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Abstract: Barred galaxies constitute about two-thirds of observed disc galaxies. Bars affect not only
the mass distribution of gas and stars but also that of the dark matter. An elongation of the inner dark
matter halo is known as the halo bar. We aim to characterize the structure of the halo bars, with the
goal of correlating them with the properties of the stellar bars. We use a suite of simulated galaxies
with various bar strengths, including gas and star formation. We quantify the strengths, shapes,
and densities of these simulated stellar bars. We carry out numerical experiments with frozen and
analytic potentials in order to understand the role played by a live responsive stellar bar. We find
that the halo bar generally follows the trends of the disc bar. The strengths of the halo and stellar
bars are tightly correlated. Stronger bars induce a slight increase in dark matter density within the
inner halo. Numerical experiments show that a non-responsive frozen stellar bar would be capable
of inducing a dark matter bar, but it would be weaker than the live case by a factor of roughly two.

Keywords: galactic dynamics; barred galaxies; numerical simulations

1. Introduction

Observations indicate that bars are present in most galaxies in the local Universe, with
an often quoted fraction of about two thirds [1–6]. Bars are persistent long-term asym-
metries that represent a rich source of information about galaxy structure and dynamics.
Many studies, from isolated objects to large surveys, have added valuable information
about their properties, including morphological [7–11], kinematical [12] and photometri-
cal ones [13,14]. Some of the observed effects of bars include changes in star formation
rates [15–17], metallicity [18], age gradients [19] and active galaxies [20].

Simulations have long been employed to model the structure and dynamics of barred
galaxies. Since the end of the last century, papers dealt with fundamental features of bars
and their relations with the environment, as well as with dark matter [21–29].

In the past decade, several dynamical issues on the evolution of bars have been
explored by means of simulations of isolated galaxies. For instance, Fragkoudi et al. [30]
assessed the effect of boxy/peanut bulges in hydrodynamical simulations, showing that
these structures are anti-correlated with bar strength. Debattista et al. [31] showed that,
when bars are formed, populations of stars are gradually separated, potentially building
a bulge. Marasco et al. [32] confirmed previous findings [27] that bar-like patterns are
common even in galaxies where baryons are not dominant. Athanassoula et al. [33],
hereafter, AMR13 focused on the effects of gas on the formation of stellar bars. The
formation of bars under interactions with other galaxies due to tidal effects has also been
explored via simulations [34–38].

The formation of realistic galaxies in high-resolution fully cosmological simulations
has also become possible in recent years. For example, Scannapieco et al. [39] described
the formation of discs in haloes from the Aquarius Simulation and Scannapieco and
Athanassoula [40] studied the first spontaneously-formed bars in a ΛCDM universe. More
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recently, Algorry et al. [41] looked into the formation and evolution of bars in the EAGLE
Simulation [42], finding that strong bars form quickly in disc-dominated, gas-poor systems
with declining rotation curves. Rosas-Guevara et al. [43] performed a similar analysis with
barred galaxies from the IllustrisTNG simulation [44], reporting quantitative bar features
in good agreement with observations and with simulations of isolated galaxies.

It is inferred from such cosmological simulations that dark matter halos are usually
prolate, as many works have indicated [45–53]. Velliscig et al. [54] and Chua et al. [55]
have obtained the same results by analyzing EAGLE and Illustris simulations, respectively.
Both cosmological simulations and numerical experiments have generally indicated that
a baryonic disc has the effect of partially washing out the prolateness or triaxiality of
the dark matter halo [56–61]. Recently, Prada et al. [62] compared the halo shapes of
a set of galaxies from the Auriga simulation [63] and also found that the haloes from the
hydrodynamical simulation were rounder than those from the dark-matter-only simulation.
Thus the general picture is that the baryons tend to circularise the halo.

Quantifying how dark matter responds to the presence of the stellar disc is important
to understand their joint dynamical evolution. From the theoretical point of view, Tremaine
and Weinberg [64], Weinberg [65] used Hamiltonian formalism to explore the perturbations
due to a rotating bar potential.

A strongly barred disc may again drive the inner dark matter halo into an elongated
shape. The so-called ‘halo bar’, the main object of this paper, was first discussed by
Hernquist and Weinberg [66], who detected this structure using a live halo and a rigid
disc bar. Their work was then followed by others that used higher-resolution collisionless
N-body simulations.

