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State constrained two player differential games with decoupled
dynamics

Piernicola Bettiol* and Jérémy Rouot!

September 13, 2024

Abstract

We consider a two player zero-sum differential game with state constraints, in which the
dynamics is decoupled: each player has to stay in a closed (nonempty) set. We prove that,
under suitable assumptions, the lower and the upper values are locally Lipschitz continuous
and we establish that they are solutions, in the viscosity sense, of the Hamilton-Jacobi-Isaacs
equation, which involves an appropriate Hamiltonian, called inner Hamiltonian. We finally
provide a comparison theorem. It follows that the differential game under consideration
admits a value (which coincides with the lower and the upper values). A key step in our
analysis is a new nonanticipative Filippov-type theorem, which is valid for general closed
sets.

Keywords: Differential Games, State Constraints, Hamilton-Jacobi Equation, Viscosity So-
lutions.

1 Introduction

We shall consider state-constrained two player differential games in which the dynamics is decou-
pled in the following sense: a first system is exclusively controlled by one player using measurable
functions u

y(t) = fi(t,y(t),u(t)), for a.e.t e [to,T]

u(t) e U  for ae. tE€ [tg,T]

y(to) = yo € A1

y(t) € Ay forall tety,T],

(1)

whereas, a second player intervenes with measurable functions v modifying the dynamics of a
second control system

t):ZOEAQ (2)

Here, T' > 0 is a fixed final time, fi(.,.,.) : R x R™ x R™ — R™ and fa(.,.,.) : R x R"2 x
R™2 — R™ are given functions, U C R™* and V' C R™? are given sets.
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Associated with any initial data (¢o,z¢) = (to,v0, 20) € [0,T] x A1 x Ag, A; (resp. Az) being
a nonempty closed subset of R™ (resp. R™), and with any couple of controls (u(-),v(-)) we
shall consider the following cost functional:

T
J(to, mo; u(-), v(+)) := /t [La(t,2(t), u(t)) + La(t, (1), v(t))] dt + g(2(T)), (3)
0

in which z(t) = z[to, zo; u(:),v(-)|(t) (= (y[to,yo; u(-)](t), z[to, z0; v(+)](t))) denotes the solution
of systems (1) and (2) associated with the controls (u,v). Set m := nj; + ng. The functions
L :RxR"xR"™ — R and Ly : R x R” x R™2 — R are called Lagrangians (or running cost)
and g : R™ — R is the final cost. We shall consider a differential game in which the first player
wants to minimize the functional J(.), while the second player’s goal is to maximize J(.).

For each starting point (yo,20) € A1 X Ay and subinterval [to, Tp] C [0,7], we define the set
of admissible controls for the two players as follows:

U([to, To],y0) = {u(-) : [to, To] — U measurable | y[to, yo; u(-)](t) € Ay Vt € [to, To]};
V([to, To], z0) :={v(*) : [to, To] — V measurable | z[to, z0; v(-)](t) € A2 Vt € [to, To]} -

When Ty = T, which is often the case under consideration, we shall use the simplified notation:

U(to,yo) = {u(") : [to, T] — U measurable | y[to, yo; u(-)](t) € A1 Vt € [to, T]};
V(to,z0) ={v(-): [to,T] — V measurable | z[to, zo; v(-)](t) € A2 Vt € [to,T]} .

Our standing assumptions allows us to be in a situation such that, for all xg = (yo, z0) € A1 X Ay
and ty € [0,T], we have
U(to, yo) # 0 and V(to, z0) # 0.

As is customary in differential games theory, we consider the upper value function V* and the
lower value function V°. In the definition of V# and V? we shall make use of nonanticipative
strategies, in the Varayia-Roxin-Elliot-Kalton sense. To recall this notion, we take, for instance,
initial data (t1,y0) € [0,7] x A1 and (t2, 20) € [0,T] x Ay. We say that a mapping a : V(tg, 29) —
U(t1,y0) is a nonanticipative strategy for the first player if, for any 7 € [0, T —t5], for all controls
v1(-) and wva(-) belonging to V(t2,29), which coincide a.e. on [t2,t2 + 7], a(v1(-)) and a(va(+))
coincide a.e. on [t1, (t1 +7) AT]. Analogously we can define the nonanticipative strategies (3 for
the second player. For tg € [0,T] and xo = (yo, 2z0) € A1 X Aa, we write Sy (tg, o) and Sy (to, zo)
the sets of the nonanticipative strategies for the first and second player respectively.
Now, the lower value V? is defined by:

Vb<t0,a}0) = inf sup  J(to,zo;a(v(:)),v(")), (4)
aESU(t()va) v(-)EV(to,yQ)

where the functional J(.) is represented in (3). The upper value function is defined as follows:

VEi(tg, xo) ==  sup inf  J(to, zo;u(-), Blu(:))) . (5)
BGSV(to,xo) u(')eu(tO)ZO)

In absence of state constraints, differential games have been widely investigated using dif-
ferent approaches, cf. [22, 3, 5, 28, 30, 16, 18]. The case in which the dynamics of the players
are decoupled and that each player has to make sure that his state variable does not violate his
own state-constraint is a classical situation for a number of applications (cf. Isaacs’ book [25]
for classical examples of games with decoupled dynamics).

State constrained problems are in general more difficult to treat: the main issue is due to
the fact that both players have to use admissible controls and strategies, and the set of controls
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allowed to each player depends on the position of the initial state variable. To solve this problem
one has to be able to provide Filippov-type results (called also distance estimates results) in a
nonanticipative way (see the discussion in [11, 12]). State constrained differential games with
coupled dynamical constraints have been investigated in [27] and [12]. Koike in [27], under
implicit uniform controllability assumptions and considering inner Hamiltonians, shows that the
upper and lower value functions are viscosity solutions of the associated Hamilton-Jacobi-Isaacs
equation and provides a comparison result. In [12] the implicit controllability assumptions of
[27] are replaced by directly verifiable constraint qualifications (inward pointing conditions); it
is shown that it is possible to derive a nonanticipative Filippov-type result (for measurable in
time dynamic constraint and state constraints with C! boundaries) and, as a consequence, that
the upper and lower values are locally Lipschitz continuous; these are also the unique viscosity
solution of the related Hamilton-Jacobi-Isaacs equation; moreover conditions under which the
game admits a value are provided.

Decoupled state constrained differential games have been considered in [6, 17] for pursuit-
evasion problems, in [11] for Bolza problems, and in [1] for exit cost problems. Imposing some
uniform controllability assumptions Bardi, Koike and Soravia [6] show that the game admits a
(continuous) value, and imposing additional constraint qualifications they provide a comparison
theorem. Using different (viability) techniques Cardaliaguet, Quincampoix and Saint-Pierre [17],
under some suitable assumptions (which do not involve controllability conditions) demonstrate
that the game has a value in the class of lower semicontinuous functions. The existence result
[17] was subsequently extended to Bolza problems in [11], in which a nonantivipative Filippov-
type theorem is also proved (for state constraints with a C? boundary); this is used also to show
that the value is locally Lipschitz continuous (when the final cost is locally Lipschitz continuous).
Bagagiolo, Maggistro and Zoppello [1] investigate exit cost differential game on domains with
C? boundary and provide an existence and uniqueness result; the continuity of the values follow
from a nonanticipative Filippov-type result, which is proved for linear dynamic constraints and
state constraints that are represented by half-spaces (the boundary are hyperplanes). For an
application of the results obtained in [1] to a discontinuous hybrid model we refer the reader to
[2].

Numerical schemes for Differential games (in presence or in absence of state constraints)
have been developed by Falcone, cf. [23] and the references therein (see also his papers in
collaboration with Bardi, Bottacin, Soravia and Cristiani [3, 4, 21]). For an alternative approach
also we suggest the work done by Cardaliaguet, Quincampoix and Saint-Pierre, cf. [16]. For
different methods that transform a reference state constrained differential game problem to a
state constraint free problem see [24].

