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Polarization coherence frustration

PHILIPPE REFREGIER,! AND JULIEN FADE'""

! Aix Marseille Univ, CNRS, Centrale Med, Institut Fresnel, Marseille, France
“julien.fade @fresnel.fr

Abstract: From the joint analysis of polarization and coherence properties of light, a remarkable
concept referred to as polarization coherence frustration is introduced and analyzed. It is shown
that two kinds of partially polarized and partially coherent light, with different level of complexity,
can be distinguished and that they mathematically correspond to different equivalence classes.
On the one hand, light has polarization coherence properties that are not frustrated in a spatial
domain O when there exists a configuration of local polarization devices at each location of
the light field that allows the maximization of the modulus of the scalar degree of coherence
between any couple of points in . Two conditions are shown to hold for light to be polarization
coherence unfrustrated and their physical interpretation are analyzed. On the other hand, if one
of these conditions is not verified, polarization coherence frustration occurs. These notions
are discussed in analogy with well-known concepts of frustration and gauge transformations
developed in statistical physics for spin glasses. Their relevance in the field of statistical optics is
demonstrated through different theoretical results and examples.

1. Introduction

Coherence and polarization are fundamental notions in optics for theoretical developments as
well as for experimental investigations. The analysis of these properties is more complex for
partially polarized light than for totally polarized light [1-10]. On the one hand, coherence is
generally related to the ability of light to interfere and, for totally polarized light, the modulus of
the scalar degree of coherence is a linear function of the interference fringes visibility [11, 12].
On the other hand, polarization properties are related to the amplitude repartition between the
different components of the transverse wave [13, 14]. It has already been shown that the analysis
of the coherence properties of partially polarized light can lead to remarkable behaviors such
as irreversibility [8, 9] or hidden symmetry [7] that are less straightforward than for totally
polarized light. We show in this paper that the analysis of coherence properties of partially
polarized light with the standard scalar degree of coherence when the interfering fields have
been polarized also leads to remarkable properties. More precisely, the coherence properties
of the field at two locations are analyzed looking at the maximal visibility of the interference
fringes when these fields are polarized with polarization devices. These polarization devices
are thus optimized in order to maximize the modulus of the scalar degree of coherence between
the resulting polarized fields. This analysis shows that, in a spatial domain D, there exists two
different classes of lights: polarization coherence frustrated or unfrustrated lights. In that latter
case of polarization coherence unfrustrated lights, there exists a polarization device configuration
at each location in O that maximizes the modulus of the scalar degree of coherence between fields
observed at any pairs of locations in D. In other words, it is possible for unfrustrated lights to
exhibit a spatial distribution of local polarization transformations that will allow the interference
between any pair of locations in D to be maximized simultaneously. Such a property does not
hold for polarization coherence frustrated lights that are introduced in this article. Furthermore,
we demonstrate that these properties (polarization coherence frustration or unfrustration) are
invariant by local non-singular polarization transformations described by deterministic Jones
matrices. This invariance property allows one to show that frustrated and unfrustrated lights
define two different mathematical classes of equivalence.

Polarization coherence frustration and the invariance of this property by the action of local
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non-singular deterministic Jones matrices present interesting analogies with the concepts of
frustration and gauge transformation in spin glasses [15, 16]. These concepts have been essential
to analyze complex systems [15, 16] in statistical physics. Frustration is the impossibility
to minimize simultaneously the energy of interaction of each couple in a set of interacting
spins [15, 16]. Gauge invariance is related to the invariance of the property of frustration (or
of unfrustration) by local transformations of the local spin basis. Frustration of spin glasses
is an essential characteristic to observe the complex behavior of these systems. Indeed, in the
absence of frustration, disordered magnetic systems have simpler statistical properties than
for frustrated disordered magnetic systems [15, 16]. It can thus be expected that coherence
polarization frustration is an important notion that separates partially coherent lights in a spatial
domain D into two different classes. Frustrated ones, that may exhibit complex coherence
properties, and unfrustrated ones that have simpler characteristics. It is shown in the following
that this is indeed the case.

This article is organized as follows. After background definitions and a description of the
action of polarization devices that maximize the modulus of the scalar degree of coherence, the
notion of polarization coherence frustration is introduced. Then, the property of gauge invariance,
that allows one to define the two classes of equivalence, is discussed. General conditions that
are satisfied by unfrustrated lights are then described in Section 5, followed by their physical
interpretation that such lights can be decomposed in a spatial domain as the sum of two totally
polarized lights incoherent between them with specific conditions on their coherence properties.
Several examples are finally analyzed before the conclusion of this paper.

2. Background

In the following, we shall consider transverse light fields, i.e. their electrical fields will be
assumed to fluctuate in 2D. Furthermore, they will be analyzed in the space-frequency domain
although an analogous analysis could be done in the space-time domain. Thus at frequency
v and at location r, the field will be simply written E (r)T = (Ex(r), Ey(r)) where E is the
transpose of E and where E ,(r), E, (r) are complex scalar values (i.e. in C). One over-line will
denote vectors and two over-lines will denote matrices, although vectors of spatial location will
be noted with bold font for clarity reasons. Since the fields will be assumed complex circular
and wide-sense stationary [13, 14], the coherence properties can be analyzed with the 2 x 2
cross-spectral density matrix (CSDM) which is defined by:

Q(r1.r) = E (r)E (1)) M

where statistical (or ensemble) average is noted ( ), and where @™ is the complex conjugate of a.
The polarization matrix is defined by: T'(r) = (E*(r)ET (r)) = Q(r, r). In the following T'(r)
will be assumed non singular, which corresponds to the case of non totally polarized light. The
particular case of totally polarized light will be discussed specially at the end of Section 4.

