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A VARIANT OF THE PRIME NUMBER THEOREM AND SOME
RELATED PROBLEMS

B. CHEN, J.-Y. HU AND J. WU

ABSTRACT. Let A(n) and p(n) be the von Mangoldt function and the Mobius function.
Let 1p(n) be the characteristic function of prime numbers and let [t] be the integral part
of real number ¢. In this paper, we prove that asymptotic formulas

T;A({ZD - (; d(/;(j)l)>z + O, (z7/15+5)

S uera([7]) = (% S )+ 06 ete )

hold as & — oo, where £(z) := exp((log x)?/®(loglog ) ~'/%), ¢ > 0 is an arbitrarily small
positive number and ¢ > 0 is a positive constant. The first asymptotic formula improves
a recent result of Zhang, which requires % + %5 in place of 1—75 We also improve some
results of Ma-Chen-Wu [13] and of Zhou-Feng [20].

1. INTRODUCTION

Let A(n) be the von Mangoldt function. The prime number theorem states, in strong
form, as follows: there is a constant ¢ > 0 such that for x — oo the asymptotic formula

(1.1) > A(n) =z + O(xl(z)™)
n<x
holds, where log,, is the k-fold iterated logarithm and £(z) := exp((log z)%/®(log, x)~/?).
Furthermore, for any € > 0,
Z A(n) =z + O.(z"/***) & Riemann Hypothesis,
n<T

Clearly it is also interesting to study the distribution of prime numbers in different sets
of integers. Recently many authors are interested by the sparse set

T
S@y:{byneNm@ﬂ}
which is sparse in NN [1, z]:
S(x)] ~ 2V

Under some simple assumptions of arithmetic function f, Bordelles-Dai-Heyman-Pan-
Shparlinski [3, Theorem 2.6] established an asymptotic formula of

(1.2) Sy(x) = gf([g]).

n<x
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Subsequently, Wu [17, Theorem 1.2(i)] and Zhai [18, Theorem 1] improved their results
independently, by showing the following result: If f(n) < n? with some 6 € [0, 1[, then
for any € > 0 and z — oo,

Si(x) = crx + Oe(a:(1+9)/2+5),

o [
“t '_;d(dﬂ)'

where

In particular, this implies that
Sa(x) = eax + O (z'/%F9) (r — 00).

In order to break the %—barrier, after application of the Vaughan identity, a key point is
to give non trivial bound of the following triple exponential sums

hx
(1.3) S5 = Z Z Z ahbmcne(mn n 6)’
h~H m~M n~N
where e(t) := €™ § € R\(=N*), |as| < 1, |bn] < 1, |eu] < 1 and the symbol h ~ H
means that H < h < 2H. By the Cauchy-Schwarz inequality and the method of one-
dimensional exponential sum, Ma and Wu [11] succeeded to prove

Sa(x) = eax 4 O (a%/™Fe) (x — 00).

Subsequently the exponent % has been improved to ;’—(; by Bordelles [2, Corollary 1.3]

using a result of Baker on 2-dimensional exponential sums [1, Theorem 6]. When § = 0,
this triple exponential sum (or more general multiple exponential sums with monomials)
has been studied by Heath-Brown [8], Fouvry-Iwaniec [6], Sargos-Wu [15] and Robert-

Sargos [14]. In [10], Liu, Wu and Yang adapted and refined Heath-Brown’s approach

to the case of 6 # 0 (see Proposition 2.1(ii) below) and improved 4 to 5. It seems

interesting to generalize Fouvry-Iwaniec’s method (or Robert-Sargos’ improved version)
to the case of § # 0 for improving the exponent 1%. As Zhang observed in [19], this seems
not easy to do. In order to eliminate the influence of § he proposed a simple argument
of partial integration such that he could apply directly Robert-Sargos’ result (see Lemma
2.2 below) to improve 19—9 to 1—75 + T;5' By a rather complicated processus of parameter
optimization combining Bourgain’s new exponent pair (see [5]), he can obtain a slightly
better exponent 0.47118 in place of % + T;f) ~ 0.47179. He also wrote [19, page 166]:
“It is worth emphasizing that only by involving the ideas in this paper, the best possible
result should be %.”