In our paper, we first establish that, under a set of assumptions which allow the dynamic
constraints and the Lagrangians to be possibly discontinuous w.r.t the time variable (more
precisely f1, fa, Ly and Ly are supposed to be merely of bounded variation in t), V> and V¥ are
locally Lipschitz continuous. The main difficulty, here, is represented by the presence of the state
constraint, and it is, then, necessary to provide a new nonanticipative Filippov-type theorem,
which holds for general closed sets and is a crucial result to construct admissible controls and
strategies. Then, we show that V? and V* are solutions in the viscosity sense of the Hamilton-
Jacobi-Isaacs equation associated with the reference problem. We highlight that we focus on
fundamental properties of the lower and upper value functions, in particular their Lipschitz
regularity and characterization as viscosity solutions, even when the problem data exhibit only
a bounded variation behaviour with respect to the time variable. This investigation introduces a
novel perspective in the literature on differential games, even for state constraint free problems,
extending key insights from recents findings obtained in the context of optimal control [14],
[9], [8] and calculus of variations [10], where problems with data of bounded variation with
respect to time have been considered. Following [27] (cf. [26] for optimal control problems) and



s [6, 17, 11] the Hamilton-Jacobi-Isaacs equation shall involve an inner Hamiltonian: this is the
105 (standard inf-sup) Hamiltonian which is modified on the boundary of the state constraint set,
106 taking into account only inward pointing (w.r.t. the state constraint set) vectors which belong
107 to the convexified velocity sets of each player. The last step is represented by a comparison
108 theorem, which we prove imposing additional continuity properties on the dynamic functions f;
100 and fo, and on the Lagrangians L; and Lo. As a result we obtain that the differential game has
1o a value. The comparison theorem provided here represents an extension to differential games
i with decoupled dynamics of the comparison result proved in [31] for optimal control problems:
12 this is based on the stability properties of the interior of the Clarke tangent cone (cf. [29]).

s 2 Standing assumptions

s We shall assume that the data involved in systems (1) and (2) and the cost (3) above satisfy
s the following hypotheses:

(H1): fi(.,y,.) is £ x B™ measurable, fa(.,z,.) is £ x B™2? measurable and L(.,z = (y,2),.,.)
117 is £ x B™ x B™2 measurable for each y and z (here £ denotes the Lebesgue subsets of R
118 and B the Borel subsets of R™); U C R™ and V C R™2 are closed sets;

1

=
o

(H2): (i) there exists ¢y € L'(0,T) such that

[f1(t g, w)| < e+ 1yl), [f2(t z,0)] < ep(B)(1+]2])

119 for all (y, z,u,v) € R™ x R"2 x U x V and for a.e. t € [0,T],
(ii) for every Ry > 0, there exists ¢y > 0 such that

|f1(tayvu)| N |f2(t7zvv)‘ < ¢ forall (t,.’E = (yv Z),U,’U) € [OaT] X RoB x U x 'V,

(H3): for every Ry > 0, there exist a modulus of continuity wy : Ry — R4 and k¢ € L*(0,7)
such that

\fl(@ylﬂ) - fl(tvyvu)‘ < Wf(‘y - y/’)a ’f2(t7 zlvv) - f2(t,2,?})‘ < (.Uf(‘Z - Z/D

for all y,y" € R™, 2,2" € R" with |y, [y, [2],]2'| < Ro, w € U, v € V, and t € [S,T],

and
‘fl(taylvu) - fl(tay7u)‘ < kf(t)|y - y,‘a ’f2(t727v) - fQ(t’ Z,’U)| < kf(t)|z - Z,|
120 for all y,y' € R™, 2,2/ € R with |y, |V/],|z],|?']| < Ro, v € U, v € V, and ae. t €
121 [S,T],

(H4): for every Ry > 0, there exist a modulus of continuity wy, : Ry — Ry and kz € L'(0,7)
such that (here z = (y, z))

|L(t, 2 u,v) — L(t, z,u,v)| < wr(Jxz —2'|) for allz, 2’ € RyB, w € U,v € V, and t € [S,T],

|L(t, 2", u,v)—L(t,x,u,v)| < kr(t)|z—2| for allz, 2’ € RoB, u € U, v € V, and a.e. t € [S,T],

and
|L(t,z,u,v)| < ¢o for all z € RgB, uec U, veV and t € [S,T].
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(BV): for every Ry > 0, fi(.,y,u), fa(.,2,v) and L(.,z,u,v) have bounded variation uniformly
over z = (y,2) € RoB, v € U and v € V in the following sense: there exists a non-
decreasing function of bounded variation 7 : [0, 7] — [0, c0) such that

[f1(s,y,u) = fr(t g, w)| V| fa(s, 2,0) = fa(t, 2, 0) | V| L(s, 2, u,0) = L(E, 2, u,0)| < n(t)—n(s),
for every [s,t] C [0,T],u € U,v €V, and z = (y,z) € RyB.
(H5): for every Ry > 0, there exists k; > 0 such that |g(z) —g(2’)| < kg|z—2'| for all z,2" € RyB
(H6): the Lagrangian L has the following structure
L(t,z,u,v) = L1(t,z,u) + La(t, z,v)

forallz = (y,2) e R" wue U, veV, and t € [S,T].

(IPC): (Convexified Inward Pointing Condition) for each t € [S,T), s € (S,T], y € A1, and

z € 0As,

Cofl(t+ay7U)mintTAl(y) 7& ®7 Cofl(siayaU)ﬂintTAl(y) 7é @
and

co fo(tT,2,U)Nint Ta,(2) # 0, cofols™,2,V)NintTa,(z) # 0.

Here, T'4(x) denotes the Clarke’s tangent cone to the set A at = defined by

Ta(zx) = {77 : for any sequences x; A 2 and t; 1 0, there exists {w;} C A
such that t; ' (w; — z;) — 77}.

B denotes the closed unit ball of the Euclidean space; coD is the convex hull of the set D. For
a,b € R, we write a A b := min{a,b} and a V b := max{a,b}. The limits in (IPC) are intended
in the sense of Kuratowski (see for instance [32] for details on this notion):

f1<t+7y7 U) = lti/irtlfl(t/7y7 U)7 fl(s_7y7 U) = (lsi/g\r;f1<sl7y7 U)?

and similarly for fs.

3 The Hamilton-Jacobi-Isaacs equation

We first introduce the Hamiltonian functions of interest, starting from the (un-max-minimized)
Hamiltonian:

H(tvx - (ya Z)ap = (pyapz)7uav) = _fl(ta y7u) ‘py - fz(t,Z,’U) Pz — Ll(taxau) - LQ(t)x7U)'

We observe that, from the particular game structure (which is decoupled with respect the con-
trols), these coincide, i.e. the Isaacs condition holds. We write H the obtained Hamiltonian
function:
H(t,z,p) := inf sup H(t,z,p,u,v) = sup inf H(t, z,p,u,v) .
veV yeU welU vEV

We set also

Ql(tv (yv Z)) = (CO f1, Ll)(t+7 (yv Z)v U)v Q2(t7 (y> Z)) = (CO f2; LQ)(t+v (y> Z)> V)
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and
Gi(t, (y,2)) = {(e1,01) € Q1(t, (y,2)) : e1 € intTa, (y)},
Gg(t, (y, 2)) = {(62,62) € Qaft, (y, Z)) 1 eg € 1ntTy, (Z)}

This allows us to introduce the inner Hamiltonian

Hin(t,(y,2),p = (py,p2)) = inf sup —e1-py —e2-py — {1 — {2,
(8 (9:2),7 = (py- 2)) <e2,ez>eaz<t,<y,z>>(el,el)ec;l(t,(y,z))[ e i

which is defined on [0, T] x (A1 x A2) x (R™ xR"2). Observe that the Isaacs condition is satisfied:

Hin(t, (y,2),p = (py,p2)) = inf sup —e1 Py —€-py—H1 — ¢
(t:(9.2).p = (Py.:)) (eg,ea)ecza,(y,z))<el,e1>ec1<t,(y,z))[ P 1~ &l

(6)

sup inf —e1 Py — €9, — 1 — lo] .
(el,él)GGl(t,(y,z))(62»62)66'2(15»(%3))[ P 1= 4]

We aim to characterize the lower and upper value functions as generalized solutions in the
viscosity sense to the following Hamilton-Jacobi-Isaacs equation:

— W (t, ) + Hin (t,:c,agEW(t,x)) —0  on[0,T) x (A; x Ay)
W(T,z) = g(x) on A; X Aj.

(7)

The inner Hamiltonian function H;, involved in equation (7) can be discontinuous. One way
to overcome this difficulty when we consider the notion of viscosity solution is to make use of
the upper and lower semicontinuous envelopes of the Hamiltonian H;, (see for instance [20],
[6], [7]). We recall that the upper and lower semicontinuous envelopes of a function ®(¢,x,p),
written respectively ®* and ®,, are defined by

O*(t,x,p) ;= limsup &, 2',p)
(t' ' p')—=(t,z,p)
and
O, (t,x,p) := liminf &, 2, p).
Lop) = P e 277

(The limits here are taken on points where ® is defined.)

Definition 3.1 (Viscosity super/sub solutions of (7)) A continuous function w : [0,T] x
(A1 x A2) — R is called viscosity supersolution of (7) on [0,T) x (A1 x A2) if w(T,x) = g(x)
for all x € (Ay x As) and it satisfies the following property: for any test function ¢ € C' such
that w — ¢ has a local minimum at (to,xo) € [0,T) X (A1 x Ag) (relative to [0,T] x (A1 x A2))
then

—&ggo(to, xo) + (Hm)*(to, o, 8zgo(t0, xo)) Z 0.

A continuous function w : [0,T] x (A1 x Az) — R is called viscosity subsolution of (7) on
[0,T) x (A1 x A2) if w(T,x) = g(x) for all x € (A1 X A2) and it satisfies the following property:
for any test function o € C* such that w— ¢ has a local mazimum at (to, o) € [0,T) x (A1 x Ag)
(relative to [0,T] x (A1 x Ag)) then

—0p(to, xo) + (Hin)«(to, w0, Oxp(to, o)) < 0.

Definition 3.2 (Viscosity Solution of (7)) Consider the Hamilton-Jacobi-Isaacs equation (7).
Then we say that a continuous function is a viscosity solution of (7) if it is a supersolution on
[0,T) x Ay x Ay and subsolution on [0,T) x A1 x Ay of (7).

