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MEAN VALUES OF ARITHMETIC FUNCTIONS ON A SPARSE SET AND
APPLICATIONS

HENGCAI TANG & JIE WU

ABSTRACT. Let f be an arithmetic function satisfying some simple conditions. The aim of this
paper is to establish some asymptotic estimates for quantities

v =S awf([2]). e =S r([2])

n<x

for £ — oo, where A(n) is the von Mangoldt function and [t] is the integral part of ¢ € R. These
generalise or sharpen some recent results of Saito-Suzuki-Takeda-Yoshida. As an application, we

show that 1 -
>, (;W)@'

p<z, [%] is prime

1. INTRODUCTION

A fundamental question in the analytic number theory is to study the asymptotic behaviour of
counting summatory function of some arithmetic functions f, as x — oco. A typical example is the
Dirichlet divisor problem : let 7(n) be the number of divisors of n, then for x — oo, we have

> 7(n) = wlogz + (27— Do + O@'/?),
n<x
where v is the Euler constant. Notice that
x
(1.1) Sorm=Y 5],
n<x n<x
where [t] denotes the integral part of ¢ € R, it seems natural to consider a more general problem
x
51 =321 ([])
n<x
such that (1.1) corresponds the case of f = id (identical function, i.e., id(n) = n for all n € N*).
An interesting aspect of this problem is that the set

S(x) = {[E] 'n € Nﬁ[l,x]}

n
is sparse in NN [1, z]:

S@)| ~_ 2V

Since the Euler function ¢ is the convolution of id and the Mobius function u, i.e. ¢ = id * p,
we could consider that ¢ is rather close to id. Bordelles, Dai, Heyman, Pan and Shparlinski [2]
proposed to investigate the asymptotic behaviour of the summatory function S,(z), as  — oo,
and proved the following inequalities

2629 6
. < <
(4009 —+ o(1) )z log < S,(x) < (

2629 6 1380

1.2 i I
(12) 4009 72 + 4009

+ 0(1))azlog x.
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They also conjectured that

6
(1.3) Sy(x) ol pxlog .

The bounds in (1.2) have been sharpened by Wu [15]. Recently Zhai [17] resolved the conjecture
(1.3) by the Vinogradov’s method, and a more general result has been established by Ma, Wu and
Zhao [8]. Let 71, 72,73 be three non decreasing functions defined on [1, co[ such that

(1.4) I1<rj(z) <2 (x>1, j=1,2,3), rg(z) — oo,
T—00

where 7; € [0,1[ are constants. Let f = id * g be an arithmetic function satisfying the following
conditions:

(1.5) [f(n)] <nri(n)  (n>1),
(1.6) Z lg(n)| < xra(z) (x> 1),
(1.7) Zg(n) = Dz + O(z/r3(x)) (x> 1),

where Dy is a constant (eventually equal to 0). Ma, Wu and Zhao [8] proved that for any constant
A >0,

(1.8) St(x) = Crrlogz + Oa(zRs(x, 2))
holds uniformly for 2 > 3 and 1 < z < exp{A'/3(log z)%/3(logy 2)/?}, where

o 9(n)
n=1

and

ro(xz/z)  ro(x/z)logz zlogx

Rs(w,2) := (log 2)*/*(logy x)/*r1 (x) + (log 2)4 z rs(va/z)

When f = ¢, we can take A =1 and choose

ri(x) =ro(x) =1, r3(z) =exp (— c(log :U)3/5(10g2 x)_1/5), z =loguw,

where log), is the k-fold iterated logarithm and ¢ > 0 is a positive constant. Thus (1.8) gives Zhai’s
result (1.3).

For small arithmetic functions, i.e., f(n) < n? (n > 1) with some 6 € [0, 1], many authors also
studied the asymptotic behaviour of Sy(x), see [2, 16, 17, 20, 12, 3]. In particular, Wu [16] and
Zhai [17] proved independently

Si(x) = cpa+ 02 (2 = o0),

where
1.1
(1.10) Z:: n+1

Very recently Saito, Suzuki, Takeda and Yoshida [11] considered prime-analogue of S¢(x). Let
Q(n) be the number of all prime factors of n, then it is well known that

ZQ(n) :Z [E] = zlogyx + O(x) (x — 00).
n<x p<x p
Let A(n) be the von Mangoldt function and define

(1.11) @)=Y Ami([1]) w@ =3 r([])

n<x
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They [11, Theorems 7 and 9] proved that for x — oo,

(1.12) Yo(x) = %xlogw + O(z(log )23 (log, x)l/g)
T
and
2 2 2
(1.13) ﬁxlogQ x4+ O(zlogz z) < mp(z) < (ﬁ + §>xlog2 x + O(xlogs ).

In [11], Saito, Suzuki, Takeda and Yoshida also studied the asymptotic behaviour of () and
7f(x) for small arithmetic functions. Suppose that f satisfies the following conditions:

(a) There is a constant o > 0 such that

(1.14) Z fn < (logx)® (x > 2).
(b) There is a constant 6 € [0, 3] such that
(1.15) f(n) < n? (n>1).

