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INVARIANTS OF PERSISTENCE MODULES DEFINED BY ORDER-EMBEDDINGS

CLAIRE AMIOT, THOMAS BRUSTLE, ERIC J. HANSON

ABSTRACT. One of the main objectives of topological data analysis is the study of discrete invariants for
persistence modules, in particular when dealing with multiparameter persistence modules. In many cases, the
invariants studied for these non-totally ordered posets P can be obtained from restricting a given module
to a subposet X of P that is totally ordered (or more generally, of finite representation type), and then
computing the barcode (or the general direct sum decomposition) over X.

We consider in this paper general order-preserving embeddings of representation-finite subposets X into
P and study systematically the invariants obtained by decomposing the restriction of a given P-module M
to X into its indecompsable summands. The restriction functor from mod P to mod X is well-studied, and it
is known to be exact and admits both left and right adjoint functors, known as induction and co-induction
functors. This allows us to obtain new homological insights, and also to re-interpret previous results. We use
this approach also to determine bases, thus generalizing the concept of signed barcodes which is considered
in the literature in relation to stability results.

It turns out that considering only order-embeddings of one fixed poset X into the poset P, and studying
the set of all indecomposables obtained from X introduces a lot of redundancy. We therefore also study iter-
ated embeddings of several posets of increasing sizes, while limiting attention to only some indecomposables
(that have not been obtained from embedding of smaller posets previously).
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1. INTRODUCTION

1.1. Setting. The study of discrete invariants for persistence modules is one of the main objectives of
topological data analysis (TDA). When a pointwise finite-dimensional persistence module M is defined over
a totally ordered poset P, it decomposes into a finite sum of intervals. This data is called the barcode
of M and completely describes the module up to isomorphism, see [BC-B2(), Theorem 1.2] and [GR92,
Section 3.6]. However, when studying multiparameter persistence modules, the underlying poset P usually
has wild representation type, and thus does not admit such a complete discrete invariant. We refer to the
summary article [BL23] for an introduction to multiparameter persistence modules, and why it is relevant
in practice to study more general posets than totally ordered ones.

To address the need of TDA for discrete invariants even in the multiparameter case, several invariants have
been introduced and studied: the dimension vector dimp (aka Hilbert function), the rank invariant rkp,
and a number of generalizations thereof, see [BL23l [BOOS]| for an overview of recently studied invariants.

It turns out that, in many cases, these invariants studied for non-totally ordered posets P can be obtained
from restricting a given module to a subposet X of P that is totally ordered (or more generally, of finite
representation type), and then computing the barcode (or the general direct sum decomposition) over X'. This
approach has been described in e.g. [DKM24] [HNOX] introducing certain subposets X having
the form of “zigzags” or “tours” and “courses”, all referring to a poset whose indecomposable representations
can be described via intervals.
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In this paper, we consider general embeddings of representation-finite subposets X into P and study
invariants obtained by decomposing the restriction of a given P-module M to X into its indecompsable
summands. The restriction functor mod P — mod X is well-studied, and it is known to be exact and admits
both left and right adjoint functors. This allows one to obtain new homological insights, and also to re-
interpret previous results. It also allows one to determine bases, thus generalizing the concept of signed
barcodes from [BOQ].

To fix notation, consider an order-embedding f : X — P; that is, a poset morphism that is an iso-
morphism onto its image. The restriction of a P-module M to f(X) can be described completely by
counting the multiplicities of indecomposable direct summands. We assume X’ to be representation-finite,
and thus obtain a discrete invariant multfg)P of rank |Ind X|, the number of indecomposable X-modules.
Repeating this process for all possible embeddings f : X — P and collecting the result into a vector in-
dexed over all embeddings, we obtain the invariant multy p describing all multiplicities of indecomposable
X-modules obtained from all possible ways to restrict the P-module M to a subposet of form X. One also
defines an equivalent invariant dimhy » by calculating the Hom-dimensions from the set of indecomposable
X-modules to the restrictions of the persistence module along all order embeddings. See Definition [3.3] and
Proposition for details.

Consider for example the poset A} with one element. Then X; has only one indecomposable representation,
and its multiplicity in a general module is given by the dimension. Thus listing all possible embeddings of
X1 into P and counting multiplicities amounts to describing the dimension vector, so multy, » = dimp.
Consider now the poset X» = {1 — 2}. This poset is representation-finite, and the multiplicity of the
indecomposable representation given by the interval [1,2] can be computed by calculating the rank of the
map M7 — M. This allows one to show that the multiplicity invariant multy, » is equivalent to the well-
studied rank invariant rkp, see Corollary[3.8] More generally, as discussed in Example B.5] the “generalized
rank invariant” of [KM2I] and the “compressed multiplicities” of [AENY23b] both record the multiplicity
of the sincere interval modules Iy over certain subsets X C P.

1.2. Results. For several subposets X, we address the question of how the multiplicities in multx p can be
computed in terms of linear algebra. See Examples 3.7 and 314l and the calculations in Section Bl In each
case, the multiplicties of indecomposable summands of M can be obtained computing ranks or intersections
given by the structure maps of the module M. More generally, we show in Proposition 3.6 that the invariant
multy p can be obtained by calculating the Hom-dimensions from the set of indecomposable representations
to the given persistence module, thus reducing the problem to solving a system of linear equations.

Besides computability, the second and equally important quality of an invariant for persistence modules
is the stability. For the rank invariant, this question has been addressed in [BOO, [BOOS]: they single out a
class of special persistence modules, the “hook modules”, which are defined as indicator modules of certain
shapes called hooks: For a < bin P, let [a,b] = {c € P | a < ¢ # b}. The interval module I}, is called
a hook module. Note that [[, [ is the cokernel of the natural map I o) — I[4,00) between indecomposable
projective P-modules. It is shown in [BOO] that the hook modules play the role of projective objects in
a relative homology theory given by some exact structure £, thus every persistence module M admits a
resolution by hook modules. One can then show that these hooks form a basis for the (image of the) rank
invariant (see Definition LTT]), which in turn allows one to define a “signed barcode”, leading to a stability
result for the considered invariant [BOOS].

The viewpoint of relative homological algebra has further been extended in many recent works (see e.g.
[AENY23a, BBH24, BBH, BOOL BOOS, [CGRST], [OS]), but we are only now able to conceptually explain
the appearance and importance of hook modules and their generalizations: Studying embeddings f : X — P,
the corresponding restriction functor mod P — mod X admits both a left adjoint fi : mod X — mod P and
a right adjoint f* : mod X — modP. One can then use the adjunction formula to show that the set

H = {fiU | U indecomposable X-module and f : X — P an embedding}

forms exactly the indecomposable relative projective objects for the exact structure defined as the class £ of
short exact sequences 0 — L — M — N — 0 in mod P which have the property that

0— f*L— f*M — f*N =0

splits for all embeddings f : X — P. See Proposition 8 Coming back to the rank invariant, we study
embeddings of the poset A5, and since every indecomposable Xs-module is the cokernel of a map between
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indecomposable projectives, we see easily that the set H above is formed exactly by the hook modules in
this case.