In a standard interference experiment, in order to maximize the visibility of the interference
fringes, it is useful and usual to adjust the polarization characteristics and the intensities of
the interfering fields. Experimentally, such modification of the polarization characteristics can
be obtained with a birefringent medium, followed by a polarizer, an intensity attenuator and a
polarization rotator (see Fig. 1). The set of optical components performing such action will be
referred to as the "polarization device" in the following. Let us show that the obtained polarized
field can then be represented by the scalar field a(r ;) which can be written a(r ;) = Pl (r j)E(r i)
where the action of the polarization device is mathematically described by the 2D complex
vector p(r;) at location r;. Indeed, the action of a birefringent medium (in the general sense)

can be described by a unitary matrix U(r). A linear polarizer can be represented by a matrix
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Pr(r) f?ﬁ (r) where py(r) is a two-dimensional real vector. Thus the action of the birefringent
medium followed by the polarizer transforms E (r) into a(r) pg(r) with a(r) = pL(r)E(r)
T T

and with p(r) = U (r)pg(r). The vector p(r) can represent any complex vector since U (r)
can be any unitary matrix. The action of a polarization rotator at location r, allows one to get
fields with parallel polarizations at locations r; and r,, whose interference properties can be
described by those of the scalar fields a(r;) and a(r;). The attenuators are necessary to obtain
the maximal visibility of the interference fringes. It can be noted that other combination of
optical components could lead to equivalent results.

_ Birefringent component

__ Attenuator

— Polarization rotator
" Attenuator

\Bircfringcnt component Interference plane
Fig. 1. Schematic representation of the considered optimization of the standard degree

of coherence. The visibility of the interference fringes is directly related to the standard
scalar degree of coherence.

The standard scalar degree of coherence 1(r1, r;) between the fields a(r;) and a(r;) is defined

by:
(a*(r1)a(ry))
n(ri,r) = )
T et atr) Py
Then: B
— — _
n(ri. )P = P (r) Q(r1,r2) P(ra)I? 5

B () T(r) B0r) B (r2) T(r2) D7)

where |x| is the modulus of x and where ET is the conjugate transpose of p.

The polarization devices that maximize |7(ry, 72)|? can be rewritten in a different form. For
1

that purpose, let us introduce u(r;) = v(r;)/ VT(rJ-)V(rj) where v(r;) = T (r;) p(rj). The
_1 —

matrix [ (r) is obtained by replacing the eigenvalues A; of I'(r ;) by vA4; in the eigenvalue

decomposition of this matrix. Thus:

(e, )P = 7 (r) M(r1.r2) G(ra)|? @)

with @' (r)u(r) = 1 and where:

(ST
(ST

(r) Q(r1,r2) T (1) 5
|
is the normalized CSDM [17] also considered in the time domain in [3]. The matrix r (ry)
1 1

M(ry,r)) = r

(S]]

is the inverse matrix of T~ (rj). Thus, T’ (r;) is obtained by replacing the eigenvalues A; of

%(r ;) by 1/v2; in the eigenvalue decomposition of T'(r ;).
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As a result, to maximize the visibility of the interference fringes, the optimal polarization
configurations at locations r; and r; are thus obtained with the unit norm vectors ﬁ‘l’p ! (ry,r2)
and ;7" (ry, r2) that maximize:

C(ur,m) = |u M(ry, 1) ) (6)

with the constraint ||u;|| = |[uz|| = 1. The optimal polarization devices are thus 1_7?” "(ri,m) =

= 1 .. .
c;I'(rj)~2 ﬁj?p "(r1,r2), where ¢ ;j are scalar normalization constants that can be introduced so
that the polarization devices do not lead to an energy increase (i.e. they correspond to passive
components).

3. Polarization coherence frustration

In general, ﬁ'l)p ’(rl, r) is not only a function of r; but also of r;. In that case, at location r, the
optimal polarization device described by ﬁ'l)p "(r1, r2) for the couple of fields E(r;) and E (r;)
can be different from the polarization device described by ﬁ(l’p "(r1, r3) for the couple of fields
E(ry) and E(r3) when r3 # r».

Let us analyze simple examples before going into more details. Let us first assume that the
field at three locations ry, r, and r3 can be written:

— €1 — €] — €3
E(ry) = ,E(ry) = yE(r3) = (7
€ €3 €2

where €; are statistically independent random complex circular variables with (€/€;) = §;;
(where ¢;; is the Kronecker symbol, i.e. 6;; =01if i # j and 6;; = 1 otherwise). It can be noted
that circularity imposes (€;) = 0. In other words, the €; are zero mean independent and unit
variance random variables. Such a configuration is schematically shown in Fig. 2.a.

" €2 eyt €2
™
€1 [ €1
€1
e . .
3 62 6,; €9 —+ €3
fl b c1 /9
T2 T3 €3 T2 ry U
(€)) (b)

Fig. 2. Simple examples of the analysis of polarization coherence frustration between
three locations. (a): example of polarization coherence frustration. (b): example of
polarization coherence unfrustration. ey and ey, are respectively the unit vectors of
coordinates (1,0)7 and (0, 1)7.

The optimal polarization configuration that maximizes the modulus of the scalar degree
of coherence (or equivalently the visibility of interference fringes) between E (r1) and E(r5)
obviously corresponds to filter the fields with linear polarizers aligned along the horizontal x axis
(i.e. parallel to e, = (1,0)7). However, the optimal polarization configuration that maximizes
the modulus of the scalar degree of coherence between E (r) and E (r3) corresponds to filter the
fields with linear polarizers aligned along the vertical y axis (i.e. parallel to e, = (0, DT). And
finally, the optimal polarization configuration that maximizes the modulus of the scalar degree of
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coherence between E (r,) and E(r3) corresponds to filter E (r,) with a linear polarizer aligned
along the y axis and to filter E(r3) with a linear polarizer aligned along the x axis. In that latter
case, a 7r/2 polarization rotation applied to one field is necessary to observe the interference
fringes with maximal visibility. These results are illustrated in Fig. 3 (a), (b) and (c).

2 T3 ey T2 3

et
Yy
€3, €3 €3
Vo o
2 3

r €

© “ @ 0

Fig. 3. Analysis of polarization coherence frustration or unfrustration between three
locations of the examples of Fig. 2.a and Fig. 2.b. The /2 arrow represents a 7/2
rotation of the local polarization state (bottom right). The polarization state shown in
black at the center of the triangles shows the polarization components that are made
to interfere by the action of the polarization device. High contrast vertices represent
maximal visibility of interference fringes with the considered polarization states. (a,b,c):
frustrated case of Fig. 2.a. (d): unfrustrated case of Fig. 2.b.