A central role in the analysis of the value functions is the fact that we can guarantee the
possibility to construct admissible controls and strategies in a nonanticipative way. This is the
objective of next section.
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4 State constrained control systems: nonanticipative construc-
tions of admissible controls

Consider the state-constrained control system, described as follows:

(t) = f(t,xz(t),u(t)) ae. te][0,T] (8)
u(t) € U ae. te€][0,T] 9)
z(t) € A forall te[0,T7], (10)

in which f(.,.,.) : R x RN x R™ — R" is a given function, A C R" is a given closed set, and
U C R™ is a given closed set.

We shall refer to a couple (z(.),u(.)), comprising a measurable function u(.) : [0,7] — R™
and an absolutely continuous function z(.) : [0,T] — R¥ which satisfy (t) = f(¢, z(t), u(t))
and u(t) € U a.e., as a process (on [0,7]). The function z(.) is called a state trajectory and the
function u(.) is called a control function. If z(.) satisfies the state constraint (10), the process
is ‘admissible’.

We shall assume that the control system data satisfy the hypotheses: (H1)-(H3)", (BV)" and
(IPC)’ which are the equivalent formulations of the hypotheses (H1)-(H3), (BV) and (IPC) but
for the control system (8)-(10) and f1, A1,m; and ny (or fa, A, mo and ng) are replaced by
f, A,m and N. Observe that the inward pointing condition now takes the form

(IPC)": (Convezified Inward Pointing Condition) for each t € [S,T), s € (S,T], x € JA,
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cof(tt,z,U)Nint Ta(z) # 0, cof(s ,z,U)NintTa(z) # 0.

Employing the L*-metric on the set of trajectories, we derive linear estimates w.r.t. the
left-end points of a reference process and its approximating process. This result, often referred as
nonanticipative Filippov’s theorem or ’distance estimates’, guarantees the possibility to construct
approximating admissible controls (and trajectories) in a nonanticipative way, and, therefore,
build up suitable nonanticipative strategies (which is crucial when dealing with the differential
games considered in this paper).

Theorem 4.1 Take a closed nonempty set A C RN. Fiz vy > 0 and define R(t) = (ro +
1)exp (fg Cf(s)ds) — 1. Assume hypotheses (H1)-(H3)', (BV), (IPC) for Ry := R(T). Then
there exist constants kg > 0, Ko > 0, 5o > 0, po > 0, (whose magnitude depends only on
the parameter ro and the data of assumptions (H1)-(H3)', (BV), (IPC) ), with the following
property: given any (t1,&1) € [0,T] x (AN R(t1)B) and admissible process (z1(.),u1(.)) on [t1,T]
such that x1(t1) = &1, for any (t2,&2) € [0,T] x (AN R(t2)B), there exists an admissible process
(x2(.),u2(.)) on [ta, T| with xa(ta) = &2 such that the construction of us(.) is nonanticipative,

xo(t) € int A for allt € (t2,T] , and (11)

[z1(. +ti—t2) — 22( Wz ran) < Ko (|6 — &l +[t1—22]) (12)

where Ty == (T +to—t1) NT.
Moreover if p :== (14 n(T)) exp <f0T ks (t) dt) (1&1 — &a| + [t1—t2]) < po then there exists
a finite sequence {Ti,...,mar}, (with M < T/ég + 1) such that to < 11, 71 + 6o < To,...,

T+ 00 < Tjt1, ..., < To, and the control uy on [ta,Ts] that has the following structure:
u;(t) if t € [15, (7 + kop) N T2]
UQ(t) = ul(t—k0p+t1—t2) iftE(Tj+k0p,(Tj+(50)/\T2] forj=1,....M
up(t+t1 — ta) otherwise,
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for some control functions u; : [1;,(1; + kop) NTo) = U, j=1,..., M.

Remark 4.2 A scrutiny of the proof of Theorem 4.1 tells us further useful information about
the existence of admissible controls for processes emerging from some given initial data (to,&p) €
[0,T) x A (even if we are not necessarily interested in comparing it with respect to admissible
processes having different initial data, which is the purpose of Theorem 4.1 statement). Indeed,
we can always fix a control function ug on [0,T]. Then for any given initial data (to,&y) €
[0,T) x A, we can consider a positive number p, which now has a different expression from
(14) below and can be written in terms of the state constraint violation of the trajectory xo(.)
associated with the control ug on [to,T] (cf. [15] for the details in the context of differential
inclusions, the adaptation of which to the control systems is straightforward). The analysis
along the line of the proof of Theorem 4.1 (cf. [15] for the differential inclusions) then provides
an admissible pair (z,u) such that T(tg) = &y, T(t) € intA for all t € (to, T] and, if & is ‘close’
to the boundary OA and a reference vector v € cof(t('f,fo, U) is given, then the control u can be
constructed in such a manner that, for each € > 0 we can find o > 0 such that

to+o
/t [f(s,z(s),u(s)) —v] ds| < e. (13)

0

When we consider our reference differential game problem and assumptions (H1)-(H3), (BV)
and (IPC') are satisfied, this translates into the fact that for every initial data (to, xo = (yo,20)) €
[0,T) x A1 x Ag, the sets of admissible controls U(to,yo) and V(to,z0) are nonempty and, in
particular, we can always find controls u € U(tg,yo) and v € V(to, z0) satisfying the properties
described above.

Proof of Theorem 4.1

We fix a control function uy on [0,7]. Fix also any ro > 0. Assume that the function f
and set A in the theorem statement satisfy (H1)’, (H2)', (H3)’, (IPC)" and (BV)’ with constant
co > 0, and functions cf, kg € L'(0,T), for Ry := R(T). Take any t; € [0,T]. The constants Ry
and ¢y bound, respectively, magnitudes and velocities of all processes (z,u) on the subinterval
[t1,T] C [0,T] starting from R(¢1)B. Let 77 > 0 and 7(.) be the constant and modulus of variation
appearing in (BV)'. Take any & € AN R(¢;)B, i = 1,2, with & # & (for, otherwise, there is
nothing to prove).

Let (x1,u1) be any given admissible process on [t1,T]. We shall first construct, in a nonan-
ticipative way, an admissible process (z2,u2) on [t2, T3] such that (11) and (12) are satisfied
(Steps 1-5). In Step 6, we provide its extension to [ta,T] (when Tp < T).

Step 1. (A reduction argument).

The reduction techniques and the preliminary analysis used in [15] can be easily adapted to our
control system (8) (considering the multivalued map (t,x) ~ F(t,z) := f(t,z,U)), allowing us
to restrict our attention, without loss of generality, to the case when

(i): & € (0A+ IB) N AN R(t2)B and

T
p:=(14+n(T)) exp (/0 kr(t) dt) (|&1 — & + [t1—t2]) < po, for some py > 0, (14)

(ii): we consider a subinterval [t2,T5] C [0,T] (in place of [tz, Tb]) such that Ty — ty < &y for
some &g > 0,

(iil): n(T2) —n(t2) <.
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Here, pg > 0, 0o > 0 and ~ > 0 are constants which depend only on the data given in the
assumptions, see (16) and (17)-(18) below.

Using well-known stability properties of the interior of Clarke tangent cone [29], owing to [15,
Lemma 5], we can eventually modify the reference function f at most on a finite number of times
{o;} € [0,T] and obtain a new function f which satisfies the following property: there exist
e € (0,1) and 77 > 0 (we can arrange that 7 is the same constant appearing in (BV)’, otherwise
we can always reduce its size) such that given any (¢,z) € [0,T] x ((0A + 7B) N RoB N A), we
can find a vector v € co f(t,z,U) such that

7 +[0,e](v+eB) C A, forallz’ € (z+eB)NA. (15)

We also know that a process (z,u) for the dynamics governed by f is also a process for f
and vice-versa. Therefore, it is not restrictive to continue our analysis assuming that, for any
(t,z) € [t,T) x ((OA+7B) N RyBN A) we can find v € co f(t,z,U) such that (15) is true for all
' € (z+eB)NA.

Let w: [0,T] — [0,00) be the function

R——)

where the supremum is taken over sub-intervals I C [0, 7] of length not greater than . Observe
that w(.) is well-defined on [0, 77, for ks € L*(0,7), and that w(5) — 0, as § J. 0.

Fix kg > 1 such that kg > ¢! and take constants dy > 0, po > 0 and v > 0 in such a manner
that

do <€, po+codp <e€  kopo <do, po=<1, 4dpco <1, (16)

and
4e*) (v 4 cow (b)) < €, (17)
80/2 + cokow(S0) + koe“ ™) (v(1 + w(do) + cow(d0) (3 + w(%))] p+ 60 < (koe —1) .  (18)

Set K := (1+n(T)) exp (fOT kr(t) dt) so that p = K(|§1 — & + |t1—t2]).

Step 2. (Admissible control construction — first part of the time interval).