Then they [11, Theorems 5 and 6] established that there is a positive constant ¢ > 0 such that for
x — 00,

(1.16) VYy(r) = cyx + O(zexp(—cy/log x))
and for any non-negative integer K,
K
x ar(f) o
1.17 = O ——
(1.17) () log x kZ:o (log z)k + K((log ac)K+2>

where ¢y is defined as in (1.10) and
)(1
(1.18) / S Og ([u])(ogw)* |

The aim of this paper is to generalise and sharp these results.

Theorem 1.1. (i) Let f be an arithmetic function satisfying the conditions (1.5), (1.6) and (1.7).
Then for any A > 1, there exists a positive constant B = B(A) such that

(1.19) Yr(x) = Craxlogr + Oa(xRy(z, 2))
holds uniformly for x >3 and (logz)? < z < 22, where Cy is defined as in (1.9) and

2 2) = (loe 2123 (logs 237 (2 ro(x/2) log = zlogz
(1.20) Ry (z,2) == (logx)*/"(logg )™/ r1( )+(10ga:)A+7"3(:(:1/4/z) /)

Here the implied constant depends on A only.

(ii) Let f be an arithmetic function satisfying the condition (1.7) and there is a positive constant
¢ < 1 such that one of the following two conditions

(1.21) fo=1) <ef(p  or  flp—1)>c ' f1)p>0
holds for an infinity of prime numbers p. Then the error term of (1.19) is Q(x).

As applications of Theorem 1.1, we consider four special arithmetic functions:

— the Euler function ¢(n);

the alternating sum-of-divisors function 5(n);
— the sum-of-divisors function o(n);
— the Dedekind function ¥(n).
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We have the following relations:
(1.22) 0 =1id * p, B =1id x A, o =1id 1, U = id * p2,

where A(n) := (—1)%(" is the Liouville function and 1(n) = 1 for all n € N*. Tt is well known that
they verify the conditions (1.5), (1.6) and (1.7).

Corollary 1.2. (i) For z — oo, we have

(1.23) () = %xlogw + O(x(log 2)2/*(logy 2) /%),
(1.24) Pa(x) = ﬁxlogx + O(2(log 2)%/3(logy x)'/3),
(1.25) Yo (z) = ﬂ;x log z + O(z(log #)?/3(log, 2)*/?),
(1.26) V() = Syrloga + Ola(log ) (logy 1)),

(ii) The error terms of (1.23)-(1.26) are Q(x).

The next theorem generalises Saito-Suzuki-Takeda-Yoshida’s (1.13).

Theorem 1.3. (i) Let f be an arithmetic function satisfying the conditions 0 < f(n) < Cn (n > 1)
and (1.6) and (1.7). Then for any A > 1, there exists a positive constant B = B(A) such that

1 1
(1.27) ngxlogQ x4+ 0a(xRe(x,2)) < 7p(x) < §(Cf +2C)zlogy x + Oa(2Rr (2, 2))
holds uniformly for x > 3 and (logz)? < z < /12, where Cr:=>2,9(n)n"? and
1 !
(1.28) Ro(2, 2) = logg & + ra(z/2) + 0g T n zlogzr

(logz)® * r3(xl/1/z) = ra(x/z)
Here the implied constant depends on A only.

(ii) In particular, (1.13) is true and

2 2
30

(1.29) Z—leogQ x4+ O(xloggx) < mg(x) < T 4—;
For small arithmetic functions, we have the following results which improve Saito-Suzuki-Takeda-

Yoshida’s (1.16) and (1.17).

xlogy x + O(zlogs ).

Theorem 1.4. Let f: N — C be an arithmetic function satisfying
(1.30) fn)y<n®  (n=1)

with some constant 6 € [0, 1].
(i) There ezists a positive constant ¢ > 0 such that for v — oo, we have

(1.31) Yy(x) = cpz + O(xexp(—ci(log )3 (log, x)_l/?’))’

where cy is defined as in (1.10).
(ii) Furthermore, if f also verifies the condition (1.14), then the error term in (1.31) can be
replaced by O(m exp(—c1 (log )%/°(log, 1:)_1/5)).

Theorem 1.5. Let f : N — C be an arithmetic function satisfying (1.30).
(i) There exists a positive constant ca3 > 0 such that for v — oo, we have

(1.32) mr(x) = x/lm

Furthermore, if f verifies the condition (1.14), then the error term in (1.31) can be replaced by
O(xexp(—cz(logx)3/5(log2 z)_1/5)).
(ii) For any non-negative integer K, the asymptotic formula (1.17) holds.

2/7

Aloala /) li)g?a]c)/u) du + O(x exp(—cz(log x)1/3(log2 :13)_1/3)).
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As an application, we have the following result.

Corollary 1.6. For x — co, we have

2/7

7 Le() -
> ime [ s dut O en(—clogs)” (ogy ) V%)

(1.33) p<z,[;]is prime
- (;p(pl-#-l))lozx{l + O(lo;g)}’

where 1p is the characteristic function of the set of prime numbers P.

In the sum on the right-hand side of (1.33), we count prime numbers p with multiplicity. It
seems more interesting to count without multiplicity. For this we introduce

ms(z) = Z 1 and g 2(T) = Z 1.
P p<w
Insuch that [z/n]=p 3p’ such that [z/p']=p
According to [6], we have
mg(x) ~ 2212 /logx as x — oco.