In this paper, by combining Zhang’s idea with Liu-Wu-Yang’s estimate of S5 (see also
(2.2) below with simple exponent pair (3,3)), we shall establish the best exponent ;=
which can be obtained by the improved version of Robert-Sargos on Fouvry-Iwaniec’s

method.

Theorem 1. For any € > 0, we have

(1.4) Sa(z) = exx + O (z7/1579),

(1.5) S1.(z) = c1.m + O (27159,

as x — 0o, where 1p is the characteristic function of the set of prime numbers P.

The asymptotic formula (1.5) improves Theorem 2 of Ma and Wu [12], which requires

S in place of 1—75 For comparaison, we have

19
9 7 1 7T o~
9~ 047368, L4k ~047179, I~ 0.46666.
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Recently, motived by a conjecture of Kellner concerning denominators of Bernoulli poly-
nomials [9] *, Ma, Chen and Wu [13] proposed and investigated a more general problem:
Let 6 €]0, 1] be a fixed constant. Define

(1.6) Sio(w,0) = > 1, m(x,0) = > 1

n<a? P
[] is prime In<a?f such that [Z]=p

such that Sy, (z,1) = Si.(x) and 7ws(z,1) = ws(z) (In the notation of [13], we have
S1p(2,0) = Wé3)(.17> and 7g(x,0) = 7Té4) (x)). They proved that for any positive integer
L > 1, the asymptotic formulas

20 Ly X .
(L.7) S1p(x,0) = logx1—9{zm+0<m)} if 2 <0<1

=0
1,7 + O(2%/%3 (log 1) 119/53) if =1
and
(
2 (& (=) 1
N if 22 <9 < 1
e 2 Togr e ) | 1H <0
0 me=g 1
T !
—_— _— if 1 <1
1ogx{ 2 oz * O(Ong)u_l)} <t
\ —

hold as # — oo (see [13, Theorems 4.2, 4.4 and Corollary 4.3]). They conjectured that
the first asymptotic formula in (1.7) also holds for 0 < § < 2.

Obviously (1.5) of Theorem 1 sharpens the case of # = 1 of (1.7) by reducing the
error term O(x2%/%3(log x)'19/%3) to O(2™/1%*¢). Very recently with the help of Liu-Wu-
Yang’s work [10, Proposition 4.1] (see also (4.2) below), Zhou and Feng [20] improved
Ma-Chen-Wu’s (1.7) by extending 22 < 6 < 1 to = < # < 1. Here we propose better

a7 19
results.

Theorem 2. (i) Let £ < 0 < 1, then there is a positive constant co > 0 such that
asymptotic formula
6—1
(1.9) S1p(x,0) = x/x dt +O(2°L(2)~%)
' e o log(1/t)
holds as x — oo. Furthermore the first asymptotic formula of (1.7) holds for % <f<1.
(ii) Let = < 6 < 1, then there is a positive constant cg > 0 such that asymptotic

15
formulas

6—1

* dt 0 —cp cr 7 1
L < =
ac/o 1 (1/t)+0($ L(x)™) if 15<9\2

" . ! dt + O(\/x L(x)~ flop<
/2 (1Ogt+10g(x/t)) +O0WzkL(z)™) 1if 3 <0<

hold for & — co. Furthermore (1.8) holds with <% in place of 22.

(1.10)  ms(x,0) =

*About this conjecture and related works, we refer reader to Bordelles, Luca, Moree and Shparlinski’s
interesting paper [4].
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For comparaison, we have
i—? ~ (0.489361, % ~ 0.473684 and 1—75 ~ (0.46666.

Let 11(n) be the Mobius function, then u(n)? is the characteristic function of square-free

integers. Define
=2 utn?A([Z]), =2 1o ([7]).

n<x n<e

Theorem 3. There is a positive constant ¢ > 0 such that

(1.11) St (z) = (67 2)eax + O(z¥3L(x)7°),
(1.12) St (x) = (617 cpr + O(2*3L(2)7°),
as r — 0.

