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Fy AND DESMIC QUARTIC SURFACES

LAURENT MANIVEL

ABSTRACT. The desmic pencil of quartic surfaces is part of a beautiful,
but mostly forgotten chapter of the classical theory of algebraic surfaces:
it is the only non-degenerate pencil of surfaces in P? containing at least
three completely reducible members. We observe in this note that it is
closely related to the Weyl group of the root system Fj, and can be re-
covered from a series of symmetric spaces deduced from the exceptional
Lie algebras. We discuss the main properties of the pencil from this Lie
theoretic point of view.

1. INTRODUCTION

The desmic pencil was named this way by Stephanos in 1879 [Ste79]:
it is the unique pencil of quartic surfaces, up to projectivity, containing
three tetrahedra with no common face. It was studied in depth by Humbert
[Hum91|] and is devoted a chapter of Jessop’s classical treatise on quartic
surfaces [Jesl6]. The general desmic surface has 12 singular points (the
desmic points) and contains 16 lines and 16 conics. Its symmetry group is
the Weyl group of the root system Dy, but we observe that the symmetry
group of the full desmic pencil is bigger: it is the Weyl group of Fy.

In fact we will proceed in the reverse direction. In a recent series of
works [BBFM23| BBFM24|, [Liu25, BBFM?25], we studied gradings of simple
complex Lie algebras as a powerful tool to construct interesting geometric
objects, following the impulse given by [BHI16] and [GSW13]. The main
tools for dealing with such gradings were devised by Vinberg [Vin76], whose
tables show that the Weyl group of Fj is the so-called little Weyl group
of a nice series of Zo-gradings of the exceptional Lie algebras. Typically,
there is Zo-grading of eg with one piece isomorphic to C2 @ A3CS, hence
connected to lines in P(A3CY). This projective space contains an invariant
quartic hypersurface [Don77, Chapter 3|, and such a line therefore defines an
elliptic curve: this process, considered in [BHI6l 6.4.2], was first suggested
by Segre [Segl8]. Applying Vinberg theory, we construct in C? @ A3C® a
four-dimensional Cartan subspace (a generalization of the Cartan subalge-
bra). Restricting the invariant quartic, we get a W (F})-invariant pencil of
quartic surfaces in P3, and this turns out to be the desmic pencil. This is
another confirmation of the author’s fantasy that part of the most beauti-
ful objects of classical algebraic geometry are, in some sense, derived from
the exceptional Lie algebras: including the Segre cubic, Kummer surfaces,
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Coble hypersurfaces, and even cubic fourfolds and Debarre-Voisin fourfolds
[IM19].

Interestingly, the three tetrahedra in the desmic pencil are in correspon-
dence with the twelve long positive roots of Fy, that one can uniquely split
into three groups of mutually orthogonal roots. One can do the same with
the short roots, which yields another copy of the desmic pencil, classically
known as conjugate to the first one (its vertices are the 12 desmic points).
From this point of view, the two desmic pencils are instances of (projec-
tivized) Macdonald representations [Mac72|, constructed from subroot sys-
tems of Fy of type Af. It is worth noticing that little is known about linear
systems of hypersurfaces containing many completely reducible members.
For pencils, some progress have been made [PY08| [Yuz09]; there is a com-
binatorial version called the desmic conjecture (see e.g. [Bor83|); but the
general case seems wide open. Macdonald representations provide nice ex-
amples of such linear systems. In [LM25], we found a P* (resp. a P® and a
P4) of hypersurfaces in P? containing 15 tetrahedra (resp. 45 octahedra and
15 dodecahedra); one can wonder whether these examples are extremal and
isolated.

Closely related to the desmic pencil is the Hesse pencil of plane cubics,
which can also be derived from Vinberg’s theory. As well as the Hesse
pencil parametrizes elliptic curves, it was shown in [Hum91] that the quartic
surfaces of the desmic pencil are biratonal to Kummer surfaces of squares
of elliptic curves. We connect this wonderful observation to our approach
through Vinberg’s theory by checking that the elliptic curve in question is, as
one could expect, the same as the one considered by Segre and Bhargava-Ho;
this is the only original result of this modest note.

