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MORE BIRATIONAL INVOLUTIONS

PIETRO BERI, LAURENT MANIVEL

ABSTRACT. For S a very general polarized K3 surface of degree 8n — 6,
we describe in geometrical terms a birational involution of the Hilbert
scheme S of n points on the surface, whose existence was established
in [8] from lattice theoretical considerations. In [9] we studied this in-
volution for n = 3 with the help of the exceptional Lie group Gz, since
the Mukai model of S' is embedded in its projectivized Lie algebra. Here
we use different, more general arguments to show that some important
features of the birational involution persist for n > 4. In particular we
describe the indeterminacy locus of the involution in terms of a Mori
contraction, and deduce that it is birational to a P?-fibration on a mod-
uli space of sheaves ¥ on S, that also admits a degree two nef and big
line bundle and an induced birational involution.

1. INTRODUCTION

In 1983, Beauville described explicitly a birational involution of the punc-
tual Hilbert scheme S, for S a K3 surface whose Néron-Severi group
NS(S) = ZH is generated by the class of an ample divisor H of self-
intersection H2 = 2n [7, section 6]. Later on, under similar hypothesis,
O’Grady described an involution on S when H? = 10 [39, section 4.3],
and recently the authors of the present paper described an involution on
SBl when 2 = 18 [9]. Some other cases have been studied, but we focus
on the latter ones because they belong to a sequence. Indeed the follow-
ing result is proved in [8]: for any n > 2 and k£ > 1, and any K3 surface S
whose Néron-Severi group is generated by a class of self-intersection 2¢, with
t = (n—1)k® 41, the group of birational automorphisms of S is generated
by a non-trivial birational involution.

After Beauville’s work from 1983, only a limited number of geometric
descriptions for automorphisms of Hilbert schemes of points on very general
algebraic K3 surfaces have been found (see [15] for a survey). Here we
describe a new infinite family of such involutions. Beauville’s involution, as
it has been called, appears when k& = 1 and so t = n; here we take care of the
cases where k = 2 and ¢ = 4n — 3. Lastly these constructions were extended
in [19] to moduli spaces of sheaves on K3 surfaces admitting special spherical
objects.

The starting point of our study is the existence of a rank two Mukai
bundle Uy on S. It embeds the surface into the Grassmannian G(2, Vay,11)
of planes in a complex vector space of dimension 2n + 1, and identifies
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with the restriction of the dual tautological bundle. In particular, the zero
locus of any section of Uy’ is of the form G(2,V5,) N S for some hyperplane
Von, C Vopg1. Via the embedding of S into the Grassmannian, any finite,
length n subscheme Z of S generates a linear space in Va,41. A simple
observation allows to describe the birational involution ¢ of S in very
concrete terms.

Proposition 1.1. For a generic Z € S there exists a unique (up to
nonzero scalar) section s of Us vanishing along Z. The zero-locus Z(s) is
finite of length 2n, and

Z(s)=ZUp(2).

Equivalently, a generic Z € S generates a hyperplane Va, C Von+1, and
©(Z) is the residual scheme of Z in G(2,Va,) N S.

This construction is clearly similar to Beauville’s one, for which the image
of a generic length n subscheme Z of S C P"*! is the residual scheme in the
intersection of S with the hyperplane spanned by Z in P**1,

Using Bayer and Macri’s approach to wall-crossing [5], we prove the fol-
lowing result, for a very general polarized K3 surface S of degree 8n — 6 (see
Theorem 6.23 and Corollary 6.26):

Theorem 1.2. The indeterminacy locus I of ¢ coincides with the locus J
of schemes Z € S that do not generate a hyperplane in Vont1. Moreover,
I = J is birational to a P2-fibration over a moduli space ¥ of sheaves on S.

This moduli space of sheaves ¥ also admits a nef and big line bundle
L whose Beauville-Bogomolov degree is equal to 2, and inherits a bira-
tional involution ¢y that belongs to the class of involutions uncovered in
[19] (Proposition 7.10).

We prove several refinements of the previous statement; in particular
there exists a natural stratification of I = J by the dimension of the span in
Vont1, and this stratification if well-behaved. In particular, each stratum is
birational to a fibration over an auxiliary moduli space, and the dimension
of the fiber in which a subscheme lies only depends on the dimension of its
linear span in V5,41 (Theorem 6.28). The construction of this stratification
follows from a good understanding of the possible (derived) Jordan-Hélder
filtrations of the ideal sheaves of finite subschemes in S, considered as a
moduli space of semistable objects in the derived category of S.