Theorem 3 shows that events “n is a square-free integer” and “[%] is a prime number”
are independent.

2. TRIPLE EXPONENTIAL SUMS

As in [6], we write Ss in the following form

SEPIPIPMLLHCS Sre)

h~H m~M n~N
where X := 2H/(MN), |ap| < 1, |bm] < 1, |¢,| < 1 and the symbol A ~ H means that
H < h < 2H. The aim of this section is to give some bounds for this triple exponential
sums, which will play a key role in the proof of Theorem 1.

Proposition 2.1. (i) Let 6 € R\(—N*) be a fized constant. For any € > 0, we have
S5 <e (1+ X(MN)™) ((XH*MPN*)VA
+ (HM)**N + HMN'? + X"'?HMN)Y*

uniformly for X >0, H>1, M > 1 and N > 1, whereY := 1+ XHMN and the implied
constant depends on (0,¢) at most.

(i) Let (k,\) be an exponent pair and It § € RN(—N*) be a fized constant. For any
e >0, we have

(2.1)

S(; < ((XHH2+I€M2+HN1+H+A)1/(2+2K)
+ (HM)1/2N+HMN1/2 +X_1/2HMN)Y€

uniformly for X >0, H > 1, M > 1 and N > H, where Y := 1+ XHMN and the
implied constant depends on (k, A, 0, ).

(2.2)

The second assertion of Proposition 2.1 is a special case of [10, Proposition 3.1]. In
order to prove the first assertion, we need a result of Robert-Sargos (see [14, Theorem 1]),
which is an improvement of [6, Theorem 3] and [15, Theorem 7].

Lemma 2.2. Let o, 5,7 € R such that afy(y — 1) # 0. Define

5= 3 5 abuene (X ey )

h~H m~M n~N
Then for any € > 0 we have

(2.3) S < (XH*MAN*Y* + (HM)**N + HMN'Y? + X2 HMN)Y*
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uniformly for X >0, H > 1, M > 1 and N > 1, where Y := HMN and the implied
constant depends on (a, B,7,¢€).

Proof of (2.1). Noticing that

MN b MNh _ MN_ h
H mn+d6 =~ H mn H mn(mn+96)’

we have

Si= % 3 S anbwene( — XU )e(X T,

h~H m~M n~N
By a partial integration, we can write

S‘*_/QNQ(_X%{NW mt—|—5> (Z 2 D aibneue <X¥%>)

N ~H m~M N<n<t

S Y wbaene(X )

h~H m~M N<n<Ny

< (1+X(MN)™") max

N<N1<2N

Applying (2.3) to bound the last triple exponential sums, we get (2.1). O

3. PRELIMINARY LEMMAS

In this section, we shall cite two lemmas, which will be needed in the next section. The
first one is the Vaughan identity [16, formula (3)].

Lemma 3.1. Let 7(n) be the classical divisor function. There are six real arithmetical
functions ag(n) verifying |o(n)| < 7(n) for (n > 1, 1 < k < 6) such that, for all D > 100
and any arithmetical function g, we have

(3.1) > Ad)g(d) = S1+ Sa+ S5+ S,

D<d<2D

where

Sy = Z aj(m) Z g(mn),

m<D1/3 D<mn<2D
Sy = g as(m) g g(mn)logn,
m<D1/3 D<mn<2D

Sg 1= ZZ az(m)ay(n)g(mn),

D1/3<m,n<D2/3
D<mn<2D

Sy = ZZ as(m)ag(n)g(mn).

D1/3<m,n§D2/3
D<mn<2D

The sums S1 and Sy are called as type I, Ss and Sy are called as type I1.

The second one is due to Vaaler (see [7, Theorem A.6]).
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Lemma 3.2. Let 9(t) := {t} — 5, where {t} means the fractional part of real number t.
Forx>1and H > 1, we have

(32 v =— 3 oA ),

LT H+ 1/ 27ih

where e(t) := €™t ®(t) := wt(1 — |t|) cot(nt) + |t| and the error term Rg(x) satisfies

1 Al
(3.3) Ra(@)| < 5575 O <1—H—+1)e(hx).

0<|h|<H

4. A KEY INEQUALITY

The aim of this section is to prove the following proposition, which will play a key role
for the proof of Theorem 1. Define

4.1 Ss(x, D) M) ().

(41) s( Z d+6

where A(n) is the von Mangoldt function, ¢ (t) := ¢t — [t] — 5 and the symbol d ~ D means
that D < d < 2D.