Acknowledgements. We warmly thank Willem de Graaf for his very useful
hints, and Igor Dolgachev for his kind comments. Support is acknowledged
from the ANR project FanoHK ANR-20-CE40-0023.

2. F; AND ITS ROOT SYSTEM

A convenient way to describe the root system of Fy is to use the fact that
509 embeds in f4 as a simple subalgebra of maximal rank. More precisely,
there is a Zo-grading of f4 given by

f4 =509 @ A,

where A is the sixteen dimensional spin representation of sog. As a conse-
quence, the standard Cartan subalgebra of sog is also a Cartan subalgebra
of f4, with respect to which the roots of the latter are

1
:|:€Z' + €5, :|:€k, §(Z|Z€1 + €9 + €3 + 64),

where €1, €9, €3, €4 is the usual notation for an orthogonal basis of the dual
of the Cartan algebra. The first group gives the 24 long roots, the second

and third group give the 8 4+ 16 short roots [Bou02]. In order to select a set
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positive roots, we can fix a generic real linear form, say ¢ = l1e] + foey +
lse3 + Lq€); the positive roots are those on which ¢ takes positive values,
and we deduce the simple roots as the indecomposable positive roots; fixing
for example ¢1 > fo > ¢35 > {4 > 1, we obtain the simple roots

1
(1) ar=e—€3, ax=e3—€4, az=c¢€4, 4= 5(61 — €2 — €3 — €4).
Lemma 1. Any long (resp. short) root is orthogonal to three long (resp.
short) positive roots and siz short (resp. long) positive roots.

Proof. Since the Weyl group acts transitively on long (resp. short) roots, it
suffices to check the claim for one long root and one short root.
The long root €; — € is orthogonal to the three long positive roots €1 + €
and €3 £ ¢4, and the six short positive roots €3, ¢4 and %(61 +ex T €3t ey).
The short root €; is orthogonal to the three short positive roots €s, €3, €4
and the six long positive roots €5 + €3, €3 + €4, €3 + €4. O

An immediate consequence is the following

Proposition 2. There is a unique way to split the twelve long (resp. short)
positive roots of Fy into three mutually orthogonal groups of four roots.

Explicitly, the three groups of long roots are

€1 —€2, €1 T €2, €3 — €4, €37+ €4,
€1 —€3, €1 T €3, € — €4, €2+ €4,
€1 — €4, €1 T €4, €2 —€3, €2+ €3,

The three groups of short roots are €1, €2, €3, €4 and

l(61 + €2+ €3 + 64), l(61 — €9 — €3 +64),
5(61 —€ea+ €3 —€4), 5(61 + €3 — €3 — €4),

%(61 — €9 — €3 — 64), %(61 — €9 + €3 +64),
5(61 + €2 — €3+ €4), 5(61 + e+ €3 —€q).

Subsets of mutually orthogonal roots as in Proposition 2l are in correspon-
dence with root subsystems of type Af. Such root subsystems have been
extensively studied and classified [Osh06].

Remark 3. The orthogonal matriz

1 =10 0
111 1 0 0
V2 0 0 1 -1
00 1 1

sends the short roots to multiples of the long roots and conversely. This ex-

plains the symmetry between long and short roots in the previous statement.
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3. W(Fy) As A LITTLE WEYL GROUP

Vinberg showed how to associate to a simple graded Lie algebra a little
Weyl group, generalizing the construction of the usual Weyl group [Vin76].
It is a remarkable fact that, as can be observed in [Vin76, Table pp. 491-
492], the Weyl group of F} is the little Weyl group of a series of Zy-gradings,
namely

fa = sly x spg ® C2 @ APICE,
eg = sly x slg @ C2 @ A3CS,
e7 = sl X 5019 @ C? ® Ay,
es = 5ly X e7 ® C? @ Vig.