Moving on to more general posets that detect other aspects of the persistence module M, we consider
X =X} or XY

2 1
x- 17 = 33

3 2/

We notice that the corresponding generalized hook modules are not always given just by specifying a subposet
of P, but they are given by vector spaces of dimension two at some vertices, see Example [.10l These can
be illustrated as follows:

X=Xé X=Xé/

Already in [BOO], they specified a second basis for the rank invariant, given by rectangle modules Ij,
(with support [a, b]), which are somewhat easier to deal with than the hook modules. We aim to generalise
this result here in terms of general embeddings: Given a poset embedding f : X — P and U € mod &, the
adjunction formulas yield a natural map 0;U : iU — f.,U. We denote ©;U = Im(6;U). It is shown in
[AET] that the association U — © ;U extends to a functor mod X — mod P. One easily verifies that in case
X = X, the set

R ={0;U | U indecomposable X-module and f : ¥ — P an embedding }

coincides with the set of rectangle modules. However, before moving on to find bases in a more general
setting, we aim to reduce redundancy. Considering sets like

H = {fiU | U indecomposable X-module and f : X — P an embedding}

produces the same P-modules several times from different embeddings f and different indecomposables U.
It seems more efficient to first collect all simple P-modules via embeddings of the one-point poset Xj, then
consider all P-modules obtained from the interval [1,2] by embedding the poset X2 = {1 — 2} into P and
so on. In other words, instead of studying the set of all indecomposables obtained from embeddings of one
poset X', we study now embeddings of several posets of increasing sizes, but limit attention to only some
indecomposables (that have not been obtained from embedding of smaller posets previously). The setting
we consider here is where we fix a family of posets F = {X;} together with certain embeddings into P,
and then we define multr to count the multiplicity of the characteristic indecomposable module Ly, in the
restriction of M to & along the various embeddings. So only one indecomposable is considered for each poset
embedding. As discussed in Example 5.8 both the generalized rank invariant of [KM21] and the various
compressed multiplicities of [AENY23b| can be realized in the form mult .

As explained in Section[5 there are examples of the invariants multy » which are equivalent to invariants
of the form mult. In such cases, the perspective of iterated embeddings is useful for removing some of the
redundant information stored in the invariant multy p. Aside from this decrease in redundancy, this change
in perspective also allows us to describe explicit bases of some of the invariants multx ». See Corollary 5111

With F := {&}, X2} for X} and Xs the one- and two-point poset as before, we can recover the result that
the set R (the rectangles in this case) forms a basis for mult £.

Corollary 1.1 (Corollary BI5). Let P be a finite connected poset, and let X be one of the following posets
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Xj= 1 Xy = 3
3 2

Assume that for any a < b in P there exists f € Embz; with {a,b} € Im f, then the set
R ={0;U)| (f,U) € Emby x Ind X}

forms a basis of multy p.

f( Ji0)

X:Xé X:Xé/
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2. Z-LINEAR INVARIANTS

For a finite poset P, we study the category mod P as the category of functors P — modk for some
fixed field k. It is a k-linear abelian category with finite dimensional Hom-spaces which satisfies the Krull-
Schmidt property; that is, every object is isomorphic to a finite direct sum of indecomposable objects, and
this decomposition is unique up to permutation.

An object M € mod P is also called a P-module. We denote by M, the vector space M (a), and by M,
the element in Homy(M,, M}) given by the functor M applied to the pair a < b € P . We further denote
dim, M := dimy, M,, and rk,p M :=rk M,_.

The split Grothendieck group K{°(P) of mod P is the free abelian group generated by isoclasses [M] of
objects M in mod P modulo the relation [M @ N] = [M] + [N] for any objects M, N in mod P. Fixing a set
Ind P of representatives of isoclasses of the indecomposable P-modules, the set {[U] € K’(P) | U € Ind P}
forms a basis for K’(P). In other words, decomposing M into indecomposable direct summands M ~
PBrcmar UMY, the vector (ay)vemap uniquely determines M up to isomorphism, by the Krull-Schmidt
property.

We say that a poset P is of finite representation type (or representation-finite) if Ind P is finite. Therefore
the free abelian group K" (P) is finitely generated if and only if P is of finite representation type.

Some indecomposable P-modules have been object of intense studies in the persistence theory literature.
One example of such modules are the rectangle modules I, 5 (with support [a, b]), see e.g. [BLO22, [KM21]:
Every pair a < b in P yields an indecomposable P-module U = I, ;) with U, =k for all a <z < b in P and
U,—y the identity map for all @ <z <y < b in P, while all other vector spaces and linear maps are zero.

More generally, a subset S C P is called an interval if S is order convex (in the sense that any a < b < ¢
in P with a,c € S also has b € S) and connected (in the sense that any a,b € S are related by an alternating
chain a = sg < s1 > -+ > s, = b with each s; € §). Each interval determines an interval modulfﬂ Is
analogous to the rectangle module I}, ;. Note that interval modules are always indecomposable, see e.g.

INote that interval modules are also called “spread modules” in some works, e.g. [BBH24l [CGRST].
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[BL1S8| Proposition 2.2]. These modules have featured prominently in many recent works, see e.g. Sections 9
and 10 of the survey article [BL23] and the references therein. We will consider the following special classes
of interval modules in this paper.

Example 2.1. (1) For a € P, let [a,00) = {b € P | a < b}. The interval module P, := I}, o is an

indecomposable projective, and all indecomposable projective P-modules have this form.

(2) For a € P, let (—oo0,a] = {b € P | a > b}. The interval module I, := I[(_ 4 is an indecomposable
injective. Note also that all indecomposable injective PP-modules have this form.

(3) For a € P, the interval module S, := I,y (which is also a rectangle module since {a} = [a, a]) is the
simple top of P, and the simple socle of I,. Note that all simple P-modules have this form.

(4) For a <b,let [a,b] = {c € P |a<c#b}. The interval module Hy,p := T[4 is called a hook module,
see [BOO]. Note that H, ; is the cokernel of the natural injective map P, — P,.

(5) For a < b, let Ja,b] = {c € P |b>c £ a}. The interval module C,p = I}, is called a cohook
module. Note that C, is the kernel of the natural surjective map I, — I.

(6) If P is connected, then it admits a unique sincere interval module Ip. (Recall that sincere means
that (Ip), # 0 for all a € P.)

2.1. Definitions and first examples.

Definition 2.2. A Z-invariant (or invariant for short) on mod P is a Z-linear map ® : K{P(P) — Z!
for some set I. In other words, ® can be viewed as a map mod P — Z! which is constant on isoclasses of
modules and such that ®(M @ N) = &(M)+ ®(N). An invariant ® is finite if its image is finitely generated.
We denote by rk ® the rank of its image.

Example 2.3.

(1) Counting the multiplicities of all indecomposable direct summands yields an invariant multp :
K (P) — Z™47 of rank |Ind P|. It is defined by multp(M)y = ay where M ~ @y g p UV is
the decomposition of M into indecomposable objects. If P is a poset of finite representation type,
then multp is a finite invariant. More generally, if &/ C Ind P is a finite family of indecomposable
modules, we define mult% : KP(P) — ZY by composing multp with the natural projection of
ZZ/{ N ZIndP.

For instance, if U = {l[, 4 | a < b} is the set of all rectangle modules then a module M is called
rectangle-decomposable if multp(M)y = 0 for U ¢ U, or equivalently when multp (M) is obtained
from mult% (M) by the natural inclusion of Z4 — 74P,

(2) For a € P, dim, : K{°(P) — Z is an invariant of rank 1 given by dim, (M) = dimj M,. The map
dimp = @, p dim, is an invariant of rank |P|. This invariant is often known as the dimension
vector or Hilbert function.

(3) Denote the set of ordered pairs in P by

{<p} = {(a,b) € P* | a < b}.
For (a,b) € {<p}, the map rk,; : K" (P) — Z given by rk, »(M) = rk M, is an invariant of rank
1. The map rkp := @B, 4)c(<,} 'Ka,b is an invariant of rank [{<p}| called the rank invariant (see
[CZ09, BOO]).
(4) For any finite family & C Ind P, the map dimh% : K{P(P) — Z¥ defined by (dimh%(M)) =
dimy Homp (U, M) for U € U is an invariant of rank |U/|. Following [BBH24], we call this kirlljd of

invariant a dim-Hom invariant.