For example, O’Neill and Dubinski [67] briefly describe an elongation in the inner
halo in synchronous rotation with the disc bar, partly responsible for slowing it down.
Athanassoula [68] uses live discs and haloes to study their structure and dynamical inter-
play, finding that the halo bar is prolate-like and increasingly axisymmetric as one moves
away from its center. Colín et al. [69] analyze the synchrony of the pattern speed and the
growth rate of the bars, finding that a strong correlation exists between them. Berentzen
and Shlosman [56] call the halo bar a ‘ghost bar’, arguing that this gravitational wake is
so dependent on the structure and dynamics of the disc bar that, in the absence of the
latter, it would eventually disappear. Athanassoula [70] does one of the first thorough
analyses of the halo bar using fiducial models of high-resolution simulations, finding that
the halo bar is always much shorter than the stellar bar and that both turn with roughly the
same pattern speed. Petersen et al. [71] find that the stellar disc is responsible for trapping
dark matter particles by transferring angular momentum, thus inducing the formation of
a ‘shadow bar’, with forced orbits within the region of the halo bar. This kind of structure
has also been noted in other works [72,73] and some authors have studied the implications
of the halo bar for dark matter detection experiments [74–77]. Studying regular and chaotic
orbits, Machado and Manos [78] found that the halo bar was the only region where chaotic
orbits were more numerous than regular ones in the early evolution.

AMR13 explored the formation and evolution of barred galaxies in the presence of
both gas and/or triaxial dark matter haloes. In that paper, a suite of simulations was used
to analyze the morphology, bar strength and numerous other properties of both the disc
and the halo. Some of the main results were that gas-rich discs inhibit the formation of
strong bars. Similarly, strongly triaxial haloes tend to lead to weaker bars. Regarding
the halo bar itself, AMR13 found that it also develops in simulations including a gaseous
disc and that it must be linked to the presence of a strong bar in the stellar component.
These simulations were also used to study the imprints of boxy/peanut bulges on the
2D line-of-sight kinematics, in order to help identify the existence and properties of such
structures in Integral Field Unit observations of disc galaxies [79].

The hydrodynamical N-body simulations in AMR13 take into account not only the
presence of a gaseous component in the discs but also include star formation, feedback
and cooling. As a result, these simulations constitute a diverse sample of realistic galaxies
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with varying bar strengths. This data set is well-suited for systematic exploration which
is the goal of the present paper. Here, we aim to extend the study of the halo bars by
systematically quantifying their structure, with the goal of understanding how the inner
dark matter halo responds to the stellar bar. To this end, we analyze the shape, strength and
density of the halo bar. We present additional numerical experiments with unresponsive
discs to investigate the role of the stellar bar.

This paper is organized as follows. In Section 2 we describe the set of simulated
galaxies. In Section 3 we present the results of our analyses. We conclude with a summary
and discussion in Section 4.

2. Simulations

In this paper, we will measure the properties of galaxies from the suite of hydrodynam-
ical N-body simulations presented in AMR13. Here, we briefly summarize only the main
features of those simulations which are needed to present our results. For further details
about the simulation setup, the reader is referred to that paper and the references therein.

The simulations in AMR13 were carried out for 10 Gyr using a version of the GAD-
GET2 [80] including star formation. There are 15 galaxies with all the combinations of
three initial halo shapes and five initial gas fractions. The initial halo shapes are: spherical
(b/a = 1, c/a = 1), triaxial (b/a = 0.8, c/a = 0.6), and more triaxial (b/a = 0.6, c/a = 0.4).
The halo mass is Mh = 2.5 × 1011 M⊙ and it is always the same in all 15 models. The disc
mass is Md = 5 × 1010 M⊙ and it is always the same in all 15 models. The disc component
is initially composed of so-called old stars and gas. The initial gas fractions range from
0% to 100% in the initial conditions. As the simulation evolves, gas is converted into new
stars. By about ∼2 Gyr, the gas fraction has dropped to below 20% in all models. This has
profound impacts on the formation of the bar, which are discussed in AMR13.

Table 1 gives the labels of the 15 models and the initial conditions. The three columns
display the halo triaxialities; the five rows display the initial gas fractions. This is also the
3 × 5 layout of other figures in this paper. For instance, in Figure 1 we present the projected
dark matter mass on the xy plane of halo particles within |z| < 1 kpc. For the Fourier
analyses in this paper, the halo will be limited to this equatorial slice, because projecting
halo particles from all heights would attenuate the measurements [70]. The snapshots
in Figure 1 are from the end of the simulation (t = 10 Gyr) and the white contours help
highlight the general shape of the inner halo. Strong bars tend to be towards the top left of
Figure 1 (model 101) and weak bars towards the bottom right (model 121). This happens
because both gas content and triaxiality tend to inhibit strong bars, as discussed in AMR13.
Therefore, the spherical halo with no gas hosts the strongest bar.