Here the fundamental representations A®CO ASCS AL, Vig of
5Pg, 5lg, 012, e7 have dimensions 6a + 8, for a = 1,2,4,8. This corre-
sponds to the so called sub-exceptional, or sub-adjoint series, that has
been studied by several authors, either from the representation-theoretic
[DGO2l, LMO02] or the geometric point of view [Fre63l [LMO1, Buc09l Liu25].

As in the classical theory, the little Weyl group comes with an action on
the Cartan subspace (generalizing the usual action of the Weyl group on
the Cartan algebra); for each grading of the sub-adjoint series, the Cartan
subspace as dimension four and the action of the little Weyl group is equiv-
alent to the action of W(Fy) on a Cartan subalgebra of f4. In particular
the associated symmetric spaces all have rank four, and the corresponding
algebras of invariants are all freely generated by homogeneous polynomials
of degrees 2,6,8,12.

Cartan spaces can be computed explicitly. One can check that the sub-
adjoint series of Lie algebras

5pg C slg C 5019 C e7
comes with natural embeddings of representations
ABICO c A3CO € Ay C Vi,

and that one can choose a Cartan subspace in C2 @ A®CS, that can serve
as a Cartan subspace for the whole series.

Explicitly, choose a basis fi, fo of C? and a basis ey, ..., eg of C%; denote
eijk = €; N\ ej N ep. We claim that a Cartan subspace ¢ can be chosen to be
generated by

c1 = f1®e1zs5 + fo ® e,
c2 = f1® e+ f2 @ eass,
c3 = f1® eaus + f2 ® e136,
ca = f1® e+ fo® euss.
Here e;35 and the other trivectors can be seen as vectors in A3CS, or also in
ABCS, which simply mean that that they correspond to three-spaces that
are isotropic with respect to the same symplectic form
w=ej Aey +ej Ney +er Aeg.
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In the sequel we represent elements of W (Fjy) as matrices encoding their
action on ¢ in the basis above.

Proposition 4. The little Weyl group W (Fy) is generated by the following
transformations:

1000 100 0
|00 10 o |0 100
0100/ 000 1|
0001 0010
100 0 11 1 1
o1 0 o0 S R S
=100 1 ol T2 11 —1
000 —1 1 -1 -1 1

Proof. First observe that s1, s2, s3, s4 are hyperplane reflections with respect
to €9 — €3, €3 — €4, €4 and %(61 — € — €3 — €4), which is our system (II) of
simple roots for Fy. As a consequence, they must generate a copy of W (Fy).
Since we already know that the little Weyl group is isomorphic to W (Fy),
we just need to check that it contains s1, s9, s3, S4.

By definition, the little Weyl group is the quotient of the normalizer of ¢
in SLs x SLg, by its centralizer. Therefore, we only need to check that we
can lift s1, s9, 83,84 to SLy x SLg. We provide explicit lifts o1, 09, 03, 04:

000010
000001
~1 0 001000
”1_<0 —1>X000100’
100000
010000
100000
010000
-1 0 000010
”2_<0 —1>X000001’
001000
000100
1 0 0 0 0 0
0 —¢2 0 0 0 0
(¢ 0 0 0 —¢20 0 0 i
7 <0g—1>xo o o0 10 of ¢=71
00 0 0 ¢ 0
0 0 0 00 ¢



1 =10 0 0 O
1 1. 0 0 0 O
1 (1 -1 10 0 1 -1 0 O
04 = —= X —=
vV2\1l 1 V210 0 1 1 0 0
0O 0 0 0 1 -1
0O 0 0 o 1 1
The verification that these are lifts as claimed is left to the reader. O

Considering the image in SLy we deduce:

Corollary 5. The image in SLo of the normalizer of the Cartan subspace
18 a copy if the binary octahedral group.

Remark 6. The root system of type Fy is sometimes described in terms of
quaternions. Indeed, let us formally replace €1, €2, €3,€4 by the quaternions
1,4,5,k. Consider the cube whose vertices are +£1,+i,+j,+k. The group
of unit quaternions that preserve this cube by conjugation is a copy of the
binary octahedral group; it consists in the 24 short roots, and the 24 long
roots, suitably normalized.

