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  Abstract 

In a subsonic free jet, vortex sound is generated at the end of the potential core, but the 

mechanism of generation of that sound is still unclear. A recent study proposed that pres-

sure waves propagating upstream in the jets interact with Kelvin–Helmholtz (K–H) in-

stability waves, possibly creating a feedback loop that intensifies (Bogey, 2021). In this 

study, we applied total a least squares dynamic mode decomposition (TlsDMD) to the 

time series of the numerical results of an axisymmetric subsonic free jet and performed 

a detailed analysis of this hypothesis. We extracted the DMD mode at the K–H instability 

frequency, i.e., the dominant frequency peak near the nozzle exit. The findings indicate 

that this DMD mode contains not only K–H instability waves but also the pressure waves 

propagating upstream in the jet. Second, we applied a spatiotemporal Fourier analysis to 

the DMD mode to describe the characteristics of the pressure waves and confirmed that 

the pressure waves originate at the end of the jet potential core and that a feedback loop 

exists at the K–H instability frequency. Our results support this feedback mechanism for 

sound generation in subsonic free jets. 

 

Keywords 

Mode decomposition method, Aeroacoustics, Jet flow, Shear layer instability, Direct Nu-

merical Simulation 

 

1. Introduction 

High-speed subsonic jets are fundamental to a variety of fluid machinery, such as jet en-

gines. The Mach number of the exhaust of a jet engine for large airplanes can reach M = 

0.9. Since the discovery of Lighthill’s eighth power law, considerable work has been car-

ried out to reduce the noise level of exhausts [1]. However, there have been more requests 
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for noise reduction in large airplanes according to the International Civil Aviation Organi-

zation (ICAO) [2]. Therefore, jet noise is still a main research topic in compressible flow. 

In a high-speed subsonic free jet, noise is considered to be generated by two sources: fine-

scale turbulence and large-scale flow structures in the jet potential core [3]. Moreover, the 

large-scale flow structure in the potential core can form a wave-packet structure. This is an 

intermittent wave-packet-like structure, which is likely an indirect cause of acoustic waves 

according to many studies (after Christensen reported the existence of a wave packet in the 

potential core) [4]. Via direct numerical simulation (DNS) of a high-subsonic free jet, Bo-

gey (2019) confirmed the wave-packet model for subsonic jets and showed that the vorti-

city at the end of the potential core correlates with the acoustic waves in a far field [5,6]. 

Alternatively, it was considered that the vortices were generated mainly by the Kelvin–

Helmholtz (K–H) instability near the jet exit. These vortices were advected downstream 

and collapsed into smaller vortices at the end of the potential core. This phenomenon also 

causes the pressure wave and its interactions to potentially become a noise source. How-

ever, the path leading to pressure wave generation in subsonic jets is still under considera-

tion. For instance, Powell [7, 8] suggested that the feedback loop mechanism can facilitate 

noise generation in impinging jets and supersonic jets. In these cases, K–H instability oc-

curring near the jet exit is encouraged by the acoustic waves originating from the end of 

the potential core, and an acoustic wave is generated by repeating these fluctuations. In a 

subsonic free jet, Laufer and Monkewitz (1980) [9] also suggested a kind of feedback loop 

phenomenon in which the K–H instability wave was stimulated by the wake of small vor-

tices. In more recent studies, Bogey (2021, 2022) [10,11] suggested a feedback loop mech-

anism between the K–H instability and the pressure wave propagating upstream on a jet 

axis, which was referred to as the upstream guided jet wave. Their interaction was analyzed 

by evaluating the autocorrelation of the pressure fluctuations. However, additional detailed 

investigations are needed from another perspective to support the feedback mechanism. 

For several decades, mode decomposition methods have been suggested and applied to 

clarify sound generation mechanisms. One of the most well-known methods is proper or-

thogonal decomposition (POD) [12], which is useful for quantitatively determining the un-

derlying mechanism of sound generation. Jordan and Colonius [13] suggested the wave-

packet model based on POD analysis. Chavalieli et al. [14] suggested the reduced-order 

model by using the spectral POD of the wave-packet structure and reported that it agreed 

well with the frequency response of far-field sound waves. A detailed description of the 

application of these modal decomposition methods to fluid dynamics analysis was provided 

by Taira et al.[15]. In addition, a well-known method developed by Schmid [16] in 2010, 

namely, dynamic mode decomposition (DMD), has attracted increasing attention in terms 

of flow structure analyses. This method assumes that the flow oscillates in time periodically 

and obtains a space profile as the basis vector with a certain frequency and growth rate. 