It thus appears that there does not exist a configuration for the polarization devices at each
location that allows one to maximize the modulus of the scalar degree of coherence between
E(ry) and E(r,), between E(r,) and E(r3) and between E(r;) and E(r3) at the same time.
Such a situation leads to incompatibility between the optimal polarization configurations that
maximize the modulus of the scalar degree of coherence between the fields at locations r; and r;
oratr; and r3 or at r, and r3.

As discussed below, this situation will be referred to as "polarization coherence frustration".

The situation is clearly different with (see Fig. 2.b):

— €] — €] — i\/;
E(ry) = s E(ry) = s E(r3) = (8)
€ €3 €]

In that case, all scalar degrees of coherence are maximized with linear polarizers aligned along the
x axis for locations r; and r;, and along the y axis for location r3 (followed by a 7r/2 polarization
rotation). These results are illustrated in Fig. 3.d. As discussed below, this situation will be
referred to as "polarization coherence unfrustration".

Such examples illustrate the case of unfrustration or frustration situations between three
locations. Of course, the two above examples, as well as the concepts of frustration and of
unfrustration, can be extended to the general situation of a light with continuous locations in
a given spatial domain D. The two above situations can be discriminated with the concept of
polarization coherence frustration which we specify now. On the one hand, a light is referred to
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as polarization coherence unfrustrated in a spatial domain D if there exist a set of polarization
devices that polarize the light such that, for any r; and r; in D, the polarization device at
location r; that maximizes |n(r1, r;)| is not a function of r;,. In other words, for polarization
coherence unfrustrated light, there exists a local polarization transformation that polarizes the
light at each location that is optimal between any couple of locations in D to ensure interference
with maximum fringes visibility. On the other hand, if such a set of polarization transformations
that polarize the light (such that for any r; and r; in D the polarization device at location r
that maximizes |r7(ry, r2)| is not a function of r;) does not exist, the light will be referred to as
polarization coherence frustrated in D.

Going back to the above examples it has been shown for the example of Fig. 2.a that, at location
ri,u p (r1,r2) = e, while u} OPl(pi,r3) = ey, which shows polarization coherence frustration.
However, for the example of Flg. 2.b, at location rq, u 1 (rl, ry) = u11 (r1,r3) = ex which
does not exhibit polarization coherence frustration.

4. Gauge invariance
4.1. General notion

A polarization coherence unfrustrated light in a spatial domain © remains polarization coherence
unfrustrated in O after local linear transformation described by the action of local deterministic

non-singular Jones matrices J(r). Thus, if E(r) is a polarization coherence unfrustrated light
in O, then A(r) = J(r) E(r) is also polarization coherence unfrustrated in O for any set of

non singular deterministic Jones matrices J(r) functions of r. Indeed, if E(r) is polarization
coherence unfrustrated, then there exists a vector function #°?’ (r) of the spatial coordinates r
such that |EI M (ry, ;) Us| is maximized with w; = #°”' (ry) and @, = u°?' (r,) for any r and
ro in D. Let p°P' (r) denote the corresponding optimal polarization devices. Then, from Eq.
3):

5 (r1) Qep(ri.r) Bry)?

P (r)Tee(r) p(r1) p'(r2) Tee (r2) p(ra)

is maximized with p° (r1) and p°?' (ry), where QEE (r1,r2) and FEE (r) are respectively the
CSDM and the polarlzatlon matrlces of E (r) Butthe CSDM and the polarlzatlon matrices of A (r)

are respectively QAA(rl, r) = J (rl) QEE(rl, r) J (ry) and FAA(r) J (r) FEE(r) J (r).

Let us introduce g°?' (r) = [7 (r)] PP (r), then:

171 (r1) Qaa(ri.r2) G(ra)?

= = (10)
G (r1)Taa(r) q(r1) g (r2) Taa(r2) g(r2)

is maximized with g°”* (r) and g°”* (r,) where g°?’ (r1) (respectively g7’ (r;)) is a function
of only r; (respectively of only r;), which shows that A(r) is also a polarization coherence
unfrustrated light in D.

A corollary of this property is that polarization coherence frustrated lights in a domain O remain

polarization coherence frustrated in 9 by transformations of the form A(r) = J(r) E(r) where
J(r) are deterministic non-singular Jones matrices. To show this corollary, let us assume that there

exists an invertible J(r) that transforms a polarization coherence frustrated field into a polarization
coherence unfrustrated field. That would be in contradiction with the previous property that
polarization coherence unfrustrated fields remains polarization coherence unfrustrated with the
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action of local deterministic Jones matrices. Indeed, J (r) are local deterministic non-singular
Jones matrices that would transform a polarization coherence unfrustrated field into a polarization
coherence frustrated field.

For the sake of simplicity, polarization coherence frustration of light in a spatial domain D
will be simply referred to as frustration in the following and transformations described by local
non-singular deterministic Jones matrices will be simply referred to as gauge transformations.

Let us illustrate the notion of gauge invariance with the two above examples of Section 3 and
Fig. 2. For the situation of Fig. 2.b, it is possible to apply at location r3 the transformation

E(rs) — E (r3) = J3 E(r3) with:

J3 = an

52:/;3 ey. It clearly appears that the scalar fields ng(rl ), Eif(rz)

and then E'(r3) =€rex +

and Eg E/(rg) are fully coherent which shows that the situation is unfrustrated. However, such a
gauge transformation that would allow one to get an unfrustrated situation does not exist for the
situation of Fig. 2.a, which is a consequence of the frustration.

4.2. Particular case of totally polarized light

The simple case of totally polarized light is also enlightening. Let us indeed assume that the
field can be written E(r) = €(r) u(r) in a spatial domain D, where e(r) is a circular complex
random field (i.e., a circular complex random variable at each r) and where u(r) is a deterministic
spatial function with values in C2. Thus, the scalar field a(r) = p(r)T E(r) can be written
a(r) = a(r) e(r) with a(r) = p(r)Tu(r). Since a(r) is a deterministic quantity, the modulus
of the scalar degree of coherence between a(r1) and a(r;) is thus independent of p(r;) and
p(r2) as long as p(r;) is not orthogonal to E(r;) for i = 1,2. Indeed, in that latter case, the
scalar degree of coherence in undefined. This analysis shows that totally polarized lights in a
spatial domain P are unfrustrated since it is easy to design local polarization transformations
that will align the polarization direction at all locations, and hence ensure maximum visibility of
the interference fringes. As a result, polarization coherence frustration is a characteristic specific
to partially polarized light, i.e., it can exist only for partially polarized lights.