4. SOME QUARTIC HYPERSURFACES

The sub-adjoint series has the form g = sly x h @ C2 ® W where the
representations W share the following properties [LMO1], Buc09].

(1) They are symplectic representations, being endowed with a non-
degenerate invariant skew-symmetric form €.

(2) They contain a unique invariant hypersurface, of degree four.

(3) The orbit closures of H = Aut(h) in P(WW) are the invariant quartic
Q, its singular locus Y, and the singular locus X of Y, which is
H-homogeneous.

(4) The quartic @ is the tangent variety of X (the union of its tangent
spaces), and also the projective dual variety X* C P(WV) ~ P(W)
(the union of its tangent hyperplanes).

(5) Any point of P(W), not belonging to the quartic @, belongs to a
unique bisecant to X.

The quartic can be constructed from the symplectic form. J.L. Clerc
obtained a nice uniform expression by downgrading the Zo-grading of g into
a five-step Z-grading with go ~ g o ~ C and g; ~ W [Cle03]. A more
direct statement is the following. Recall that b is self-dual through the
Cartan-Killing quadratic form K.

Proposition 7.
(1) There is an invariant quadratic map P : W—b defined by

K(P(w),h) = Q(hw,w), YhebhweW.
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(2) The invariant hypersurface Q is defined by the quartic equation
K(P(w),P(w)) = QP(w)w,w) =0, weW.

Proof. We check that there is a unique invariant linear map S?W —b, and
a unique invariant S*W —C, up to scalar. So any invariant expression, if
nonzero, must be the right one. The claim easily follows. O

Remark 8. A generic line § C P(W) cuts the quartic hypesurface Q at four
points qi,q2,qs,q4, and the double cover of & branched at these four points
is a genus one curve Es.

This is one of the constructions of elliptic curves from special represen-
tations considered in [BH16] and [Thol3|, which ultimately led to major
results on the statistics of elliptic curves over Q. Modular interpretations
are studied further in [Liu25].

Now consider a generic element w of the Cartan subspace ¢. For simplicity
we consider ¢ as a subspace of C2® A3CS, but the other cases would lead to
the same results. So we see w as a pencil of trivectors of the form

s(x1e135 + xoe146 + T3€245 + Tae236) + t(T1€246 + T2€235 + X3€136 + Ta€145).

Our aim is to evaluate the quartic form () on such a trivector. We first
compute P(w) € slg using Proposition [7 for A3CS, the invariant symplectic
form is Q(w,w’) = w A w' € ASCS, that we trivialize by fixing a generator,
say e123456. If X = e’ ®ej, i # j, the combinatorics of the Cartan subspace
is such that Xw Aw = 0 when (i) # (12), (34), (45). The six nonzero terms
are

ey @e)wAw = 2(s’xix9 — t2x314),
1

(e @e)wAw = 2(s?x3zy — t22179),

(e ®esd)wAw = 2(s’zi34 — t27973),

(ef @ez)wAw = 2(s’xox3 — t2z174),

(ef ®eg)wAw = 2(s’zim3 — t27974),

el @es)wAw = 2(s2xoxy — t2x1x3).
6

On the other hand, a traceless diagonal matrix H gives

HwAw = —2st<(h1 + s + hs)x? + (hy + hy + he)v3+

(b + ha+ hs)d + (ha + hy + h)ad).

We deduce that P(w) preserves each of the three planes (eq,es), (e3,eq),
(e5,€6); so it is the sum of its restrictions to these three planes, which are
given by the three following matrices in sls:
st(zd + 23 — 22 —23)  2(s%z1m2 — t27374)
2(s2w3wy — t2x129)  st(z? + 23 — 23 — 22)
st(zd + 23 — 2% —2%)  2(s’mimg — t2a973)
2(s’woxy — tPxymy)  st(z? + 23 — 23 — 23)
7
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st(zd + 23 — 22 —23)  2(s’wim3 — t27974)
2(s2woxy — t2xi23)  st(z? + 23 — 23 — 22).