A stronger result can be found in [9].

Theorem 1.7. (i) For z — oo, we have msa(z) > 21%/5%/log x.

(ii) Let m(x) be the number of primes < = and let € be an arbitrarily small positive number.
Suppose that for y = (logx)?¢, the inequality

(1.34) m(x +y) — m(x) > y/logx
holds for x — co. Then we have ms o(z) >. x/%/(logz)>*e.

Noticing that n and [x/n] are symmetric with respect to z'/? logarithmically, it seems rather
interesting to compare Corollary 1.6 and Theorem 1.7 with Goldbach’s conjecture and the twin
prime conjecture:

p—1 1 N
Z b 2 H D—9 H (1 o 2) 27
p<N, N—pis prime ]\?:20 2<p\Np_2p>2 (p— 1) (th)

2. ol <1 - 1>2> (ma?

p<z,p+2 is prime p>2

About the hypothesis (1.34), we refer the reader to Granville-Lumley’s paper [5].

2. PRELIMINARY LEMMAS

In this section, we shall cite some lemmas, which will be needed later. The first one is the
Vaughan identity [14, formula (3)].

Lemma 2.1. There are siz real arithmetical functions ay(n) verifying
lagk(n)| < 7(n) log(2n) (n>1,1<k<6)

such that, for all N > 100, N < N' < 2N and any arithmetical function a(n), we have

(2.1) > A(m)a(n) = Sy + Sy + S5+ Su,

N<n<N’
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where T(n) is the classical divisor function and

Sy = Z a1 () Z a(fm),

I<N1/3 N<Im<N'
Sy = Z as(f) Z (log m)a(fm),
I<N1/3 N<m<N'

Sy 1= Z Z asz(f)ag(m)a(mn),
N1/3<pm<N2/3
N<tm<N'

Sy = Z Z as(0)ag(n)a(fm).
N/3<t,m<N?/3
N<tm<N'

The second lemma is [4, Theorem A.6].

Lemma 2.2. Let ¢(t) :=1t — [t] — % fort eR. Forx > 1 and H > 1, we have

(22) v == 3 o) ),

1<|h|<H

where e(t) := e®™¢ ®(t) := wt(1 — |t|) cot(nt) + |t| and the error term Ry(x) satisfies

1 1
: Ry ()| < S o(1- .
23) Sy (1 H~|—1>e<h$)
0<lhl<H

The third lemma is an estimate of exponential sum of Vinogradov type.

Lemma 2.3. For any A > 1, there is a positive constant B = B(A) > 0 such that

(2.4) Z e(T/n) < N(logT)™
N<n<N’

holds uniformly for
(2.5) exp(B(log T)*3(logy T)Y?) < N < T(logT)™®  and N < N’ < 2N,
where the implied constant depends on A only.

Proof. According to [19, Lemma 2.2], there is a positive constant ¢; such that we have

Z e(T/n) < Nexp (— c1(log N)?/(log T')?)
N<n<N'

uniformly for N < 72/3. This implies (2.4) provided that exp(B(logT)%?(log, T)'/3) < N < T?/3

with B = (A/c1)'/3.

Next we suppose that T%/% < N < T(logT)~? with B = A. Applying the exponent pair (%, %)

(see [4]), we get

> e(T/n) < (T/N)VSNYS 4 (T/N)"'N < (TN?*)V/6 + T7'N? < N(log T) ™.

N<n<N’
Combining these, we obtain the required result with B = max(A, (A/c)'/3).

The fourth lemma is [19, Lemma 2.4].

Lemma 2.4. Assume that the arithmetic function f satisfies the conditions (1.6) and (1.7). Then

1 (z — [2))? + [2] xra(z/z) xz
(26) D Jn) = 5Cpa* — Dya 0( et r3(x/z)) — Ay(z,2)

n<x
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holds uniformly for x > 2 and 1 < z < /3, where the constant Cy is defined as in (1.9) and
_ gd) (=

Furthermore, for x > 2 we have

(2.8) Z f(n) = %Cfl’Q + O(z(log x)ra(x)).

n<x

3. BOUND ON AN AVERAGE OF A,

The aim of this section is to prove the following Proposition 3.1, which will play a key role in
the proof of Theorems 1.1 and 1.3.

Proposition 3.1. Assume that the arithmetic function f satisfies the hypothesis (1.6) and (1.7).
Let 6 € {0,1}, n > %, A >1 and let B be the constant determined by Lemma 3.2 below. Define

(3.1) Ny := exp (B(log 2)%3(log, 33)1/3).
Let Ay(z, z) be defined by (2.7) of Lemma 2.4. Then we have

¥ . z xro(x/z) xlogx
(3.2) Ag,(s(fva) = Z A(”)Ag<n o, Z) <4apm (log:x)A + rg(xl—l/n/z)

No<n<zl/n
and
i - xro(z/z) xlogx
(3.3) Ag,(S(x’Z)' Z A ( -9, ) <A (log z)A +r3(x1*1/77/z)
No<p<zl/n

uniformly for x > 10 and (logz)? < z < /12,

In order to prove Proposition 3.1, we need to establish the following lemma. This lemma is
essentially due to Liu [7] (see also [13, Lemmas 6, 7, 12] and [11, Lemma 22]). For convenience, we
give a complete (and simpler) proof here.

