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Influence of noise on Josephson junctions dynamics
with a BCS theory-based model

L. Iwanikow, P. Febvre, Senior Member, IEEE

Abstract—We developed a weak-linked Josephson junction
time-domain simulation tool based on the Bardeen-Cooper-
Schrieffer (BCS) theory to account for the electrodynamics of
Cooper pairs and quasiparticles in the presence of thermal noise.
The model, based on Werthamer and Harris formalisms, allows
us to describe the behavior of Josephson junctions for various
current and/or voltage input waveforms, analog or digital, and for
any operating temperature below the critical temperature of the
superconducting materials. We show a good agreement between
experimental and simulated IV curves of Josephson junctions,
as well as a relative increase of the grey zone width of an SFQ
balanced comparator between 4 and 20% due to the presence
of quasiparticles, for McCumber parameters comprised between
0.1 and 1, respectively.

Index Terms—Josephson junction, quasiparticles, BCS theory,
time-domain simulation, SFQ, balanced comparator, supercon-
ducting electronics.

I. INTRODUCTION

ITH the rapid development of analog and digital su-

perconducting electronics it is important to be able to
determine accurately the expected performance of a circuit
from the design stage. Indeed, one of the main challenges for
the integration of complex superconductor-based circuits is to
evaluate precisely their operation margins and yield through
a good understanding of their behavior for any condition of
operation. For instance the performance of balanced com-
parators subjected to microwave Single-Flux-Quantum (SFQ)
clocks for digital circuits in presence of thermal noise is of
high interest as it is a fundamental building block of super-
conducting digital electronics [1], analog-to-digital converters
and sensitive detectors for single photon detection in quantum
applications [2].

The Josephson junction [3} 4], building block of supercon-
ducting electronics, is a highly non-linear device. The current
flowing through it is based on the tunneling of two kinds
of charge carriers through the insulated barrier between the
two superconducting electrodes: Cooper pairs flowing without
resistance, and quasiparticles. The latter, which result from
the breaking of Cooper pairs at non-zero temperature, are
subjected to the internal resistance of the barrier.

To this end, several time-domain simulators for Josephson
junctions have been developed, such as JSIM [5], PSCAN [6],
WRSpice [7] or JoSIM [8]. With this in mind, we have devel-
oped a C++ time-domain simulator [9] based on the results of
BCS theory [10]] to assess the impact of quasiparticles, whose
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effects are often neglected, and thermal noise on a circuit’s
dynamics and performance, especially, but not exclusively, for
SFQ applications.

The model we implemented differs from the usual resis-
tively and capacitively shunted junction (RCSJ) model as
it takes into account the presence of quasiparticles on the
behavior of the Josephson junction through the analysis of
of the densities of states of Cooper pairs and quasiparticles,
described by the BCS theory. Thermal effects influences the
behavior of circuits through the proportion of quasiparticles
created by Cooper pairs breaking, and through Johnson noise
on the resistive parts of the circuit under study.

II. METHOD

The time-domain simulator of Josephson junctions is based
on the description of the densities of states of Cooper pairs
and quasiparticles described by BCS theory. The formalism
developed by Werthamer [[L1], then taken up and generalized
by Harris [[12} [13], was used to deduce the dynamics of these
charge carriers from their density of states. The time-domain
response of a Josephson junction is then a function of the
waveform applied to it:

1) = s{W(t) / T - W) dr

— 00

W) /m Tt — TYW(r) dr} M

() + 1 (1)

where the phase factor is W (t) = exp(jp(t)/2), and ¢ is the
Josephson junction phase. .J, and Jg, describe the electrody-
namics of the Cooper pairs and quasiparticles respectively, and
are assimilated as sums of complex exponential functions.
Moreover, the presence of thermal noise within a circuit,
whether analogue or digital, can have a significant impact on
its performance, such as a change of the apparent critical
current of the Josephson junction, or the appearance of a
stochastic behavior for junctions close to their switching point.
It is therefore important to take these effects into account in
order to predict the behavior of circuits under real conditions.
An analytical work in presence of noise was performed by
Ambegaokar [14] for some sets of parameters. In this work we
performed a numerical analysis based on the above-mentioned
formalism, taking the thermal noise into account. As such,
we consider a thermal noise current generated by a Norton
current source, described by a Gaussian distribution with a
standard deviation per bandwidth unit ¢ = +/4kpT/R for
each resistance IR in the considered circuit, as shown in Fig.

m
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Fig. 1. Example of a Josephson junction equivalent circuit with a Norton
noise current source. In this model, both Cooper pairs and quasiparticles are
accounted in the JJ model, while the resistor Ry, represents an external
shunt. This shunt can be set to co for non-shunted Josephson junctions. The
barrier and shunt resistors each have their own noise current source.