Since we can restrict attention to a situation in which (i) is valid, we can find a vector v €
co f(ta, &2, U) satistying property (15) for (t,z) = (t2,&2). Now, consider the arc y : [to, Tg] — R"
such that y(te) = & and §(t) = v. It immediately follows that, for all t € [ta, (t2 + kop) A T,

yt) = &+ (t—t2)v. (19)

Recalling that c¢o constitutes an upper bound for the magnitude for both v and ||Z1| e, we
deduce that

H.CCl( + tl—tQ) - y(-)HLoo(t27(t2+(T_t1)/\kOp)/\T2) < 260k0p . (20)
In addition, from (BV)’ we also obtain that, for all s € [ta, (ta + kop) A T3],

(n(s) = n(t2)) + kp(s)ly(s) — y(t2)]
(n(s) = n(t2)) + ks(s)co (s — ta) - (21)

dco f(s,y(s),U0) (y(s) )

VANVAN
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Invoking Filippov’s Existence Theorem (cf. [32, Thm. 2.4.3]), in which we take as reference
multivalued function F(t,z) := coF(t,z) = co f(t,z,U)) and bearing in mind condition (21),
we can find an F- -trajectory & on [tz, (t2 + kop) A Tb] with Z(t2) = y(t2) = & and such that, for
any t € [tg, (tg + kop) A TQ]

13 — Yllpooary < €00 (v + cow(do)) (t —t2) - (22)
It follows that for all ¢ € [to, (t2 4+ kop) A Th],

Z(t) € y(t) + ) (v 4+ cow(8p))(t — t2)B, from (22),
C &g+ (t— 1) (v + €0 (y 4 cow(dp))B), from (19),
C&+(t—t2)(v+ 6/4B) from (17)
C intA, from (14) — (16

(23)

We take a decreasing sequence {oy}x>1 in (t2, (t2 + kop) A To] such that oy = (to + kop) A Ty
and oy, | to as k — +oo. Observe that, since Z(t) € intA for all ¢ € (t2, (t2 + kop) A To], there
exists a decreasing sequence €, | 0, with e; € (0, (e(ox — t2)) A (dop)), for all k > 1, such that

Z(0) + €, B C intA for all T € [0y, 01].

Employing the techniques used in the proof of [13, Lemma 5.2, Step 3] we can find an
F—trajectory xa(.) on [t1, (t2 + kop) A To] such that xa(t2) = y(t2) = & and, for each k > 2,

xa(t) € Z(t) + %IB% C intA, for all ¢t € (og, 0k_1]. (24)

In particular we have:

~ 60 |
zo(01) € E(o1) + %IB% c y(o1) + [0 + e¥00) (4 + cow(do) ko | pB. (25)

2

Using the Filippov’s Selection Theorem (cf. [32, Thm. 2.3.13]) we can find a control s :
[t2, (t2 + kop) A TQ] — U such that (z9, 1) is a process on [ta, (t2 + kop) A Tg]

Observe that, in fact, from the analysis of this step we can deduce a much stronger property:
for each initial data (t,¢), where ¢t € [0,7] and

ce(0a+ g B) N AN R()B, (26)

we can construct a control @ : [t, (t + kop) A T] — U such that the associated process (Z,u)
emerging from Z(t) = £ satisfies the condition Z(s) € intA for all s € (¢, (t + kop) A T] and

]
a((t-+ kop) AT) € {0+ ko) AT) + |2+ B+ cowdl B,
where g(s) ==&+ (s—t)v, s € [t, (t+kop) ANT] and v € co f(t,&,U)NintT4(€) is taken according
to Step 1.
Therefore for each initial data (t,£) such that (26) is satisfied, we consider the associated (fixed)
control obtained in this step, which is admissible on [t, (t + kop) A T7.

Step 3. (Admissible control construction — second part of the time interval and distance esti-
mates).

10
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Observe that, given any control w on [t1,T] such that the process (z(.),u(.)) with starting point
x(t1) = & is admissible on [t1, T, if we consider the process (Z(.), u(. +t1—t2)) on [ta, T +to—t1]
such that Z(t2) = & (which in general is not necessarily admissible), then from Gronwall in-
equality we have

da(z(t)) < et —10) — (M) e
teI[rtli)Tig] a(@(1)) < flo(- +ti=t2) = &)l Lo t2,1)

. (27)
é@m<A @U)ﬁ>ﬂ+nHWﬂ&—fﬂ+ﬂr%m(=p)

Take now an admissible process (z1(.),u1(.)) on [t1,T] such that z1(t1) = & . Define a new
control _
uz(t) ifte [tg, (ta + kop) A TQ]
ug(t) = ) -
ul(t—i-tl—tg — kop) ift e (tQ ~+ kop, TQ] .

Write (z2,u2) the process associated with the control ug with starting point xo(ta) = &o. It
follows that for any t € [ta, (t2 + kop) A T3]

t
’{L‘l(t—i-tl —tg) — xg(t)’ < ]f(s +t1—ta, xl(s + 1 —tg), Ul (8 + tl—tg))

to
- f(87x2(3)7 u2(8))‘d8 -+ ’51 - £2| (28)
2cokop + &1 — &2

<
< (2cko K 4 1) (|61 — &2 + [t1—t2]) -

We have to consider now the case in which ¢y +kop < Ty. Write (Zo(.), u1(. +t1—t2)) the process
associated with the control u(. + ¢t1 —t2) with starting point Za(t2) = &. From (27) applied to

(%2, u1(. +t1—t2)) we deduce that max,cf, 1) da(#2(t)) < p. For all t € [ta + kop, T2] we have

t t
|Z2(t) — w2(t)] = f(s,22(8),ur(s +t1—t2))ds — [ f(s,22(s),u2(s))ds
to to

t ta+kop
= f(s,Z2(s),u1(s +t1—t2))ds — / f(s,z2(s), uz(s))ds
to to
t
| o) s+ ti-ta ~ kop)ds
tao+kop

t totkop
s/ U@m®w$+h4mm+/ (s, 2a(s), Ta(s))|ds
t—kop to
t

+ |f(s,22(8),u1(s +t1—t2)) — f(s,22(s),u1(s + t1 —t2))|ds
to

t—ko
+ / ' | f(s,22(s), u1(s + t1—t2)) — f(s + kop, w2(s), ur(s + t1—t2))|ds
t2

(29)

t—kop
+/ |f(s+kop,x2(s),u1(s+t1—t2)) — f(s+kop, x2(s+kop), ui(s+t1—t2))|ds
to

t

t—kop
< 2cokop + t kg(s)|Z2(s) — wa(s)|ds + /t (n(s + kop) —n(s))ds

t—ko
+/ "k () (s + kop) — a(s)|ds

to

< (2¢0 + v + w(dp)co)kop + / k¢(s)|Z2(s) — x2(s)|ds.

t2

11



2 Then, from Gronwall inequality (in the integral form), we deduce that, for all t € [ty, Tb],
|Za(t) — 2o (t)] < €2 (2¢0 4+ v + w(bo)co) kop. (30)
x Take any t € (ty + kop, To], from the estimates above we obtain
w1 (t+t1—t2) — 22(t)] < |wr(E+t1—12) — 22(8)] + [22(t) — 22(0)]
< (1 4+ n(T))(1€1 = &o| + [i—ta]) + ) (2c0 + v+ w(o)co)kop  (31)
< ) [14(T) + (200 + 7 + w(do)co) ko K] (|&1 — &o| + [ta—ta])

283 from which we deduce the required estimate:

[21(- +t1—t2) — 22 ()l ooty ) < Koll€r — &2l + [t1—t2]), (32)

where
Ko = e [1 4 (T + (2¢0 + v + w(d0)co) ko K] -

2sa Step 4. (The process is admissible on the second part of the time z'zlterval).
25 From (24) we know that x2(t) € intA for all ¢ € (ta, (f2 + kop) A T3]. So to complete the proof
26 we proceed assuming that to + kop < Ty. Define the arc ¢ : [to, To] — R™ as follows

2 . ~ 33
& + kopu + fttg—l-kop Ta(s — kop)ds if t € [ta + kop, T3] (33)

i(t) = { y(t) = & +o(t —t2) if ¢ € [ta,t2 + kop)
27 Observe that, when ¢ € [ty + kop, To], we have §(t) = kopv + @2(t — kop), and writing z(t) a
288 projection on A of the arc t — Zo(t — kop), it satisfies |Za(t — kop) — 2(t)| = da(Z2(t — kop)) <

20 ||Z2 — z1(. + t17t2)”L°°(t2+k0p,T2) < p and we deduce that

®

G(t) € z(t) + kopv + pB for all t € [ty + kop, Tb]. (34)

20 Notice also that for all ¢ € [to+kop, Tb], making use of (25) and (30), recall that here 71 = to+kop,
201 we obtain

|z2(t) — §(t)] < |2tz + kop) — y(t2 + kop)|

+ / [f(&fcz(s)a uz(s)) — f(s — kop, #2(s — kop), u1(s — kop + t1—t2))]ds
to+kop
t
< [00/2 + €“C0) (3 + cow(d0) o | p + / o (0() = (s — kop))ds (35)
to+kop

t
+ / kr(s)|xa(s) — x2(s — kop) + x2(s — kop) — Z2(s — kop)|ds
to+kop

< [50/2 + 6“’(50)(7 + cow(dp)) ko + cow(do)ko + w(éo)ew(5°)(200 + v+ w(do)co)ko| p+ Yoo

Since |Zo(t — kop) — Z(t2)| < co(Ta — to) for all t € (to + kop, Tb], appealing once again to
(16), we also have

’Z(t) — iz(tzﬂ = |Z(t) — i’g(t — kop) + iz(t — kop) — fg’ < p+ co0p < po + cpdp < €.
Thus bearing in mind (15) and (16), we see that

z(t) + kop(v +€B) C A,

12
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and, owing to (34),
Q(t) + (koe - 1)pB Cc A.