Table 1. Initial conditions and labels of the 15 models used in this work (from Athanassoula et al. [33]).
Gas fraction is the total mass of gas particles divided by the total disc mass (gas+stars). The axis
ratios b/a and c/a are intermediate-to-major and minor-to-major ratios.

Initial Gas Fraction
Halo 1

b/a = 1.0
c/a = 1.0

Halo 2
b/a = 0.8
c/a = 0.6

Halo 3
b/a = 0.6
c/a = 0.4

0.00 101 102 103
0.20 106 109 110
0.50 111 114 115
0.75 116 117 118
1.00 119 120 121

The techniques used to measure each property will be explained or referenced at the
beginning of the subsections of Section 3. The number of particles in the simulations is
given in Table 2.
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Figure 1. Projected dark matter mass of halo particles within |z| < 1 kpc at t = 10 Gyr. The contours
highlight the shape of the inner halo. As in Table 1: columns are initial halo shapes; rows are initial
gas fractions.

Table 2. Number of particles in the simulations, for each component.

Model Nhalo Ndisk
Ngas

(Initial)
Ngas

(Final)
Nstars

(Final)

101 1,000,000 200,000 0 0 0
102 1,000,000 200,000 0 0 0
103 1,000,000 200,000 0 0 0
106 1,000,000 160,000 200,000 40,800 338,857
109 1,000,000 160,000 200,000 38,616 341,887
110 1,000,000 160,000 200,000 39,589 340,860
111 1,000,000 100,000 500,000 64,000 906,399
114 1,000,000 100,000 500,000 64,123 907,027
115 1,000,000 100,000 500,000 67,816 905,424
116 1,000,000 50,000 750,000 80,472 1,383,891
117 1,000,000 50,000 750,000 81,486 1,384,287
118 1,000,000 50,000 750,000 79,518 1,387,188
119 1,000,000 0 1,000,000 94,528 1,866,322
120 1,000,000 0 1,000,000 94,332 1,867,179
121 1,000,000 0 1,000,000 94,567 1,867,718
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3. Analysis and Results
3.1. Bar Strength

In order to quantify the strength of the bars, we adopted the usual definition (such as
in AMR13). Taking the Fourier decomposition of the mass distribution:

am(R) =
NR

∑
i=0

mi cos(mθi), m = 0, 1, 2, ... (1)

bm(R) =
NR

∑
i=0

mi sin(mθi), m = 1, 2, ... (2)

and defining the relative amplitude of the m = 2 component as a function of the cylindrical
radius I2(R):

I2(R) =


√

a2
2 + b2

2

a0

, (3)

we then define the strength of the bar as A2, which is the maximum amplitude of I2(R):

A2 = max(I2(R)). (4)

Thus, for each instant of time, we have one A2 value.
We measured the strengths of the disc bar and of the halo bar using the same method.

In this subsection, we present the results of these measurements for all galaxies and also
compare the strength of the disc bar and the halo bar at t = 10 Gyr. Because in the Fourier
analysis, the mass is projected on the plane, we have limited the vertical coordinates of
the halo particles to be analyzed to |z| < 1 kpc. At early times, measuring A2 for haloes
2 and 3 would not return information about a bar (it would be too early for the bar to have
been formed), but actually about the initial triaxiality of these haloes. We have inspected
each one of the I2(R) curves seeking to find meaningful peaks in the inner parts. For these
reasons, parts of the A2(t) curves in Figure 2 for the disc bars have been omitted until we
can be certain that they would reflect the actual bar, rather than the initial disc ellipticity.
Halo 1, however, is initially spherical and the chosen methods of measurement are able to
detect small bar strengths.

Figure 2 comprises all the 15 simulations in a five-row, three-column plot. The five
rows correspond to initial gas fractions of 0, 20, 50, 75 and 100%, from top to bottom.
From left to right, the three columns correspond to the initial triaxialities, from halo
1 (spherical) to halo 3 (most triaxial). See Table 1. It allows us to compare the evolution of
bar strengths through the A2 curves as a function of time. The curves were smoothed with
a Savitzky-Golay filter. The strength of the disc bar, plotted in orange, clearly contrasts
with that of the dark matter halo, which, in order to show best the similarities among their
features, has been depicted in a different scale (in blue). Notice that the vertical scale for
the halo A2 is stretched by a factor of about 3.