We also describe ¢ in terms of the "other” boundary of the nef cone
of S, generated by H, — 20 (the obvious boundary is generated by H,,
the line bundle induced by the polarization H of S, and the corresponding
contraction is the Hilbert-Chow morphism; as usual 2§ denotes the class of
the divisor of non-reduced schemes). Up to constant, the class of H,, — 26 is
the only one that is fixed by the action of ¢ in cohomology. The associated
linear system plays an important role in the geometry of the involution.
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Theorem 1.3. The divisor H,,— 20 is base-point free when it is nef and big.
The morphism it defines is generically finite of degree two onto its image,
and ¢ is the corresponding covering involution.

This is Theorem 5.1 and Corollary 3.15. The condition that H,, — 24 is
nef and big is expected to hold in full generality; we have checked it by
computer for n < 200 (Proposition 4.4).

These results were proved in [9] for n = 3 by making heavy use of the ge-
ometry of Gy. Here we provide different, more general arguments; although
we obtain less precise results, they are less specific and more relevant from
the prespective of the general theory of sheaves on K3 surfaces and stability
conditions in derived categories, whose full force we don’t refrain from using.

The moduli space X over which the indeterminacy locus fibers birationally,
admits a natural map

_ (n—2)(n+1)
Y—XCP 2 ,
whose image X we call the Pliicker variety. For n = 4, ¥ is a double EPW
sextic and we recover a familiar set-up. The cases where n > 5 would
certainly deserve further investigations, as they might lead to new projective
models of hyperKéahler manifolds, that we plan to investigate.

The structure of the paper is the following. In the next section we discuss
the geometry of zero-loci of global sections of the Mukai bundle on S, in-
cluding the geometric description of the birational involution ¢ which is the
content of Proposition 1.1. Then we start in section 3 our study of the linear
system H,, — 26, proving that the associated morphism is generically finite
of degree two, the corresponding covering involution being ¢. Section 4 dis-
cusses the walls and chambers decomposition of the nef and movable cones
of S The proof of the first part of Theorem 1.3 is the object of section 5.
The much longer and more technical section 6 focuses on the wall-crossing
interpretation of ¢ and the corresponding flopping contraction, which is
amenable to a quite precise description in terms of moduli spaces of objects
in the derived category of S; we deduce Theorem 1.2 and its refinements.
In particular the base of the flopping contraction is birational to the moduli
space X, endowed with a nef and big class £ of Beauville-Bogomolov degree
2. It follows from works of Oguiso that for certain values of n, ¥ has an
infinite group of birational transformations; we show that the special one
induced by ¢ is precisely one of the birational involutions recently described
in [19]. We conclude the paper by showing that the morphism defined by £
maps ¥ to the Pliicker variety 3, whose geometry would certainly deserve to
be investigated further. A brief Appendix contains the computer program
that was used to prove Proposition 4.4.

Acknowledgements. We warmly thank D. Faenzi, G. Kapustka, E. Macri,
G. Mongardi, F. Giovenzana, K. O’Grady for their comments and hints.
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2. THE INVOLUTION

2.1. Existence of the birational involution. In [8] were completely char-
acterized the pairs (n,t) for which S admits a non-trivial birational auto-
morphism, S being a K3 surface whose Néron-Severi group is generated by
a class H of self-intersection 2t. This characterization is stated in terms of
the Pell equation
X2 —ttn-1)Y?*=1

For t = 4n — 3, the minimal positive solution of this equation is (z,w) =
(8n — 7,4). Applying [8, Theorem 1.1], we deduce:

Proposition 2.1. S™ admits a unique non-trivial birational automor-
phism . This is a non-symplectic involution, acting by . = —Ry, —25
on H2(S!", 7).

Here as usual we denoted by %, the divisor on S induced by #, and by
24 the class of the divisor ' parametrizing non-reduced schemes. Moreover,
for D non-isotropic, Rp denotes the reflection with respect to D, which
sends D to —D and fixes the orthogonal hyperplane. By [8, Proposition
2.1], ¢« = —Rp for D = bH,, — ad, (a,b) being the minimal solution of the
Pell equation (n—1)X?—tY? = —1, which in our case is (2,1). Actually this
is stated only for the action on the Neron-Severi group, but the action on
the transcendental lattice is by minus the identity, see [8, Proof of Theorem

1.1 (i)].

