63), that the process U;(€) in (3.2) is well defined.

T
Ego | €+ / F(s,q,)ds
t

./T"t +C]E .Ft

+cE

ft] (4.67)

In the sequel, by (A3), (3.4) and (4.4) with (e, ¢, 11, 6) = (¢, 2,7, +) we can deduce that there exists a
constant C¢ , x > 0 depending only on (¢, 7, A) such that dP x dt — a.e., for each z € R¢,

g(wt,z) = sup {z-q—f(w,t,q)} < sup {z +q—cexp (%*Iql%) + ht(w)}
q€ER4 q€ER4

< Al (Mn(L+ [2))* + Ae(w) + Co,
which together with (3.5) and (4.4) with (e, ¢, u,8) = (1,2,7, 1) yields that the generator g defined in
(3.4) satisfies assumptions (HO) and (H3) with

hy = hy + exp (27_%|k|%> + Ceyne

It then follows from (iii) of Proposition 2.2 and (4.63) that BSDE (3.3) admits a unique adapted solution
(Y:, Zt)refo,r) such that for some /i > 0,

sup |Yi| € Lexp[fi(ln L)' 2%]. (4.68)
t€[0,T
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To show the dual representation, we need to further verify that U;(§) =Y, for each t € [0,T], where
Uz(€) is defined in (3.2). We first prove that for each (g:)epo,r) € H(&, f), it holds that

T
Ega E—i—/t f(s,qs)ds| Fi| > Y, t€][0,T). (4.69)

In view of (A0), (3.3) and (3.4), a same computation as that from (4.33)-(4.35) yields that for each n > 1,

Y; <Eq¢ | Yre —I—/ nf(s,qs)ds
¢

]—"t] ., telo,T], (4.70)

where the stopping time 7! is defined in (4.34). On the other hand, by (4.65) and (4.66) with ¢ = 0
together with (3.1), we know that

T
E [LqT exp {ﬁ_ﬁ [In (14 L‘IT)]H%H < 400, Ege / |f(s,qs)|ds| < +o0,
0
and then, in view of (4.68) and (4.3) with u = i and § = 175,
Ego | s [ViI| = E ( sup m) Ly
te[0,T] te[0,T]
< E|Ljexp {35 (14 L)) 7 |
142X
+E < sup |Yt> exp ¢ 4 |In <1 + sup |Y}|> < 4o00.

t€[0,7)

te[0,T)

Thus, the desired assertion (4.69) follows by sending n to infinity in (4.70) and applying Lebesgue’s
dominated convergence theorem.

Next, we set ¢s € 0g(s, Zs) for each s € [0,T] and prove that (g )iecjo,r) € H(, f) and

T
Y;t = Ein §+/t f(su (js)ds

ft] , t€][0,T]. (4.71)

Since f(s,4s) = Zs - Gs — g(s, Zs), by (A3) and(4.4) with (e,q,1,9) = (5,2,7, %) we deduce that there

exists a constant C, ., > 0 depending only on (c,, A) such that for each s € [0, 7],

~ _1,..1 c _1 .1 =
905, 2,) < Zs -4, — cexp (27 1a}) + e <912 0L+ |Z0) = S exp (27 F1@}) + ho + Con,

and then, in view of the fact that 2% < §exp (27_%:10%) + C. . for each 2 € Ry and some constant
C.~ . > 0 depending only on (¢, 7, \), and the fact that z(In(1 4 2))* < Ky + 22 for each € Ry and

some constant K > 0 depending only on A,

T
/ G.[2ds
0

IN

C T 1, ,1 ~
3 / exp (%’X Iqs\x) ds +TCey\
0

IN

T
/ ['y(K,\ +|Zs|*) + hs — g(s,Zs)] ds +TCeyn < 400.
0

Moreover, letting ¢s = ¢s10,5,,1(5) in (4.14) of Proposition 4.3, we conclude that for each € > 0, there

exists a positive constant C; ;a7 depending only on (e, fi,y, A, T) such that for each n > 1,