We notice that the disc bar becomes stronger as the simulations evolve, in some cases
undergoing a period of buckling instabilities. Following that, the bars start to strengthen
again, although, in some cases of strong triaxiality, this effect is hindered. We have thus
recovered the results presented in AMR13 for the stellar bar. We now turn to a detailed
analysis of the strengths of the halo bars. We find that the halo bar tends to mimic the
disc bar behavior in some cases, though on much smaller scales. However, for weak bars,
this parallel evolution is less clear. For the spherical halo (first column of Figure 2), the
early period of bar formation may be said to be very much synchronized in galaxies 101,
106 and 111. For these galaxies at least, the early growth begins not only at the same time
but also at the same rate. For the other halo shapes, it would be difficult to disentangle early
halo bar growth from the intrinsic halo triaxiality. Once the halo bar has begun its growth,
and particularly after the buckling, the slope of the halo A2 curve is generally much flatter
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than that of the disc A2 with the possible exception of the two strongest bars, 101 and 102.
Towards the bottom right of Figure 2, the halo bars are nearly undetectable. We may set
a threshold for the halo bar of approximately A2 > 0.05 in order to consider it existent. In
this sense, galaxies 116, 117 and 118 have extremely weak halo bars whereas those of 119,
120 and 121 barely exist. Quantitatively, we find that disc bars with A2 < 0.4 at the end of
their evolutions are not accompanied by relevant halo bars.
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Halo
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Figure 2. Strength of the disc and halo bars as a function of time. The three columns correspond to
the three different initial halo triaxialities, respectively from left to right. The five rows, from top to
bottom, correspond to increasing initial gas fraction (see Table 1). The orange curves represent the
disc bar and their scale is shown in the left ticks. For better comparison, we use a different scale for
the halo bar (measured within |z| < 1 kpc), depicted in blue, to the right.

Figure 3 displays the final values of the halo A2 curves (t = 10 Gyr) as a function of
those of the disc. This represents the correlation between the strength of the disc and the
halo bars at the end of their evolution. The color bar represents the initial gas fraction of
each galaxy. Circles, squares and triangles represent halo 1, halo 2 and halo 3, respectively.
It is important to highlight that the vertical axis scale is about ten times smaller than the
horizontal one. The main feature of this plot is the approximately linear correlation in bar
strength between the disc and the halo, which does not depend strongly on the initial gas
fraction or halo shape at first glance. It yields, however, a Spearman’s rank correlation
coefficient of ρ = 0.93, p = 4.24 × 10−7 and a Pearson correlation coefficient of r = 0.94,
p = 1.7 × 10−7.
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Figure 3. Halo bar strength as a function of disc bar strength at t = 10 Gyr. Circles, squares and
triangles stand for haloes 1, 2 and 3, respectively. Color is according to the initial gas fraction. Scales
of halo A2 and disc A2 differ by approximately an order of magnitude.

3.2. Axis Ratios

We now analyze the evolution of the halo bars by comparing their shapes with the
strength of the stellar disc bar, as well as evaluating how prolate they become. We are
interested in quantifying the shape of the halo bar, not the overall shape of the halo. As the
stellar bar grows, the formerly spherical center of the halo becomes elongated, and this is
where we should look for a bar. Following, e.g., Athanassoula and Misiriotis [26], Machado
and Athanassoula [59], we sorted the halo particles by local density and divided them
into bins containing the same number of particles. The axis ratios were computed from
the eigenvalues of the inertia tensor, using the particles within each ellipsoidal shell of
nearly constant density. Thus, the minor-to-major (c/a) and intermediate-to-major (b/a)
axis ratios are obtained at each bin. The mean radius of the particles within each bin gives
us radial profiles of the axis ratios. The choice of the number of particles was such that
the average semi-major axis of the innermost density bin is approximately 1 kpc. In what
follows, the b/a and c/a axis ratios refer to this innermost bin.

The triaxiality parameter TBA, defined as:

TBA =
b2 − c2

b2 + c2 − a2 − b2

a2 + b2 , (5)

is one of the possible ways to compute triaxiality. Its advantages reside in its smaller
sensitivity to noise and smaller errors if a ≈ b ≈ c [81]. It ranges from [−1, 1] (negative for
prolate and positive for oblate shapes). Figure 4 shows the axial ratios of the dark matter
halo (b/a and c/a) as well as the triaxiality parameter TBA as a function of the disc A2
for all the 15 runs at t = 10 Gyr. Circles, squares and triangles stand for haloes 1, 2 and 3,
respectively. Color is according to the initial gas fraction.
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Figure 4. From top to bottom, dark matter halo axis ratios (b/a and c/a) and triaxiality parameter
TBA, respectively, as a function of disc bar strength at t = 10 Gyr. Circles, squares and triangles stand
for haloes 1, 2 and 3, respectively. Color is according to initial gas fraction.
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Galaxies with strong disc bars host more elongated (small b/a and c/a, although this
correlation is weaker for the latter) and more prolate (b/a closer to c/a) halo bars. The first
panel of Figure 4 shows a quite strong correlation between b/a and disc A2 (Spearman
ρ = −0.94, p = 2.1 × 10−7). In the second and third panels of Figure 4, the correlations c/a
vs. A2 and TBA vs. A2 are nearly as well defined (ρ = −0.81, p = 2.2 × 10−4 and ρ = −0.88,
p = 1.6 × 10−5, respectively). Nonetheless, the halo bars in strongly barred galaxies are
vertically flatter. In the third panel, we see that most galaxies with halo three (triangles)
evolve to oblate shapes, regardless of their gas fractions, and two-thirds of the galaxies
develop prolate shapes (in special, low gas ones). Thus, the halo bars are mostly prolate in
strongly barred galaxies.

In summary, the axial ratios of the inner dark matter halo (b/a and c/a) were found to
be tightly correlated with the strength of the stellar bar. Galaxies with strong bars host more
elongated (small b/a and c/a, although this correlation is weaker for the latter) and more
prolate (b/a closer to c/a) halo bars. In Figure 5 we plotted b/a axis ratios as a function
of c/a. Circles, squares and triangles stand for haloes 1, 2 and 3, respectively. Points close
to the diagonal line indicate the prolateness of the halo bar within the analyzed region.
Galaxies with strong disc bars (namely, small initial gas fraction and spherical halo) have
halo bars closer to prolateness than the others, with few exceptions. Moreover, models with
initially triaxial halos and gas in the discs tend to become oblate at the end of simulations.
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Figure 5. Dark matter halo b/a and c/a axis ratios as a function of one another at t = 10 Gyr. Circles,
squares and triangles stand for haloes 1, 2 and 3, respectively. Color is according to initial gas fraction.
Data above close to the diagonal line indicate prolateness of the halo.

3.3. Inner Halo Density

The study of the inner halo density could provide relevant information to the potential
direct detection of dark matter. Petersen et al. [71] found that the density of the halo reacts
to the presence of the stellar disc up to a much larger radius than that of the stellar bar.
Other studies have estimated the local dark matter enhancement in simulations due to the
presence of the disc [82–86]. Observationally, recent Gaia data have been used to try to
constrain the expected halo density of the Milky Way [87–89].

Here, we measure the increase in dark matter density in the inner halo at the end of
the simulation (t = 10 Gyr). In Figure 6 we show the average dark matter density within
5 kpc as a function of bar strength. Stronger bars induce slightly larger inner halo densities.
Haloes 1 and 2 show clearer correlations. For the case of halo1, the Pearson correlation
coefficient is r = 0.98, p = 0.02; for halo 2, r = 0.99, p = 0.01; and for halo 3, r = 0.57,
p = 0.31. Thus, strongly barred galaxies might be expected to have undergone a small
increase in their central dark matter density, compared to weakly barred galaxies.
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Figure 6. Central dark matter density (inside 5 kpc) as a function of disc bar strength at t = 10 Gyr.
Circles, squares and triangles stand for haloes 1, 2 and 3, respectively. Color is according to initial gas
fraction. For better visualization, grey lines connect galaxies of the same initial halo (halo 1, halo 2 or
halo 3).

3.4. Experiments with Nonresponsive Discs

The correlations explored so far point to the important role played by the strength of
the stellar bar in shaping the properties of the halo bar. In all these fully self-consistent
simulations, the disc and halo components are allowed to exchange angular momentum
while both bars develop together through this dynamic interplay. But particles in the inner
halo would presumably be driven into elongated orbits by the gravitational forces due to
a strong stellar bar, even if the disc were non-responsive. In order to disentangle these
effects, we devised three numerical experiments aiming to evolve live halo particles in the
presence of non-responsive discs. The first one involves a frozen disc (simulation 101-F), the
second one employs analytic potentials (simulation 101-A) and in the third one (simulation
101-R), a rotating rigid disc is used. Galaxy 101 is used as the basis for these experiments
because it has the strongest bars. These tests should allow us to evaluate how much of
the halo bar growth is due to it being merely driven by the stellar bar. Compared to the
self-consistent N-body simulations, these experiments are unrealistic by construction. They
serve to isolate the effects of interest by artificially suppressing the responsiveness of the
stellar disc.