The contribution of the diagonal part is given by the formula above, with
H being the diagonal part of P(w); we get

—25%¢? ((w% + 234 2f — 3ad)a? 4+ (2F + 2d 4+ 2F — 323)ad+

(22 + 22 + 2 — 322)ad + (2 + 23 23— 3xi)$2).

Using the formulas above, we obtain the contribution of the off-diagonal
part of P(w) as

8((32:513:2 — t2x3m4)(32x3x4 — t2x1x2) + (32x1m4 — t2$2$3)(82$2$3 — t2x1x4)

+(32x1x3 — t2x2m4)(s2x2m4 — t2x1m3)).
The sum of these two contributions finally yields:

Proposition 9.

Q(w) = 24(s* + tYz zoa324 — 6512 (2 Z xf:p? - Z xﬁ)

i<j k

We thus finally obtain the pencil of quartics of the form

(2) 8AxiTow314 — B <2 Z m?m? — Z azi)
k

i<j

This is classically known as the desmic pencil.

5. THE DESMIC PENCIL

The desmic pencil of quartic surfaces is characterized by the fact that it
contains three tetrahedra [Ste79], as follows from the expression given by
Proposition

o Ti: st=0,
faces z; = 0,
vertices [17 07 07 0]7 [07 17 07 0]7 [07 07 17 0]7 [07 07 07 1]7
o Ty: 52 —t2=0,
faces €121 + €90 + €313 + €414 = 0, €160€3¢4 = 1
vertices [17 17 17 1]7 [17 17 _17 _1]7 [17 _17 17 _1]7 [17 _17 _17 1]7
o Tg: s> +t2=0,
faces €121 + €920 + €313 + €414 = 0, €160€3¢4 = —1
vertices [1,1,1,—1],[1,1,—1,1],[1, —-1,1,1], [1, -1, —1, —1].

Remark 10. These three tetrahedra were called ”desmiques” by Stephanos
(from the Greek déoun, another word for “bundle” or ”sheaf”) precisely

because they belong to a same pencil of quartic surfaces.
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We recognize in the three tetrahedra the splitting from Proposition [2] of
the short roots of f4. The long roots can be used as well and yield another
classical form of the desmic pencil, as the pencil of quartic surfaces with
equations of the form

(3) a(yi —v3)(W3 — i) — byt —y3) (v —vi) +c(yi —vi) (Y3 —y3) =0,

where a + b+ ¢ = 0. This can also be written as

(4) (b—)(yivi +y3yd) + (¢ — a)(yiy3 + y3ud) + (a — D) (yivi + y3u3) = 0.
In fact it was observed already in [Ste79) section 15] that the twelve desmic
points are the vertices of three other tetrahedra forming another desmic sys-
tem, called conjugate to the first one. The explicit computations of [Mat26),
section 5| show that the desmic pencils (2) and (B]) are conjugate. We con-
clude:

Proposition 11. The two splitting of the long and short roots of f4 into
three tetrahedra yield two conjugate desmic pencils of quartic surfaces in P3.
As a consequence, the Weyl group W (Fy) acts as a group of symmetries of
these desmic pencils.

Remark 12. This was clearly known to Shephard and Todd, being briefly
mentioned page 278 of [STH4]; this comes with a reference to [Cox91], al-
though desmic surfaces do not appear there. However, Coxeter describes
W (Fy), rather denoted [3,4, 3], as the symmetry group of the 24-cell, whose
vertices can readily be put in correspondence either with the long or the short
roots of Fy (see ”Cesdro’s construction” in [Cox91l 8.2]).