Compared to POD, DMD can extract both temporal and spatial information separately for 

unsteady phenomena and is considered to be effective at repairing the coupling of multiple 

unstable modes. Therefore, in this study, we applied a type of DMD method, referred to as 

total least squares DMD (TlsDMD) [17], to the numerical database of subsonic free jets at 
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M = 0.9 by direct numerical simulation (DNS) [5]. It is expected that periodic structures 

such as K–H instabilities and pressure waves can be extracted. To analyze the pressure 

wave propagation upstream in more detail, spatiotemporal Fourier analysis of the DMD 

result was utilized to extract the modes separately depending on their advection direction. 

This paper is organized as follows. First, in section 2, we describe the computational 

conditions of the data used in this study. In section 3, the flow characteristics used in the 

DMD are represented. In section 4, we show and discuss the DMD results. The results and 

discussion of the extraction of the feedback loop mechanism by DMD are presented in 

section 5. Finally, the conclusions of this study are presented in section 6. 

2. Methods 

2.1. Computational Conditions of the Database for a Subsonic Free Jet of 

M=0.9 

First, the results of the high-fidelity numerical simulations of a subsonic jet obtained by 

Bogey [5] were investigated. This jet is a three-dimensional and initially disturbed jet, 

which is the DNS result at a Reynolds number of Re = 3125 and a Mach number of M = 

0.9 (hereafter referred to as Re3125FJ). The Reynolds number Re and Mach number M are 

defined as Re = UjD/ν and M = Uj/c0, respectively. Here, Uj represents the center of the 

jet velocity at the jet exit, D represents the diameter of the jet exit, c0 represents the sound 

speed at an ambient pressure p0 = 105 [Pa] and temperature T0 = 293 [K]. 

The nozzle-exit conditions of the jet are described in Bogey [5, 6] and briefly listed in 

Table 1. In the DNS, the governing equations are the compressible Navier‒Stokes equa-

tions written using three-dimensional cylindrical coordinates. They are solved using a nu-

merical framework described and validated in a recent work [18]. Fourth-order 11-point 

central finite differences were used for the discretization in the spatial direction, and fourth-

order 11-point one-sided finite differences were used at the boundaries. For time integra-

tion, a Runge‒Kutta method was used. In the jet simulation, the jet is excited in the nozzle 

to obtain a peak turbulent intensity of 1% of the jet mainstream velocity Uj at the nozzle 

exit. For the DMD analysis, the time width of the snapshots of the flow data was set as δt 

= 0.076𝐷/𝑈𝑗 in all the cases, and the sampling frequency becomes StD = f D/Uj = 6.3. 

In this study, sectional pressure time series data in the two-dimensional (z,r) plane at an 

azimuthal angle θ = 0 were obtained. Here, we define r/r0=0 as the central axis of the jet 

and z/r0=0 as the jet exit. 

Table 1. Computational conditions of the DNS database for the subsonic free jet with M=0.9 [5] 

Parameter for the simulation Re3125FJ 

Reynolds number,  3125 

Mach number, M 0.9 

Heat capacity ratio,  1.4 

Thickness of the Blasius boundary layer profile  at the jet exit 0.42r0 [m] 

Turbulence intensity at the nozzle exit 1.0 [%] 

Ambient temperature,  293 [K] 

Ambient pressure,  105 [Pa] 
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2.2. Total Least Squares Dynamic Mode Decomposition 

In this study, TlsDMD [17] was applied to the subsonic free jet to extract the flow structures. 

In this method, the total least squares method is used for estimating the linear operator A. 

This method can reduce the estimation error compared to the conventional DMD method, 

which estimates the minimum value problem of the linear operator A by the least square 

method. TlsDMD algorithm is shown below. 