3.4.1. Frozen Disc

In the first experiment (101-F) the halo evolved in the presence of a frozen disc. New
initial conditions were constructed in the following manner: the disc particles were taken
from the final snapshot (t = 10 Gyr) of galaxy 101 and inserted into the initial halo of galaxy
101 (taken from t = 0). Thus, a stellar disc with a strong bar already formed is embedded
within an initially spherical halo. This new simulation was then run for 10 Gyr with
a modified version of the code, such that the disc is rigid but its mass does affect the live
halo. Halo particles feel their own self-gravity and also feel the gravitational forces due to
the frozen disk particles. On the other hand, the disc particles themselves do not undergo
gravitational accelerations at all and are kept fixed in place with zero velocity at every time
step. The frozen disc is non-rotating.

For the frozen disc used in simulation 101-F, the gravitational potential is due to the
mass of the fixed N-body particles. Figure 7 displays the shape of this potential in a face-on
and in a side-on projection. The colors represent the projected stellar mass density, while
the contour lines represent the potential, which is generally rounder. The snapshot comes
from the end (t = 10 Gyr) of the default simulation 101 and the snapshot was rotated so
that the bar is aligned with the x-axis.
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Figure 7. Face-on and side-on projections of the stellar disc from model 101 at t = 10 Gyr. Contours
represent the potential and colors represent the density. These frozen particles were used in run 101-F.

We find that simulation 101-F indeed develops a halo bar, albeit weaker than the
reference model 101. The resulting evolution of the halo A2 is shown in Figure 8. This
means that a halo bar can form even in the case of simple, rigid, non-axisymmetric driving.
However, its strength is approximately half as much as that of the corresponding self-
consistent simulation. We also notice in Figure 8 that the halo bar of 101-F develops earlier;
in fact, it begins to grow almost immediately after the start of the simulation. This is
understandable since the stellar bar driving this growth is the already strong bar from the
end of the original simulation, and this stellar bar is static in 101-F. There is no indication of
relevant secular evolution during this 10-Gyr period.

In simulation 101-F, the bar strength is approximately constant over a very extended
time span. For this reason, it could be used when one needs cases where it is necessary that
the A2 stays constant over a very long time scale [90], as long as the early phase of sharp
A2 increase is disregarded.

0 2 4 6 8 10
t (Gyr)

0.00

0.02

0.04
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0.10
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0.14

A
2

101
101-F
101-A
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Figure 8. Strength of the halo bar of galaxies 101, 101-F and 101-A as a function of time. All galaxies
evolve inside live haloes. Galaxy 101 (black line) is the default model and it features a live N-body
disc. Galaxy 101-F (orange) evolves in the presence of a frozen barred disc potential. Galaxy 101-A
(green) has a time-dependent analytic potential emulating the growth of a barred disc. Galaxy 101-R
(blue) has a rotating rigid disc.

3.4.2. Analytic Potentials

Frozen particles could in principle be approximated by some rigid analytic potential.
However, a time-dependent analytic potential is a suitable way of introducing some tempo-
ral evolution without bringing back the fully self-consistent setup. In experiment 101-A,
rather than using N-body particles, we employ a time-dependent analytic potential to rep-
resent the barred disc and evaluate how the live halo particles respond to it. The analytic
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potential is non-rotating. Galaxy 101 is, by design, quite similar to the default N-body
model of Machado and Athanassoula [59] (spherical halo with circular disc), which in turn,
was employed as the basis for the development of a multi-component time-dependent ana-
lytic potential that Manos and Machado [91] and Machado and Manos [78] used to study
chaotic motion in barred galaxies. Therefore, a very convenient time-dependent analytic
potential already exists to represent the disc of Galaxy 101 within a good approximation.