- JO In
E[Ld, exp (@7 [In(1+ L8, )] 77 )| < ¢E [/ Liexp (274 |g,1}) ds} +Copnr,  (472)
0
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where the stopping time o, is defined in (4.37). In view of (3.3) together with the fact that f(s,ds) =
Zs s — g(s, Zs), by an identical analysis to (4.39) we obtain that for each n > 1,

Yo=Egs |:Yg” +/ ’f(s,('js)ds] . (4.73)
0
On the other hand, by applying assumption (A3), inequality (4.3) with © = g and § = 71+12A7 and
inequality (4.72) with e = §, we can conclude that
Egs [§+/ /f(s,q;)ds}
0
> -E K|§ +/ hsds> Lgn} +cE K/ exp (27—%|qs|%) ds) Lgn]
0 0
In on 142X
> -E (|£ +/ hsds> exp {u {ln (1 + €] +/ hsd3>} }
0 0
THex an 1 1
—E [Lgn exp { [/:f1+ﬁ In (1 + LZn)] e }:| + cE |:/ Liexp (27*X|(js|x> ds]
0
142X (4.74)
>

T T
-k <|§| +/O h3d5> exp { fi [ln (1 + €] +/O hsds>]

c an ~ L
+5E U Liexp (27’% || i) dS] = Cej2 a1
0

In view of (4.63), (4.73) and (4.74), we can conclude that there exists a positive constant C' > 0

independent of n such that

supE [/ Liexp (27*%|(js|%) ds] <C
0

n>1

and then, in view of (4.72),

supE [Lgn exp (ﬁ_ﬁ [In(1+ L2 )] m)] < +o0. (4.75)
n>1 )

According to the de La Vallée Poussin lemma and the last inequality, we deduce that the random variable
n=1

sequence (LI )°2 ) is uniformly integrable, and then IE[L%] =1, so (L?)tE[O,T] is a uniformly integrable

martingale. Furthermore, applying Fatou’s lemma and (4.75), we obtain

a1
E [L?F exp (M_lex [ln(l + L‘?p)} HM)}

(4.76)
_ _a
<lminfE [27, exp (5775 [In(1+ 17 )] 77 )] < +oo.
To show that (G¢)icjo,r) € H(&, f), we have to prove that
T
Eqa | €] +/0 (hs +1f(s,Gs)])ds| < +o0. (4.77)

Indeed, by (A3), (4.3) with y = i and § = 1755, (4.63) and (4.76), we have

Egq

T
|§|+/0 (hs+f(s,cjs)|)ds]

T T
|§|+/0 hds <|§|+/O hsds> Ls

27

< 2Egs — 2E




<E [Lg exp ([fulm [ln(l + Lg)} HZA)}

o - 1422 (4.78)
+E <|£| —|—/ hsd5> exp {ﬂ [ln (1 + €] —|—/ hsds)] } < 400.
0 0
By a similar computation to (4.56), we deduce that for each n > 1,
Y; = Egq | Yy +/ " £(s,d)ds ft] . telo,T]. (4.79)
t

Then, in view of (4.79) with ¢ = 0, (4.3) with p = fi and § = 1755, (4.68) and (4.76),

72 T
sup Eqga / fH(s,qs)ds| < Ega / [ (5,qs)ds| + |Yo| + Eqa < 400,
n>1 0 0

sup |Yi
te[0,T]

which together with Fatou’s lemma and (4.78) yields (4.77). Sending n to infinity in (4.79) and applying
Lebesgue’s dominated convergence theorem, we get (4.71).

Finally, note that U;(§) = Y; for each t € [0,T]. According to the existence and uniqueness of BSDE
(3.3) and the related comparison theorem, we can easily verify that the operator {U(-), ¢ € [0,T]}
defined via (3.2) satisfies (i)-(iv) in the introduction and then constitutes a dynamic concave utility

1+2>\]

function defined on U, oL exp[p(In L) . The proof is then complete.