We consider snapshot matrices as follows: 

 . (1) 

 
. (2) 

Here,
 

 is a column vector including the flow variables (e.g., ). Under this 

condition, DMD is represented by a linear superposition of eigenvectors , time infor-

mation at  as  and their amplitudes , called DMD modes, denoted by Eq. (1) 

as follows: 

 . (3) 

The DMD mode  of Eq. (3) is obtained as the eigenvectors of the linear operator  

of Eq. (4), which is obtained by assuming linear time evolution of the flow: 

 . (4) 

Here,  is obtained by solving the minimum value problem of Eq. (5) using the total least 

squares method: 

 . (5) 

In the total least squares method, assume that  has an error : 

  (6) 

Then, we consider obtaining an approximated linear operator  via the total least 

squares method by deriving Eq. (6). We prepare an augmented snapshot matrix, which is 

defined as Eq. (7): 

 . (7) 

Next, we perform snapshot POD[19], which is an alternative method to POD, to reduce 

the data matrix size and to obtain the POD mode  of the time series data . Then, we 

construct a reduced dimension matrix of the augmented matrix  by using a reduced di-

mension matrix of  and : 

 . (8) 

To derive the linear operator , we perform a singular value decomposition of  as 

shown in Eq. (9): 

  (9) 
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Here,  is an orthogonal matrix with a size of ,  is a diagonal with a size of 

, and  is a matrix with a size of . 

By using  and , , the approximate value of  is obtained by the following 

operation on Eq. (10): 

 . (10) 

By solving the eigenvalue problem for , we obtain the DMD mode in TlsDMD  and 

its corresponding eigenvalue . From the eigenvalue , the growth rate  and fre-

quency StD of the DMD mode  can be obtained as in Eq. (11). 

 . (11) 

From Eq (10), we can obtain the DMD modes. We can also visualize the time evolution of 

the DMD mode, and let  be the time evolution of the DMD mode, which can be 

obtained by the following Eq. (12): 

 . (12) 

In this study, we use this equation to compute and evaluate the temporal evolution of pres-

sure waves in DMD modes. In this study, in-house solver was used to perform the TlsDMD. 

2.3. DMD Mode Selection 

DMD has the potential to explain the flow characteristics of periodic structures by extracting 

the mode in a complex flow. One of the most commonly used methods is the compressed 

sensing method, based on the amplitude of the DMD mode , by Jovanovic et al. [20]. 

However, although it has the largest energy among the modes, the DMD mode is sometimes 

not the key structure causing flow phenomena. For this reason, several mode selection meth-

ods have been proposed for DMD analyses. In this study, we apply frequency analysis for a 

selection of DMD modes, and we extract the DMD modes that are more directly related to 

the flow field based on the obtained peak frequencies. Moreover, the amplitude of the DMD 

mode is also examined to verify that the DMD mode has physical meaning in the flow field 

in terms of energy. Then, if more than one corresponding DMD mode is extracted, then the 

mode with the largest amplitude is used for visualization. 

 

3. Results and Discussion on Flow Characteristics of the Jet 

In this section, we show the results of the Reynolds stress and frequency analysis com-

puted from the time series data of the two simulation cases. From these results, we 

discuss the transition position of turbulence and the frequency peak of pressure fluctu-

ations. Based on parameters, the region where the DMD is applied and the frequency 

extracted by the DMD will be determined. 

3.1. Reynolds Stress Around the Potential Core 

To determine the region in which tlsDMD is performed, we examine the Reynolds stress 

distribution, , around a potential core, as shown in Figure 1. The contour shows 
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the strength of the Reynolds stress ; the vertical axis is the coordinate r in the di-

rection of the jet axis, and the horizontal axis is the coordinate z in the direction of the 

jet axis. From Figure 1, the peak of the Reynolds stress is located near z/r0=15. This 

peak indicates the position of the end of the potential core, and the wake transitions to 

turbulence are generated from this position. Therefore, to investigate the relationship 

between the pressure waves generated at the end of the potential core, TlsDMD is ap-

plied to the region from the jet exit to the end of the potential core, where 0 <  z/r0 <18 

and 0 < r/r0 < 3. 

 

Figure 1. The spatial distribution of the Reynolds stress . The contour ranges from -0.01 to 0.01, 

from blue to green to red. 