Taking into account (18) and (35), we deduce that x2(t) € int A for all t € [ty + kop, Tb] in this
case as well, confirming all the assertions of the theorem.

Step 5. (Iteration, nonanticipativity).

With the help of the reduction argument of Step 1 we constructed (in Steps 2 and 3) an admissible
process on the interval [to, Tg] of length at most g > 0, and the magnitude of dy, depends only
on the data of the problem and the choice of the radius ro > 0 (which regulates the size of the
region in which the processes are supposed to emerge). We recall that the reduction argument
of Step 1 (we refer the reader to [15] and [13] for full details) allows to reduce attention to
subintervals of length smaller than &y, since, if Ty — to > ¢, we partition [tg, To] as a family of
My contiguous intervals, each of length at most dy, where My is the smaller integer such that
MO_I(TQ —t9) < o, {[Ué,d’i]}ij\i‘i, where o = to, 0’{\40 =Ty, 0t =i+ foralli=1,...,My—1
and O'{V[O —O'é\/lo < &p. If the starting point & belong to (0A + gB) NANR(t2)B, then we construct
an admissible process (wa,uz2) on [o§ = t2,01] according to Steps 1-4. On the other hand, if
& € (ANR(t2)B)\ (0A + IB), then we just consider the admissible control ua(.) = uy(.+t; —t2)
on [0}, o1]. In a subsequent stage we simply extend the obtained process (w2, ug) for [0} = t2, 03]
taking into account the position of the new initial condition x2(03) := x2(0]) and according to
the criterion employed above: the control depends on whether xo (08) € (GA + gIBB) N A or not
(observe that it necessarily belongs to R(03)B). This tells us that to build up an admissible
process (zg2,u2) on (the full time interval) [t2,Tb] it is necessary to apply the construction
displayed in the previous steps only a finite number of times M < M.

We write 7; € [t2, T3], for j = 1,... M, the initial time of each interval of length at most ¢y
on which we employ the above construction of Steps 1-4. Observe that we have to <7 < -+ <
v < To, Tjp1 — 715 >0 forall j=1,...,M — 1. Whenever t ¢ Uj]\/il [75, (15 + 60) A T3] we have
ua(t) == uy(t + t1 — t2). Therefore we shall end up with an admissible control ug on [te, T5] that
has the following structure:

u;(t) if t € [15, (75 + kop) A T?]
ug(t) == ui(t — kop + t1 — t2) iftE(Tj—{—]{Iop,(Tj—l-(So)/\TQ] forj=1,....M
ui(t+ 1t — ta) otherwise,

for some control functions @; : [75, (75 + kop) ANT2] = U, j =1,..., M. Observe that the control
ug is constructed starting from w; (shifted of the quantity ¢; — t2) and it is modified on the
intervals [7}, (7; + 6o) A T3] according to Steps 1-4.

Now, we show that this construction is nonanticipative. Take two admissible processes
(x1,u1) and (27, u)) on [t1,T] such that z1(¢;) = 2 (t1) = &. Take any o € [0,T — ¢;]. It is not
restrictive to consider only the following two situations:

(i) to+0 € [t2,7’1] and to < T,
(ii) to+0 € [Tl,(Tl +50)AT2],

since the analysis for all the other cases can be easily traced back to these ones.

Case (i) : ta + 0 € [t2,71] (t2 < 71). In this case if uy = u} a.e. on [t1,t1 + o], then clearly
for a.e. t € [ta, (t2 + o) A To] we have ua(t) = ui(t +t1 — to) = uj(t +t1 — t2) = uh(t).

Case (ii) : ta + 0 € [r, (11 + o) A Tp]. Suppose that u; = u} a.e. on [t1,t; + o] If
to + o € [11, 71 + kop] then we have

(36)

{ ua(t) = uh(t) a.e. on [to, 7]
ug(t) = u1(t) = ub(t) ae. t € [11, 71 + kop

13
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On the other hand, when t2 + o € [11 + kop, (11 + do) A T3], in addition to (36) we have
UQ(t) = U1(t —kop+1t1 — tg) = u’l(t — kop +1t1 — tQ) = ué(t) a.e. on [Tl + kop, (tQ + O’) A TQ]. In
both cases, we obtain that the mapping that provides the control us is nonanticipative.

Step 6. (Construction completion).

If Ty = T (which means that to—t; > 0) then the construction of the admissible process (x2,u2)
is complete. Otherwise if 7o < T (i.e. Ty := T + to—t1 and to < t1), we have to extend the
process (x2,ug) on [t2, T»] obtained above to the interval [ta, T]. Observe that in this extension
procedure we restrict attention only to condition (11) since estimate (12) involves the restriction
of the trajectory x2(.) to the time interval [to, Th].

We consider the process (ws,uo|ir,,71) on [T, T] such that wa(T2) = x2(12), where ug is the
control (on [0,T7]) that we fixed at the beginning of the proof. Since wy(72) € intA and T'—T5 =
t1—ta < Jo, if 22(T») € (intA) \ (0A + IB), then from (16) we deduce that ws(t) € intA for all
t € [T, T]. In this case we extend (x2,u2) to [to,T] obtaining zo(t) = we(t) and wua(t) = wu(t)
on [Ty, T].

On the other hand, if 22(T3) € (intA)N(0A + IB), then there exists a vector va € cof (Ts, z2(13),U)
which satisfies condition (15). Then employing exactly the argument displayed in Step 2 on the
whole interval [T, T (in place of [T, (T3 + kop) A T]), we can find a process (Z2,u2) on [T, T
such that Zo(Ts) = x2(T) and Za(t) € intA for all ¢t € [T», T]. Therefore, in this situation, the
extension of (x3,us) will be obtained setting (z2,u2) = (Z2, u2) on [Ts,T).

The nonanticipative property of our construction in the last interval [T5,T] (when T — Ty =
t1 — to > 0) follows from the fact that we have two possible situations: either xo(75) € intA \
(0A + IB) and we complete uy with the (fixed) control ug, or z2(T») € A + IB and then we
extend uy using the control u provided by Step 2.

Finally, observe that if

T
(14 n(T)) exp ( / kf<t>dt) (t1—ta] + 161 — &) > po (37)

then to construct the admissible process (r2,u2) we merely make use of the argument of Step
6 (repeating it at most for a finite number of times). The analysis of Step 6 provides a state
trajectory xa(.) on [ta, T satisfying xa(t2) = &2 and condition (11), but it gives no information
on the L> distance between the two trajectories x1(.) and x2(.). However when the distance
between the initial data is big enough and (37) is in force we immediately deduce that

4
z1(- +t1—t2) — 22( )|l Loo (to,12) < %COTK(l +n(T)) (|ta—t2| + |61 — &2) -

Then, possibly adjusting the constant Ky we deduce in this case also the validity of (12).
d

5 Regularity properties of the lower and upper value functions

Proposition 5.1 (Lipschitz continuity) Let A; C R™ and Ay C R™ be nonempty closed
sets. Suppose that assumptions (H1)-(H6), (BV) and (IPC) are satisfied. Then the lower value
function V? and the upper value function V¥ are locally Lipschitz continuous on [0,T] x Ay x As.

Proof.  Fix a real number ro > 0. Take any (t1,21 = (&1,(1)), (to, 22 = (£2,(2)) €
[0,7] x (AN roB). Define Ty == (T +t1 —ta) AT, Ty :== (T +to — t1) AT and take Ry =

exp (fOT Cf(t)dt) (ro+1).
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Let ¢ > 0 be a given number. From the definition of the upper value V¥ we can find a
nonanticipative strategy B2 € Sy (t2, x2) such that

VE(ty,20) < inf  J(ta, zo;u(-), B2(u)(-)) + €. (38)

u€U (t2,€2)

We consider the nonanticipative map ¥ : U([t1,T],&1) — U([t2, T],&2) provided by Theorem
4.1 applied to the control system ¢ = f1(¢,y,u), which with any admissible process (y1,u1) on
[t1,T] such that y;(t1) = & associates a constant K (depending only on 79) and an admissible
process (ya, u2 = ¥(uyp)) such that ya(t2) = &2, y2(t) € int(A) for all t € (t2,T] and

[y1(- +t1—t2) — y2 ()l Lo (tr. 1) < Ko(|&1 — &a| + [t1—12]). (39)

We also know that we can restrict our attention to the case in which

T
pe = (1 +n(T)) exp (/0 kf(t)dt> (161 = & + [t1—t2]) < po;
(40)

T
pe = (1+n(T)) exp (/0 kf(t)dt> (I = Gl + [t1=t2[) < po

for some pg > 0 and let dy such that pe, pc < 6o/ko. We have also the information that the
control ug has the following structure:

up(t) = u(t) if t € [rj, (15 + kope) N T2]
ul(t—kopg—i-tl—tg) ift e (Tj+k0p£,(7j+50)/\TQ]

for some control functions @; : [7j, (75 + kope) NTo] = U, j=1,..., M.