Numerically, we take thermal noise into account as two
separate contributions: we make the assumption that the
current due to quasiparticles is, for each time ¢, equal to
I,,(t)+ It (t), and that the shunt current can be described
by Ishunt(t) = V(t)/RShumf + Izifse(t)’ where Iri:ézse and
Iext  are shown in Fig.

For a current-biased junction, a Newton-Raphson (NR)
algorithm has been used to determine the voltage evolution
across the Josephson junction in the time domain. A multidi-
mensional NR method must be set to describe circuits made of
several junctions and components, such as inductors, resistors
or capacitors.

III. CURRENT-VOLTAGE CHARACTERISTICS

Current-voltage IV curves can be obtained by doing time-
domain simulations with a varying control current. To do this,
we perform a time simulation for a constant value of the bias
current [, and determine the corresponding time evolution of
the voltage across the simulated junction. We then average
over time the value of this voltage, which gives one point on
the IV curve [[15]. We repeat this procedure for different values
of the bias current by scanning current values in the increasing
and then in the decreasing direction, in order to account for
a potential hysteresis in the IV curve, which is expected for
junctions whose McCumber parameter Sc = %R%C’IC >
1, where I, C and R,, are respectively the junction critical
current, capacitance and normal resistance, while ®q is the
quantum of magnetic flux.

As a way to confirm or disprove the reliability of the
simulator, we compared in Fig. 2] the results of experimental
IV curves to the ones resulting from our simulations.

We can see that the presence of thermal noise can cause
the Josephson junction to switch at a bias current lower than
the critical current. This results in a reduction in the apparent
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Fig. 2. Illustration of quasiparticles and thermal noise effects on niobium-
based Josephson junctions at 4.2 K with Ic = 172 pA, Vy = 2.74 mV, R,
=135 Q, Rsubgap = 95 Q and C = 76.2 fF compared to an experimental
IV curve of a Josephson junction fabricated by the QUFAB Foundry in Japan
(wafer HSTPAOO6 No.1 Chip E5), with a critical current density jc close to
10 kA/cm?.

critical current of 15 uA (about 10%) with a standard deviation
of 6 uA. There is also a smoothing of the return current below
the gap, with a good agreement with the experimental curve,
as shown in the inset of Fig. Nevertheless we can still
observe a difference of critical currents between simulated and
experimental IV curves. This may come from the presence of a
magnetic field due to a nearby trapped flux during the measure-
ment, which is not taken into account in our simulation tool,
or from extra unfiltered noise brought by the measurement
system which makes the junction switch earlier than expected.
Moreover, the ratio R,Ic/Vy, = (n/4)tanh(eV,/4kpT),
where V; is the gap voltage, is only true for weak-coupling
superconductors [16]. We can also observe an hysteretic be-
haviour just over the gap on the simulated curves, which is
not present in experimental measurements.

IV. SFQ BALANCED COMPARATOR

The general time-domain framework shown before, set to
simulate Josephson junction dynamics in the general case,
can be used for instance to predict the IV curve of analogue
Superconductor-Insulator-Superconductor (SIS) receivers in
presence of microwave radiation [9]] or anticipate in a more
general way spectral properties of Josephson devices through
signatures on their IV curves [[17, [18]]. We point out here that
the main advantage of time domain-based simulations is to
compute the Josephson junctions dynamics in real time, which
is especially useful for digital logic and any other effect based
on dynamics taking place at short time scales, at the cost of
more computing-intense simulations though. To illustrate this
point we took the example of a crucial brick of superconductor
logic for analogue-to-digital conversion, SFQ and Adiabatic
Quantum Flux Parametron (AQFP) logic cells: the Josephson
balanced comparator [1},19-21], as shown in Fig. E} The values
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Fig. 3. Equivalent circuit of the simulated SFQ balanced comparator