 

3.2. Frequency Analysis Results from Near to Far Flow Field 

To understand the behavior of a pressure wave in a free jet, a frequency analysis was 

performed on each time series data for Re3125FJ, and the results are shown in Figure 

2. In this figure, the vertical axis shows the Power Spectra Density (PSD) of the signal 

and the horizontal axis shows the Strauhal number StD=fD/Uj. Here, f is the time fre-

quency of the signal. The results indicate that the frequency peaks change as the posi-

tion moves downstream. First, near z/r0=0.0, the frequency peak at StD=0.47 is domi-

nant. Furthermore, up to z/r0=6.0, there are some frequency peaks in the high-fre-

quency region as subharmonics with a frequency of StD=0.47. These peaks are consid-

ered to be guided jet waves, which are found in the free jet on the jet axis. As shown 

in Figure 2, the peaks at StD=0.47 were dominant all the way to the end of the potential 

core. A broad frequency peak is observed at the end of the potential core. This peak 

indicates the superposition of pressure fluctuations due to vortex generation at various 

scales at the same position. 
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Figure 2. Frequency analysis results of the pressure fluctuation of the free jet in the near-far-field 

direction.  

Next, to examine the behavior of the pressure fluctuation near the jet exit, frequency 

analyses at (z/r0, r/r0) = (0.0, 0.0), (0.0, 0.2), (0.0, 0.8), and (0.0, 1.0) were performed 

for Re3125FJ. The results are shown in Figure 3. First, the peak at StD=0.47 is domi-

nant at all locations near the jet exit. This value is close to that of the theoretical and 

experimental solutions of the K–H instability [21] (details are described in the next 

section). Therefore, StD=0.47 is considered to be the frequency at which the K–H in-

stability is induced. Other frequency peaks, StD=0.77, StD=1.15, and StD=1.4, are ob-

tained. 

From these results, the DMD mode corresponding to the frequency peaks were ex-

tracted. Therefore, for Re3125FJ, four DMD modes with StD=0.47, StD=0.77, 

StD=1.15 and StD=1.4 are extracted. 

 

Figure 3. Frequency analysis results of the pressure fluctuation near the jet exit of Re3125FJ. 

3.3. K–H Instability Frequency Near the Jet Exit 

In this section, the most dominant frequency peak near the jet exit, StD=0.47, for Re3125FJ 

is examined and discussed in relation to the flow structure of the flow field. Here, StD is 

the Strauhal number scaled by the diameter of the jet exit D. We considered the appearance 

of a regular structure with pressure fluctuations as a vortex caused by a K–H instability. 
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The frequency at which this K–H instability is induced is known from linear stability theory 

[21] and from various experiments using jets [22]. It is reported that his frequency can be 

found by a certain range of Strouhal number scaled by the initial momentum thickness near 

the jet exit [23], θ0 as follows: 

 .  (13) 

where Uj is the central flow velocity at the jet exit and f is the time frequency of the signal. 

The momentum thickness, θ0, can be calculated using Eq. (14). 

 . (14) 

Here, r0 is the jet radius, and �̅� is the time-averaged velocity in the flow direction. 

According to the present numerical simulation data, the momentum thickness θ0 is θ0 = 

0.05r0 for Re3125FJ. Therefore, the K–H instability frequency in each case must be at least 

in the range of StD = 0.36 − 0.72 for Re3125FJ when θ0 is converted to diameter based 

Strouhal number. Compared to the frequency peaks in Figure 3, the K–H instability fre-

quency for Re3125FJ is considered to be StD = 0.47. 

4. Visualization Results of Dynamic Mode Decomposition 

In this section, TlsDMD is applied to the time series data of pressure fluctuations in 

Re3125FJ, and the DMD modes corresponding to the frequency peaks derived from the 

frequency analysis results described in the previous section are extracted and visualized. 