2.2. The Mukai bundle. The constructions of [39] and [9], corresponding
respectively to n = 2 and 3, rely on a very explicit projective model of the
K3 surface, namely a Mukai model. But such a description is not available
for t > 19, and no explicit geometric model is in fact expected for ¢t > 61
[20]. Instead we use the following result [37, Theorem 3].

Theorem 2.2. Let S be a K3 surface whose Néron-Severi group is generated
by a class H of self-intersection 2t. For any two integers r,s > 2 such that
rs =t + 1, there exists a unique stable vector bundle £ of rank r on S with
first Chern class H and such that x(€) = r + s. Moreover,

(1) & is globally generated and has no higher cohomology,
(2) the natural map X : \" H°(S,&) — HO(S, \" €) is surjective.

We call £ the Mukai bundle of rank r. Its Mukai vector is v = (r, H, s),
so that v?2 = —2 and & is therefore an exceptional vector bundle, also called
a rigid bundle if it is simple (see [36, Proposition 3.2]), or also a spherical
vector bundle [24]. The existence of £ was also proved by Kuleshov [29],
following ideas of Mukai who treated the case where v? > 0in [36]. (Actually
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Kuleshov only proved the existence of a semistable vector bundle with a
given exceptional Mukai vector. See [4] for an update.) Uniqueness had
previously been observed by Mukai [36, Corollary 3.5]. That £ is generated
by global sections also follows from [13, Proposition 8.10], that it has no
higher cohomology from [13, Theorem 8.3]. Assertion (2) is not considered
in [29], and stated without proof in [37]. We will prove a stronger statement
in Proposition 2.9 (for rank two, but the proof extends to arbitrary rank).

As for line bundles, we denote by ¢¢ the morphism defined by the sections
of £. Since H = det(£), we get a commutative diagram

S % G(r, H(S,E)Y)

&m jp

P(H"(S,H)") <2 B(\H(S,€)")
where p is the Pliicker embedding.

In our case where t = 4n — 3, we let (r,s) = (2,2n — 1). Then H(S, &)
has dimension 2n + 1 and we will denote its dual by Va,11. We get

S C G(2,Vans1) NL C P(A*Vapy1)

with L = P(H®(S,H)Y) = P!, Note that L is highly non-generic, since its
codimension is quadratic in n, while it meets non-trivially the Grassmannian
G(2, Vap+1) whose dimension is linear in n.

Definition 2.3. We denote the Mukai bundle £ by Uy'; it is the restriction
to S of the dual tautological bundle on the Grassmannian G(2, Va;,41).

Under the embedding S C G(2, Va,41), intersections of S with Schubert
cycles of type G(2, Va,,) are zero-loci of sections of Uy (note that Va, is a hy-
perplane inside Va,1 = H(S, Uy )Y, so identifies with a line in H°(S,Uy)).
The following statement is close to Lemma 3.1 and Proposition 3.2 in [47].

Proposition 2.4. Let s be any non-zero section of Uy . Then its zero-locus
Z(s) is a finite scheme of length 2n. Moreover, s is the only section of Uy
(up to scalar) vanishing along Z(s).

Proof. Since Uy is generated by global sections, the zero-locus of a general
section is a set of simple points, and the number of these points, since
chaUy) = 5e1(Uy)? — eaUy), i

1 1
L) =5 [ @)= (xe)-24(05) = 56n-6)- (20-3) = 2n.
More generally, this will be the length of Z(s) as soon as it is a finite scheme,
which is always the case since if s happened to vanish along a curve C, it
would embed Og(C) as a subsheaf of Uy, and this would contradict the
stability of Uy
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Now since Z(s) is finite, the associated Koszul complex is exact. Twisting
it by Uy, we get the exact sequence

0—Uy—>End(Us)—1 7(5) @ Uy —0.

We know that H'(S,Us) = H(S,Uy )" = 0, and that H°(S, End(Us)) = C
since Uy is stable. So HO(S, Iz ® Uy') = C, which is our last claim. O

Remark 2.5. It was proved in [24] and [47] that the second Chern class of
Uy has to be a multiple of the canonical zero-cycle of the surface S.