TABLE I
ELECTRICAL PARAMETERS OF THE SIMULATED BALANCED COMPARATOR.
AR Value AP Value
Ic, 164 uA 1o, 200 pA
Ry, 13.0 Q Ry, 10.7 )
Ch 0.82 pF Ca 1.0 pF
Ry 1.56 Q2 Ra 1.28 Q)

of electrical parameters of both JJ; and JJ, are given in Table
[l In this study, we set I, = 125 pyA and Lg = 2.2 pH.
Parameters where chosen such as 8¢ = 1 and R,Ic = 0.256
mV, with a critical current density jo = 10 kA/cm? The
method described in this paper gives the possibility to assess
the effects of Cooper pairs on the comparator properties,
such as the commutation rate, in absence or in presence of
quasiparticles, in order to evaluate the approximations usually
done in the past, where the influence of quasiparticles was
often neglected.

The principle of such a comparator is to induce the com-
mutation of the lower or upper Josephson junction, while the
output signal is taken from only one of the two junctions,
usually the lower one. The commutation of each of the two
junctions depends on the value of the signal input [x, which
alters the current distribution in both JJ; and JJ,: for low values
of Ix, the upper junction will be closer from its commutation
state, which will make it switch instead of the lower junction,
for each SFQ pulse delivered by the clock. However, when I x
is high enough, the biasing current of the upper junction will
be lower, which will favour the commutation of the lower
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Fig. 4. Evolution of the probability of commutation of JJ, with the input
current of a niobium-based Josephson junction at 4.2 K in the comparator
circuit subjected to a 50 GHz SFQ voltage pulse train with and without
quasiparticles effects. The black line represents the ideal case in the absence
of thermal noise, while the blue and red markers show the simulation results
while taking into account, respectively, the Cooper pairs only, then both
Cooper pairs and quasiparticles. The dashed and dotted lines are the fitting
results of the simulation with Eq. [3] for Cooper pairs with and without
quasiparticles respectively.

junction. Since the temperature is not at absolute zero, the
probability of commutation of a Josephson junction biased
with a current I is not strictly O when I, < I¢, or 1 when
I, > Ic. Instead, a grey zone exists around [, ~ Io where
the probability of commutation of the Josephson junction is
between 0 and 1 when subjected to an SFQ pulse in this
studied case of the SFQ comparator, as shown in Fig. {4

To study the range of use of the comparator, the probability
of commutation of one of the junctions was calculated by
counting its number of commutations between initial and final
instants ¢y and ty, for a range of values of Ix at a set clock
frequency fcjock- This number is then divided by the number
of periods of the SFQ clock signal to obtain the probability.
In practice and for physical reasons, it is easier to obtain this
probability by working on the superconducting phase. Indeed,
each SFQ pulse derives from a variation of phase Ay = 27
such that the probability of commutation is:

__p(ty) = o(to)
27chlock (tf - t[))
The probability of commutation of the other junction of the
comparator is equal to 1 — P.
The evolution of the probability as a function of the DC
input current /x can be approximated by the equation:

2

PyIx) = 1= Pu(lx) = 21+ erf (Va2 1)) )

where er f is the error function.

To obtain a relevant comparison of the evolution of prob-
ability as a function of input current, we have kept the
same value for the RIc product for each f¢, with R =
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Fig. 5. Study of the effect of the SFQ clock frequency on a comparator circuit
with or without taking the quasiparticles into account at 4.2 K, for different
values of the Stewart-McCumber parameter. Markers are the results obtained
through our simulation tool. Dotted and dashed lines are a guide for the eye
for the evolution at 5o = 1 of the grey zone with and without quasiparticles
respectively, while the dot-dashed line is a guide for the eye for S < 1.

(RnRshunt)/(Rn + Rshunt) and R = Rgpyn: for the simula-
tions with and without quasiparticles contribution, respectively.

The procedure used to obtain the data shown in Fig. [] is
then applied for various clock frequencies between 10 GHz
and /00 GHz to estimate the effect of the SFQ clock.