4.1. Eigenvalue Distribution of DMD Modes 

The relationship between the amplification factor σ and the frequency StD of each DMD 

mode calculated from the eigenvalues of the DMD modes is shown in Figure 4. The hor-

izontal axis shows the frequency of each DMD mode, and the vertical axis shows the am-

plification factor. The red dots are the relationships between the frequency and amplifica-

tion factor of each DMD mode. The green points are the DMD modes corresponding to StD 

= 0.47, 0.77, 1.15, and 1.4 for Re3125FJ. Figure 4 shows that there is one DMD mode that 

corresponds to each of the frequency peaks. The four DMD modes corresponding to the 

frequency peaks have an amplification factor close to zero, and we can conclude that the 

structure oscillates periodically in time. 

 

Figure 4. Relationship between growth rate and frequency for each DMD mode for Re3125FJ.  
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Next, to investigate how energetic the chosen mode is, the amplification of the DMD 

mode α is computed from the inverse of Eq. (3). The results are shown in Figure 5. From 

this result, the DMD mode, which has StD = 0, which means time-averaged flow, has an 

amplitude of α = 6. On the other hand, the amplitude of the selected modes, which are 

colored green, is approximately α = 0.1. If the growth rate is close to zero, then the ampli-

tude of the DMD mode is considered to be the order of the energy in the original flow data. 

Taking the energy of the time-averaged flow as 1, these DMD modes are approximately 

0.017. Since the maximum pressure fluctuation in the jets used in this study is approxi-

mately 0.1 with respect to pressure, these DMD modes are not relatively large but are phys-

ically meaningful. Therefore, these selected DMD modes are discussed in this study. 

 

 

Figure 5. Relationship between the amplitude and frequency for each DMD mode. Red points: All 

DMD modes. Green points: DMD modes selected in this study. 

4.2. Visualization Results of the DMD Modes 

To investigate the flow structures of the extracted DMD modes, the visualization results of 

the four extracted DMD modes are shown in Figure 6 (a)-(d). The contour of these figures 

show the signal strength of DMD mode, which is formulated by Eq. (12). Since these val-

ues are DMD modes of pressure fluctuations, they can be considered as the spatial structure 

of pressure fluctuations oscillating at a certain frequency. Based on this, the following dis-

cussion is described. 

In all the DMD modes (a)-(d), periodic pressure fluctuations propagating at r/r0=0.9 

above the shear layer can be observed. However, in (c) and (d), pressure fluctuations are 

observed near the jet exit and around z/r0=15. The pressure fluctuations in (c) and (d) cor-

respond to the sound waves at the nozzle lip near the jet exit and the turbulence near the 

end of the potential core. From the DMD mode of Figure 6 (a) for StD = 0.47, we can see 

that the vortex due to the K–H instability appears on the shear layer at r/r0=0.9 and transi-

tions to turbulence in the wake. In addition, a unique phenomenon in the DMD mode (Fig-

ure 6 (a)) is that pressure waves are generated on the jet axis. To confirm the propagation 

direction of the pressure wave, the dispersion relation at r/r0=0 in each selected DMD mode 

is shown in Figure 7(a), (b), (c), and (d). The horizontal axis shows the spatial wavenumber 

of the jet flow direction k, and the vertical axis shows the time frequency StD. Here, if it 

has a positive wavenumber in frequency space, it means that the original data has waves 

propagating in the positive direction. In other words, here it is a wave propagating in the 
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downstream direction of the jet. If the wavenumber is negative, it means the vice versa. To 

divide the wavelength into frequency, we can determine the phase speed of the wave. 

Therefore, in these figures, if the peak is found in the range of negative wavenumber, then 

the wave that propagates in the upstream direction exists in the data. Alternatively, if the 

peak falls within the positive wavelength range, then vice versa. From these graphs, two 

peaks at negative and positive wavelengths were found in DMD mode for (a) StD = 0.47, 

(b) StD = 1.15 and (d) StD = 1.4, which indicates that the pressure wave on the jet axis 

propagates upstream in addition to the pressure wave propagating downstream. This means 

that the pressure wave on the jet axis propagates upstream and is considered to be the 

guided jet wave where the upstream wave propagates around the axis center at the end of 

the potential core. However, this wave propagating to the upstream wave at r/r0 = 0 is noisy 

due to turbulence and can be identified only up to z/r0=3.0 in the DMD mode. To identify 

the location where this wave is generated, structure extraction is performed using spatio-

temporal Fourier analysis, as described in the next section. 