An example of such unfrustrated light does not only correspond to uniformly totally polarized
lights but also to more complex lights such as Full Poincaré beams [18], which have a spatial
distribution of totally polarized states across the beam that maps the entire surface of the Poincaré
sphere. In particular, in that latter case, it is possible to define a local transformation that

corresponds to the Jones matrix J(r) = 2, B(r)", where B(r) is the local polarization vector at
location r, so that Full Poincaré light becomes a fully polarized and coherent field with a linear
horizontal polarization. Another example corresponds to a speckle field obtained by enlightening
a surface with a totally polarized and coherent field E(r). If the speckle field can be written
A(r) = J(r)E(r), with J(r) deterministic, then A(r) is unfrustrated.

In the next section, a general expression for unfrustrated light is determined for non totally
polarized light allowing us to exhibit general conditions that must hold to ensure unfrustration.
The relevance of frustration and of the gauge transformation will then be illustrated with several
simple examples in Section 7.

5. General conditions of unfrustration
The general expression of the singular value decomposition of the normalized CSDM (defined

e = = = = =
in Eq. (5)) is M(ry,rp) = U (ry,r2) A(ry,rp) V(ry,rp) where U(ry,r;) and V(ry, rp) are
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unitary matrices that can be function of both r and r, and where A(ry, r») is a diagonal matrix
with non negative values. We show in Appendix A that for light to be unfrustrated in a spatial

domain D, the unitary matrices U(rl ,r2) and 1_/(r1, ry) must have particular properties. Indeed,
for unfrustrated light, at any locations r; and r;, the normalized CSDM (defined in Eq. (5)) can
be written (see Appendix A):

— — = =7
M(ri,ry) = N(r1) D(ry,r2) N (r2) (12)

where:
= fi(ry,ra) 0
D(ry,rp) = _ (13)
0 H2(r1,12)

with the properties that in D:
(1) |1 (r1,r2)| = |u2(ry, rp)| for any ry and rp, and

(ii) the unitary matrix N(r;) has to be a function of only r; and the unitary matrix N(r)
has to be a function of only r».

Furthermore, in the above equations, |u;(r1, r2)| and |uz(ry, r2)| are equal to the intrinsic
degrees of coherence [3], but defined in the spectral domain, and are the diagonal elements of

K(" 1,72).
The normalized CSDM of an unfrustrated light thus has to satisfy two conditions. The first

condition is that the diagonal matrix D (ry, r,) must satisfy |fZ,(r1,72)| > |2 (r1, r2)| for any

r1 and r, in D. The second condition is that the unitary matrix N (r) must be a function of only
the location r in D.

The first condition means that there must not exist locations r and r, for which | (r1, rp)| >
|12 (r1, r2)| and locations r| and r3 for which | (ry, r3)| < |H2(r1,r3)|.

The second condition implies that the hermitian matrix:

e — ]
W(ry,ry) =M(ri,r2) M (r,r2) (14)

can be written: _ _ . o
W(ri,r2) =N(ry) Y(ri,r2) N(r1)' 15)

= = =
with Y(ry,r2) = D(ry,ry) D (ry,ry) and hence:

_ ~ 2
Tri.r) = |@1(r1,r2)| 0 (16)

0 |2 (r1,72)|?

Thus, for an unfrustrated light, the matrix W(rl , r) is diagonal in an eigenvector basis that is

independent of r,. Since W(rl, ry) and W(rl, r3) are diagonal in the same eigenvector basis
if they commute, the second condition is thus satisfied if:

W (r1,r) W (r1rs) = W(rnr)W(ri.r) (17

This relation can be a practical means to check if a light is frustrated or unfrustrated (see last
example of Section 7).
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It is shown in Appendix A that the two above conditions are necessary. It is immediate to
verify that they are sufficient. Indeed, let introduce Eq. (12) into Eq. (6) then C(u,u3) =
Iﬁ'{ N(r1) D(ri,r2) N (r2) u>|. But since it is assumed that |Z;(ry, r2)| > |Z2(r1,r2)|, then

ﬁ?p "(r1,r2) = N(rj) €y, which is a function of only r; and which thus shows that the light is
unfrustrated.

In conclusion, the two above conditions are necessary and sufficient conditions for the light to
be unfrustrated. It is frustrated if it does not satisfy at least one of these conditions.

6. Mutual incoherence separability
6.1. Physical interpretation of unfrustration

In this section, we provide a physical insight of the above conditions for unfrustrated light in a
spatial domain 9. Eq. (12) implies (see Appendix A) that the normalized CSDM can be written:

M(ri,12) = iy (r1,12) Ty (1) 71l (r2) + (1, r2) ia(ry) iy (r2) (18)

where 71 (r) is the vector defined with the first column of N(r) and 712(r) is the vector defined
with the second column of the unitary matrix N (r) and where | (r1,72)| > |2 (r1, r2)]| for all

r1and r, in D. Since 771 (r) and 7> (r) are vectors defined with the columns of N (r), they are of
unit norm and orthogonal, i.e. ﬁI(r) ni(r) = Fz;(r) ny(r) = 1 and ﬁ;f (r) ny(r) = 0. Furthermore,
|1 (r1, r2)| and | (ry, rp)| are equal to the intrinsic degrees of coherence and are thus invariant
by non-singular deterministic Jones transformations (gauge transformations) of E(r) [3].

As a consequence if E (r) is an unfrustrated light, then there exists a local polarization and

intensity transformation A(r) = J(r) E(r) so that the normalized CSDM of A(r) can be written
in D: _

Maa(ri.r2) = @i (r1.r) ex el + i (ri.r) ey e 19
with |1 (r1,r2)| = |aa(ry, r2)|. Thus, the scalar field a, (1) and a (rp), where a, (r) = E;Z(r),
has a scalar degree of coherence equal to i (r, ), and the scalar field ay(r1) and a,(r2),
where ay(r) = E;Z(r) has a scalar degree of coherence equal to p(ry, 7).