2.2. Comparing invariants. Of course, a finite invariant can only be complete when the poset P is
representation-finite. One goal of persistence theory is to extract useful information from M € modP
by some finite invariants even when the poset P is representation-finite. The following definitions provide
tools to compare different invariants.

Definition 2.4. Two invariants ®;, P2 on mod P are equivalent (in symbols ®; ~ Ps) if there exists an
isomorphism ¢ : Im ®; — Im @5 such that ¢ o &1 = .

Definition 2.5. Let &1, P, be two invariants on mod P. We say that ®; is finer than ®,, and denote it

by ®; > ®o, if there exists a Z-linear map ¢ : Im ®; — Im @5 such that ¢ o ®; = P4 (in particular, ¢ is
surjective). This defines a partial order on the equivalence classes of invariants on mod P.
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Example 2.6.
(1) The diagonal inclusion P — {<p} induces an injective map ¢ : ZP — Z{=P} whose transpose
ol - 7Zi=P} 5 7P is surjective and satisfies o’ orkp = dimp, hence rkp > dimp. In general,
the rank invariant is strictly finer than the dimension vector, in fact for a connected poset P the
rank invariant is equivalent to the dimension vector if and only if |P| = 1. It is a classical result in
representation theory that the rank invariant rkp is complete for a totally ordered poset P.
(2) Let Proj P C IndP the subset of indecomposable projective modules (see Example 2ZI(1)). It is
classical that dimp = dimhgmjp, so these invariants are equivalent. See [BBH24l Proposition 5.1].
(3) Let H C IndP be the subset formed by the hook modules and the projective indecomposable
modules (see Example 2.)). Tt is shown in [BOO] and [BBH24] that the invariants rkp and dimh}
are equivalent.
Proposition 2.7. Let P be a poset of finite representation type. Then the invariants multp and dimhgdp
are equivalent.

Proof. Denote by {Ux,...,Us} = IndP. For 1 < i,5 < ¢ we have multy, (U;) = §; ; and dimhy, (U;) =
dimy Homp (U;, U;). Hence if we denote by ® € Mat,(Z) the matrix defined by ®; ; := dimy Homp (U;, U;),
we have that ® o multp = dimh}“” showing that multp > dimh347.

Since P is representation-finite, it is representation directed by [Sil0, Theorem 1.4]. This means that the
transitive closure of the relation U; < U; whenever Hom(U;,U;) # 0 is a partial order on IndP. It also
implies that every indecomposable module is a brick; that is, that Endp(U;) = k for all U; € IndP. We

conclude that @ is an isomorphism using the following lemma with ¥ = Ind P and ¢;(j) = ®; ;. O

Lemma 2.8. Let Y be a finite poset. For each y € Y assume that we have @, € Z¥ satisfying

° wy(y)=1
e py(x) #0=y >z
Then the family (py,y € Y) is a basis of the abelian group ZY .

Proof. The proof is classical, but since we use this result in several places in the paper, we give here a proof
for the convenience of the reader. We first show that the family (¢,)yey generates the free abelian group
ZY . For ¥ € ZY, denote
Sy :={yeY | >y with U(y) #0}.

We show by induction on |Sg| that ¥ is a linear combination of the ¢, with y € Sy. If Sy = 0 then
¥ = 0 and there is nothing to show. Assume now that Sy # @) and let y € Sy be a maximal element, hence
U(y) # 0. Define ' := ¥ — U(y)p,. We will show that Syv C Sy. Let z be in Sys. Then there exists y' > z
such that U'(y") # 0. That is U(y') # U(y)py(y'). If ¥(y') # 0 then z € Sy. If ¥(y') = 0, then p,(y') #0
which implies by hypothesis that y > y’. Hence we have y > 2z with ¥(y) # 0, that is z € Sy. Hence we
have Sgr C Sy. Moreover y € Sy but y ¢ Sy. Thus we know by induction that ¥’ is a linear combination
of the ¢, with y € Sy, and so ¥ = U’ 4+ ¥U(y)¢p, is a linear combination of the ¢, with y € Sy.

Let 3, cy aypy = 0 be a linear combination. Assume that {y € Y | a,, # 0} is non empty and let z be
a maximal element in this set. Then we obtain —a. = 3, aypy(z) # 0. Therefore there exists y with
ay # 0 and ¢, (z) # 0 which implies z < y and contradicts the maximality of z. Hence the family is linearly
independent. O

3. INVARIANTS DEFINED BY ORDER-EMBEDDINGS

Definition 3.1. Let X and P be finite posets. A map f : X — P is an order-embedding if v < z’ precisely
when f(z) < f(z), for any z,2’ € X. Denote by Emb} the set of all order-embeddings of X into P up to
automorphism of X.

Remark 3.2. To avoid redundancy, we chose to consider the set Embz; of order-embeddings up to auto-
morphism. For instance, if the posets X and P are given by

b
_ / _ a/ \
X= 1 P= \c/d

then |[Emb%| = 1, even if there exist two different order-embeddings of X into P.
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Any f € Embz induces a restriction functor f* : mod P — mod X which is exact. It is also dense since
order-embeddings are injective. Therefore f* induces a surjective Z-linear map K¢ (P) — K¢ (X).

Definition 3.3. Let X’ be a poset of finite representation type, P be a finite poset and, E be a subset of
Embz;. We denote by I :=1Ind &.
We define multly p : K (P) — ZE*! by

(mult%)p(M))(f =t (U, fM)for (f,U) € Bx 1.
We define dimh} , : KiP(P) — ZE*! by
(dimhip(M))(f , = dimHomyy (U, f*M) for (f,U) € ExT.

When E = Emb% we write multy » and dimhy p instead of multi)p and dimh/—Enp.

Remark 3.4. See Remark for a discussion of how to realize the invariant dimhiﬁp as a dim-Hom
invariant (as defined in Example 2.3(4)).

We show in Proposition that the invariants mult%p and dimh];:np are equivalent. The aim of this
paper is to study these (equivalent) invariants. We first review a pair of examples which have appeared
recently in the literature.

Example 3.5. (1) Consider the poset

b

7 ~

X = d
a ~y . 7

This poset has 10 indecomposable modules, all of which are interval modules. Of these, there are
two which are not rectangle modules, namely Iy, ;. and Iy . 43. For P a product of two totally
ordered sets, it is shown in [BLO22] that a P-module M is rectangle decomposable if and only if it
satisfies

(multi])n;;E (M)) =0 for all (f,U) € Embz X {I{ab,cts Lp,e,dy -
(£,0)
Note that the authors of [BLO22] do not assume P to be finite.

(2) The “generalized rank invariant” of [KM21] and the “compressed multiplicities” of [AENY23b|] both
record the multiplicity of the sincere interval modules Iy over certain subsets X C P. (The authors
of [AENY23D] assume that P is a product of two finite totally ordered sets and the authors of [KM21]
work over an arbitrary locally finite poset.) See [BBH24| Section 3.2] for a summary of these and
related results. In Section [l we will similarly examine situations where we allow the poset X’ to vary
and record only the multiplicity of the sincere interval modules.

Proposition 3.6. Let X' be a representation-finite poset and P be a finite poset. Then for any E C Embz;
the invariants mult];:np and dimhi)p are equivalent.