As shown in Fig. 5] the width of the grey zone increases
with clock frequency, decreasing the sensitivity of the com-
parator, as also known from [19]. We are also able to see
the effect of quasiparticles on the dynamics of the circuit:
their impact is minimal for low frequencies but increases
with clock frequency. For example, taking quasiparticles into
account increases by 18 % the width of the grey zone for a 50
GHz clock signal at 4.2 K for B¢ = 1. As such, their impact
may be critical to estimate operation margins, especially for
high frequency applications.

In such circuits, Josephson junctions are usually moderately
damped with 8- = 1 with a shunt resistor. A thorough
analysis of the effect of Stewart-McCumber parameter [
on the performances of the comparator was done through
the simulation of the circuit with altered values of the shunt
resistors of JJ; and JJ, to decrease the value of f¢.

In Fig. 5 we see that for overdamped Josephson junctions
(Bc < 1), we obtain a better operation margin of roughly 15
% on the whole clock frequency range. We may also note
that the effect of quasiparticles on the operation margin seems
less significant, which makes sense since the quasiparticles
current path is shunted externally, leaving Cooper pairs to
dominate the tunneling process. Fig. [f] illustrates the impact
of quasiparticles on operation margins for S = 0.1,0.5 and
1. If the impact seems to be steady on the studied range
of clock frequencies for the simulated comparator, the effect
of quasiparticles on the operation margins goes down from
roughly 20 % for B¢ =1 to 4 % for B¢ = 0.1.
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Fig. 6. Influence of the Stewart-McCumber parameter on the relative

difference of the comparator grey zone induced by quasiparticles for clock
frequencies ranging from 10 to 100 GHz. Markers are the results obtained
through our simulation tool, while dashed lines are a guide for the eye.

A comparison with experimental measurements will be
carried out in the near future to ensure the reliability of
the simulations. However, the simulation model will have
to be refined to take into account the contributions of the
surrounding environment, such as external noise and parasitic
elements.

V. CONCLUSION

The simulator allows us to qualitatively and quantitatively
assess the effects of quasiparticles and thermal noise on
the dynamics of Josephson junctions, for both analogue and
digital applications. Comparisons between experimental mea-
surements and simulations have been carried out on IV curves
for analogue applications and are in good agreement. As such,
this simulation tool can be of great help in the design of
analog, digital or mixed-signal circuits. By describing more
accurately the behavior of Josephson junctions by taking into
account the role of quasiparticles, it can be used for example
to determine more precisely the operation margins of logic
functions in superconducting digital circuits, and improve the
reliability of simulations during the design phase. Nevertheless
further improvements are still needed, notably to account for
effects of local magnetic fields.

ACKNOWLEDGMENTS

We want to thank Dr Mutsuo Hidaka who provided exper-
imental data of IV curves associated with the fabrication of
Josephson junctions made at the QUFAB Foundry in Japan
with the HSTP technological process for prototyping quantum
computer circuits. We are also very grateful to Thierry Robert,
Jean-Luc Issler and Jean-Francois Penn for their continuous
support.



SUBMITTED TO ARXIV - 27 SEPTEMBER 2023 - REVISED ON 10 NOVEMBER 2023

REFERENCES

[1] T. Filippov, Y. A. Polyakov, V. Semenov, and K. Likharev, “Signal
resolution of rsfq comparators,” IEEE Trans. on Appl. Supercond., vol. 5,
no. 2, pp. 2240-2243, 1995.

[2] S. Steinhauer, S. Gyger, and V. Zwiller, “Progress on large-scale super-
conducting nanowire single-photon detectors,” Applied Physics Letters,
vol. 118, no. 10, p. 100501, 2021.

[3] B. D. Josephson, “Possible new effects in superconductive tunnelling,”
Phys. Lett., vol. 1, no. 7, pp. 251-253, 1962.

[4] B. D. Josephson, “The discovery of tunnelling supercurrents,” Rev. of
Modern Phys., vol. 46, no. 2, p. 251, 1974.

[5] E. S. Fang, “A josephson integrated circuit simulator (jsim) for su-

perconductive electronics application,” in Extended Abstracts of 1989

International Superconductivity Electronics Conference, Tokyo, 1989.