Theorem 4.1 gives also a nonanticipative map ® : V([t2,T],(2) — V([t1,T],(1) (related to the
control system Z = fy(t, z,v)), such that, for any admissible process (z2,v2) on [t2,T] with
z9(t2) = (2, we have an admissible process (z1,v; = ®(v2)) on [t1,T] satisfying

|z2(. +ta—t1) — 21()llzeety,m) < Ko (|G — Caf + [t1—12|) (41)

and, again since (40) is in force, we have

v (t) . 5@(25) ifte [O'Z', (O‘i + /{ng) A Tl]
= vz(t—kopg—i-tz—tl) ifte (O’Z‘—i-kopc,(ai—i-(so)/\Tl]

for some ; : [0y, (05 +kope) NT1) =V, i =1,..., N. Observe that the composition of the nonan-
ticipative maps @, f2 and ¥ provides a nonanticipative strategy /31 := ®o P20V : U([t1,T],&1) —
V([t1,T],¢1). We emphasize that the strategies ¥ and ® provided by Theorem 4.1 are such that
also the composition ® o fy 0 ¥(= f31) is nonanticipative and the situation when ¢; # to does not
generate an issue. Indeed, it is immediate to see that the map (1 is anticipative when to < ¢;.
So we restrict our attention to the case when ¢; < to (that is 77 ;=T 4+t —to < T') and [t1 — to|
is small enough. Take two admissible controls ui,us € U([t1,T];&1) and any o € [0,T — t1]. If
t1+o0 € [t1,T1] and u; = uy a.e. on [t1,t + o], then it is immediate to see that S1(u1) = S1(u2)
a.e. on [t1,t; +0]. Suppose now that t; +o € (T1,T]. Then the trajectories §; and g associated
respectively with 81(u1) and 51(u2) are such that g1(71) = 92(71). Therefore, from Step 6 of
the proof of Theorem 4.1 we know that on [T7, 7] we use either a given (fixed) control ug (when
91(Th) = g2(T1) € (intAy) \ (8A1 + gIB%)) or a particular control u constructed in Step 2 of the
proof of Theorem 4.1 (when g1 (T1) = §2(T1) € (intA;) N (0A; + IB)). In either case, we have
B1(u1) = p1(u2) a.e. also on [T1,t1 + o).

From the definition of V* we have V¥ (t1,z1) > infyers(y,6,) J (t1, 21;u(:), B1(u)(-)) — € and, there-
fore, there exists a control 4y € U(t1,&1) such that

VE(tr,21) 2 J (b, e an(), Bi(an)() — e (42)
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Write (91,41) and (21, 31(t1)) the associated admissible process such that gi(¢1) = & and
21(t1) = (1. Consider also the admissible control 4 = ¥(4;) € U(t2,£2). From (38) we deduce

that

VE(ta, 2) < J(ta, wa;ta(-), Ba(ti2) () + €. (43)

Denote by (g2, u2) and (22, B2(t2)) the corresponding admissible processes with Zo(t2) :

(92(ta), 22(t2)) = x2 = (&2, (2).In view of (42) and (43) it follows that

VE(ty, w9) — V3(t1, 1) < J(ta, w95 ta(-), Ba(tia)(-)) — J(t1, 1501 (), B1 (1) () + 2¢

r T
= /t L(t, Z2(t), U2(t), B2(tu2)(t))dt — /t L(t, &1 (), @y (), By () (t))dt

+ 9(22(T)) — g(21(T)) + 2¢

Ty T
_/t L(t, @2(t),ﬁ2(t),52(ﬁ2)(t))dt+/T L(t, 2o(t), @(t), o) (t))dt (44)

Ts
- / L(t+t1—to, 21 (t+1t1—t2), Uy (t+t1—t2), Br () (t+t1 —t2))dt
to

T
- /T Lt 31 (8). iy (£), By () ()t + g(52(T)) — g(E(T)) + 2

From (39) (resp. (41)) which is valid for g; and g» (resp. 21 and Z2) we obtain

[91(- +t1—t2) — G2 ()| Loo(ro,1) < Ko ([§1 — &2f + [t2—t1])
(resp. |[[22(. +ta—t1) — 21() oo (e, 1) < Ko (IG1 — G2 + [ta—t1]) )

In particular we deduce that

[(92(T) — 22(T)) — (41(T) — 21(T))| < V2c0lta—t1] + V2Kq (&1 — &o| + |G — G| + [t1—ta]) -

(45)

(46)

In addition, since |L| < ¢y along the reference trajectories, we have

T

T
| ptaa(o). a0 pa(a) o)t -

T2 Tl

It remains to provide an estimate of the term

Ts
A= | [ Lt a(0) 0200, B ()
Ts
—/t L(t+t1—t27i1(t+t1—t2),ﬂ1(t+t1—t2),ﬁl(fél)(tﬂl—tz))dt‘
T>
g/t [L(t, &2(t), G2(t), Ba(tiz) () — L(t, &1 (t4t1—t2), @n (t+t1 —t2), B1 (1) (t+t1—t2))]dt

Ts
+ /t [n(t+t1—t2) vV n(t) — n(t+t1—t2) An(t)]dt

<

/tT2 [L(t, #9(t), @2 (t), Bo(tia) () — L(t, &2(t), d1 (t+11 —t2), 51(ﬁ1)(t+t1_t2))]dt‘

Ts
+ /t |L(t, &2(t), w1 (t+t1 —t2), Bi (1) (t+t1 —12))

— L(t, &1 (t+t1—t2), 4y (t+t1 —t2), Bi (1) (t+11—t2))|dt + n(T)[t1 —t2]

16

L<t,azl(t),m(t),m(al)(t»dt\ <2cplta—ta].  (47)



409

1o
< /t [L(t, &2(t), ©(a1) (1), Ba(i2)(t)) — L(t,irz(t),al(t+t1—t2),Bg(ag)(t))]dt‘
Ts
+ /t [L(t, 22(t), da (t+t1 —ta), Ba(d2) (1)) — L(t, B2(t), tn (t+t1—12), @(52(ﬁ2))(t+t1—t2))]dt'
T
+ t EL()(92(1), 22(t)) — (g2(t+t1—t2), Zo(t+t1 —t2))|dt + n(T)|t1 —t2]
( )t1—to| + V2KoK (1€ — &a| +[C1 — G| + [t1—t2])
(154+00)A\T> (154+00)A\T>
1(t, .C%Q(t), \I’(ﬂl)(t))dt — / Ly (t, i’g(t), ﬁl(t+t1 —tg))dt‘
N (oi4+60)AT> (oi4+60)ANT>
¥ Z / T L0 s - [T Laltale) $(Bataa)) - )
i=1 1707 Oi

a0 Introducing K, = fo kr(t)dt, we have

(15400)N\T>
[ a0, 9@ 0) - Lt a0, in 40—

J

Tj+60—kope
S / Ll(t+kop§,f2(t+ kopg),ﬂl(t-l-tl—tg))dt

J

Tj+d0
- / Ll(t, .Cf?z(t), ﬂl(t+t1—t2))dt' + 200k0p€
Ti+kope

Tj+d0—kope
< / |L1(t + kope, Z2(t + kope), @1 (t+t1—1t2)) — Li(t, Z2(t), @y (t+11 —t2))|dt

J

Tj+00—kope 7480
+ / Ll(t,:i‘g(t),ﬂl(t+t1—t2))dt—/ Ll(t,:%g(t),al(t~l—t1—t2))dt'
Tj Tj+k0p§
+ 2cokope

< deokope + V2o K Lkope + 1(T)kope

411 and

(oi+0)AT>
/‘ [La(t, 22(t), B2(t2) () — La(t, #2(t), (52(162))(75“1—752))]6575‘

oi+do oi+d0—kop¢
< / Lo(t, &2(t), B2(t2)(t)) — / Lo(t + kope, 2(t + kope), ﬂ2(ﬁ2)(t))dt’
oit+kop¢ oi
+ 2cokopc
oi+do oi+00—kop¢
<| [ Lawaao. i onie - [ Lt alt). () ()it
oitkope gi
+ 2cokope

oi+60—kop¢
+/ |La(t, &2(t), B2(2)(t)) — La(t + kopc, Z2(t + kope), Ba(12) (1)) |dt

i

< deokope + V2e0K pkope + n(T)kope.
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Using (40), we finally obtain the estimate :

A< (\@KOKL + 2Moko(4co + V2o K1, + n(T))ko(1 + n(T)) K + n(T))
X (€1 = &of 4 [€1 — Cof + [t1—ta2])

with My > MV N and K > [ kg (t)dt.
Exchanging the role of V°(t1,x1) and V”(ty, z2) in the inequality above, we obtain

VP (t1,21) =V (b2, 22)] < K ([ti—to] + |21 — 22)

for some constant K” > 0, which depends only on the data of the problem, confirming the
proposition statement.

g

6 Solutions of the Hamilton-Jacobi-Isaacs equations

Proposition 6.1 (Dynamic Programming Principle) Let A7 C R™ and Ay C R™ be
closed nonempty sets. Assume (H1)-(H4), (BV) and (IPC). For any (to,z0 = (yo0,20)) €
[0,T] x Ay x A and for all o € (0,T — to] we have

to+o
Vb(t07x0) = inf sup / L(t,x[tg,.l‘o;a(v),U](t),Oé(U)(t),’U(t)) di+
a€Sy (to,xo) vEV(to,Y0) to (48)

+V7 (to, x[to, mo; (v), v](to + 0))} )

and

to+o
Vit = st {7 Lt o s, 0], 0. B 0) »

V1o, 2lto, z0; . S(w)](t0 + 0))

Proposition 6.1 can be proved adopting standard arguments already employed for the state
constraints free case (cf. [5], [22]). Therefore its proof is omitted.