 

Figure 6. Visualization results of DMD modes corresponding to frequency peaks. The contour shows 

, which is formulated by Eq. (12). 

 

 

 
(a) StD=0.47 

 
(b) StD=0.77 

 
(c) StD=1.15 

 
(d) StD=1.4 
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Figure 7. Dispersion relation of DMD modes at the jet axis (r=0). The data are used for frequency 

analysis in the range of z/r0 = 0.0 to z/r0 = 6.0 on the jet axis. Vertical axis shows Strouhal number of 

the pressure signal and Horizontal axis shows the wavenumber of the jet direction.  

5. Further Investigation of the DMD Results 

5.1. Extraction of Waves Propagating Upstream via Spatiotemporal Fourier 

Analysis 

In the previous section, waves propagating upstream were found at StD = 0.47, which is the 

most dominant among the DMD results and induces K–H instability. However, upstream 

waves were not observed because the turbulence became stronger near the end of the po-

tential core, and it was unclear where the waves originated. Therefore, we attempted to 

extract only these upstream waves by applying spatiotemporal Fourier analysis to the time 

evolution data of the DMD mode at StD = 0.47. An explanation of the method is given 

below. First, let f(z,r,t) be the time series data of the time evolution of DMD modes; and 

this frequency space is represented as follows: 

 .  (15) 

Here, kj is the wavenumber in space in the z-direction (jet axis direction), kk is the wave-

number in the r-direction (radial direction), and kl is the wavenumber in the time direction 

(time frequency). Fjkl = F (kj, kk, kl) is the amplitude of waves with these wavenumbers. 

 . (16) 

In this case, we set the filter function M(j, k, l) under the following conditions. 

  
(a) StD=0.47 (b) StD=0.77 

 
 

(c) StD=1.15 (d) StD=1.4 
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 . (17) 

Using the above filter functions, the time evolution f(z,r,t) of the DMD mode can be recon-

structed by extracting only the frequency components of the negative wavenumber kj, as 

shown in Eq. (18): 

 . (18) 

Figure 8 shows the extraction results of the time evolution of DMD modes at StD = 0.47 

using Eq.(17) and Eq. (18). The results indicate that in the DMD mode at StD = 0.47, the 

waves propagating upstream are emitted from approximately z/r0 = 15, which corresponds 

to the position of the end of the potential core, although the noise is large. Since jet noise 

is generated from the end of the potential core, this result suggests that the pressure wave 

propagating upstream is a sound wave generated at the end of the potential core. 

Figure 8. The extraction results of the time evolution of DMD modes at StD = 0.47 by using 

spatiotemporal Fourier analysis which is formulated by Eq. (17) and (18). 

5.2. Acoustic Impedance 

Using the concept of acoustic impedance, in this section, the reason why upstream-propa-

gating waves are reflected at the end of the potential core is discussed. Acoustic impedance 

is an analogy that explains the ease of sound propagation between different media using 

the concept of impedance in electromagnetism [24]. By applying this index to the numeri-

cal results in this study, the behavior of sound waves at the end of a potential core is exam-

ined. An overview of the acoustic impedance is given below. When a sound pressure of pi 

and a particle velocity of ui are incident between different media, as shown in Figure 9, we 

consider a problem where the sound pressure of the transmitted wave is pt, the wave veloc-

ity is ut, the sound pressure of the reflected wave is pref and the wave velocity is uref. In this 

case, the acoustic impedance can be expressed as follows: 

 .  (19) 

When this incident wave is a plane wave, Eq. (19) can be rewritten as Eq. (20): 

 . (20) 

In this case, we define the local acoustic impedance at a certain point zl and calculate it via 

the following equation: 

 . (21) 
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From the Newton–Laplace equation, using the aeroelastic modulus of air K and the density 

ρ, the speed of sound c0 can be rewritten as follows: 

 . (22) 

When K is assumed to be adiabatic, K = γP, where γ is the heat capacity ratio. Therefore, 

γP can be substituted into Eq. (22), and Eq. (21) can be rewritten as follows: 

 . (23) 

In this case, the acoustic impedance is given by if we calculate the acoustic impedance 

using the turbulence component of the pressure component, we obtain the following equa-

tion. 