S. V. Polonsky, V. K. Semenov, and P. N. Shevchenko, “Pscan: personal

superconductor circuit analyser,” Supercond. Sci. and Technol., vol. 4,

no. 11, p. 667, 1991.

[7]1 S. R. Whiteley, “Josephson junctions in spice3,” IEEE Trans. Magn.,
vol. 27, no. 2, pp. 2902-2905, 1991.

[8] J. A. Delport, K. Jackman, P. Le Roux, and C. J. Fourie,
“Josim—superconductor spice simulator,” IEEE Trans. on Appl. Super-
cond., vol. 29, no. 5, pp. 1-5, 2019.

[9] L. Iwanikow and P. Febvre, “Time-domain simulator of josephson
junctions based on the bcs theory,” IEEE Trans. on Appl. Supercond.,
vol. 33, no. 5, pp. 1-5, 2023.

[10] J. Bardeen, L. N. Cooper, and J. R. Schrieffer, “Microscopic Theory of
Superconductivity,” Phys. Rev., vol. 106, no. 1, pp. 162-164, 1957.

[11] N. R. Werthamer, “Nonlinear Self-Coupling of Josephson Radiation in
Superconducting Tunnel Junctions,” Phys. Rev., vol. 147, no. 1, pp. 255—
263, 1966.

[12] R. E. Harris, “Cosine and other terms in the Josephson tunneling
current,” Phys. Rev. B, vol. 10, no. 1, pp. 84-94, 1974.

[13] R. E. Harris, “Josephson tunneling current in the presence of a time-
dependent voltage,” Phys. Rev. B, vol. 11, no. 9, pp. 3329-3333, 1975.

[14] V. Ambegaokar and B. I. Halperin, “Voltage due to thermal noise in the
dc josephson effect,” Phys. Rev. Lett., vol. 22, pp. 1364—1366, 1969.

[15] S. Razmkhah and P. Febvre, “Joinus: A user-friendly open-source
software to simulate digital superconductor circuits,” IEEE Trans. on
Appl. Supercond., vol. 30, no. 5, pp. 1-7, 2020.

[16] A. A. Golubov, E. P. Houwman, J. G. Gijsbertsen, V. M. Krasnov,
J. Flokstra, H. Rogalla, and M. Y. Kupriyanov, “Proximity effect
in superconductor-insulator-superconductor josephson tunnel junctions:
Theory and experiment,” Phys. Rev. B, vol. 51, pp. 1073-1089, 1995.

[17] Y. Divin, U. Poppe, K. Urban, O. Volkov, V. Shirotov, V. Pavlovskii,
P. Schmueser, K. Hanke, M. Geitz, and M. Tonutti, “Hilbert-transform
spectroscopy with high-t/sub c/ josephson junctions: first spectrometers
and first applications,” IEEE Trans. on Appl. Supercond., vol. 9, no. 2,
pp. 3346-3349, 1999.

[18] P. Febvre, J.-C. Berthet, D. Ney, A. Roussy, J. Tao, G. Angenieux,
N. Hadacek, and J.-C. Villegier, “On-chip high-frequency diagnostic of
rsfq logic cells,” IEEE Trans. on Appl. Supercond., vol. 11, no. 1, pp.
284-287, 2001.

[19] T. Filippov and M. Znosko, “Time characteristics of a josephson-
balanced comparator,” Supercond. Sci. and Technol., vol. 12, no. 11,
p. 776, 1999.

[20] H. Terai, Z. Wang, Y. Hishimoto, S. Yorozu, A. Fujimaki, and
N. Yoshikawa, “Timing jitter measurement of single-flux-quantum pulse
in josephson transmission line,” Applied physics letters, vol. 84, no. 12,
pp. 2133-2135, 2004.

[211 Y. Yamanashi, T. Matsushima, N. Takeuchi, N. Yoshikawa, and T. Or-
tlepp, “Evaluation of current sensitivity of quantum flux parametron,”
Supercond. Sci. and Technol., vol. 30, no. 8, p. 084004, 2017.

[6

[t



	Introduction
	Method
	Current-voltage characteristics
	SFQ balanced comparator
	Conclusion