Proof. By Proposition 7, there is an invertible map ® : Z' — ZT such that ® o multy = dimhIX. We then
obtain the following commutative diagram

E
multy o

KEP(P) ZEXI

‘ "
dimh%
sp ’ ExI
KP(P) ————=1Z
where ®F is an isomorphism. O

Example 3.7. (1) Let X; be the poset with one element. Then EmbE1 is naturally in bijection with
P, and I = Ind X has one element. For a € P, one immediately checks that multy, » = dimp =
dimh)(hp.
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(2) Let Xy be the poset {1 — 2}. Tt is well-known that the poset X is of representation-finite type,
with I =Ind X5 = {Pl = H{LQ}, P, = ]1{2}, Hy o= ]1{1}}.
Let f : X3 — P be an order-embedding. Then one easily checks that for any M € mod P
dim Mfl —rk Mfl_)fg ifU = H{l}
mult)@’p(M)(f’U) = rk M1 p2 ifU = H{LQ}
dim Mfg —rk Mfl_)fg ifU = H{Q}

And we have
dim Mfl —rk Mfl_)fg ifU = H{l}

dimh;\/z)fp(M)(f’U) = dim Mfl ifU = H{LQ}
dim Mfg ifU = H{Q}

The isomorphism ® which yields the equivalence between multgﬁ, and dimhgﬁ, is triangular with
diagonal entries 1 as constructed in Lemma 2.8

11
=10 1
0 0

— = O

From this example we deduce the following

Corollary 3.8. Let P be a finite connected poset with at least 2 elements. Then the invariants rkp and
multy, p are equivalent.

Proof. Let E = Embz;2 and consider the map p: E X I — {<p} defined by

(f1,f2) U =Tz
p(f,U) =4 (f1,f1) iU =1y
(f2,f2) ifU =1y
Since the poset P is connected and has at least two elements, this map is surjective and induces an injective
morphism Z{=P} — ZEXI Let & : ZEXT — 7ZEXI defined by

01 -1
;=10 0 1 | forany f e€E.
1 0 -1
Then we have ® o p* orkp = multy, p. Moreover since rkp is surjective, and since ® o p* is injective, we
obtain that ® o p* is an isomorphism from Z{<?} to the image of multy, ». O

Remark 3.9. Note that the set E = Embz;2 has cardinality 3 - [{<p}|, where {<p} := {(a,b) € P?|a < b}.
This is in general strictly greater than [{<p}| = [{<p}| + |P], so the invariant multy, p is not surjective.
We will see in Section [f] a way to reduce this redundant information.

Proposition 3.10. Let P be a connected poset such that every element lies in a chain of length > 3. Let
Xz be the poset {1 — 2 — 3}. Then the invariants rkp and multy, p are equivalent.

Proof. There are 6 indecomposable objects in mod X3 which are

I= {H1,2 =1Ij1y, Hos =0y, P3 =13y, Hig =1 2y, Po = a3y, P5 = H{l,z,s}} .

Then one computes

dim Mfl —rk Mflﬁfg it U = ]I{l}
dim Mfg —rk Mflﬁfg —rk Mf2‘>f3 +rk Mflﬂfg iftU = ]1{2}
- dim Mf3 —rk Mf2_>f3 ifU = ]1{3}
(multyr, (M) 0y =\ Mo — vk My g3 if U =1,
rk Mf2_>f3 —rk Mfl_)fg ifU = ]1{2)3}
rk Mflﬁfg if U= ]1{172)3}

Now for a < b in P, by hypothesis there exists ¢ € P with either ¢ < a or with b < ¢. Therefore, there
exists f € Embz,?3 such that f(1) = a and f(2) = b, or such that f(2) = a and f(3) = b. Using this
embedding f, one can easily check the equivalence. g
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Remark 3.11. Note that here again, in general, the cardinality of Emb7;3 x I is strictly greater than the
cardinality of {<p}. Therefore the invariant multy, » is not surjective. For example, if P is as follows

P = a—>p

Ty

one has |Emb7;3| =2, 80 |EmbE3 x I| = 12. However the rank of the invariant is 9 = |[{<p}|. One can check
the following 3 relations
mult(ly, o gy) — mult(Ig, o) — mult(Iyy 4y) + mult(l,) = 0;
mult (I, 0 qy) — mult(Iygp 03) — mult(ly,; q3) + mult(l, ;) = 0;
mult(M) — mult(I, ) — mult(ly, o) — mult(ly, g3) + mult(ly,) =0,
where M denotes the indecomposable P-module with dimension vector (1,2, 1,1).
Proposition 3.12. Let X3 and X3 be the following posets

2 1
3 2

Let P be a connected poset such that any pair a < b € P is in the image of an order-embedding X§ — P
(resp. of an order embedding X§ — P), then the invariant multy; p (resp. multxé/p) 1s strictly finer than
the rank invariant rkp.

Proof. The indecomposable Xj-modules are
Ind ) = {1 =Ty, o = Loy, P = Tggy, s = Laags Huz = s, P =Ty )

Now for f € Embzé, denote by rk My, roq r3 the rank of the map Mgy — Mo @ My3 induced by My, ro
and Mf1_>f3.
Then one computes that

dim Mg — vtk Mypipo —tkMp1 3 + 1k Mp1 o3 iU = H{l}

dim Mfg —rk Mflﬁfg if U = H{Q}
dim M3 —rk My, ¢ ifU=1
v (M ) _ 13 f1—f3 : {3}
(mu x;,p(M) (F.0) vtk My o — vk M1, pog 3 if U =1l 2
I"kal_>f3 — rkalﬁfg@f3 iU = H{Lg}
tk My1- 2013 ifU =123

Let a < b be in P. Then by hypothesis, there exists an embedding f : Xj — P with f(1) = a and
f(2) =b. Then we have

(rkp(M)) ) = (mult/yéyp(M)) - (mquéP(M)) .

(f-,ﬂu,z}) (fﬂm,z,s})
For a € P, by convexity, there exists f € Embz;é with either f(1) = a or with f(2) = a.

If f(1) = a, we check that (rkp(M)) is in the free abelian group generated by

(a,a)
{6(1"»]1{1}) ) 6(]"-,]1{1,2})’ 6(]"-,]1{1,3})’ 6(]"-,]1{1,2,3})} ?

where {6(j'7U) | (f,U) € E x I} denotes the canonical dual basis in ZE*!.

If f(2) = a, one can also check that (rkp (M )) is in the free abelian group generated by

(a,a)
{5(f7]1{2})’ 6(]"-,]1{1,2})’ 6(]"-,]1{1,2,3})} :

Therefore we have rkp < multy; p.

To prove that the invariant multy, p is strictly finer than rkp consider the case P = X4. The rank of
rkp is the cardinal of {<p} which is 5, while the rank of mult x; 1s 6 since there are 6 indecomposable
modules in mod A3.

The proof is completely similar for X3'. O
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Remark 3.13. (1) Note that here again, the cardinality of Embz;é is strictly greater than the rank of
the invariant mult := multy; ». For instance if P is the poset

c

7

P = a—b

> d

then |Embpé| =2s0 |Emb7;é x I| = 12, but one can check that the rank of mult is 10. We have the
relations
mult(]l{a}) + mult(]I{b}) = mult(H{ayb}),

mult(M) — mult(I, ¢ q) + mult(ly . qy) — mult(ly, o) — mult(lg gp) = 0,

where M is the indecomposable P module with dimension vector (1,2,1,1).
(2) The hypothesis on P in Proposition B2 implies the weaker property that

U Imr=7.

fEEmbz,
3

We note that this weaker property is not sufficient in order to deduce the fact that multy; p is
strictly finer than rkp. Indeed consider the case where P is given as above. This poset satisfies
the weaker property above, but there is no embedding f : Xy — P with f(1) = a and f(2) = b.