Let us now analyze the consequences on the CSDM ﬁ(rl , rp) in the case of an unfrustrated
1 1

light in D. Since Q(r1,r2) = T (r1) M(r1,r2) T (r2), it can be written:

Q(r1.1r2) = @i (r1.r2) w)(r) 1) (r2) + 2 (r1, 72) w5 (r1) 13 (r2) (20)
_1 _1
where nj(r) = I:Z(r) ni(r) and ny(r) = T (r) ma(r). Let I(r) = [ﬁi(r)]Tﬁi(r) =
- = - —/ = - = - - -/
7l (r) T(r) 71 (r) and L(r) = [5(r)] 75(r) = 7} (r) T(r) #ia(r). Then y(r) = ﬁ 7| (r)
and ¢(r) = ﬁ 75 (r) are unit norm vectors. Thus, in D, the CSDM of an unfrustrated light
can be written:

Qrir) = VLGOI fi(rar) 5 ¥ (r)
@1)

+ \L(r)hL(ry) ma(r,r) ¢(ry) ET(rz)

The physical interpretation of this property is simple. An unfrustrated light in a spatial domain
D can be represented as the sum of two totally polarized lights that are incoherent between them.
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Furthermore, the first necessary condition for the light to be unfrustrated is that one of these
totally polarized lights must have a modulus of the scalar degree of coherence that is always (i.e.
V r1 and rp in D) greater than or equal to the other. This property is a motivation to denominate
the first condition as the "coherence domination condition". -

The second necessary condition for the light to be unfrustrated is that N(r) is only a function
of r in D. This condition is indeed sufficient in order to be able to describe the light as the sum
of two partially coherent but totally polarized lights that are incoherent between them. This
property is a motivation to denominate the second condition the "mutual incoherence separability
condition". It is however not sufficient to guarantee that the light is unfrustrated since the
coherence domination condition must also be fulfilled.

6.2. Interpretation of mutual incoherence separability

If the mutual incoherence separability condition is satisfied in 9, and independently that the
coherence domination condition is satisfied or not, the CSDM of the light can be separated into
two totally polarized lights in D that are incoherent between them (see Eq. (21)). Thus, Eq. (21)
is a beam decomposition in D that can be deduced from the normalized CSDM. In that case,
let us assume that at each location r in D, the field is projected on the polarization state @(r),
defined such that ¢’ (r)¢(r) = 0. Then a;(r) = ¢ (r)E(r) is a scalar field with a scalar degree
of coherence equal to i (rq, r2). Analogously, if the field is projected on the polarization state

£(r), defined such that ET (r)w(r) =0, then a>(r) = €7 (r)E(r) is a scalar field with a scalar
degree of coherence equal to i, (ry, ry). Moreover, aj(r) and a,(r) are scalar fields that are
incoherent between them, i.e. (aj(r1)az(r2)) = 0 for all r; and r; in D. Such a polarization
coherence filtering is not possible if the light does not satisfy the mutual incoherence separability
condition. If the light is unfrustrated, in which case the coherence domination condition is also
fulfilled, such a polarization coherence filtering amounts to extracting a field proportional to the
most coherent part of the field in D.

Reciprocally, if it is possible to extract with two local non parallel polarization filtering
devices (i.e. with polarizations states that are not proportional) two scalar fields that are
incoherent between them in a spatial domain D, then the light satisfies the mutual incoherence
separability condition. Indeed, let %(r) and £€(r) be two non parallel local polarization states
(i.e. such that there does not exist a complex scalar field 7 (r) such that p(r) = A(r) E(r)).

Let us then assume that a;(r) = @' (r)E(r) and a»(r) = g_fT (_r)E(r) are incoherent between
them (i.e. (aj(ri)az(r2)) = 0Vry and ry in D). The field A(r) = a (r) o(r) + ax(r) &(r)
satisfies the incoherence separability condition. But, since A(r) can also be written A(r) =
N T — == o

9 (rE(r)g(r)+& 1(r)E(r) £(r), then A(r) = U(r) E(r) with U(r) = (r) ' (r)+&(r) € (r)

and then E(r) =U (r) A(r). Indeed, ﬁ(r) is invertible since @(r) and £(r) are assumed non
parallel. Then, . _ _
E(r) = ai(r) ¢(r) +ax(r) y(r) (22)
— —-1 — = — —
with ¢(r) = U (r) @(r) and y(r) = U (r) £(r) which shows that E(r) is the sum of two
polarized light incoherent between them, i.e., E (r) verifies the mutual incoherence separability
condition. Indeed, Q(r;, ;) = (E*(rl)ET (rp)) leads to:

3("1,r2) =F(ry,r) ?(rl)aT("z) +G(ry,r) J*(rl)iT(i‘z) (23)

with F(ry,r2) = (aj(ri)ai(r2)) and G(ry,r2) = {(a;(ri)ax(r2)), showing it has a form that
corresponds to Eq. (21).
The mutual incoherence separability condition as described by Eq. (21) can be interpreted as

a decomposition of the CSDM ﬁ(rl ,r2), with some analogies with the one discussed in [19].
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Such decompositions are different from the one considered in [20], as the former rely on the
singular value decomposition (SVD) of the normalized CSDM while the latter uses the SVD of
the CSDM itself. These approaches lead to different results, as will be illustrated in the example
B in the next section.

The previous analysis and Eq. (21) provide a practical solution to generate unfrustrated lights.
Unfrustrated lights in a spatial domain O can be obtained with the sum of two partially coherent
but totally polarized lights. These lights have to be incoherent between them, which guarantees
the mutual incoherence separability condition. The modulus of the scalar degree of coherence
in D of one of these lights has to be always greater than or equal to the modulus of the scalar
degree of coherence of the other light in order to guarantee the coherence domination condition.

7. Examples

We provide in this section several examples that illustrate the concepts introduced above.