Remark 2.6. A consequence of Proposition 2.4 is that sending a section to
its zero-locus defines an injective map

v ]P’HO(S,Uzv) — ]P;2n_>5[2n}7

whose image is of course a Lagrangian cycle. Using the Koszul complex it is
easy to show that the differential of  at [s] is given by the evaluation map

HO(S,Uy') /Cs—Uy) 5.

The fact that H°(S, I 7(s) ® Uy ) = C implies that this differential is every-
where injective, so that ~ is an embedding.

This reflects the positivity of Uy in a certain way. According to [32,
Proposition 2], Uy is (k — 1)-very ample for 2n + 1 > 3k, which means that
for any finite subscheme Z of S of length k, the evaluation map

HO(S,Uy)—H"(Z,Up| 1)
is surjective.

The next observation will be useful later on. For any nonzero section s of
Uy, the finite set Z(s) has a linear span (Z(s)) of dimension 2n — 2. Indeed
the Koszul complex, twisted by H, yields an exact sequence

0—Cs—H(S,Uy ) —H"(S, I7(5) ® H)—>0.
More precisely, this exact sequence yields the following statement.

Proposition 2.7. For any nonzero section s of Uy, the orthogonal of (Z(s))
in HY(S,H) is the image of s A H*(S,Uy) by the wedge product map.

For any z € L = PHY(S,H)V, there exists a non zero section s of Uy
such that z € (Z(s)). The space of such sections is the kernel of the skew-
symmetric form 1, on HO(S,Uy) defined by z.

Proof. The first assertion follows from the Koszul complex. The second as-
sertion is a direct consequence of the fact that H°(S,y’) has odd dimension.
Indeed, the skew-symmetric form ¢, on H°(S,Uy’) defined by z must have a
non-trivial kernel; moreover, s being in the kernel means that z is orthogonal
to s A H°(S,Uy), hence that z € (Z(s)) according to the first claim. O

Corollary 2.8. A generic point z € L ~ P2 lies on a unique linear
subspace (Z(s)) ~ P2 [s] € PHO(S,Uy) ~ P?".
6



This yields a remarkable distribution of disjoint linear spaces covering an
open subset of P"~2. The geometry of this distribution will play a crucial
role in the proof of Proposition 3.13.

Now let us consider pencils of sections. If s1, so are two sections of Uy, let
us denote by 7(s1 A s2) the corresponding section of H. First observe that if
m(s1As2) = 0, then s1 and s9 must be proportional. Indeed their values must
be proportional at any point of S, hence s1/so defines a rational function
on S. But if this function has poles along a curve C, then so vanishes along
this curve and defines a nonzero section of Uy (—C'), which contradicts the
stability of Uy. We thus get a regular morphism from G(2, H(S,Uy)) to
PHO(S,H).

Proposition 2.9. The morphism 1 : G(2, H(S,Uy ) —PHY(S,H) is sur-
jective and finite.

Proof. Observe that the source and target have the same dimension 4n—2 =
t + 1. The morphism is dominant by [24, Corollary 4.3], hence surjective,
and therefore finite since the Grassmannian has cyclic Picard group. O

Since this projection 7 is linear with respect to the Pliicker embedding,
its degree is just the degree of the Grassmannian G(2,2n + 1), which is
equal to the Catalan number 5 (Q‘Z:f) Denote by R C G(2, H°(S,Uy/)) the
ramification divisor.

Lemma 2.10. The pencil P = (s1,s2) defines a point of R if and only if
(Z(s1)) meets (Z(s2)).

Proof. The differential of n at P is induced by the morphism that sends
(t1,t2) € HY(S,UY) to m(s1 At1) —m(s2Atz). We deduce that this differential
fails to be injective exactly when 7(s; A HO(Uy')) and 7(s2 A HY(Uy')) have a
bigger intersection than 7 (P). Taking orthogonals, this exactly means that
(Z(s1)) and (Z(s2)) meet non trivially. O

Remark 2.11. By the same argument, P = (s1,s2) € R is a simple ram-
ification point exactly when Z(s;) and Z(s3) meet at a single point. Let
D C L be the locus of points z where the skew-symmetric form ., see
Proposition 2.7, has corank at least three; so D is a Pfaffian locus, defined
by Pfaffian equations of degree n. Let Z be the set of pairs (z, P = (s1, s2))
such that z € Z(s1) N Z(s2). In the diagram

T— =R C G HSU)

|

D

the projection Z—R is thus birational over the component Zy of Z domi-

nating R, whose dimension is therefore 4n — 3. On the other hand, D has

everywhere dimension at least 4n — 5, with fibers P2 over points z where 1,
7



has corank exactly three, and of bigger dimension when the corank is big-
ger. So necessarily the projection Zo—D is generically a P?-fibration over a
component Dy of D, on the generic point of which the corank of v is exactly
three.