Lemma 3.2. Let ¢(t) ==t — [t] — % fort € R and v € R. Then for any A > 1, there is a positive
constant B = B(A) > 2A + 8 such that the inequalities

(3.4) E@ NN = Y Al ( ) <a N(logz)~(4+)
N<n< N’
and
Aln)  (x _a
N<n<N'’
1
(3.6) “p(2 1) <a (loga) ™
N<p<N’ p p
\p

hold uniformly for

(3.7)  x>10, exp(B(logz)*3(logyz)/3) < N < z(logz)™® and N < N’ <2N.
The implied constants depend on A and are independent of ¢.

Proof. Firstly we prove (3.4). Using (2.2) of Lemma 2.2, for any H > 1 we can write

2 me(% —)=- 3 (I)(HZ1> 27:ih ;N,A(”) (%x - )

N<n<N’ 1<|h|<H

(! <7—L)

N<n<N'




8 HENGCAI TANG & JIE WU

In view of (2.3) of Lemma 2.2, it follows that

> () s 2 Ame()

1<|h|<H N<n<N'

+2H1+2 > (1 H|Z|1> (<h) 3. M"*’(%)‘

0<|h|<H N<n<N’

|Z(x; N, N')| <

Noticing the fact that 0 < ®(¢) < 1 (0 < |¢| < 1) and using the prime number theorem:
(38) 3 A(m) = 2+ Ow expl(—ellog 2} (logy 2) %) (x >3),

n<
where ¢ > 0 is a positive constant, we can derive that, for any H € [1, N]|,

(3.9) E(xNN)<%+ 3 ' Y An ( )

1<h<H N<n<N'’

For the last inner sum, we apply the Vaughan identity (2.1) to write

(3.10) S Al ( ) &1 + Gy + B3 + G,
N<n< N/’

where

S = Z a1 (d) Z e(%),

d<N1/3 N<dSN'
hx
Syi= > axd) Y (logl)e (de)
d<N1/3 N<dé<N'
hx
Si= DY agldasOe( ).
N1/3<d o< N?/3
N<dé<N'
hx
= ) ozg,(d)ozg(ﬁ)e(d—g).
N1/3<d < N?/3
N<d¢<N’

The sums &7 and G- are called as type I, &3 and &4 as type II.
A. Estimates of 61 and Gq
Since N < z/(logz)? and d < N3 < /3] then

ha/d > z/d > (N/d)(logz)? > (N/d)(log(z/d))® and hx/d > x>
Thus, we can apply Lemma 2.3 and the inequality a;(¢) < 7(¢)log z to derive that
&1 < Y Jaa(d)|(N/d)(log(ha/d))~A+5)

d<N1/3
(3.11) < N(logz)™ ™9 3 © r(d)/d
ZéNl/S
< N(logz)~A+2),

The same bound also holds for G2, since the factor logm in &9 can be removed by a simple partial
integration.

B. Estimates of ©3 and &4
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We shall only bound &3, since &4 can be treated in the same way. For this, we shall use two
different methods according to the size of N:

exp(B(log z)%/3(logy 2)'/3) < N < 21/? or 2?2 < N < z(logz) 5.

Firstly we consider the first case. In view of the symmetry of the variables d and ¢, we can
suppose that N'/2 < d < N?/3. Thus using the bound a3(¢) < 7(¢)log z, we can derive that

G5 < (logz) Y T(d>’ >, 0‘4(@6(%)

N1/2<d<N2/3 N/d<¢<N'/d
hx
2
<(ogo)® | max 3@ 30 anbe(gy )

d~D N/d<t<N'/d

where the symbol d ~ D means that D < d < 2D. By the Cauchy’s inequality, it follows that
2

|63|2 < (log :L')5 max D Z T(d)‘ Z oq(d)e(%z‘)
d~D

N1/2< DK N2/3 N/d<t<N'/d
h(t' = 0)x
7 , B
<(loga) | max D 37 3 w(0)7(F) > (=g )|
¢~N/D ¢'~N/D d~D

Separating the contribution of £ = ¢’ and ¢ # ¢', we can find that

(3.12) |63]2 < (logz)'®  max D<N+ YooY w0

1/2<D<N2/3
NY2<D<N (~N/D ¢'~N/D
e

> e )

d~D

)

Noticing that 7(d) = >, 4,—4 1 and using the symmetry of d; and da, we can suppose that d; < do

and write
(0 — )z h(¢! — 0)x
gT(d)e< e ) T > e( d1doll’ )
~ <d1d2<2D

< (logx ma
( & )1<D1<}51/2 Z
di~D1

(3.13)

h(l' — )z
d};/dle( dyda 0 )‘

Using the hypothesis N < /2 and £ # ¢/, it is easy to verify that

h(t! — 0)x x D
3> p >‘ ’> > (= )24
P E T w17 4 (N/D2 T (dl)x

Thus we can apply Lemma 2.3 to get that

Z T(d)e(W) < (logz) max Z i(logac)_(mﬁo)