As mentioned above, the family {mult(]l{a}),mult(]l{b}),mult(]l{a)b})} is not free, but one easily

checks that the family {I‘kp (Liay), rkp (Igpy ), rkp (]I{a)b})} is free. Thus the invariants mult y; p and

rkp cannot be compared in this case. Similar examples occur when X} is replaced with X4’

(3) The condition on P in Proposition B.I2] may seem strong. For instance, it is not satisfied for P being
an n x m grid. However, one can enlarge the poset P in order to get the condition, and then restrict
to modules with support in P.

Example 3.14. Consider the poset Xy of type Dy

Then X4 has two sincere indecomposable representations, one being the characteristic representation Ix,,
the other one is given by three one-dimensional subspaces in general position, placed at vertices a, ¢, d, of a
two-dimensional vector space at vertex b. Still, their multiplicities can be described in terms of the linear
maps of the P-module M restricted to &}, for example the multiplicity of Ly, is given by

mult&,p(]l/n) = dim(Im Moo NIMm Myeypp N Im Mfd—)fb)-

4. INVARIANTS AND EXACT STRUCTURES

4.1. Exact structures and relative projectives. Exact structures have been introduced in [Qu72] as
an axiomatic framework allowing to use methods from homological algebra relative to a fixed class of short
exact sequences. Besides this axiomatic approach, there are a number of ways to describe an exact structure
&, such as by certain subfunctors £ of the bifunctor Ext%;, or by specifying what are the projective objects
relative to &£, or by the Auslander-Reiten sequences belonging to £.

Let € be a class of short exact sequences in mod P. We assume that £ is closed under isomorphisms. If

a short exact sequence n = (0 — A L ps B 0) belongs to &, we say that n is an (£-)admissible short
exact sequence, and also that f is an (€-)admissible monomorphism and g is an (E-)admissible epimorphism.
The closure under isomorphisms then implies that the classes of admissible short exact sequences, admissible
monomorphisms, and admissible epimorphisms uniquely determine one another. Quillen’s definition can
then be rephrased as follows:

Definition 4.1. A class £ of short exact sequences in mod P is said to be an ezact structure on mod P if
all of the following hold:
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(E0) & contains all split exact sequences.

(E1) €& is closed under compositions of admissible monomorphisms, that is, if f: X =Y andg: Y — Z
are admissible monomorphisms, then go f : X — Z is also an admissibe monomorphism. Likewise,
€ is closed under compositions of admissible epimorphisms.

(E2) &€ is closed under pushouts: If f : X — Y is an admissible monomorphism, and X oW ois any
morphism in A, then the pushout of f along h yields a short exact sequence in £. Likewise, £ is
closed under pullbacks.

The two extreme examples of exact structures are the split exact structure £, which contains only the
split short exact sequences and corresponds to the subfunctor 0 of Ext%;, and the exact structure £2', which
contains all short exact sequences and corresponds to Extf}; as a subfunctor of itself.

Proposition 4.2. Let P and X be finite posets. Let £ be an exact structure on mod X and let E C Embz.
Let Ui (E) denote the class of short exact sequences

0=+L—->M-—=N=0
in mod P which have the property that
0— f*L— f*M — f*N =0
is E-exact for all f € E. Then Ug(E) is an exact structure on mod P.
Proof. We verify the three points from definition [Tl for all f € E, using that the restriction functor f* :

mod P — mod X is additive and exact.

(E0) A split exact sequence is sent by f* to a split exact sequence, which belongs necessarily to £, therefore
U (&) contains all split exact sequences.

(E1) This is clear from the definition of ¥(€) and the fact that (E1) holds for £.

(E2) Follows from the fact that (E2) holds for £ and that f* preserves pushouts since it is an exact
functor. O

Definition 4.3. Let £ be an exact structure on mod P. We denote by Ko(€) the quotient of K (P) by the
relations

[L] + [N] — [M] for any short exact sequence (0 = L — M — N — 0) in £.
The following is then immediate.

Proposition 4.4. Let X be a representation-finite poset and P be a finite poset. Recall that I =1Ind X and
fiz E C Embz. Then denote by EE := Wg(EY), where EY is the split exact structure on mod X. Then we
have a factorization

multX P ZEXI

T
SN

4.2. Relative projectives. The projective objects (relative to £) are then described as follows:

ZEXI

Definition 4.5. Let £ be an exact structure on mod P.
(1) We say an object P € mod P is E-projective, in symbols P € Proj(&), if g. = Homp(P,g) is an
epimorphism for all Y, Z € mod P and for all admissible epimorphisms g : Y — Z. Equivalently,
P € Proj(€) if and only if Hom 4 (P, —) sends admissible exact sequences to exact sequences.
(2) We say an object I € modP is &-injective, in symbols I € inj(&), if f. = Homp(f,I) is an epi-
morphism for all X,Y € modP and for all admissible monomorphisms f : X — Y. Equivalently,
I € inj(€) if and only if Homp(—,I) sends admissible exact sequences to exact sequences.
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The following is a classical result of [AS93, [DRSS99]. See [BBH24l Section 4] for a summary tailored
towards persistence theory.
Proposition 4.6. Let Y C IndP. Denote by

u = {(O M= N3L—0)|YUel, Homp(U,g) is surjective.}
Then &y is an exact structure on mod P, and we have
Proj(&y) = U UProj(P).
The following is classical, see [ASS06, Theorem 1.6.8].

Proposition 4.7. Let f : X — P be an order embedding. Then the restriction functor f* : mod P — mod X
is exact and has a left adjoint fi : mod X — mod P and a right adjoint f. : mod X — modP. Moreover we

have f*fi = Idmod x = f* f-.

The functors f* and fi are sometimes referred to as the induction and coinduction functors, respectively.
The induction functor preserves projective presentations and the coinduction functor preserves injective
copresentations.

Proposition 4.8. Let X be a representation-finite poset and P be a finite poset. Recall that I =1Ind X and
fir E a subset of Embz. Assume that P = UfeE Im f. Define

HE = {fU| (f,U) €E xI}.
Then the set HY is a subset of Ind P that contains the indecomposable projective modules. And we have
ES = &yrp and Proj(Ex) = HE.

Proof. First note that since P = UfeE Im f, for any p € P there exists € X such that f(x) = p. Since

the functor fi sends projectives to projectives, we have that fi(P,) = Pp, that is the projective P, is in H.
Moreover by the adjunction formula we have for any U € Ind X

Endp(fiU) ~ Homux (U, f*fiU) = Endx (U)

which is local since U € Ind X. Note that since X is representation-finite, the module U and hence the
module fiU is even a brick.
Let

e=(0 L M N 0)

be a short exact sequence of modP. Then by definition € belongs to 57‘? if and only if for any f € E the
short exact sequence in mod X

0 L M F*N 0

splits. This is equivalent to the fact that for any U € Ind X this exact sequence yields a short exact sequence
in mod k

0 —— Homy (U, f*L) —— Homy (U, f*M) —— Homx (U, f*N) —— 0.
By adjunction it is equivalent that for any (f,U) € E x I the short exact sequence € induces an exact sequence
0 —— Homp(fiU, L) —— Homp(fiU, M) — Homp(fiU, N) — 0,

which is equivalent to the fact that € € £yr. The fact that Proj(Eyr) = HE is now a direct consequence of
Proposition O

Remark 4.9. Consider the setup of Proposition £8 It is an immediate consequence of the adjunction
E
formula that the invariants dimhiﬁp and dimhZ " are equivalent. In particular, dimh];:m; (and thus also

multi)p by Proposition B.0]) is a dim-Hom invariant in the sense of Example 2.3[(4). In order to prove the
stronger property these invariants are homological (in the sense of [BBH24l Defintion 4.12]), one we need an
argument showing that the exact structure 57]2 = &yr has finite global dimension.
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From this proposition we can deduce the following commutative diagram.