2.3. A monodromy result. The following result will be useful later on.
We denote by I' the monodromy group of the finite subsets of S given as zero
loci of general sections of Uy'. If we fix such a section sg and let Zy = Z(s0),
I is identified with a subgroup of the permutation group S(Zy) ~ Sa,, the
latter identification being well-defined up to conjugation.

Proposition 2.12. I' is the full permutation group.

Proof. We follow the classical approach of [23]. Let R C PH?(S,Uy) x S
denote the set of pairs ([s], p) such that s(p) = 0. Since Uy is generated by
global sections, each fiber of the projection of R to S is a codimension two
linear subspace of PHO(S, Uy'). This implies that R is irreducible. Using the
same argument as in [23, p.698], we conclude that I" acts transitively on Zj.
According to [32, Proposition 2], Uy is k-very ample when 3k < 2n — 2,
hence 1-very ample as soon as n > 3. Fix a point p in Zy and denote by R,
the corresponding fiber of the projection of R to S, which is just the linear
system of sections of Uy that vanish at p. Let R;, C R, x (S — {p}) denote
the set of pairs ([s], ¢) such that ¢ # p and s(q) = s(p) = 0. Since Uy is 1-
very ample, all the fibers of the projection of R;) to S —{p} are codimension
four linear spaces. We deduce that R; is irreducible, and therefore, by the
same argument as before, the stabilizer of p in I' has to act transitively on
Zy — {p}. We conclude that the action of I" on Zj is doubly transitive.
Recall that the discriminant subvariety of PHY(S,Uy) is the locus Ayy
parametrizing sections whose zero-locus is not reduced. Since Uy is 2-very
ample for n > 4, the same dimension count as above ensures that AMQV is
an irreducible hypersurface, whose generic point is given by a section of Uy
whose zero-locus is made of 2n — 2 simple points and a non-reduced scheme
of length two. Using [23, II.3, Lemma p.698], we deduce that " contains at
least one simple transposition. But then, being doubly-transitive it contains
all the simple transpositions, hence it must be the full symmetric group. O

2.4. Geometric description of the involution. Let us finally describe
the birational involution ¢ geometrically. Consider n points p1,...,p, on .S,
in general position. Let P, ..., P, C Va,41 denote the corresponding planes,
and let V5, denote their span. Since p1,...,p, are in general position, Vb, is
a general hyperplane in V5, 11. In other words, the points p1,...,p, impose
independent conditions on sections of Uy, and there is a unique section s
(up to scalar) such that s(p1) =--- = s(p,) = 0.

By Proposition 2.4, the zero-locus Z(s) = G(2,Va,) NS consists of 2n
simple points, n of which being pi,...,p,. Denoting the remaining points
by qi,...,qn, we can then define explicitely the birational involution ¢ of
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Proposition 1.1 clearly holds true.

Remark 2.13. If instead one takes t = n and (r,s) = (1,t + 1), the same
construction as above leads to Beauville’s construction.

3. THE LINEAR SYSTEM
Recall that the second cohomology group
(1) H2(SM 7)) ~ H*(S,Z) & 76,

where 26 is the class of the divisor E of non-reduced schemes; the embedding
of H%(S,Z) is given by & — &, := HC*(£™), where HC : SI") — §() is the
Hilbert-Chow morphism and £ is induced by & on S,

Lemma 3.1. The class H,, — 20 has Beauville-Bogomolov degree 2.

Proof. This follows immediately from [15, 3.2.1]. O

Proposition 2.1 implies that the divisor H,, — 29 is fixed by the induced
action of ¢ on the Néron-Severi group of S, This motivates the study of
its linear system, which is the object of this section.