7.1. Fields defined at three locations

Let us first illustrate the properties of the previous sections on the examples of Section 3 and

illustrated in Fig. 2. The example of Fig. 2.a leads to T'(r i) = 14 where I is the 2D identity
matrix. It is easy to see that:

— 1 0 = 0 0
Q(ry,r) = , Q(r1,r3) = (24)
0 0 0 1
and
= 0 0
Q(raz,r3) = (25)
1 0
from which it can be deduced (see Eq. (14)):
— 1 0 e 0 0
W(ry,ry) = , W(ri,r3) = (26)
00 0 1

— — = =
for i = 1,2 and where it is recalled that W (r;,r;) = M(r;,r;) M (r;,r;) and M(r;,rj) =
f(r,-)‘% Q(rir 7) r'(r j)_%. Eq. (26) clearly shows that the coherence domination condition is
not satisfied and thus that the light is frustrated. Indeed, the first eigenvalue of W(ry,r 7) is not

maximal for all couple of r; and r ;. Nevertheless, it can be noticed that W(rl ,r ;) is diagonal
in an eigenvector basis that is independent of the r; which illustrates that both the properties (i)
and (ii) are required for the light to bf unfrustrated.

Example of Fig. 2.b also leads to 1:(’_]_) = 1,4. Furthermore,

= 1 0
Q(r,r2) = 0 27)

= = 0 1
Q(ry,r3) = Q(ra,r3) = (28)



366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

From which it can be deduced (see Eq. (14)):

)

— 1 0 — 1
W(ry,r) = , W(ri,r3) = (29)
0 0 0

-

for i = 1,2 and which clearly shows that W(r,r ) is diagonal in an eigenvector basis that is

independent of r;, and the first eigenvalue of W(rl , 7 ;) is maximal for any of the considered
rj. Thus both the coherence domination and the mutual incoherence separability conditions are
satisfied, which is expected since the light is unfrustrated.

Let us now consider a third example between three locations r{, r, and r3 (illustrated in Fig.
4) for which the mutual incoherence separability condition is not satisfied. For this example, the
fields are:

E(r)) =€ ex+e e,
E(r) = (a+&) e +(a+ea)e, (30)

E(r3) = (e +&)ex+ (3 e +6)e,

Thus 1:“(r1) = ?d, but:

= 21 = 1
I'(ry) = and I'(r3) = 31
12 2
Furthermore, a(rl, r) = ?d and
= 1 0 = 2 1
Q(ry,r3) = and Q(ra,r3) = (32)
0 3 13

= = — = =1 =t
However, sinceI'(r1) = 1, itisimmediate tosee (see Eq. (14)) that W (ry,r;) = Q(r1,r;) T (r;j)Q (r1,r;),

which leads to:

IS}

W=
W=

— 5
S W(r,r)=| °

Wrnr)=| 3 (33)

WIN

1
3

W=
W=

It is easy to verify that W (r1, r2) W (r1,r3) # W(ri,r3)W(ry,r2). Thus W (r,r;) and
W(rl, r3) cannot be diagonal with the same unitary matrix N (r) as in Eq. (15). The mutual
incoherence separability condition is thus not satisfied (i.e. Eq. (17) is not satisfied) and the light
is frustrated.

7.2.  Mean square coherent light

Mean square coherent light (MSC) provides a simple example of a category of unfrustrated light.
Such lights can indeed be written [17]:

E(r)=+1 e Fi(r)+ VL & f,(r) (34)

with I; > 0, (€€;) = 0;; and where ?, (r) and fz(r) are two deterministic functions of r with
values in C2. In that case, it is easy to see [17] that uy(ry,rp) = ua(ry, rp) = 1, which shows
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Fig. 4. Simple example for which the mutual incoherence separability condition is not
satisfied.

that the coherence domination condition is respected. The mutual incoherence separability
condition is also respected, which shows that mean square coherent lights are unfrustrated.
Mean square coherent light corresponds to the particular case of unfrustrated light for which
ui(ry,ry) = pp(ry, ro) = 1. The polarization matrix is not singular at location r if there does
not exist a complex number A such that £1(r) = 2 f,(r) and, in that case, there exists a gauge
transformation that leads to the field A(r) = €jex + e;e,. The field A(r) has thus a diagonal
CSDM (the polarization matrix is equal to the identity matrix as well as the normalized CSDM).

The field A(r) corresponds to uniformly and totally unpolarized light. There exists also
mean square coherent lights more complex than A(r) such as Full Poincaré light beams of type
II [21]. Another example corresponds to a speckle field obtained by enlightening a surface with a
totally unpolarized and coherent field E(r) = €1ex + ezey. If the speckle field can be written

A(r) = J(r)E(r), then A(r) is unfrustrated since A(r) is a gauge transformation of E (r) and
E(r) is a mean square coherent light and hence unfrustrated.

Let us now consider another example of MSC light, which will allow us to illustrate the
difference of the decomposition considered in this article in Eq. (21) with the one proposed
in [20]. The field of this MSC light is assumed to be the sum of two perfectly polarized beams,
incoherent between them, with non parallel polarization:

E(r)=f(r)ae+eex (35)

with (€]'€;) = 6;; and f(r) > 0, e, = (1,07 andez = (1, )T Then:

E(rl,rz)z L+ f(r))f(r2) 1 36)

1 1

Since Q(r1, r;) is real and symmetric and since its eigenvalues are positive, its singular values
and singular vectors are equal to its eigenvalues and eigenvectors. Its singular values are thus:

1
As(ry,rp) = 3 (2+g+(r1,m2)) 37

where g, (r1,r2) = f(r1) f(r2) £ 4+ f(r1)2f(rz)%. The normalized singular vectors are:

_ 1 g+(r1,r2)
wis(ry,rn) = ———— (38)

Va4 +gi(ri,ra) 2
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Thus, the polarization vectors obtained with this decomposition are equal at locations r| and
ry (i.e., Wi, +(ri,r2) = W +(r1,r2)) for this example but they are different from e, and E%.
Moreover, the polarization obtained with this decomposition at r varies if r, varies which is not
the case of e, and E%.