Theorem 6.2 Let A1 C R™ and Ay C R™ be closed nonempty sets. Assume that conditions
(H1)-(H6), (BV) and (IPC) are satisfied. Then, the lower value function V° and the upper value
function V' are viscosity solution on [0,T) x Ay x As of the HJI equation (7).

Proof. We show here only that V"’ is a viscosity solution of the HJI equation (7). The proof
for V¥ is similar so we omit it.

(i) Recall that n = ny +ng. Take any (to, 2o = (y0,20)) € [0,T) x A1 X As and ¢ € C1(R,R")
such that V? — ¢ has a local minimum at (to, (yo, 20)) (relative to [0, 7] x A; x Ay). We
can assume that o(to, (yo,20)) = V’(to, (y0, 20)), and that there exists r > 0 such that
Vb(t, (yv Z)) = (p(t, (yv Z)) for all (t7 (y,Z)) S ((th (yﬂv ZO)) + TB) N ([O,T} x Ay x AQ)
Suppose, by contradiction, that there exists # > 0 such that

(Hzn)* (tO) (y07 ZO)a vyﬁigp(toa (y()v ZO))) - Vth(t(), (yO? ZU)) < —0.
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434 From the definition of the upper semicontinuous envelope, we have

(Hin)" (o, (Y0, 20), Vy,2¢(to, (40, 20)))
Z lim sup Hin(t()a (yv ZO)7 vy,zgp(t(b (y7 ZO)))

intAq
Yy %0
= limsup inf sup [—e1 - py —e2-p, — {1 — o] (50)
y intAq o (62752)6G2(t07(y720)) (el,fl)GGl(to,(y,Zo))
= inf sup —e1 Py — €9 -p, — 1 — lo].
()Rt () e - ’ |
435 where (py,p.) = Vy.¢(to, (Y0, 20))-
436 Then we can select (é2,(2) € (co fa, L2)(td, (yo, 20), V) such that é € intTa, (o)
sup [—e1py — & p2 — b1 — L] — Vip(to, (o, 20)) < —0.
(e1,61)€Q1 (to,(yo,20))
437 Using the stability properties of the interior of Clarke tangent cone and the arguments of
438 the proof of Theorem 4.1 (see Remark 4.2), we can find an admissible control 79 € V(to, 20)
430 and og € (0,T — to) such that, for every strategy o € Sy (to, zo), we have
to+oo _ _ _ _ ~ 0
/ [H(s,3(5), Vaip(s, 3(5)), al5) (5), 3(s)) = Vagp(s, #(s))] ds < —3
to
440 where Z(s) := x[to, xo; a(0), 0|(s).
441 Now, applying the Dynamic Programming Principle and standard arguments (cf. the proof
a2 of [12, Theorem 4.3]) we arrive at a contradiction.

ws (i) Let (to,z0 = (y0,20)) be a local maximum (relative to [0, T] x A; x Ag) for (V* —¢), ¢ €

444 C'(R™,R) and there exists r > 0 such that V°(t, (y,2)) < o(t, (y,2)) for all (t,(y,2)) €
ass ((to, (Y0, 20)) + B)N([0,T] x A1 x A2). Suppose that, by contradiction, there exists § > 0
446 such that

(Hln)* (750, (y()a ZO)) vy,z@(tﬂa (y07 ZO))) - vtgp(t(b (?/07 ZO)) 2 0.
447 Then from the definition of the lower semicontinuous envelope

(Hin), (to, (%0, 20),Vy,20(to, (Y0, 20)))
S lim inf Hin(t07 (yOa Z)a vy,Z(p(th (y07 Z)))

intAg

Z—>20
= liminf inf sup [—e1-py —e2-ps — {1 — o]
LA (e22)€Ga(t0.(0.2) e1,61)E G (t0,(v0:2)) ! ’
= inf sup [—e1-py —e2-p. — {1 — L]
(e2,£2)€Q2(t0,(yo,20)) (e1,61)€G1(to,(y0,20)) v -
448 where (py7pz) = vy,zgp(th (y07 zO)N)-
449 It follows that we can choose (€1,¢1) € (co f1, L1)(t{, (o, 20), U) such that & € intT, (yo)
450 and .
inf —€1-py — €2 pr — b1 — L] = Vip(to, (yo, 20)) = 0,
(62,52)€Q2(t0,(y0,20))[ Y : ] wolto, (y )
451 Remark 4.2 tells us that associated with the initial data (fo,yo) and the vector &; €
452 cofi(tg, o, U) NintTa, (yo), we can construct an admissible control @y € U (ty,yo) such
453 that an estimate like that one in formula (13) is in force. Consider the (constant) strategy
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ap € Sy(to,xo) such that for all v € V(tg, z9) we have ap(v) := 9. Then «y is clearly
nonanticipative. Moreover we can find o¢ € (0,7 — to) such that, for all v € V(to, 20)

to+oo
[ [, Vol 3(60) 0005, 0(5)) = Vel ()] s = 62
where Z(s) := x[tg, zo; ap(v), v](s).

Invoking again the Dynamic Programming Principle and known arguments (cf. the proof
of [12, Theorem 4.3]) we arrive at a contradiction.

O

Under the hypotheses (H1)-(H6), (BV) and (IPC), Proposition 5.1 ensures that the lower
value function V” and the upper value function V¥ are locally Lipschitz continuous on [0, T] x
Ay x Ay. Moreover, Theorem 6.2 establishes that V? and V¥ are viscosity solution of (7) on
[0,T) x Ay x Ay. Therefore, we can summarize these results in the following theorem.

Theorem 6.3 Let A1 C R™ and Ay C R™ be nonempty closed sets. Assume that conditions
(H1)-(H6), (BV) and (IPC) are satisfied. Then

(i) the lower value function V? s locally Lipschitz continuous and is a viscosity solution of
(7);
(ii) the upper value function V* is locally Lipschitz continuous and is a viscosity solution of

(7).

Imposing some additional assumptions we obtain the existence and uniqueness of the value
for the reference differential game.

Theorem 6.4 Assume that (H1)-(H6), (BV) and (IPC) hold true. Suppose in addition that
(i) Ay CR™, Ay CR™, U CR™ and V C R™ are compact nonempty sets;
(i1) f1 is locally Lipschitz continuous w.r.t. (t,y) and continuous in u; Ly is continuous;
(11i) fa is locally Lipschitz continuous w.r.t. (t,z) and continuous in v; Ly is continuous.

Then V := V°* = V' is the unique viscosity solution on [0,T) x Ay x Ay of (7).

Proof of Theorem 6.4

In this case, since Theorem 6.3 holds, the lower value function V? is continuous on [0,T) x
A1 x Ay and is a subsolution and a supersolution of (7). Observe that condition (iv) of Theorem
7.1 (below) is satisfied as a consequence of the validity of assumption (IPC). Also, from this
theorem, we deduce that for any viscosity solution W of (7), we have W < VP and VP < W
on [0,T) x A; x As. This proves the uniqueness of the viscosity solution of (7). Since V* is a
viscosity solution of (7), we obtain that V? = V¥ on [0,T) x A; x Ay and V := V?* = V¥ is the
unique viscosity solution of (7).

0
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s 7 A Comparison Result

s Theorem 7.1 Assume that conditions (H1)-(H6) and (BV) are satisfied. Suppose also that
488 (i) Ay CR™, Ay CR™ U CR™ and V C R™2 are compact nonempty sets;

w0 (i) f1 is locally Lipschitz continuous w.r.t. (t,y) and continuous in u; Ly is continuous;
a0 (i11) fo is locally Lipschitz continuous w.r.t. (t,z) and continuous in v; Lo is continuous;
w1 () for ally € 0Ay, and z € 0A,,

intTa,(y) # 0, intTa,(z) # 0.

a2 Consider two continuous functions Wi, Wy : [0,T] x A; x As — R satisfying the following
203 properties

s (v) Wi(t, (y,2)) is a viscosity subsolution of the (HJI) equation (7);
as  (vi) Walt, (y,2)) is a viscosity supersolution of the (HJI) equation (7);
(’UZZ) Wl(T, ) = WQ(T, ) (: g()) on A1 X AQ.