1/2
dmD ISDisDY=

1~Dy
< D(log z)~(24+28)
Inserting this bound into (3.12), we easily derive that
(3.14) S3 < N(logz)~(A+3),
The same bound holds for &4. Combining (3.11) and (3.14) with (3.10), it follows that

Z A(n)e(@) < N(logz)~A+3),
N<n<N' K

A+1

Inserting it into (3.9) and taking H = (logz)“™", we obtain the required result (3.4).
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Next we suppose that z'/2 < N < z(logz)~ 5. In (3.13), applying the exponent pair (k,\) to
the inner sum over d and using the fact that ¢, ¢ ~ N/D with ¢ # ¢, we obtain that

S rlae(" ) < toga) max S (i) () (o))

d~D 1<D1<D?2 g4,~Dy

<<(10gx)2<(h|glN_2£’x>HD1+“+)‘) <h|€]\;2£]a:> )

From this, we deduce that

max D Z Z

1/2< DK N2/3
NYESDSN® - UN/D e ~N/D
"

< (log x)6((h$)nN(7—5H+/\)/4 + (hx)_lNg).

21 T(d)e(W)’

d~D

Inserting it into (3.12), it follows that

(3.15) S5 < (logz)8 (NP6 + (ha) AN T=5FN/E (1) =12 N3/2),

The same bound also holds for &4. Combining (3.11), (3.15) with (3.9), it follows that
=(z;N,N') < (1ng)8(N5/6 FNH 4 (20 NT5RA sy 18 ($*1N3)1/2)

for all H € [1, N]. Optimizing H over [1, N] and using the hypothesis 22 < N < z(logz) "B, we
find that
E(l‘; N, N’) < (log x)B(NS/G + (x4KN7*H+)\)1/(8+4Ii) + (x4liN775I€+)\)1/8 + (xle?))l/Z)
< (log z)8(N®/6 4 N(THTRAN/E4r) 4 N(THREN/8 L N (1og 2)~B/2).

Taking (k,\) = (35, 29), we obtain the required inequality (3.4). Then, a simple partial integration
implies that (3.5).
Finally we prove (3.6). Under the condtion (3.7), we have that

‘ 3 logpw<$_L>‘< 3 logp<<(10gNN)2

14 174 v
N<p¥<N'",v>2 p 4 N<pV<N'v>2 p
< exp(~(B/2)(log 2)*).

Thus, under the same condition, we have

S Ry oy () (exp(—(B/2) (g )?)

Nepent PP N<nent
<4 (logz)™.
From this, a simple partial integration gives us (3.6). O

Now we are ready to prove Proposition 3.1.
Proof of Proposition 3.1. By (2.7) of Lemma 2.3, we can write

Aj(;(x,z) = Z A(”)(% - 5) Z Q(dd) (% B g)

No<n<zl/n d<(z/n—6)/z

—e Yy A A0 o+ ),

No<n<zl/n d<z/(nz)

(3.16)
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where the implied constant is absolute and

Ey = Z A(n) Z gchoib(C; - g>7

No<n<zl/n d<(z/n—0)/z
_ A(n) gld) (x 6
Be=e Y SE Y (g
No<n<zl/n (z/n—0)/z<d<z/(nz)

In view of the prime number theorem and the hypothesis (1.6), we have

d
B < Z A(n) Z |g€d)| < 2y () 2) log .
n<xl/n d<z/z
Since §/z < 1, the hypothesis (1.7) and the prime number theorem allow us to derive that

AW g/ _ -~ A1 zlogs
B<e 3 S ) S 2 T n(wima) € i)

n<zl/n n<zl/n

Inserting these into (3.16) and inverting the order of summations, we get

v _ A 1 _ wlogx
(3.17) AYs(w,2) = AV (2, 2) + O<x ro(z/2)logx + 7))
where
i - 9(d) Aln) z
Agﬁ(x’z) =T d Z n w(dn d)'
d<z/(Noz) No<n<min{zl/7 x/(dz)}

For 0 < k < (log(min{z'/", 2/(dz)}/No))/log2, let Ny := 2¥ Ny and define

o= ¥ A=)

N <n<2Nj

Noticing that Ng < N < x/(dz) < (z/d)(logz)™B < (x/d)(log(xz/d))~ ", we can apply (3.5) of
Lemma 3.2 with ¢ = ¢/d to derive that

Si(d) < (log(z/d)) P <« (logz)™472,

since log(z/d) > log Ng > B(logz)??3. Note that the implied constant is independent from 6/d.
Inserting this into the expression of A;b’g(x, z) and using the condition (1.6), we can deduce that

Mo <e Y 1S e

d<z/(Noz) 2k No<z/(dz)

z lg(d)| _ wra(z/2)
< (log z)A+1 Z d < (ljga:)A'

d<z/z

(3.18)

Inserting (3.18) into (3.17), we obtain (3.2).
The inequality (3.3) can be proved in the same way (only difference is to apply (3.6) in place of
(3.5)) and we omit it. O