For the analytic potential employed in simulation 101-A, the galaxy is represented
by the sum of two components: a Miyamoto–Nagai disc [92] plus a Ferrers bar [93]. It
should be noted that, throughout this paper, the term ‘disc’ is meant to be understood as
encompassing all of the stars. Within the context of the present subsection, however, it
becomes necessary to distinguish between two stellar components: the stars belonging to
the bar (represented by the Ferrers potential); and the remainder of the stars (represented
by the Miyamoto–Nagai potential). The Miyamoto–Nagai potential is axisymmetric and its
parameters control the disc mass, vertical thickness and radial scale length. The parameters
of the Ferrers bar control the bar mass and ellipsoidal shape. The disc mass decreases
at the expense of the growing bar mass, such that the stellar mass (5 × 1010 M⊙) remains
constant. Fits were performed for each of those parameters at each snapshot; finally, smooth
polynomials were fitted, such that the combined potentials could be written as a function
of time. Manos and Machado [91] showed that the resulting model, although an idealized
simplification, produced circular velocity curves that approximate the original N-body
simulation to a very acceptable degree. This indicates that the analytic model must capture
at least the global dynamical features of the system. Now, taking again the initially spherical
live halo of model 101, we ran simulation 101-A for 10 Gyr with a modified version of
GADGET2, onto which we grafted the time-dependent analytic potential. At each simulation
time step, the gravitational forces due to the Ferrers plus Miyamoto–Nagai potentials are
added. The details of the potential are given in Manos and Machado [91] and summarized
in what follows.

The Ferrers bar is a triaxial ellipsoid whose density is given by:

ρ(x, y, z) =
{

ρc(1 − m2)2 if m < 1,
0 if m ≥ 1,

(6)

where the central density is ρc =
105
32π

MB(t)
abc ; G is the gravitational constant, m2 = x2

a2 + y2

b2 +
z2

c2 , a > b > c > 0, and a, b and c are the semi-axes of the ellipsoid. The mass of the bar is
MB(t) and it evolves in time. The resulting potential of the bar is then:

VB(t) = −πGabc
ρc

3

∫ ∞

λ

du
∆(u)

(1 − m2(u))3, (7)

where m2(u) = x2

a2+u + y2

b2+u + z2

c2+u , and ∆2(u) = (a2 + u)(b2 + u)(c2 + u); λ is the unique
positive solution of m2(λ) = 1, outside the bar (m ≥ 1), whereas λ = 0 inside the bar. The
analytical formulae for the corresponding forces are provided in Pfenniger [94]. Those
were the forces due to the bar we implemented in the modified version of GADGET2. In
the time-dependent model of Manos and Machado [91], not only is the mass of the bar
a function of time, but so are the parameters a(t), b(t) and c(t). During the 10 Gyr of
the simulation, the mass of the bar grows smoothly from nearly zero to approximately
3 × 1010 M⊙. By the end of the simulation, the shape parameters have reached about 8,
3 and 2 kpc approximately.

The disc potential is represented by the Miyamoto–Nagai potential:

VD(t) = − GMD(t)√
x2 + y2 + (A +

√
z2 + B2)2

, (8)
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where A and B are, respectively, the horizontal and the vertical scale lengths. The mass of
the disc is MD(t) and it is understood as the stellar mass, not including the mass of the
bar; thus it decreases in time. The vertical scale length of the disc grows from nearly zero
to about 0.5 kpc, while the radial scale length evolves from 2.5 to 0.7 kpc approximately.
Likewise, the corresponding forces due to the disc were also included in the modification
of GADGET2.

The halo bar also forms in the presence of this analytic potential. The strength of the
halo bar shown in Figure 8 indicates that this halo bar is somewhat stronger than in the case
of the frozen disc, but still not as strong as the reference N-body model. Model 101-A is
somewhat less artificial than 101-F at least in the sense that the analytic bar grows smoothly
in time. Nevertheless, the Ferrers potential still gives an idealized stellar bar, whose
ellipsoidal shape cannot reproduce the complexity of the N-body bar and whose mass may
be slightly overestimated. The early growth of the halo bar in 101-A is consequently not as
abrupt as in 101-F but still differs from the reference model. In the early growth as well as in
the final strength, model 101-A may be regarded as an intermediate case between 101 and
101-F. Still, the conclusion would be that the live disc particles in the fully self-consistent
simulation play a role that cannot be emulated by a non-responsive (even if non-fixed)
analytic disc potential.

3.4.3. Rigid Disc

Finally, the third experiment includes rotation, unlike the two previous experiments.
In simulation 101-R, the disc particles (meaning all of the stars) taken from 101 at t = 10 Gyr
are unresponsive, as is also the case of 101-F. However, now, the entire disc is made to rotate
as a rigid body. This is conducted by imposing the pattern speed Ωb(t) that was measured
from model 101. Figure 9 shows the measured pattern speed and the fitted polynomial that
was used to impose a smooth rotation on the disc of 101-R. At t = 0 Gyr, the mass of the
disc of 101-R was set to zero. Additionally, the disc had its mass ‘adiabatically’ grown from
0 until Md = 5 × 1010 M⊙ during the first 1 Gyr, according to a smooth function shown
in Figure 9:

M(t) =
Md
2

[
1 + erf

(
t − µ√

2σ2

)]
, (9)

with parameters µ = 0.5 Gyr and σ = 0.14 Gyr. The code was modified to alter the masses of
the disc particles at each time step of the computations. Also, at each time step the positions
of all disc particles were turned by a small angle, such that this rigid bar effectively rotates
with the imposed pattern speed.
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Figure 9. (Left): in the rotating rigid disc 101-R, the stellar mass is grown smoothly from 0 to Md

during the first 1 Gyr. (Right): the measured pattern speed from the bar in model 101 (symbols) was
used to impose a rotation to model 101-R (line).