4

©
=3

Then we obtain:
Wi(t, (y,2)) < Walt, (y,2)), V(t,y,z) €[0,T] x A1 x Az .

a7 Proof. Step 1. Suppose that

W1 (t — Who(t 0
(t,(y,z))er[%%/“)}(xAleg{ 1(t, (y, 2)) 9 ( ,(y,z))} >0,

as then there exists (o, (o, 20)) € [0,T) € A1 x Ay such that
Wi (to, (yo,20)) — Wa(to, (yo, 20)) > 0. (51)

a0 There exists a constant M < 0 such that W7, Wy > M on [0~, T] X Al x Ay and L —1 > M on
soo [0,7] % Ay x Ay x U x V. Set ¢ :=1— MT(> 0) and define Wy, Wa, H;;, the following functions
so1  (obtained by a Kruzkov type transform):

o

- 1 .

Wi(s, (y,2)) = 1+Slog (I/V,(T— 5,(y,2)) + M(T — s) —M—i—c), i=1,2

Hin(s, (y, 2), w,p, py, pz) = inf sup 1+ s)p 52
( (y ) oE ) (62752)€G2(T75’(y72)) (el,fl)EGl(Tfs,(y,z)) |:< ) ! ( )

— (14 8)pye1— (L+8)ps - ea— (01 + Lo — M)/e<1+8>w]

502 Set so = T — tg. Observe that Wi(0,(y,2)) = Wa(0,(y,2)) = §(y,2), with §(y,z) =
3 log(g(ya Z) -M + 1)7 and

5

o

1% — W > W — W 0.
s AT (7)) = Wl (5 2) | = Wiso, (0,20)) = Walso, (0, 0)) >

sos  Since Wy, Wy are continuous on the compact set [0, 7] x A1 x Ay and W1(0, (y, z)) = Wa(0, (y, 2)),
sos  we can find a point (8, (y,2)) € (0,7] x A; x Ay such that

i AW, (5:2)) = Wl (4 2) | = W5, (5,2)) = Wa(s, (7.2)) = a(> 0)
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Lemma 7.2 Suppose that the assumtions of Theorem 7.1 are satisfied. Then, W1 and Wy are
respectively viscosity subsolution and supersolution on (0,T] x Ay x Ay of

W (s, (y,2)) + H;, <s, (y,2), W(s, (y,2)), 0s,y,:W(s, (v, z))) =0 on (0,T) x (A1 x Ag)

W(O’ (yv Z)) = g(ya Z) on A; x As.
(53)

Proof. Assume that (so, (y0,20)) € (0,T] x A1 x Az is a local minimizer for Wy — 9, ¥ € C!
and Wa(s, (y,2)) > ¥(s, (y, z)) for all (s, (y,2)) in a neighbourhood of (sg, (yo, 20)). Then (ty ==
T — s0, (Yo, 20)) is a local minimizer for Wy — ¢, where

p(t, (y, 2)) = eMTTVI=LW2) — a4 M —c.
We know that if W5 is a supersolution of (7) then
H; (T — 50, (3/07 20)7p0) - VtQD(T — S0, (yﬁv ZO)) >0,

where pg ==V, .o(T — 50, (Y0, 20))), that is

inf Cp ey
{(ez,b)eé?(t,(yo,zo))[ p=rer =]

+ sup [_py-€1—€1]} — V(T — s0, (Y0, 20)) > 0 .
(e1,£1)E€G1(t,(y0,20))

We deduce, writing go = V.9 (so, (Yo, 20)), that

1 + s)e(l+s0)v(s0,(v0,20)) 5 inf —qy-ex— V1
(1+50) { (e2.£2)€G(T—5,(0,20)) (e b
+ sup [—qy-el—fﬂ}

(e1,61)€G1(T—5,(y0,20))
+ e(1+so)¢(807(y0,20))W)(so, (y0, 20)) + (1 4 s0) Vit (s0, (yo, 20))] + M > 0.

It follows that

inf sup —(1+s)gy-e
(e2,£2)€G2(T—5,(¥0,20)) (e1,6,)EG1 (T—s,(y0,20)) [ ( a1
—(1+8)q.-ea— (01 + 4y — M)/e(1+8)w(s,(yz))}

+ (50, (Y0, 20)) + (1 + 50) Vi (0, (yo, 20)) = 0

and so

Hin (50, (Y0, 20)s Wa (Y0, 20), Vs, 2050, (40, 20))) > 0.

This confirms that Wy is a viscosity supersolution of (53). Similar arguments show that W; is
a viscosity subsolution of (53). This concludes the proof of Lemma 7.2. O

We continue the proof of the theorem by constructing suitable test functions.
Step 2. For s,t € [0,T], y,y € Ay, 2,2' € Ay we set

2

2

¢n(3, t,y, y,a 2, Z/) ::W1(87 (ya Z)) - WQ(t? (ylv z/)) + TL2

1
y—y — =&
n

2 —z— =&
n

St EE R o e PR
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523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

where &1 € intT4, (y) and & € intTy,(2). Then, there exist constants 6 € (0,1) and n € (0,1)
such that (cf. [29])

y 4 (0,6)(& +nB) CintAy, Vy € (7 + 20B) N A,
and B
24 (0,0](& + nB) C intAy, Vz € (2 4 20B) N As.

Since ¢, is continuous and [0,7] x A; x Ag is a compact set, for each n > 1, there exists a
maximizer (Sn,tn, Un, Yo, Zn, 2) for ¢pn on ([0,T] x Ay x Ag)?.
We know that

[ R (e
¢n(snatnaynaygaznv'z;) > ¢n(873ay + ﬁflyyazaz + £€2)
that is

2
+n2

2

2 + 12 sy — tal® + [yh — 12 + |20 — 2 + |tn — 52

n

1_
z;—zn—ﬁﬁz

1_
yn—y;—g&

~ ~ ~ 1. ~ 1
< Wi(sn, Uns 2n)) — Waltn, (Yn, zn)) — (WA (5, (5 + SE z)) — Wa(s, (9,2 + Efz)))-
Thus, using also the fact that 0 < W, (5, (glz))—[/%(@, (7, 2) = (W1 (S, Wn, 20))=W1(Sns (Yns 2n)))
(recall that (s, (y, Z)) is a maximizer for Wi — Wy on [0,7] x A; x As), we obtain

2
+n?

2
+ 1?5y — tal* + |y — G + |20 — 21* + |t — 5]

) r(e)

for some constant C' > 0. Here, w : Ry — Ry is the modulus of continuity for the continuous
functions W7 and Ws. This yields

1_ _
2
n yn—y;—g& Zn_z}ll_géb

1_
< (= st = 20— )) + o (|26

<C,

o lyn —ul — &1, |2 — 20 — 186, |50 — ta] < X5
o lyn — il < L (Ve+|&l);
o |z, — 2| < L (Ve+|&l).

Therefore we obtain that y, — ¥, v, = U, 2n — 2, 2}, = Z, S — S and t, — § as n — +o0.
Moreover, taking 7 > 1/§ large enough, we also have

yn € intA; and 2z, €intAy, foralln>n.

Step 3. For each n > n we consider the maps

2
+n?

. 1. 1|
Un (8, (Y, 2)) = Waltn, (Y, 2)) + n* [y — ¥l — ~& Gz 6l + n’|s — t,|?

+ lyp — g1* + 12 — 212 + [tn — 5,

2

2

1_
—n?ls, —t|?

VA (2 2) = Wa(ss (yns 20)) =02y — ¥/ = &1

— Y =GP+ |z — 2 + |t — 5

1-_
2=z, — =&
n
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541
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543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

Observe that v} andefL are C1, Wy — ¥} has a (local) maximum at (s, (yn, 2,)) relative to
[0, 7] x A1 x Ay and Wa — 47 has a (local) minimum at (t,, (y;,, z;,)) relative to [0, T] x A; x As.

n
Bearing in mind that W7 and W5 are respectively viscosity subsolution and supersolution on

(0,T] x A1 x Ay of (53), and using basic properties of the lower and upper semicontinuous
envelopes and the regularity assumptions on fi, fo, L1 and Lo, we have

I/T/vl (Sna (ym Zn)) - WQ(tm (y;w 21,1))

< inf sup [2(1 ) [02(8 — tn) — (tn — 5)]
veV ueU

— (4 )22 — 1y = 60) — (W = 9] 1T b, )

F (U 80)[20%( — 20— - 60)] - foT — b, 2, 0)

(LI(T - tna (y;u Z;z)a u) + L2(T B tnv (y;m Z7/1)7 ’U) — M)
€(1+tn)W2(tn7(y4wZ7/1))

J— 3 2 J—
1}2‘{;21615 [2(1 + sp)[n"(sn — tn)]

— (1 + Sn)[QnQ(yn - y;L - %51)] : fl(T — Sny Yn, u)

(L 5)[202(2) — 20 = ) + (o = 2)] - FoT = 50, 20,0)

(LI(T — Sn, (Z/n, Zn)v U) + LQ(T — Sn, (yTH ZTL)v /U) - M):|
e(1+3n)W1 (sn,(Yn>2n)) ’

Taking the limit as n — 400 and extracting a subsequence if necessary (we do not relabel), we
deduce that, for some u € U and v € V,

(8% ~

0< 5 < W1(§7 (g) Z)) _W2(§a (ga 2))
m@—a@wmo+mw—a@@www4x( 11 )
= e(1+5) W1(,(3,2)  W2(55.2) )

A contradiction. It follows that W7 — Wy < 0 on (t,z) € [0,T] x Ay x Ay. This confirms the
theorem statement.

0
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