sp multiﬁp ExI
K (P) /

Ko(EB) —— ZBx1/~ ®

KZ"(P) dimh% g1

where the equivalence relation ~; on E x I is defined by
(faU) ~1 (g,V) g f‘Uﬁg'V

Note that, a priori, it is not clear that there exists an equivalence relation ~ on E x I such that ® induces
an isomorphism ZEXI/~1 — ZExI/~

Example 4.10. (1) Consider X = X, as in Example [B7[(2). Then the indecomposable Xp-modules are
Py =10y, P> =I5y and Hy2 = I3y, The first two modules are projective, and the second is a
hook (and is the cokernel of the natural map P, — P;). Since f; is right exact and sends projectives
to projectives, one obtains

U {AU|U€mod Xy} = {Ps1, PraHpr g2 | f € EmbY, }.
fEEmbE2

This recovers the result in [BOQOI.
(2) Consider X = X} as in Proposition B.I21 Then for f € Emb7;2 we have

{f!U | U e I} = {Pfl,PfQ,Pfg,HfoQ,Hflyfg,M = COkGI‘(PfQ @Pj’g — Pfl)} .

Note that each of these is an interval module. The modules Hy; ro and Hyi r3 are hooks, while the
module M = Coker(Pye @ Prs — Py1) satisfies

dim M, :{ k if f(1) <z and (z 2 f(2) or z % f(3))

0 else.

fa

(3) The situation is surprisingly different for X = X4’ as in Proposition 3121
Here we have an X3'-module Iy, = Coker(Ps — P1 © I%). The corresponding P-modules M =
filxy = Coker(Pr3 — Pp1 @ Py2) satisfy

k ifz>f

k ifz>f
dimM, =< k >
K2 ifz>f
0
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and hence are not interval modules.

4.3. Bases for invariants and relative projectives.

Definition 4.11. Let ¥ : K{’(P) — Z" be a finite invariant. A basis of ¥ is a set B of indecomposable
P-modules such that ¥ induces an isomorphism of abelian group

(U,U € By — Im ¥,
where ([U],U € B) is the free abelian subgroup of Ki”(P) generated by the [U] for U € B.

As a consequence, if B is a U-basis, then for any module M € mod P there exist unique integers (ay)ves
such that

yM)=v( @G v |-v| P U
U,ay >0 U,ay <0
Following the terminology of [BOO]|, we will refer to the pair (@U w50 U Bu.ay <o U*O‘U) as the minimal
W -decomposition of M with respect to B.

Example 4.12. (1) The simple P-modules form a basis of dimp. Moreover, since mod P has finite
global dimension, the indecomposable projective P-modules also form a integer basis of dimyp.
(2) Let H C Ind P denote the union of the set of hook modules and the set of indecomposable projectives
(see Example 2.T)). Then it is shown in [BBH24, BOQ] that H is a rk-basis.
(3) Tt is shown in [BOQ] that the rectangle modules form another rk-basis.

For use in Propositions 14| and .15 below, we recall the following well-known fact. This can also be
taken as the definition of the Gabriel quiver containing no oriented cycles.

Lemma 4.13. Let P be a finite poset and let U a finite set of pairwise mon-isomorphic indecomposable
P-modules. Then the following are equivalent.

(1) If there are nonzero morphisms

PR NECNNREIENG ELNS 'S
with each X; € U, then f; is an isomorphism for all j =1,...,n.
(2) The Gabriel quiver of the algebra Endp (D¢, U) contains no oriented cycles.

Proposition 4.14. Let X be a representation-finite poset and P be a finite poset. Recall that I = Ind X
and fix E a subset of Embz. Assume that UfeE Im f =P and that the Gabriel quiver of the endomorphism
algebra Endp (€D 1 rryepxi/~, [1U) has no oriented cycle. Then the set Hg := {fiU | (f,U) € E x1/~} is a

dimhgﬂp—basis (and hence a multgyp—basis).

Proof. The proof is a consequence of Theorem 4.22 in [BBH24]. We give an alternative proof here for the
convenience of the reader. For (f,U) and (¢,V) in E x I/ ~ :

(dimh/-Ew;( f!U)) — dim Homp(g,V, fiUV).

(9,V)

Hence we have (dimh%)p(ng))(fU) = 1 and (dimhi)p(ng))( " # 0 implies (g,V) < (f,U) in the

) )

partial order given by the Gabriel quiver of Endp(@(f)U)eExl/N! £iU). We conclude using Lemma 28 O
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Proposition 4.15. Let P be a connected poset, and X be one of the following posets

2 1

Y= 1 Xy = >3
3 2

Let B be a subset of Emby such that UsepIm f=P. Then the set Hg = {fiU | (f,U) € E x 1/ ~1} forms

a dimhi)p—basis, and hence also a mult?p—basis.

Proof. For X = X4 we can use Proposition 5.2 of [BBH24] to see that the objects fiU are “single-source
spreads” since they have an indecomposable projective cover. Then it follows from Lemma 5.9 in [BBH24]
that there is no oriented cycle in the Gabriel quiver of Endp (D s ) epxi/~, 1U)-

For X = X}, we prove directly that there are no cycle in the quiver of Endp(EB(f)U)eExl/N! fHU). We
show that if there are nonzero morphisms

Xi—>Xo—>-- = X,—> X3

with X; of the form fiU for (f,U) € E x I then X; ~ X; for any j = 1,...,n. Since the modules fiU are
bricks this ends the proof. There are three types of modules of the form f,U: the projective, the hooks and
the modules of the form Coker(P, — P,® P,.) with b and ¢ incomparable and b, ¢ < a that we call generalized
hooks. First note that there is no nonzero morphism from a hook or a generalized hook to a projective.
Since we already know the claim holds if each X; is projective, we may therefore assume that the X; are
either hooks or generalized hooks. We assume here that all the modules X; = Coker(P,, — Py, ® P.,) are
generalized hooks, the proof easily generalizes when some of them are hooks.
A nonzero morphism X; — X; 1 induces a commutative square

Pai Pb»LEBPCZ

l |

HPZ)H»I EBPC

Pai+1 141

The second vertical map is nonzero, hence we may assume b; > b;11. Then we obtain a > b; 11 and by
composing this map with the projection Py, , ® P, ., — Py,41 we obtain that the map P,, — F,,,, is
nonzero which implies that a; > a;41. Therefore we have a; = a; for alli =1,...,n. Now we obtain nonzero

morphisms
Pb1 EBPCl — Pb2 @PCQ — ... = an @Pcn — Pb1 EBPcl.

This composition is nonzero since the composition of these maps with P,, — Py, ® P, is nonzero. Therefore
we have a chain oy > as > ... > «ap, > a7 with ; = b; or a; = ¢;. Furthermore in the commutative square
above, it is easy to see that if a; = a;41 and b; = b;y1, then we should have ¢; > ¢;11, since b; and ¢; are
incomparable by hypothesis. Hence we deduce for each i = 1,...,n we have {b;,¢;} = {b1,c1}. Thus all the
X;’s are isomorphic. This ends the proof. g

5. INTERVAL BASES VIA FAMILIES OF EMBEDDINGS

5.1. Interval modules and the ©-functor. We highlight that Example gives two distinct bases for
the invariants dim and rk. In each case, one basis comes directly from the interpretation of the relevant
invariant as a dim-hom invariant, while the other is somewhat less clear from a homological perspective. In
this case, we use poset embeddings to give a unified homological interpretation of the fact that the simple
modules form a basis of dim and the fact that the rectangle modules form a basis of rk. In doing so, we
also uncover new bases of several other invariants.