4.4. Proof of Assertion (i) of Theorem 3.1

Assume that the core function f satisfies (A0) with k <~ and (A4), and that
T 1
€] +/ hydt € m Lexp(i(lnL)2). (4.80)
0 >0

Given a constant p > pg := vV 2T. First of all, in view of (A4), it is clear from (3.2) that

T
Ui(€) := essinf Eqe §—|—/ f(s,qs)ds

qeH(E,f)

]—"t] , te0,T], (4.81)
where

H(E, f) = {(]—})—progressively measurable R%-valued process (q;)e(o,7] :

T
dP x dt — a.e., |¢| <~ and Ege |§|+/ (hs + |f(s,gs)])ds| < +o0
0
SR ¢ L[, dQe .
with L ::exp(/o qs-dBS—§/0 lgs] ds), t€[0,7] and ﬁ:LT }

Moreover, we see from [27, Lemma 2.6 | that for any (F;)-progressively measurable R?-valued process

2

E | exp Fi| <

(q¢)tefo,r) such that |g¢| <, dP x dt — a.e., and for each fi > o, we have
1
< +oo, te[0,T]. (4.82)
2

T
/ QS'st
¢ ,/1—%(7’—7&)

Next, we show that ()icjo,r) € H(, f), and then the space H(&, f) is nonempty. Indeed, from (A0)

/22

with & < v and (A4) we can verify that dP x dt — a.e., |G| < v and |f(¢, @:)| < ht, and then according
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to (4.7) with some constant ¢ :=p € (1, ;f-) and (4.82) with 1 = £ > 1i9 and ¢ = 0 together with (4.80),

we deduce that there exists a constant C), , > 0 depending only on (,p) such that

I3 +/0T hst]
<|§| + /OT hsds> exp (/OT i ~dBS>

Eqq

T
|€|+/O (hs+|f(s,fis))d51 < 2Eqs

T —
<§| -|-/ hsds> L
0
T
/ st . st
0
T T
+2E <|£| —|—/ hsds> exp{ py|ln <1 + |¢] —|—/ hsd8> < 4o00.
0 0

Hence, (q@t)iejo,r) € H(E, f). Furthermore, for each (g:)iepo,r) € H(E, f), according to assumption (A4),

=2E <2E

2

<2C,E |exp %
I

inequality (4.7) with some constant ¢ := p € (1, 5—0) and inequality (4.82) with g = % > o, we deduce
that there exists a constant C), ;, > 0 depending only on (u, p) such that for each ¢ € [0, 77,

T
hsds| F
|§|+/t s ]
i T T
. o) hsd s - dBg || Fi
> _<|€|+/t S>eXp</t q ) t]

Fi
T T
-E (Ifl +/ hsds> exp { fy | In (1 + ¢ +/ hsds> Fi (4.84)
t ¢
T T C
>-E ||| +/ hsds | exp Q p, |In [ 1+ |¢] —|—/ hsds Fi| — = .
t t 1— 222(T —¢)
M

which means, in view of (4.80), that the process Uy(§) in (4.81) and (3.2) is well defined.
In the sequel, by (3.4) and (A4) we can deduce that dP x dt — a.e., for each z € R%,

T
Ego |+ / F(s,q.)ds
t

<§|+/t hsds> o

ft‘| > *EQ(]

=-E

glw,t,z) = sup {z-¢— f(w,t,q)} < sup  {z- g+ h(w)} =7[z] + he(w),
g€ERd qERY, |q|<y

which together with (3.5) and the condition of k <~ yields that the generator g defined in (3.4) satisfies
assumptions (HO) and (H4) with h; = hs. It then follows from (iv) of Proposition 2.2 and (4.80) that
BSDE (3.3) admits a unique adapted solution (Y3, Z;);c[o,7] such that for each fi > 0,

the process (|Y;|exp ( p/In(1 + |Y; belongs to class (D). 4.85
H te[0,T]

To show the dual representation, we need to further verify that U;(§) = Y; for each t € [0,T], where
Ui(€) is defined in (4.81). We first prove that for each (g:)iejo,r) € H(&, f), it holds that