Let us now analyze the same situation from the point of view of the decomposition considered
in this article in Eq. (21) based on the SVD of the normalized CSDM. It can indeed be performed
from the only knowledge of the CSDM and the polarization matrices at r; and r, without

requiring the knowledge of Eq. (35). Since I'(r) = Q(r, r), a direct calculus allows one to see
with Eq. (36) that:

T(r) = fA(r)2 el +25 2% =1(r) 1(r)" (39)
with the Jones matrix:
= 1
F=| (40)
0 1

— — =1 — =1
that transforms the field E (r) into the field A(r) =J (r) E(r). It can be noticed that J (r)

acts as a gauge transformation. A direct calculus shows that the CSDM of A(r) is equal to the
identity matrix (i.e. (Z*(r I)ZT (r2)) = I4), and so do the polarization matrices at locations
r1 and ry (since the polarization matrix is (Z*(r)ZT (r)) and is thus also equal to ?d). Thus
Ar)=eec+e e, withe, = (1,0)7 and e, = (0, ). But E(r) = J(r) A(r) and then:

E(r)=f(r)eex+ee 41)

i
which allows one to recover the model of Eq. (35) that corresponds to the two totally polarized
and coherent fields (but totally incoherent between them) considered in this example. This simple
example demonstrates the relevance of the normalized CSDM to get the decomposition that
corresponds to the initial perfectly polarized lights and incoherent between them.

7.3. Diagonal Gaussian Schell model

Let us now consider the following particular diagonal Gaussian Schell model [22] in a spatial
domain D that corresponds to a particular transverse plane to the propagation axis for which the
CSDM is:

= wx(ry,r 0
St =| 0T 42)
O wy(rh r2)
Pl e
with wg(r1,r2) =Ige  *°0 e 202 with s =x,y. The normalized CSDM is thus:
= =3 = =1 il =
M(ri,rj) =T (r) Q(ri,r;)T (rj)=e¢ 207 Iy (43)

since lE(r) = a(r, r) and which implies:

_i(r): I/wa(r»r) O (44)

0 1/\Jwy(r, r)

=

— —= =
The matrix W (r;,r;) = M(r;,rj) M (r;,r;) is diagonal in an eigenvector basis that is

independent of r; and r; (since M(ri,r 7) is proportional to the identity matrix), the mutual
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incoherence separability condition is thus respected. Furthermore, the first eigenvalue is equal to
the second eigenvalue for any considered r; and r; which shows that the coherence domination

condition is also respected. The light is thus unfrustrated.
— =11
Indeed, it is easy to see that ETM(ri, rj)u = e 202 for all u with =1 Thus, the
polarization configuration u(r) = ug for all r and whatever 1, maximizes the modulus of the

scalar degree of coherence, and this is valid for any triplet of locations.

7.4. Frustrated light with Gaussian Degrees of Coherence

An example of frustrated light in a spatial domain D that corresponds to a particular transverse
plane to the propagation axis is observed with the sum of two fields with anisotropic coherence.
Indeed, let us assume that the field is the sum of a horizontally polarized light and of a vertically
polarized light incoherent between them. Let us also assume that the expression of the CSDM is
still provided by Eq. (42) but with:

2 2
ry||~+|r
Heq 1=+ eo |1 (S]_Sz)z
402 S il 2

ws(ri,rm) =1 e 0 e 2o (45)

with s = x, y. A development similar to the one of the previous example shows that the normalized
CSDM is:

_ (erz)z
e 202 0

_(yr.v2>2
0 e 207

M(ri.r) = (46)

The matrix W (r;, r ;) (defined in Eq. (14)) is diagonal in an eigenvector basis independent of

r;, r; and thus the mutual incoherence separability condition is respected. However, the first
_ () -x) _ o1-y2)? .
eigenvalue e 202  is not always greater than or equal to the second eigenvalue e 202 which

shows that the coherence domination condition is not respected. The light is thus frustrated.

This result can be easily illustrated by looking at the coherence at the three locations
ri=(0,007,r, = (V20,007 and r3 = (0, V2 0)T. Indeed, the maximal coherence between r
and r is obtained with projection of the field on the vertical y polarization. However, between
r1 and r3, the field has to be projected on the horizontal x polarization in order to maximize the
modulus of the standard degree of coherence.

7.5.  Sum of three Hermite-Gaussian lights

With this last example, the considered field, in a spatial domain D that corresponds to a particular

transverse plane to the propagation axis, is the sum of three Hermite-Gaussian lights which are
2442

statistically incoherent between them. Setting: G, (r) =x" y™ ¢~ 2> where r = (x, ), let
us assume that the total field is defined with:

E(r) = € Goo(r) eg + €1 G1o(r) ex + & Goi (r) e, 47

€N = S+ I _ 1 L .
where (elej) = §;j and where e, = (\Fz’ \/i)' Then:

_rypars? [ L4 xx,

Q(ri,r)=e 24 (48)

1
2
1 1
2 3Ty

and T(r) = Q(r, 7).
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Let us show that the mutual incoherence separability condition is not respected for the three
locations r1 = (1, 1), r, = (1,0)T and r3 = (0, 1)T. In that case one obtains (where the symbol
oc means proportional to):

= 31 = 3 1 = 1 1
[(ry) o ,I(ra) o ,I(r3) (49)
1 3 1 1 1 3

and Q(r],rz) oc F(rz) and Q(r],r3) o F(r3) The relation ’VV(rl, r;)= M(rl, r;) M (rl,rj)

(see Eqs (14) and (5)) implies ’VV(rl,rJ) =T (r,) Q(r,,rj) F (rJ) Q(rj,r )T (r,) But
since Q(rl,rj) o F(rj) for j = 2,3 then:

(W(rl,rj)fxr (h)Q(r,,n)F (r1) (50)

It has been seen that to satisfy the mutual incoherence separability condition it is necessary that
W(ry, r)W(ri,r3) = W(ry, r3)W(ri,r) (see Eq. (17)). Thus Eq. (17) is satisfied if:

7 = =

F ) B T (0T () Brsr) T () 51)
is equal to:
T (r) Qs r) T (r)T  (r) Qrasr) T (1)) (52)
It thus implies that
= =1 = = =1 =
Q(ra,r) T (ry) Q(r3,r) =Q(r3,r)) T (ry) Q(ra,ry) (53)

In the present case ﬁ(rj, r) =Q(ri, r;) for j =2,3 and ﬁ(rl,rj) o I_“(rj) for j = 2,3. Thus
the separability condition would imply

Fr) T (r) T(ry) « T(r) T (1) Tr) (54)

A simple direct calculus shows that it is not the case and thus the mutual incoherence separability
condition is not satisfied. The considered sum of the three Hermite-Gaussian lights is thus
polarization coherence frustrated.

In summary, the above examples illustrate the situations of unfrustrated light, frustrated light
due to the non respect of the coherence domination condition and frustrated light due to the non
respect of the mutual incoherence separability condition.