We begin with an example illustrating that the induction and coinduction functors generally do not send
interval modules to interval modules.
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Example 5.1. Consider the posets

(3,1) (3,2) (3,3) c
l l l /
(2,1) (2,2) (2,3) a —d
I [ [ /
(1,1) (1,2) (1,3) b
P X

Let f : X — P be the poset embedding given by fa = (2,1), fb = (1,2), fc = (3,2), and fd = (2,3).
Consider the sincere interval module Iy} € mod X. Since the induction functor f, preserves projective
presentations and the coinduction functor f, preserves injective copresentations, we then have

K—1 sk — 0 K—Y 3 K 0

oo o= ]

—

K2 K2 VY K

| |

filix felix

where ¢; denotes the i-th inclusion map, pr; denotes the i-th projection map, and A and V denote the
diagonal and co-diagonal maps, respectively. We note that both fil[x] and f.l[x) are indecomposable but
are not interval modules. Moreover, we have that Homp(fil|x), fil[x)) = K and that the image of any
nonzero map fillx) — ful[x) is precisely Is for S = {(i,j) € P |3 <i+j <5}

It is shown in [AET, Proposition 4.17] that the final observation in Example [5.1]is not a coincidence. In
order to state the general result from [AET], we need the following definitions.

Definition 5.2. Let S C P. The convex hull of P is the set
S={zeP|Iy,ze€S|y<x<z}

Definition 5.3. Let f : X — P be a poset embedding and let U € mod X. By adjunction and the fact that
f*f« = 1d, there is a natural isomorphism Homp (iU, f.U) = Endx(U). Let 6,;U : iU — f.U denote the
image of the identity map 1y € Endx (U) under this isomorphism. We denote © ;U = Im(6;U).

Remark 5.4. (1) It is shown in [AET] that the association O extends to a functor mod X — mod P.
We will not use the functoriality of © in this paper.
(2) Suppose that U € mod X is an interval module. Then dimg Endx (U) = K by [DX18| Proposition 14]
or [BBH24| Proposition 5.5]. Thus every morphism fiU — f.U is a scalar multiple of ;U in this
case.

We now recall the following, which shows that the functor ©f preserves interval modules.

Proposition 5.5. [AET] Proposition 4.17] Let f : X — P be a poset embedding and Ig € mod X an interval
module. Then ©y(Ls) = Iz5.

The next example uses Proposition[5.5 to explain the relationship between the hook modules and rectangle
modules in studying the rank invariant.

Example 5.6. (1) Let Xy = {1 — 2}. We recall from Example 37 that the three indecomposable
Xo-modules are Iy 9y = Py = I, If1y = H12 = Iy, and [py = P> = C1 2. For f € Embg7 we then

compute



INVARIANTS OF PERSISTENCE MODULES DEFINED BY ORDER-EMBEDDINGS 17

fillgyy = Hyy g, fillioy = Py, Sl oy = Py,
[y = I, felgy = Cri g, [y = Iy,
Oy = Tipy, Oflay = Iipay, Ofl2y = Tippa

In particular, we have that {©;U | f € Emby,U € Ind X} is the set of rectangle modules. Note
that there is some redundancy in this collection: for 2z € P we obtain the (simple) rectangle module
Iz} once for every embedding f : Xp — P with either z = f(1) or x = f(2).

It follows from [BOO] Corollary 2.7] that {©;U | f € Emb%y,U € Ind X'} is a rkp-basis, hence
also a multy, » and dimhy, p-basis. It is, however, difficult to reprove it directly without a concrete
description of the image of the invariant multy, p.

Note that we can define an equivalence relation ~g on E x I by setting

(f;U)~e (9,V) & 0;(U) =0,4(V),

but the invariant multy, » does not factor through ZF*1/~e. For example, if P = {a — b — ¢},
then we have Ofl;1y = I,y = Oylf1y for Im f = {a,b} and Im g = {a, c}. However, we have for any
P-module M such that rk M, # rk M,_,. that

multX27p(M)(j'71{1}) =dim M, — tk M, # dim M, — rk M,_,. = multxz,p(M)(g_J{l}).
(2) Consider X = X3 or Xy as follows

2 1
x= 17 xy— 23
\3 2/

We recall the description of the indecomposable X4- and X4'-modules from the proof of Proposi-
tion BI1Zhnd Example 101 Then the modules ©;(U) are either simples, rectangles, or interval
modules with support of the following form:

{3 {3

ra f()

X=X} X=Xy

5.2. Families of embeddings. In the preceding sections, we mainly considered order-embeddings of one
fized poset X into the poset P, and studied the set of all indecomposables obtained from X. That turns out
to introduce a lot of redundancy and some difficulty to describe the image of the invariant. Hence we study
now embeddings of several posets of increasing sizes, but limit attention to only some indecomposables (that
have not been obtained from embedding of smaller posets previously). One of the advantage here is that we
do not need to assume X to be of finite representation type.

Definition 5.7. Let P be a poset. A family of P-order embeddings is a finite set F := {(X;, E;)}, of with each
X; a finite poset (not necessarily representation finite) and each E; a subset of Emb@i. For F = {(X,Ei) }:
a family of P-order embeddings, we denote by E :=| |, E; and we define an invariant multz : K’ (P) — ZF
by

for f € E; (multz(M)), :=mult(Ly,, f*(M)).

f

Example 5.8. (1) Let F := {(Xl,EmbEI), (Xg,EmbEQ)} for X1 and X, as in Example B7l1 Then

E= Embz1 I_IEmbE2 is in natural bijection with {<p} and via this bijection we have multr = rkp.

(2) The generalized rank invariant of [KM21] and the various compressed multiplicities of [AENY23b]
can both be realized in the form multr. More precisely:
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(a) Let J be the set of posets which embed into P as intervals, and for each &; € J let E; C Embz;i
be the set of embeddings with interval image. Then, as a result of [CL18, Lemma 3.1], the
generalized rank invariant of [KM21] is equal to multz for F = {(X;,E;) | &; € J}.

(b) Suppose that P is the product of two (finite) totally ordered sets. Let J be the set of connected
posets which do not contain any chains of length > 3 and can be embedded into P. If one
computes the “sink-source compression factor” of [AENY23b] with respect to every interval
subset of P, the result is precisely multr for F = {(X, Embzi) | X; € 3}. A similar result like-
wise holds for the “corner-complete compression factors”, while the “total compression factors”
coincide with the generalized rank invariant.

See also [BBH24, Section 3.2] and [AENY23bl Example 4.14] for additional discussion.

Proposition 5.9. Let P be a finite poset and F := {(X;, E;)}i be a family of P-order embeddings. We define
an equivalence relation on E = | |, E; by f ~ g if Im f = Img. Then the invariant multr : Ki°(P) — A
induces an isomorphism of abelian groups

(Igegl, feBE) =2z~

Proof. For f € E; and g € E;, we have
g

The X;-modules Iy, and g*]Im = ]Ig,l(m) are both interval modules hence indecomposable. Therefore we

obtain (mult;(]lm)) is 0 or 1 and

g9

(mult]:(]lm)) =1 & X =g '(TmJ)
g
& X, Cg'(Imf)
& ImgClImf
& ImgClImf
Then by defining an order relation < on E/ ~ by
g<f < ImgClmf,
we conclude using Lemma 2.8 O

It is not clear in general that the invariant mult s factors through the injection Z®/~ — ZF. However, it
can be shown in some cases.