3.1. Polynomials vanishing on the (n —2)-th secant. From the defini-
tion of the line bundles H,, and 2J, we get a clear geometric interpretation
by reasoning as in [9, Proposition 39], namely

1M, — 26| ~ P(H(S™, HE" @ Tp) ~ I,,(Sec"2(S5)),

the system of degree n hypersurfaces in L that contain the (n — 2)-th secant
variety of S (we denoted by A the big diagonal in S (")). In other words,
this is the space of hypersurfaces that are maximally singular on S, in the
sense that their polynomial equations have all their derivatives of order n—2
vanishing on S.

Proposition 3.2. The linear system |Hy, — 25| has dimension w

Proof. Since H,, — 20 belongs to the movable cone, there exists a smooth
birational model f : M --s S for which f*(H, — 20) is nef and big. Then
it has no higher cohomology, and we can use the Hirzebruch-Riemann-Roch
[15, (5)] to compute

(n+1)(n+2)

WO (M, f* (M — 20)) = X(M, [*(Hn — 20)) = ——5———

Finally, since the indeterminacy locus of f has codimension at least 2,
HO(M, f*(Hy, — 26)) ~ HO(S"  H,, — 25). O
9



The morphism ¢, _o5 : S —=» |H,, — 26| sends a generic (hence re-
duced, and not in the base locus of the linear system) scheme Z = p;+- - -+p,
to the hyperplane in I,,(Sec” 2(S)) parametrizing hypersurfaces that con-
tain the linear span (p1,...,pn). That this is a codimension one linear
condition follows from the fact that the (n — 2)-th secant variety of n points
in general position is just the simplex generated by these points. This sim-
plex is the union of n hyperplanes in (p1,...,p,), hence a hypersurface of
degree n. So a degree n hypersurface (P = 0) containing the simplex will
contain its linear span, if and only if it contains any other given point in
(P1y...,pPn). If we denote in the same way P and its polarization, this linear
condition can simply be stated as

P(p1,...,pn) =0.

Remark 3.3. For an alternative description, observe that
HO(S™ 1" @ Ip) = Ker(S"HO(S, H)—H(S, H®?) @ S""2H'(S, H)).

From this point of view, p; + - - - + p, defines a hyperplane in S*H(S,H),
hence (in general) in this kernel, simply by evaluating sections of H at the
n points p1,...,Pn-

3.2. The Pfaffian subsystem and its base locus. There is a distin-
guished linear subsystem in |H,, — 20|, given by

Pon+1 - %n-l—l — In(Secn_2(S))
v = P,=uvA_AN---A_

Here we have fixed a volume form, that is, a generator of A2"*1V5, .4, al-
lowing to identify P,(w) =v Aw A -+ Aw (n times) with a scalar.

Inside P(A2Va,,41), the same formula defines a linear system of degree n
polynomials P, whose base locus is the variety of skew-symmetric tensors
which are not of maximal rank 2n. In particular, since S parametrizes rank
two tensors, P, certainly vanishes on Sec"~2(S).

Definition 3.4. The image of ps,11 will be also denoted Va,11. We call
the associated linear subsystem the Pfaffian subsystem.

Observe that a reduced scheme Z = p; + --- + p, belongs to the base
locus of this subsystem exactly when pq,...,p, do not impose indepen-
dent conditions on H°(S,Uy’). We will denote this base locus by J. More
generally, a finite scheme Z defines a point of J when the evaluation map
HO(S,Uy)—H"(Z, Us( ;) is not surjective.

We always have h?(Zz @ Uy') = 0 since Z is zero-dimensional and Uy has
no higher cohomology. Moreover an easy computation yields x(ZzQUy ) = 1.
Hence the following Brill-Noether type description of J.

Lemma 3.5. A finite scheme Z € S™ belongs to J if and only if

W (IZyoUy))=hr(T,0Uy)—1>0.
10



Remark 3.6. If h%(Z; ®Uy') > 1, there is a pencil (s1, s2) of sections of Uy’
vanishing at Z. Then s; A s2 is a section of H = det(Uy'), hence defines a
hyperplane section which is singular along Z.

Recall that H(Z, L{QV| ) is the fiber at Z of the tautological vector bundle

of rank 2n on S usually denoted Uy )[”]. We can then see J globally as
the degeneracy locus of the vector bundle morphism

(2) HO(S,Us) @ Ogm— Uy )"

Proposition 3.7. J is a non-empty subscheme of S, of codimension at
most two at any of its points.