Proposition 4.1. Let 6 € R~ (—=N*) be a fized constant.
(i) For any e > 0, we have

(4.2) Gs(z, D) <. (x2D7) V12

uniformly for /'3 < D < z/3.
(ii) For any e > 0, we have

(4.3) Ss(z, D) <. ((x5D)™ + (28D73)/1) 27
uniformly for x%/* < D < a¥/15.

Proof. The first assertion is [10, Proposition 4.1]. Next we shall prove the second one.
Using (3.2) of Lemma 3.2, for any H > 1 we can write

Site:0) == 3 () S A(75) + D AOR(7 )

1<|h|<H d~D d~D

In view of (3.3) of Lemma 3.2, we can derive that

Sstz. DI <] 2 ®<Hi1>e<2;3;) Z“d)e<dlf5>’
hien d~D
+2H1+20<%:\H (1 > —he) ZA <Cl+5>

Noticing the fact that 0 < ®(¢) < 1 (0 < |[¢t| < 1) and using the prime number theorem,
for any H > 1 we have
@e(755)
d+6/|

For the last inner sum, we apply the Vaughan 1dent1ty (3.1) to write
(4.5) 65(:13, D) < DH™! + 6571 + 6572 + 6573 + 6574,

(4.4) Ss(z, D) <—+Z

1<h<H
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where &5 := max H; 'S;(Hy, D) and

\<H <H
S1(Hy, D) = Z Z ai(m) Z e(m:i—é) ,
h~H1 ' mgD1/3 D<mn<2D
hx
So(H, D)= | Y asm) Y (1ogn)e( +5),
h~H1 ' mgD1/3 D<mn<2D mn

5m.0)= Y| TS astmantn)e( )

h~Hy D1/3<m,n<D2/3
D<mn<2D

Sy(Hy, D) := Z Z Z a5(m)a6(n)e(m:ﬁ_5) :

h~H{ D1/3<m,n<D2/3
D<mn<2D

The sums S; and S, are called as type I, S3 and S; are called as type II. In view of
symmetricity of m and n in S3(H;, D) and S4(Hy, D), we can suppose that m < n in
these two sums.

Firstly we bound Gs; and G .

Applying the exponent pair (x/, \’) to the sum over n, we can derive that

s <r S S {(grm) () + T

m<DY/3 h~H;

< (ZE D(l 5k’ +2>\/)/3H11+I€/ + x_1D2)x6

for all H > 1. The same bound also holds for Sy(Hy, D) since the factor logn can be
removed by a simple partial integration. Thus these imply that

(4.6) G5 K (x”/D(1_5”/+2’\/)/3H“/ + x_lDz)xe

forall H>1and 5 =1,2.
Next we shall bound Gs3 and Gs 4.

Define
5 S ostmoe( )]

m~M n~N

Z Z ag(m)a4(n)e<Xﬂé]1V mnh—i- 5) ’

m~M n~N

5=y

h~H;

>

h~H;

where X = 2H,(MN)™', D3 < M < DY?, D < mn < 2D and H; < H < N. Applying
(2.1) of Proposition 2.1 with (H, M, N) = (Hy, N, M), it follows that

wn) S < (XHIMANHYVA 4 (HIMAN®YY + (HEMN?)Y? + X 2H, M N
I (X5HfM’2N’1)1/4 I (X4Hf’N’1)1/4 4 (XzleMA)Uz X X1/2H1)Y€.