8. Conclusion

We have shown in this article that there exists two classes of partially polarized and partially
coherent lights in a spatial domain 9: polarization coherence frustrated and polarization
coherence unfrustrated lights. Each of these classes of equivalence is stable by the "gauge
transformations" that correspond to the application of linear local transformations described by
non singular deterministic Jones matrices. These properties and the proposed denomination are
in analogy with the concepts of frustration and gauge invariance in statistical physics and spin
glasses. As a result of these properties of light, practical manipulation of polarization coherence
unfrustrated lights are expected to be easier than for polarization coherence frustrated lights
which have more complex coherence properties.



493 On the one hand, it has been shown that to be unfrustrated in a spatial domain D the light has
04 to satisfy two different conditions. Indeed, the light has to be the sum of two totally polarized
495 light in D that are incoherent between them and one of these lights has to have a modulus of the
a6 scalar (i.e. standard) degree of coherence always greater than or equal to the other in D. The
a7 decomposition method of the light as the sum of two totally polarized light incoherent between
s9s  them can be obtained with a singular value decomposition of the normalized CSDM. It has been
499 shown that a polarization coherence filtering allows one to extract a field proportional to the most
soo  coherent part of the field in that case of unfrustrated light. The maximum value of the modulus
so1  of the degree of coherence that can be extracted this way can be directly obtained by determining
sz the value of the largest intrinsic degree of coherence between different locations.

503 On the other hand, polarization coherence frustrated light in a spatial domain 9 can appear
s+ when one or both of these conditions are not satisfied. In that case, such a polarization coherence
sos filtering to extract a field proportional to the most coherent part of the field is not possible.

506 In terms of practical application of these concepts, the ability to verify the non frustration of
so7  the light, and to design the appropriate local gauge transformations can be of interest for optimal
sos  light focusing for instance. The faculty to extract a maximally coherent field from an unfrustrated
sos  light through appropriate polarization filtering can also be of interest for some applications.

510 There exists several perspectives for this work. In particular, it will be interesting to analyze
s11 the frustration properties of several general models of coherence used in standard coherence
sz theoretical studies and to analyze the evolution of unfrustration or frustration with propagation
si3 for these models. It will be useful to better investigate new practical implications of polarization
s14  coherence frustration and in particular experimental demonstrations to illustrate this concept are
515 motivating perpectives. Finally, this concept could be generalized to light for which the fields
si6  can fluctuate in 3D.

sz 9. Appendix A

st The singular value decomposition of the matrix M (ry, r,) can be written:

us(ri,r2) 0

M(ri.r) =U(ry.r)' V(ri.ra) (55)

0 ur(ri,ra)

sis where U(ry,r) and V(r, r,) are unitary matrices and where us(ry,r2) and py(r1,r,) are
s20 the intrinsic degrees of coherence introduced in [3] defined in the spectral domain, that
st satisfy ug(ry,r2) = uyp(ry,ra) > 0. As defined in section 3, the light is unfrustrated in a

s2 domain D if there exists 72;(r) such that 7, (r)"(r) = 1 and |7 (r) "M (r, r2)n(r2)] is
s2s  maximal for any r; and rp in D. If ug(ry,ry) > uy(ry,ry), the optimal c_onﬁguration leads

sea to [y (r1) M (ry, r2)71(r2)| = us(ri,r2), and this property implies that V(ry,r) 71 (r2) =

ses eI g and U(ry,r) ni(ry) = 9«2 & where 2, = (1,0)7, since us(ri,r2)
s26 18 the maximal value of the modulus of the scalar degr_ee of coherence [3]. If ug(ry,r2) =

527 El(rl,rz), the choices of 77;(ry) and 71; (r2) such that V(ri, r2) 711(r2) = e/ (-72) 2 and

528 U(rl, ry) ni(ry) = e'%« (r.12) & are still possible to maximize the modulus of the scalar degree
s29  of coherence.
530 Let us introduce the vector 72, (r) such that 71> (r) 722 (r) = 1 and 72, (r) 7, (r) = 0. One has

s a(r2) V(r,r) " V(r, r) mi(ra) = na(r2) 1 (r2) = 0andalsony (r2) V(ry, 1) V(ri, ra) i (rp) =
s €T 7y (r0)T V(ry, r2)T €, = 0. Then, necessarily V(ry, r2) 2 (r2) = /¢ (':72) 2 with
s ey = (0,1)7. In other words V(ri,r2) N(r2) = D, (r1,r2) with N(r) = [71(r), 72(r)] and

s where D, (ry, ) is the diagonal matrix with diagonal values e!#» ("'1-72) and /¢ (T.72) - Ap
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analogous development leads to U(r 1, r2) N(r1) = D, (r1,r2) where D, (r1,r2) is the diagonal
matrix with diagonal values e?#«(T'-T2) and ¢!%«("'-T2) Then V(ry,r2) = D, (r1,72) N(rp)~!

and U(ry,r2) = D, (r1,12) ﬁ(rl)’l and thus:

— — T = —
M(ri.r2) = [Nro™!| Diriira) Niry)™ (56)
with:
Dirir =| HC00 57)
0 nr(ry,ra)

Whereﬁs(rl’ rz) = ,US("_I, rz)_ei[‘ﬁv(rlsrz)_‘ﬁu_(rlarZ)]Endﬁl(rl’_rz) = Uy (rl’ rz) ei[¢v(rl,r2)_¢u(r];r2)]'

It is easy to verify that N(r)N(r)" = N(r)"N(r) = I, where 1 is the identity matrix in 2D,
and thus N(r)~' = N(r)". Thus:

ﬁ('l, ry) = ﬁ(rl) 3(71, r) ﬁ('z)T (58)

which leads to Eq. (12). Furthermore, since ﬁ(r) = [n1(r),na(r)], it is easy to see that

M(r] , r'2) can also be written:

M(r1,r2) = fis(r1,72) W (1) W (r2) + i (71, 72) T (1) ) (r2) (59)

with |5 (r1, r2)| = |y (r1,r2)| for any ry and > in O and where |us(r1, r2)| and |uy (r1, r2)|
are the intrinsic degrees of coherence of the light for the couple of locations r| and r;.
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