T
Equ [ €+ /t f(5,0:)s| | > Y5, te[0,T]. (4.86)
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In view of (A0), (3.3) and (3.4), a same computation as that from (4.33)-(4.35) yields that for each n > 1,

ft]
/t ! f(s,qs)ds

where the stopping time 7 is defined in (4.34). According to (4.7) with some constant ¢ := p € (1, i)

and (4.82) with g = % > po, we can deduce that there exists a constant C),, > 0 depending only on

Y, < Equ |V + / £(5,q2)ds
t

. (4.87)

T

E i
Li

Y‘Ff,, Fi| +Eqa

ft] , te [O,T],

(11, p) such that for each n > 1 and t € [0, T,

LY, T
YTt—T;' < |Yit|exp / qs - dBg
n Lt n ¢
Tt 2
< Cyupexp %/ gs - dBy +YT£’|eXp{u ln(l—l—Y.,.f_LD}
t
and
St 2\ |P 9 St 2
E ||exp —2/ qs - dBs = E |exp p—Z/ qs - dBs
B Je K=
1
< — < 400,
1— 220 (T — t)

Lq

which together with (4.85) yield that for each ¢ € [0,T], the sequence of random variables Y.« Liqﬁ are
uniformly integrable. On the other hand, since (g )icpo, 7] € H(E, f), we have

T
Egq [/0 |f(s,qs)|ds

Thus, the desired assertion (4.86) follows immediately by sending n to infinity in (4.87).

< +400.

Next, we set G5 € dg(s, Zs) for each s € [0,T] and prove that (G¢)iejo,r] € H(E, f) and

T
th = EQ(F £+~/t f(S,(jS)dS

ft] ., telo,T). (4.88)

Since f(s,qs) = Zs - Gs — 9(8, Zs), by (A4) we deduce that dP x dt — a.e., |¢:| < 7, and by (4.82) we
obtain that for some constant p € (1, ﬁ),

T T
/ st : st / st : st
0 0

To show that (G )¢epo,r) € H(, f), we have to prove that

2 2

2

<E |exp p—Q
1

1
< < 400. (4.89)

1— 2225(T — 1)

E [exp %
I

T
Ega |£\+/0 (hs + 1f(s,qs)])ds| < +oo. (4.90)

Indeed, by (A4) and (4.7) with ¢ := p together with (4.89) and (4.80) we deduce that there exists a

€ + /O Thsds]
<I£| + /OT hsds> exp (/OT & -st>
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constant C), , > 0 depending only on (p, p) such that

T
Egs |I€] + /0 (hy + £~ (s,d)])ds | < 2Eq

T
<|§|+/0 hsds> i

=2E <2E




T 2
<2C,,E [exp uﬁ/ Gs - dB,
0

2
(4.91)
T T
+2E | { €] —|—/ heds | exp{ py|In [ 1+ [¢] +/ hsds < 4-00.
0 0
By a similar computation to (4.39), we obtain that for each n > 1,
Y, = EQ‘? Y‘rfb +/ f(SaQS)ds Fi
t
(4.92)

Ll 7
E | Y LTq Fi| +Eqa / f(s,ds)ds| F|, tel0,T).
t t

On the other hand, by applying (4.7), (4.85) and (4.89) we deduce that the sequence of random variables
Y |L§t /LY is uniformly integrable for each ¢t € [0,7]. Then, in view of (4.92) with ¢ = 0,

0 r :
supBor | [ £ (2.)ds| <Bau | [ 17 (s.)ds| + ol + sup B [[ViglLdy] < oc,
n>1 0 0 n>1 "

which together with Fatou’s lemma and (4.91) yields (4.90). By letting n — oo in (4.92), we get (4.88).

Finally, note that U;(§) = Y; for each t € [0,T]. According to the existence and uniqueness of BSDE
(3.3) and the related comparison theorem, we easily verify that the operator {U;(:), t € [0,T]} defined
via (3.2) satisfies (i)-(iv) in the introduction and then constitutes a dynamic concave utility function

defined on NjsoL exp[ji(In L)2]. The proof is then complete.
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