Example 5.10. (1) Consider the setup of Example 5.8(1). Then {Iz7 | f € E} is the set of rectangle
modules. As previously mentioned, it is shown in [BOO| Corollary 2.7] that this forms a basis of

mult .
(2) Consider the setup of Example B5.8(2a) or (2b). In both cases, {Ig 7 | f € E} is the set of interval
modules. Both papers show that these form a basis for the corresponding invariant multr using

Mobius inversion arguments. (This is also established for the “corner-complete compression factors”
in [AENY23D].)

Generalizing the phenomenon observed for the rank invariant and sink-source compression factors, we
have the following.

Corollary 5.11. Let P be a finite poset, and F = {(X;, E;)} be a family of P-order embeddings such that
there is no chain of length > 3 in X; for each i. Denote E =| |, E;. Then the family

Re = {Ig7 | f € E} CKF(P)
forms a basis of multr.
Proof. We show that in this case the equivalence relation on E is trivial and conclude by the previous
proposition. Indeed let f € E; and g € E; such that f ~ g, that is Im f = Img. Then let x € &;. By

hypothesis x is either minimal or maximal. Assume first it is minimal. Then f(z) € Im f C Im f = Im g,
so there exists y,y’ € X; with g(y) < f(z) < g(y’). Since g(y) is in Im g, it is in the convex hull of Im f,
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but since z is minimal we have f(x) = g(y). By a similar argument, if  is maximal, then f(z) is in Im g.
Therefore we obtain Im f C Im g, and by symmetry we get Im f = Im g, that is f = g. O

Remark 5.12. It is an interesting problem to find a representation-theoretic argument generalizing the
basis result for the generalized rank invariant established using Mobius inversion in [KM21]. In particular,
note that the “zigrags” used in [DKM24] to compute the generalized rank invariant admit injective poset
morphisms into P, but that these morphisms are generally not full as functors between poset categories, and
thus not embeddings. It would be interesting to determine the extent to which the theory developed in this
paper could be adapted to such a setting.

5.3. Comparing mult-invariants. Let P be a finite poset, X be a representation-finite poset and E be a
subset of Emby. Let Fp = {(&;, E;)}; be a family of P-order embeddings. The aim is here to compare the
invariants multi)p and multr,. We denote by Fx = {(Xi,Embii)}i the family of X'-order embeddings
of the posets X;. The next proposition says that it is enough to compare the invariant multy with the
invariant multr, .

Proposition 5.13. (1) If for any (X;,E;) € F the composition map Embi, x Emby — Embzi restricts
to a map Embi, x E — E;, then

multr, > multy = multz, > mult%ﬁp.
(2) If moreover the restriction Ernbi, x E — E; is surjective, then
multr, ¥multy = multz, ~ mult%ﬁp.

Proof. (1) By hypothesis there exist integers a4 ¢y for any g € | |, Embﬁ_ and U € Ind(X) such that for any
M € mod X

(multX(M))U = Z OZ(g)U) (mult}-X (M))g y
g€, Embﬁi
that is
multy (U, M) = Z agrymulty, (Ly,, g" M).
9€Ll; Emby,
Now for (f,U) € E x Ind(X), and M € mod P we have
(mult%p(M))(fU) = multx (U, f*M)
= > gell, Emb, C(g,0) MLty (L, g™ (f* M)

= 2gel), mmvg, Ugvymulte, Ly, (f 0 9)" M)
= Zhel_li g, Bn. .0y (multz, (M),

where B, ¢, vy = g,u) as soon as h = f o g. Since f is an embedding the value of 3 ;1) is well-defined.
(2) Now assume that there exist integers o/( 0.0) for g € |, Embﬁi and U € Ind X such that for any
M € mod X

(multz, (M))g = Z (multx (M),
Uelnd X
that is
multy, (Ly,,g"M) = Z o/(g)U)multX(U, M).
U€Ind(X)
Now for h € E; fix hy € Emby, and hs € E such that & = hy o hy. Then we have

(mult £, (M)) mult y, (Lx,, h* M)
= multXi (H-Xi’ hT(hSM))
= Yvcmdx O/(hl,U)multX(Uv h3M)

= EfeE EUGIndX BEh,f,U) (mult/—Enp (M)) (£,0)

where ﬁgh,f,U) = azhl)U) as soon as f = hs. O

h
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Example 5.14. (1) Let F = {(&1, Emel)7 (Xg,Emb7;2)} given as follows.

X = 1 Xy = 1——2

Let X = A5. Then we have two embeddings of X} in X’ and one of X5 to X. Moreover we have for
M in mod X

dim M, if f € Emb%? with Im f = {z}
Itr, (M)), = 3L
(multz (M), { kM, if f € Emby?
Then we immediately obtain
multy ~ multr, .

It is clear in this case that the composition map Embjﬁf X Emb7;2 is surjective if P is connected,
hence we obtain once again that

multy, » ¥ multr =rkp.

(2) Let F be the following family of posets :

2
Xi= 1 o= 1—2 X = 7
\3

Set X = Xj3.
Then we have

Emby, = {f1, f2, fs}, Emby, = {fi2, fis}, and Emby, = {id}.
Then one easily checks that we have
multr, = ® omulty

with

= =0 O O
= O O O
=== OO
— O OOoOO
= =0 00O
O O O OO

in the basis Indx = (H{l}, H{Q} y ]1{3}, ]1[1)2]] y ]1[1)3] s HX?:)
(3) Let X be the poset given by

" 7 b ~. J
\C/
And let F be the family
2 1

/ " _ \
1\3 Xy = 2/3

X= 1 Xo= 1—2 X}

Then one can check that
[Emb%, | = 4, [Emby,| =5, [Emb%,| = 1, [Embyy| = 1.

The rank of the invariant multy is also 11 since there are 11 indecomposable X modules. In a
similar fashion, one can check that

multy ~ multr,.

Using Corollary [5.10] we obtain a basis of the invariant multy ».
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(4) Let F be the family of posets

= 1 Xo= 1—2 Xy = 1/ Xy
~

l
VAN

and let X := X4. Then one can check
[Emby, | = 4, [Emby,| =5, [Emby,| =2, [Emb%,| = 1.

The rank of the invariant multy is 12, and we also have an equivalence

multy ~ multr, .
(5) Let F be the following family of posets, and X = Xj.

= 1 Xo= 1-—2 Xy = 1/ Xy = aﬁc
e I

Then one can check that

x X X x
[EmbYy, | =4, [Emb,| =3, [Emby,| =3, [Emb},|=1.
Here the invariant multy is strictly finer than the invariant multr, .

As a corollary of Example (2) we obtain the following
Corollary 5.15. Let P be a finite connected poset, and let X be one of the following posets

2 1
/I / " o__ \
Xj= 1 Xy =
g 2

3

Let E = Embz; and recall that 1 = Ind X'. Assume the following
(%)  for any a <b in P there exists f € E with {a,b} € Im f
then the set Ry = {©(U) | (f,U) € E x I} forms a basis of multy p.

Proof. We consider the family of embeddings F := {(Xl,Embzl), (As, Emb&)7 (A5, Embﬁ)} where

X1: 1 XQZ 1—2

and A3 = X. Because of condition (x), the composition map Emb§2 x Emby — Embz;2 is surjective. By
condition (%) and since P is connected, the composition map Embi1 x Emby — Embz1 is also surjective.
Then we can deduce from Example 2.62) that multx » is equivalent to multz. From Corollary BTl we
deduce that there there is a basis of the form

{Ign7 | f € Embk,,i=1,2,3}.

This basis contains all simples, all rectangles, and all generalized rectangles as described in Example [5.0] (2).
One easily check that the set Ry contains exactly the simples, the rectangles and the generalized rectangles.
The fact that it contains all the rectangles comes from condition (x). O
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