4. PROOF OF THEOREM 1.1

Firstly, we divide the sum over n into three parts :

(4.1) VYp(x) = bp1(z) +Ypa(x) + Y5 3(0),



12 HENGCAI TANG & JIE WU

where

)= 3 ar([2])

n< Ny

= 3 (2]
No<n<x3/4

e 3 aws([Z)
x3/4<n<a

Here Ny := exp(B(logz)?/3(logy z)'/?) is defined as in (3.1).
In view of the hypothesis (1.5) and the prime number theorem (3.8), we have

(4.2) Yra(w Z A(n x) < xr1(x) log Ny.

n<No

Noticing that d = [x/n] is equivalent to z/n — 1 < d < x/n and using Lemma 2.4, for any
(logz)? < z < 2V (< (x/n)'/3), we can write

dra@)= Y. Am) D fd)

No<n<a3/4 z/n—1<d<z/n
_ 1., (22 (z — [2])* + [¢]
= 2 A“”{z(’f(n —1) =D
No<n<z3/4

2o ) ) e () f

where Ay (z, z) is defined by (2.7) of Lemma 2.4. With the help of the prime number theorem (3.8)
and (3.2) of Proposition 3.1 with n = %, we easily derive that

3 xro(z/z)  xzlogx zlogx
4. =-Crzxl 0
(4.3) Vra(2) gofrios Tt < (logz)d  r3(z/z)  ry(xl/4/z)
where we have removed the term w (since it can be bounded by ?fjg(%f‘) ).
Finally we evaluate 1 3(x). Write
Yrsl@)= Y. f(d > A(n) = v} 5(2) + ¢ 5(2),
d<z1/4 max(ac/(d+1),ac3/4)<n<ac/d
where
wa Z f A(n)v
d<al/4 z/(d+1) n<z/d
= S f@ Y Am).
/4 —1<d<al/4 z/(d+1)<n<z/d
It is easy to bound 1[)5@’3(3:). In view of (1.5), we have
f d f $1/4
@ch’S(x) < z(logx) Z c(l2) < z(log x)[(x[l/‘l]ZD < % (x) log .

zl/4—1<d<al/4
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In order to estimate w} 5(z), firstly we recall Huxley’s prime number theorem in short intervals (see
[10]): For any € > 0,

(4.4) Z A(n) = y{1 + O(exp(—c(log 2)Y3(log, x)_l/?’) b

r<n<r+y

(4.5) Z /I+y ﬂ{l + O(exp(—c(log 2)/3(log, :17)—1/3)}

r<p<T+yY

hold uniformly for z > 3 and 27/t < y < 2. When d < z'/4, we have x/d > 23/% and
z/(d(d+1)) = (x/(d+ 1))3/5 Thus we can apply (4.4) to derive that

Vhala) Z fd d+1 Ja o L+ O(exp(—cllog2)'/* (logy 2)~1/%) }.

21/4

On the other hand, by (2.8) of Lemma 2.4, it follows that

d +1 Z Z d2d+1

d<at/4 <gl/4 d<z1/4
z1/4

- / t72d(3Cs* + O(tra(t) logt)) + O(1)
-

1
= Zcf logz 4+ O(1).
Combining these estimates, we find that
1
(4.6) Vps(r) = {Crrlogz + Ofx + 247y () log ).

Now the required result (1.19) follows from (6.1), (4.2), (4.3) and (4.6).

Finally we prove the second assertion. Let E(z) be the error term of (1.19), i.e

Yr(x) = Cralogr + E(x),

and define E*(z) := max{|E(x)|, |E(x — 1)|}.
Putting d = [z/n], we have z/n — 1 <d < z/n and z/(d+ 1) <n < z/d. Thus,

=Y M@ Y Am) = f@DAm) - Y fd

d<z z/(d+1)<n<z/d dn<z (d+1)n<z

Setting f(0) = 0, we can write

(4.7) Ur(@) = D (@) = fld=1)Am) = 32 S (F(d) = fd—1)A().

dn<x m<z dm

Firstly we suppose that
(4.8) flp—1) <cf(L)p
holds for an infinity of primes p. In view of (4.7), for each prime p we can write
S0 = =A%) = vy02p) ~ wst2p - 1)
dep = Cy(2plog(2p) — (2 — 1) log(2p — 1)) + E(2p) — E(2p — 1)

< 2E*(2p) + O(logp).
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On the other hand, our hypothesis (4.8) and (1.7) allow us to deduce that

S0 = fd=)A(%) = (7) = Fo— D)og2 + () - 7(1) o
" — (gL + 90)F (1) — Fp— 1) log 2+ (F(2) — F(1))logp
> (1—-c)f(1)plog2+ O(p/r3(p))

> 5(1—c)f(L)p
for an infinity of primes p. Combining these, we find that
E*(2p) 2 3(1—¢)f(L)p

for an infinity of primes p.
Next we suppose that

(4.9) Fp—1) > f(1)p >0
holds for an infinity of primes p. As before, for each prime p we can write
> (f(d) = f(d - 1)) = —2E*(p) + O(log p).
d|2p
On the other hand, our hypothesis (4.9) and (1.7) allow us to deduce that
D ()= fd=1) < —3(c™" =D f(L)p
d|2p
for an infinity of primes p. Combining these, we find that
E*(p) = 5(c™ =) f(L)p >0

for an infinity of primes p. O

5. PROOF OF COROLLARY 1.2

5.1. Proof of (1.23) and (1.24).
Since ¢ = id x p and 8 = id x A, we have g = 4 or ¢ = A and the following well-known bound