A given desmic surface is of course not invariant under W (Fj), but (in
general) under changes of signs of the coordinates, and also double trans-
positions: these transformations generate a copy of W(Dy). In particular,
as Kummer surfaces, desmic surfaces belong to the family of Heisenberg in-
variant quartics studied in [EKII8] (but they are never Kummer surfaces). A
more classical study of these surfaces is given in [Edg49], where it is shown
among other things that they contain 15 tetrahedra yielding the famous
Klein configuration.

Remark 13. Taking into account the relation

(Wi—v3)W5—vi)— (wi—v3) (W5 —vi)+ (i —vi)(ys —v3) =0,

we see that fizing a relation like (3), for some given wvalues of (a,b,c),
amounts to fixing the cross-ratio of y%,y%,yg,yz.

Remark 14. The relationship with root subsystems of Fy of type A} show
that the two desmic pencils are incarnations of the so-called Macdonald rep-
resentations. The general recipe is the following: given a subsystem of a root
system, the product of the corresponding linear forms, and the translates of
this product by the Weyl group, span an irreducible representation of the

latter [Mac72]. In the case at hand, each subsystem has only three different
9



translates (up to scalar), and they generate a two-dimensional Macdonald
representation: after projectivization, a desmic pencil. In fact the generators
s3 and s4 act trivially and the representation factors through the symmetric
group Ss. Taking the two desmic pencils into account yields the classical
extension [CCNT85]

1—ps—W (F))—S3 x S3—1.

The stabilizer of [T1] in W (Fy) clearly acts by signed permutations of the
x;’s, and 1is therefore a copy of W(Dy). Restricting the previous extension
we get

1— 5 —W(Dy)—S3—1,

which is a manifestation of triality.

Let us now come back to the form (2]) and recall a few classical properties
of the desmic pencil.

(1) The twelve vertices of the three desmic tetrahedra correspond to
completely decomposable elements in the Cartan subspace (for ex-
ample, s =t and z1 = xo = x3 = x4 yields (e + e2) A (e3 + e4) A
(es + eg). The desmic property is that any edge of one octahe-
dron meets a pair of opposite edges of the second; the intersection
points are the 12 special points [0,0,1,+1] and correspond to lines
in Y (the orbit of partially decomposable forms), typically [0, 0,1, 1]
yields (te; + se2) A (es¢ + €45) € Y. These points are called desmic
points in [Hum91]. Each desmic quartic of the pencil is singular at
the 12 desmic points.

(2) The base locus of the desmic pencil is the union of 16 lines with
equations of the form

T1 = €2T9 + €323 + €424 = 0, €9,€3,€64 = +1.

These 16 lines meet at the 12 desmic points: each line contains
three of them and each desmic point belongs to four lines: hence a
(163,124) configuration with a W (Fy)-symmetry, which is nothing
else than the classical Reye configuration [Dol04l, Man06]. Moreover
the tangent plane to each desmic surface in the pencil is constant
along any of the 16 lines; so the residual intersection is a conic, one
of the 16 conics contained in each desmic surface

(3) The product st(s? — t1) of the quadratic forms associated to the
three tetrahedra is Klein’s invariant of the binary octahedral group,
in agreement with Corollary [l

6. DEsMIC AND KUMMER SURFACES

Let E be the elliptic curve obtained as the quotient of C by the lattice A

generated by w1 and wo. Recall that the Weierstrass p-function associated
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to A is a doubly periodic meromorphic function with order two poles on A,
and regular outside A. The half-periods

w2

w1 - w2 o
2)7 62_9(2)7 63_9(

are such that p satisfies the differential equation

(¢')* = 4(p —e1)(p — e2)(p — e3).
On the other hand, the Weierstrass o-function is an odd entire function,
quasi-periodic with respect to A, and such that ¢’/o is a primitive of —p.
Traditionally (see e.g. [Law89l section 6.2]), one defines three other o-

functions, o1, 09, o3, such that the following relations are verified [Law89,
(6.7.10-11-12)]:

012 02\ 2 03?2
p=<—) +e1:<—> +€2=<—> + e3.
o o o
From these relations, a straightforward computation (see [Hum91l section
6] or [Jesl6, Chap. 2]) shows that, letting

~ o1(u) _ o2(u) ~ o3(u) ~o(u)
(5) y1 = o1 (’U)7 Y2 = 0'2(1))7 Y3z = 0_3(?])7 Ya = O'('U)7
for some u,v € C, the following identity holds:

(6) (ex—e2)(yty3+u3ud)+(es—e1) (yiys +ysui)+(e2—es) (yivi+yiys) = 0.