By (2.2) of Proposition 2.1 with (H, M, N) = (Hy, M, N), it follows that

S < ((XI{H12+KM2+KN1+I€+)\>1/(2+2K)

4.8
(48) + (HiM)'"?N + HLMN'? + X2, MN)Y*,
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Write
(XH3M2N3)1/4
G = (X5H3 N )1/47
2/) = (X/{H12+I€M2+RN1+H+>\)1/(2+2/€).
From (4.7) and (4.8), for H; < H < N we can deduce that
S < ((X1+f$—)\Hf+n—3)\M4+H—2AN4+H—2/\)1/(6—1—25—4/\)
+ (H}MANYA 4 (H?MN?)V? + X Y2H MN
(49) + (X5+K75AH§)+N73AM/{+2)\Nn+2/\)1/(6+2/~c74)\)
+ (X4H§N—l)l/4 + (X2H12M—1)1/2 + ){'1/2}[1
+ (HiM)"*N + HiMN'?)Y*,
where we have used the following inequality

min(iﬁ,q) < (¢1+ng12—2)\)1/(3+n—2)\)
_ 1+8—A 1754+K—3X 7 74+K—2X AT4+K—2X\1/(64+2Kk—4N)
= (XA FBHR=BA | i) N R=2A) :

min(y, ) < (Y2 Era=23)
— (XD RN P2 2N 1/ (64260,
Noticing that H; > 1 and M < D'? < N imply that
(HM)Y2N < (H?MN?*Y? HMNY? < (H?MN?)'/?
and
(XZHZMY)2)V2((HEMN?)Y2)V2 = (XH2N)Y? > XV2H,,
the inequality (4.9) can be simplified as
S < ((XlJrnf)\Hi’)JrnfS)\M4+572AN4+/{72)\)1/(6+2574)\)
+ (H}MAN3YVA 4 (HPMN?HY? X~ Y2H M N
(ORI ) RN 20 1 (6 20-0)
(XTHNDY (XQHQM’l)l/Z)YE
for H < H < N. Using D3 < M < D'? and D < mn < 2D, we deduce that
S < ((X1+H—AH5)+H—3AD4+H—2)\)1/(64—25—4)\) 4 (HSDVS 1 (HSD)YS 4 X—12H,D
(XN A Rt 21 (642600 (SO L)L (XﬁHisDA)l/ﬁ)Ys
for Hy < H < N, where we have removed terms (H2D3)'/* and (H;D®)"/ since
(HED')* < (HD*)/° < (HE D)V
Replacing X by xH,; D™}, it follows that
S < (<x1+ﬁf)\H16+2nf4)\D37)\>1/(6+2n74)\) 4 (HSDTY® 1 (HS D)6 4 (21 H, D*)!/?
+ (255N [I0RRBA DS TN/ (6426—0)) (o8 A D=0V (58 12 D=T)1/6) pe
for Hy < H < DY?(< N). This implies that for j = 3,4,
Gs; < ((:C5+/{75)\H474)\D75+7)\)1/(6+2N74)\) 4 («BHOD™)YS 4 (25 HOD-TY/O

(4.10) T (@THEADITA) O 24N | pT/S) e
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for H < D'? (< N), where we have removed terms D¢ and (x~' D*)'/2 since D¢ < D7/3
and (z7'D3)Y2 < D/® provided D < z*/°.
Inserting (4.6) and (4.10) into (4.5), it follows that

65(1:7 D) < (DHfl + <x5+H75AH474)\D75+7z\)1/(6+2H74)\)
+ ([L‘SHGD_Q)I/S + (I'GHGD_?)I/G + :EK'D(—SK'+2>\'+1)/3HH'
4 (HADI G- D7/8)xs
for all H < D'Y2, where we have removed term 2~'D? since 27'D? < D™/® (provided
D < 28/?). Optimizing H on |0, D'/?], we obtain that

65(1’, D) < (($5+n—5>\D—1+3/\)1/(10+2n—8)\) + (ZL‘SD_g)l/M + (ZL‘GD_I)I/IQ

(4.11) n (x3,$/D_2,.;/+2A/+1)1/(3,4+3) i ($1+N—AD3—)\)1/(6+2n—4/\) i D7/8)xa‘

Taking (k,A) = (+, X') = (3,3) in (4.11), we find that
Gs(z, D) < ((xﬁD)l/14 + (23D~ 3V 4 (15 D112
+ (1:3D2)1/9 + (x2D5)1/10 + D7/8)$g'