The result of the rotating rigid disc of 101-R is to induce a halo bar that is stronger than
101-F and 101-A (Figure 8), but still not quite as strong as the live case 101. The comparison
between 101-R and 101-F highlights the difference between a rotating and a non-rotating
rigid bar. This comparison indicates that a rotating stellar bar is more effective at driving
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the inner halo into an elongated shape. Even though experiment 101-R is quite artificial in
its setup, it is the one that most closely approaches the halo bar strength of 101. It should be
noted in the A2(t) curves of Figure 8 that the halo bar strength of the fully self-consistent
simulation overtakes all the simplified simulations at approximately the same moment
(∼2 Gyr).

These experiments were designed merely to isolate a given mechanism and explore
its numerical consequences in a theoretical frame. In this sense, each experiment on its
own was not meant to produce a realistic evolution of the bar. Nor was the goal of each
experiment to approach the N-body model as closely as possible. Additionally, their
conclusions apply to the particular case of one strongly barred galaxy. Nevertheless, these
results indicate that the formation of the halo bar may be attributed in part but not entirely
to the halo particles being driven by the potential of the stellar bar.

4. Discussion and Conclusions

Cosmological simulations have indicated that dark matter haloes tend to be prolate
or generally triaxial. However, the presence of baryonic discs acts to circularise the inner
halo. If a strong stellar bar develops, the innermost region of the halo may again be driven
into an elongated shape. In order to investigate this interplay, we have systematically
quantified the morphological properties of the stellar bar and of the dark matter bar in
a set of simulations from [33]. The initial conditions of those simulations had been prepared
to provide a meticulous exploration of the parameter space of halo shapes and disc gas
fractions. Moreover, those are hydrodynamical simulations including gas and also the
sub-grid physics of star formation, cooling and feedback. The resulting models are well
suited for our purposes because they cover a wide range of bar strengths, thus sampling
different regimes from strongly barred to nearly no bar.

Measuring the strengths of the halo bar, we have shown that it generally follows the
trends of the stellar bar, provided the latter is sufficiently strong. Although the halo bar is
weaker than the stellar bar by an order of magnitude, they seem to form at the same time
and their evolutions run in parallel for the strongest cases. For the weaker cases, the halo
bar evolution is not as steep as the stellar bar. If the stellar bar is very weak, the halo bar is
nearly undetectable. Nevertheless, a tight correlation was found between the strengths of
the bars, indicating that the strength of the halo bar is governed by the stellar bar.

We have analyzed the shape of the inner halo and found that the b/a axis ratio is
strongly correlated with the stellar bar strength, meaning that the halo bars are more
elongated in the strongly barred cases. Stronger halo bars also tend to be vertically flatter,
but the correlation with c/a is mild. This translates into a more prolate, bar-like shape of
the halo bar in the strong regime.

We have also looked into how the bar can enhance the central dark matter density.
We found that stronger bars induce slightly larger inner halo densities in comparison with
other similar weakly-barred galaxies. The expectations of dark matter densities in the
centers of galaxies could have implications for the future search for direct detection, and
the increment due to the halo bars might be relevant [71,74–76].

Finally, we performed numerical experiments designed to evaluate the direct role
of the stellar bar in driving the formation of the halo bar. In one case, a strongly barred
frozen disc was capable of inducing a bar in a live responsive halo, but this halo bar
was weaker by a factor of two compared to the fully self-consistent simulation. Similarly,
a time-dependent analytic bar potential induces a halo bar as well, but not to the same
degree as the live disc case. A rotating rigid bar still did not reach the same halo bar
strength as the fully self-consistent simulation, but it did produce the strongest halo bar
among the artificial experiments, indicating the importance of rotation. These findings
suggest that the formation of the halo bar can be attributed only in part to the mere forcing
by the stellar bar potential and that the presence of a live responsive disc indeed contributes
to the dynamical mechanisms that produce the halo bar.
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