Z g(n) < zexp (— c(log )%/ (log, :L')_l/5) (z > 2).

n<x

Thus ¢ and § verify the conditions (1.5), (1.6) and (1.7) with Dy, = 0 and

ri(z) =1, ro(xz) =1, rs(x) = exp ( — c4(log :1:)3/5(10g2 w)_1/5).
The asymptotic formulas (1.23)-(1.24) follow from Theorem 1.1 with the choice of A = 1 and
z = logBW(3z).

5.2. Proof of (1.25) and (1.26).
In this case, we have g = 1 or p? and

S g — {x +0(1) ifg=1,

n<e (6/7*)z + O(vz) if g =p?.
Thus the function o(n) and ¥(n) verify the conditions (1.5), (1.6) and (1.7) with D3 = 1 or
Dy = 6/72 and
r1(z) = C'logy(3x), ro(z) =1, r3(z) = V.
where C' > 0 is a positive constant. The asymptotic formulas (1.25) and (1.26) follow from Theorem
1.1 with the choice of A =1 and z = log®"(3z).
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5.3. Proof of the second assertion.

Firstly we verify that functions ¢, o, 5 and U satisfy the condition (1.21) of Theorem 1.1.

For each odd prime p, we can write p — 1 = 2¥m with 2 { m. Thus
p(p—1) = p(2")p(m) < 2" 'm < gp

for all odd primes p.
For all primes p and integers v > 1, we have

o v+1 1\ 3ov ifp =29
A 1V = p + ( 1) {42 p )
B =Y (1) = < )

0<j<v

v

p+1 otherwise.

For each odd prime p, we can write p — 1 = 2¥m with 2 { m. Thus

Blp—1) = B(2")B(m) < §(p—1) < §p

for all odd primes p.
For all odd primes p, we have

cp—1)=p-1)+3(p-1)+1>3p
For all primes p and integers v > 1, we have
Sov ifp=2,

pI/

) =p +p " > .
otherwise.

For each odd prime p, we can write p — 1 = 2¥m with 2 { m. Thus
T(p—1) = B(2)W(m) > $p—1) > Ip
for all odd primes p > 7.
Thus Theorem 1.1(ii) implies that the error terms of (1.23)-(1.26) are Q(x).
6. PROOF OF THEOREM 1.3

Firstly we divise the sum over n into three parts :

(6.1) mp(x) = mpi(x) + mpa(x) + mpa(x),
where
x x
ma@ = Y f([E]) me@ = X H([E]) me= X #(]
<N, p 3/4 p 3/4
pPsNo No<p<zx o/t <p<Lx
Since 0 < f(n) < Cn (n > 1), the prime number theorem allows us to derive that
(6.2) <mpi(x) <O Z fologQ:U—&—O(mlog;i x),
p<N0
(6.3) mrs(@) <C Y 4—<:x
933/4<p<x

T

b

Noticing that d = [2/p] is equivalent to z/p—1 < d < z/p, for (logz)? < 2z < 2'/12 (<

we can apply Lemma 2.4 to write

mral®) = > > @

No<p<a®/4 a/p—1<d<a/p

15

0
)
(x/p)'/?)
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where Ay(z,z) is defined by (2.7) of Lemma 2.4. By the prime number theorem and (3.3) of

Proposition 3.1 with n = % we easily derive that
1 aro(z/z)  xzlogw xlogx
6.4 fC’ 1 O
(04 wrale) = §Cpetonse + ORI + 08 + O e

where we have removed the term w (

required result (1.27) follows from (6.1), (6.2), (6.3) and (6.4).

Next we prove the second assertion. In the proof of Corollary 1.2, we have seen that ¢ and S verify
the conditions (1.6) and (1.7) with D, = 0, ro(z) = 1 and r3(z) = exp(—c(logz)?/>(log, ©)~1/%).
On the other hand, we have trivially ¢(n) < n and 5(n) < n for all n > 1. Thus the first assertion
gives immediately the second. U

since it can be bounded by agjg(%i)) Now the

7. PROOF OF THEOREM 1.7

7.1. Proof of the first assertion.

Write

(7.1) Yr(z) = Yh(@) + (@),

where
5 wr((Z) e X awr((Z)
n<zd/7 z5/T<n<x

In view of the hypothesis (1.30) and the prime number theorem (3.8), we have
(7.2) ) < a? Z g O+20)/7,
n<x5/7

On the other hand, noticing that m = [x/n] < x/(m+1) < n < x/m, we can write

> fim) > A(n)

m<a2/7 max(z5/7, z/(m+1))<n<z/m
Do fm) 3T A+ 0TI,
m<ax2/7 z/(m+1)<n<z/m

where we have used the following bound

S otm Y A< Y A Y f(m)