Noticing that

(* DY < (25D)Y™ (provided D < z'%/19),

(22 D)V < (25 D)Y™ (provided D < 2¥/'%),

D78 < (2°D)V™ (provided D < 2%/19),
(:106D_1)1/12 < (ng_?’)l/14 (provided D < xﬁ/u),

we can obtain the required inequality. [l

5. PROOF OF THEOREM 1
5.1. Proof of (1.4).

First we write

(5.1) Sa(z) = ZA(E]) = Su(x) + O log )

n<x
with
x7/15<n<z
Putting d = [z/n], then
z/n—1<d<z/nsax/(d+1)<n<z/d

Thus we can write

Sa@)= > Ad) D 1

d</ af(dhl)<n<a/d
(52) :d;;w“d)(g_w@‘diﬁw(dil))

= cpx + Rz, 337/15) — fRf)\(x, :177/15) + O(:B7/15),
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where

e T (e

27/15 <d<a8/15

and we have used the following bounds

Y % <27/ 3 A(d)@(dil) _¢<g>> < 2715,

d>1‘8/15 d<z7/15

Noticing that

]Rg\(x,a:7/15)| < (log x) max |&s(x, D),

27/15< DB/ 15

we can apply Proposition 4.1(i) (for z7/'* < D < 23%/57) and Proposition 4.1(ii) (for
25T < D < 28/15) to get

|fR(jg\($,ZB7/15)‘ <. ZB7/15+E.
Inserting this into (5.2), we find that
(5.3) Sa(x) = eax 4 O (z7/57F9).
Now the required result follows from (5.1) and (5.3).
5.2. Proof of (1.5).

As before, we have

(5.4) S10(7) = S1p(2) + O(&"1),
where
o S w5 T
27/ <n<a p<a8/15 x/(p+1)<n<z/p
x
o B S R )

= 1.2 + R (@, 271 — REP (2, 27/"°) + O(27/1%)

and .
REe (1, 27/15) = ( )
CEE D DI e
T /lo<p<18/15
We write
x
R3P(z,27/P) < 2°  max Z w< ) ’
27/15< D<58/15 poToD p+ J

@d( 2. <10gp>w(pia>>"

2D
< zf max /
7/15 <8/15
T <D<z D D<p<t

Noticing that
A _r 1/2
2 toer (o) = 3 M () + 0,

we can apply Proposition 4.1(i) (for 27/ < D < 2°¥/97) and Proposition 4.1(ii) (for
.1734/67 < D < .ZU8/15) to get

(5.6) R3P(z, 27/15) < 27/15eE,
Now (1.5) follows from (5.4), (5.5) and (5.6). O
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6. PROOF OF THEOREM 2

6.1. Proof of (i).
Let £ < 0 < 1. Similar to (5.4) and (5.5), we have

(6.1) S1p(z,0) = Slp (x,0) + O(x7/15),

where
~ T T T T
S 0) = ——Yl—=) - +
1(7,6) 19; W15 (p w<p> p+1 ¢<p—i—1>>
(6.2) B
=z — Rz, 2" — R (2,20 + O,
p;e p(p_|_1> 1 ( ) 0 ( ) ( )
where

Ry = > w().

21=0<p<ad/15 P 0
Trivially we have

R;P(x,xlfe) < Z w(_) eyt

+90
pmax(7/15,1-0) <p<x8/15

The same argument for proving (5.6) allows us to derive that for any € > 0, the last sum
is O(z7/1%%¢). Thus
R3P(z, 2170 <. 27/t

Inserting this into (6.2) and noticing that

T Z —<<x 1-0) « 2201,

p>a:1 9

we obtain that

(6.3) S1.(z,0) =z Z % + O, (gmex(T/15+e20-1))

pzal=f

With the help of the prime number theorem

(6.4) Zl—/ lOgquO(tL() ‘)

p<t

where ¢ > 0 is a positive constant, we easily derive that

B e du 0 o
’ Z P /1eu210gu+0(x L))

p>xl— o P

=1 A o e @) (= 1/1).

o1 logt
Inserting this into (6.3) and noticing that max(7/15 + £,20 — 1) < 6 (provided that
0<e<3(0— %)), it follows that

0—1

(6.5) Sy, (x,0) = x/ox log?lt/t) + O(2 L (x)7).