  . (24) 

By applying Eq. (24) to the free jet calculation results for Re3125FJ in this study, a snap-

shot of the acoustic impedance can be obtained, as shown in Figure 9. The acoustic imped-

ance of this jet increases around z/r0 = 15 on the jet axis, which is the end of the potential 

core of a jet. The sound waves generated by the end of the potential core can be explained 

by the local increase in acoustic impedance.  

Figure 9. Visualization results of instantaneous values of acoustic impedance zl formulated by Eq. 

(24). 

6. Conclusion 

To investigate the feedback loop phenomenon in subsonic jets suggested by recent studies, 

total least squares dynamic mode decomposition (TlsDMD), a type of DMD, was applied 

to high-fidelity free jet numerical simulation data obtained by Bogey (2019). First, a fre-

quency analysis was performed for the pressure fluctuations in the region near the jet exit 

in the numerical results. As a result, dominant frequency peaks were obtained at StD = 0.47, 

0.77, 1.15, and 1.4 for a free jet with Re = 3125. The frequency peaks at StD = 0.47 for the 

free jet with Re = 3125 were found to be the frequencies that induced the K–H instability. 

Next, we applied TlsDMD to the time series data of pressure fluctuations in the potential 

core in these jet data. In addition, the DMD modes corresponding to the frequency peaks 

were extracted from the DMD results, and the following results were obtained. At StD = 

0.47, which is the frequency that induces K–H instability, pressure fluctuations due to K–

H instability in the shear layer at r/r0 = 0.9 and waves propagating upstream on the jet axis 

at r/r0 = 0 were observed. These upstream propagating pressure waves are considered to be 
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guided jet waves. The observation results of the DMD mode at StD = 0.47 suggest that the 

guided jet waves can affect the K–H instability. This result supports the concept of the 

feedback loop phenomenon in subsonic jets; however, the origin of these pressure waves 

could not be found because of turbulence in the downstream region. To investigate the 

origin of the pressure waves propagating in the upstream direction on the jet axis, spatio-

temporal Fourier analysis was applied to the time series data of the DMD mode at StD = 

0.47. This result showed that the upstream wave was generated from the end of the potential 

core. This indicates that the pressure wave propagating upstream is a sound wave generated 

from the end of the potential core. The cause of the upstream propagation of the sound 

wave was discussed using the concept of acoustic impedance of plane wave reflection. As 

a result, it was found that the acoustic impedance increases at the transition point to turbu-

lence at the end of the potential core in the case of free jet flow. This finding suggests that 

the temporary increase in dynamic pressure due to turbulence may reflect the sound waves 

and propagate them upstream. However, we only deal with low Reynolds number case, and 

there are differences in Reynolds numbers in cases such as jet engines. As a future work, 

it is necessary to investigate whether the feedback mechanism occurs in Higher Reynolds 

number case by using the same method. 
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Nomenclature 

c0  speed of sound in ambient air 

D  diameter of the jet exit 

kj  wavenumber in the jet flow direction 

kk  wavenumber in the radial direction 

kl  wavenumber in time 

K  modulus of the air 

M  Mach number 

p0  ambient pressure 

p   pressure 

pi  pressure at a specific point 

pref  sound pressure of the reflected wave  

pt  sound pressure of the transmitted wave 

r0  radius of the jet 

r   displacement in the radial direction 

Re  Reynolds number 

StD  diameter-based Strouhal number 

Stθ  momentum thickness-based Strouhal number 

t    time 

T0  ambient temperature 

Uj  center of the jet velocity 

u’   fluctuation velocity 

�̅�    time-averaged velocity 

ui    velocity of particles 

uref  velocity of the reflected wave 

ut    velocity of the transmitted wave 

uz   flow velocity in the jet flow direction 

ur.   flow velocity in the radial direction 

z    displacement of the jet flow direction 

z1, z2  acoustic impedance of the media 

zl    local acoustic impedance 

α    amplitude of the DMD mode 

γ    heat capacity ratio 

δBL  thickness of the Blasius boundary layer 

δt   nondimensional time step 

ν    kinetic viscosity 

θ    angle in the azimuthal direction 

ρ   density 

ρi  density at a specific point 
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σ   growth rate of the DMD mode 

 