As a consequence, (Bl provides a rational parametrization of the desmic
surface with parameters (a,b,c) = (es,e3,e1). Since the o function is odd,
this parametrization is unchanged when (u,v) — (—u, —v), and one deduces
that the desmic surface is birational to the Kummer surface of E x E (see
also [DK25| for an alternative approach).

w1 + w2
2

)

e1 = o

But what is this elliptic curve? That’s an easy guess in our context.
Indeed a point in x = [w] € P(c), outside the three tetrahedra, belongs to
a unique desmic surface A, in the desmic pencil. On the other hand, it
defines a line §(x) in P(A3CY), that cuts the invariant quartic at four points;
hence defines an elliptic curve Ejy(,), as already noticed in Remark 8

Proposition 15. The desmic surface A, is birational to Kum(Es ) X Ej(y))-

Proof. The desmic surface to which = belongs has parameters A, B as
in ). The four points of §(x) correspond to the four points [s,t] in
P! such that B(s* + ') = 24s*2. If [s,t] is one of them, the three
others are [s,—t],[t,s],[t,—s|; computing their cross-ratio, we find e.g.
— (8% — 12)2 /45212,

On the other hand, applying the transformation of Remark [B] we find a
projectively equivalent desmic surface in the conjugate pencil, with equation

45 (yiy3 + y3yd) + (57 — )2 (yv3 + yaud) — (s° + )2 (vivi + v343) = 0.
Comparing with (6], we see that the half-periods (e, ez, e3) are such that

(e1 — eg,e3 — e1,ez — e3) is proportional to (4s%t2, (s? — t2)2, —(s2 + t2)?).
11



The elliptic curve E with these half-periods is the plane cubic of equations
y? = 4(x — e1)(z — e2)(z — e3), hence a double cover of P! branched at

(e1,e2,€3,00). Computing the cross-ratio of these four points, we get e.g.
es—er  (s*—1t?)?

€y — €] —452¢2

This proves that E and the curve Ejs(,) are isomorphic. O

Remark 16. There is a similar story with the complex reflection group Gag
of the Shephard-Todd classification, also known as the Hessian group. In-
deed, this is the little Weyl group of a series of Z3-gradings of the exceptional
Lie algebras. This series is related to the second row of the Tits-Freudenthal
magic square, while the sub-adjoint series is related to its third row [LMO1].
For this series the rank (the dimension of the Cartan subspace) is equal to
three, and the related classical geometric object is the Hesse pencil of cu-
bic curves, which contains four triangles and has many similarities with the
desmic pencil. Notwistanding the fact the Hesse pencil parametrizes elliptic
curves, while the desmic pencil parametrizes (essentially) squares of such
elliptic curves, it was observed long ago that the two pencils are intimately
related, see e.g. [Mat26]. A modern exposition of the geometry of the Hesse
pencil can be found in [AD09].

7. COMPLEMENTS

Starting from the desmic family X C P! x P3 one may consider the double
cover X of the latter branched along X. This fourfold has for canonical
bundle the pull-back of Ops(—2), and the projection to P? is an elliptic
fibration. Of course X is acted on by W (Fy), but it is singular over the
pre-images of the 16 desmic points. By base change over P!, one gets a
covering X — X with Xy a W (F})-invariant, also singular Fano fourfold.
This is similar to the construction of [ADQ9, section 7]; in their Theorem 8.6
they obtain a K3 surface which is birational to the Kummer surface of the
square of an elliptic curve, just as a desmic quartic. This is another way to
see the geometry of the Hesse pencil as a degeneration of that of the desmic
pencil.
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