Now (1.9) follows from (6.1) and (6.5).
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By integration by parts, it follows that

x/o . _ t 17 +€/° dt
w01 (logt)! (logt)t] o w0-1 (logt)et

)10 0
= (=)= +x€/ d

(1 —6)¢(log z)" o1 (log t)i+1

After a simple argument of recurrence, we can find that

0—1 0 9

o[ Z e (o) ML)

Thus this and (1.9) imply the second assertion of (i).

6.2. Proof of (ii).
When £ < 6 < 4, we have Si,(z,0) = ms(x,0). Thus the first assertion gives us
immediately the required result.

Next we suppose that % < 0 < 1. In this case, the required result is essentially [12
Theorem 1]. In fact, noticing that [£] =p < z/(p+1) <n < z/pand n < 2’ &
2179 — 1 < p < o, we can write

(6.6) ms(e,0) = Y 1([f]_[ v ]>O>:G1(x,9)+G2(x),

+1
1= —1<p<a p

where 1(Q) = 1 if the statement @ is true and 0 otherwise, and

cwn= ¥ (- [5]9)

210 —1<p</x

o= 3 (][]~

Vr<p<z

For p < v/x — 1, we have

[E] - [p+1] TS
Thus the prime number theorem (6.4) gives us
(6.7) Gi(z) = m(Va) + O(r(2'™)) = Li(V) + O(VaL(z) ™)

for x > 3, where ¢y > 0 is a positive constant depending on 6.
On the other hand, according to [12, (2.8)], we have

N3
(6.8) Gol) = /2 log(d; 5+ OWEL() ).

Now the required result (1.10) follows from (6.6), (6.7) and (6.8).
The second assertion is an immediate consequence of (1.10) thanks to a simple partial
integration. 0
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7. PROOF OF THEOREM 3

7.1. Proof of (1.11).
Let N(z) € [1,2%3] be a function to be chosen later. Write

(7.1) Si(x) = Si(2) + O(N(x) log z),

where

Si@)= > umA([5]).

N(z)<n<z

Noticing that d = [z/n] & x/(d+1) <n < z/d, we can write

Si@)= ) MA@ > p(n)?

d<z/N(z) max(N(z),z/(d+1))<n<z/d
= Y AMd) D> un)’+O(N(x)logx),
d<z/N(z) z/(d+1)<n<z/d

where we have used the following bound

)RRC) N SENICO L SR LD DI ()

/N (x)—1<d<z/N(x) N(z)<n<z/d n<2N (z) z/N(z)—1<d<z/N(x)
< N(z)logx.

With the help of classic result

(7.2) > un)? = (6/m*)x + O L(x) ™),

n<x

we can derive that

SHOEES )A(d){%.d(d"”+ 1)+O<<§)1/2£(:c)38)}+O(N(:c)loga:).

d<z/N(z
We have
MZM /;fjlg < (/N(z))"*  and xdgx/ZN(m) d(/c\l(j)l) = ey + O(N(z)).
Inserting these into the preceding formula, it follows that
(7.3) Sh(@) = (6/7%)epz + O(N(z) + zN(z) 2L (z) 7).

13

Now the required result follows from (7.1) and (7.3) thanks to the choice of N(z) =

3L (x) 2.
7.2. Proof of (1.12).
As before, we have trivially
(7.4) Sia(x) = Sp(x) + O(N(x)),

where

S = Y ume([]).

N(z)<n<z
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Using (7.2), we have

Si@) = Y un)?+O(N())

p<z/N(z) z/(p+1)<n<z/p

- 5 {Ewin o) ser) frowe

p<z/N

= (6/7%)c1px + O(N(z) + N (x) V2L (x)73).

Inserting this into (7.4) and taking N(z) = 2?/3L(x)~%, we get (1.12). O
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