22/T—1<m<a2/7 x5/ T<n<x/m n<2x5/7 x2/T—1<m<a?/7

<<x29/7 Z A(n) <<I(5+29)/7.

n<2x5/7

On the other hand, it is easy to verify that for m < 27 we have z/m? > (x/m)%/®. Applying
Huxley’s prime number theorem in short intervals of the form (4.4), we can derive that

(7.3) ﬂ Z f(m {1 + O(exp(—c(log )3 (log, x)_1/3)} + O(zF20/7y,
m<12/7
Using the hypothesis (1.30), we have
|f(m)]| — 1
— =<
m;ﬁ m(m +1) mZ:1 m?2-9

T Z =cjr + O(w<5+29)/7).

m<12/7
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Inserting these into (7.3), it follows that
(7.4) ¢]ﬁc($) = csx + O(z exp(—ci (log )3 (log, :):)_1/3).
Now the required result follows from (7.1), (7.2) and (7.4).

7.2. Proof of the second assertion.

Now suppose that f also verifies the hypothesis (1.30). In place of (7.3), we have, thanks to the
prime number theorem (3.8) and (1.30),

Z f(m { m(m + 1) +0 ( exp ( c(log x)3/5(10g2 x)1/5)> } + O(x(5+29)/7)

m<x2/7
= cyz + O(w exp(—ci (log )%/ (log, x)_1/5).
Now the required result follows from this, (7.1) and (7.2). O

8. PROOF OF THEOREM 1.5

8.1. Proof of the first assertion.
In view of the hypothesis (1.30), we have
1 ,(5+20)/7

> f({ D Y 7 Togn

p<as/7 p<a®/7
Thus, we can write that
(8.1) mr(x) = W&c(l‘) + 0(z®2/7 /1og z),
where
- (G
z5/T<p<x

Using Huxley’s prime number theorem in short intervals of the form (4.5), we have

@)= > f(m) > 1

m<x2/7 max(z5/7, z/(m+1))<p<z/m
(5+20)/7
€T
(8.2) = 2 fm) > 1+ O<10gx )
m<xz2/7 x/(m+1)<p<z/m
_ Z fm /:c m dt {1 N O< —c(log 2)1/3(log, x)—l/g)} Lo <x(5+29)/7).
m<z2/T x/(m+1) 1081 log ©

Inverting the order of summation, it follows that

zjfmw/wm - S flm) o

oy 2/(m+1) logt e /(x2/7+1) o/t 1 <m<min(z®/" /1)

dt (34+20)/7
/ Z f(m)logt+0< log )’

:J:/t l<m<z/t

L) ()

5/ logt log

Inserting this into (8.2) and making the changement of variables u = z/t, it follows that

22/7 "
(8.3) () = w/l lmJ:fg[(g];/w du + O (z exp(—c(log z)'/* (logy ) ~'/%)).

Now the required result (1.32) follows from (8.1) and (8.3).
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Next we suppose that f also verifies the hypothesis (1.14). As before, in place of (8.2) and (8.3),
we have

x/m dt x 3 2 (5+20)/7
Ep) — T —c(log )3/ (logy a) "1/ g
()= > f(m){/ +O(me 2 )}+o< ons )

(8 4) m<a2/7 z/(m+1) logt

S ()
_ —ca(log 2)3/5 (logy )~ 1/5
:c/l 2 log(z/u) du—i—O(aze )

From (8.1) and (8.4), we can obtain the required result.

8.2. Proof of the second assertion.

We have
’ /1x2/7 u? 1J;(z%[l(tf]c)/U) o= lozf x /1962/7 u?(1 _fégg z;)l;LIOg )
o [ o e P
- {3 o)

where we have used the hypothesis (1.30) to get

> f([u])(log u)* > (logu)* (log )"
s o2 du <</ o W< i m

/W f())Qog )+ - /°° (log u)"*+*
1 1

u2 u2—0

22/7

du < 1.

Combining these we can obtain that

5 0= g e+ )

k=0
Inserting (8.5) into (8.1), we obtain the desired result. O

9. PrROOF OF COROLLARY 1.6

Clearly the characteristic function of P verifies the hypothesis (1.30) with § = 0 and (1.14) with
a = 1. Thus Theorem 1.7 gives us the required result by noticing that

(), ptlg 1
ao/1 2 duZ/p ﬁduizm'

p p

10. PROOF OF THEOREM 1.7

Firstly we note that

8(x) = {p € P:3n € [1,z] such that [E} = p}'
n
Further, if [;%] =peP, then z/(p+1) < p' < x/p. Thus we can write

mso(z) = 1(([x/p] = [¢/(p+ 1)) NP #0).

pP<T



Forp <z

According to Baker-Harman [1, Theorem 1], for p < x
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19/59  we have

[%} B [p—T— 1} = p(pa—jk 1) 1> ;(Z)Ql/m‘

19/59 e have

([z/p] = [=/(p+ D)) NP #0.

Thus

mso(x) = m(x9/%).

For p < 2'/2/(log z)'*¢, we have z/p(p+1) > (log(z/p))>*. Thus under the hypothesis (1.34), we
have that

mso(z) = m(xY?/(log x)1Te). O
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