Proof. The second claim follows from the usual properties of degeneracy
loci. For the first claim, we observe that if J was empty, the evaluation
morphism (2) would be surjective, and its kernel would be a line bundle. As
a consequence the Segre classes sy, ((Uy )™) would vanish for any k > 1. But
according to [32, Theorem 3 (i)],

[ @ = o (2 2) 2o

n J—
a contradiction. O
Lemma 3.8. po,11 is injective.

Proof. Suppose P, is identically zero on L. Since S C L is nondegenerate,
this is equivalent to the condition that the polarization P,(p1,...,pn) =0
for any pi1,...,p, € S. But each p; is identified with the codimension two
subspace of sections of Uy’ vanishing at p;. If we chose a basis a;, b; of the
fiber of Uy at p;, and consider the dual basis a),b;, this means that p; is
identified with [a; A ;] where o; = @) o ev,, and ; = b) o evy,.

Now, P,(p1,.--,pn) = VA1 ABL A+ Aay A By. So suppose s is a
generic section, and that pq,...,p, are points in Z(s). By the previous
Proposition they impose independent conditions on sections of Uy (recall
that HO(S,Uy') = Vy/,,1), which means that a1, B1,...,an, B, are indepen-
dent. Thus P,(p1,...,pn) = 0 means that v belongs to their linear span. In
particular v has to vanish on s, since aq, 51, ..., an, 8, do by construction.
But s is generic, so necessarily v = 0. O

Remark 3.9. Alternatively, one can observe that
det((U)™) = H,, — 20
(see [48, Lemma 1.5]), and that po,1 is induced by the morphism
NTHO(S, Uy ) ~ A2 HO (ST Uy )I)—

—HO(SM APy ~ HO(SM 3, — 26).
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3.3. The generic degree. Our linear systems define a commuting diagram

(3) Slnl
d)anZ_t_i__.-----..---" """"--___¢V2n+1
P(In(secn—2(s))v) ______ R - ]P(V2\1/’L+1)
2n+1

where Pvy ., is a linear projection. We will prove later on that ¢, 25 is
regular under the hypothesis that H, — 20 is nef and big, which we expect
to hold true in full generality (see Theorem 5.1 and Proposition 4.4).

Lemma 3.10. ¢y, o5 factors through the quotient by .

Proof. This follows from [15, Corollary 4.7], since H,, — 20 becomes ample
on a general small deformation of (S, #,, — 26). O

The rational map ¢, ., to P(Vy, ;) = PH?(S,Uy) sends a scheme Z ¢ J
to the unique (up to scalar) section s of Uy that vanishes on Z. Since in
general Z(s) consists in 2n simple points, ¢y, , is generically (27?) -to-1.

Corollary 3.11. ¢y, 25 is generically finite of degree d > 2 dividing (2:)

Remark 3.12. For n = 3, we gave in [9] a geometric proof of the fact that
¢34, —26 factorizes through ¢, based on the fact that the 2n points of Z(s)
are not in general linear position. Indeed, the twisted Koszul complex

0—)05—)”5/—)]2(8) @ H—0

implies that h°(S,I;;) ® H) = 2n, so that the linear span (Z(s)) ~ P?"~2
has one dimension less than expected.

In [9] we also proved for n = 3 that the degree of the generically finite
morphism ¢y, 25 is d = 2. In fact this is always the case.

Proposition 3.13. d = 2.

Proof. Recall the result of Proposition 2.12; which is that the monodromy
group of the zero-locus of the generic section of Uy is the full symmetric
group. Denote the 2n points of this zero-locus by p1,...,Pn,q1,---,Gn as
above. We know that p; +--- 4+ p, and ¢; + --- + ¢, are in the same fiber
F of ¢4, 25, and that any other point of F' must be of the form p; + ¢ for
some I,J C {1,...,n} of respective sizes i and j = n —i. If such a point
does exist with 4,5 > 0, then by monodromy all the points p;s + gy with I’
and J' of the same sizes ¢ and j must also belong to F.

In other words, there exist ¢,7 > 0, with ¢ + 5 = n, such that each time
we consider a generic point p; + - - - + py, of S, all the other points p; + ¢
with I, J of respective sizes ¢ and j, belong to the same fiber. So let us
apply this to p} + -+ +pl, =pr+qs and ¢} + - - + ¢}, = pre + qje. We get
in the same fiber all the points p}, + ¢;,, where I’ is obtained by choosing
1 points among the p;’s and ¢;’s, and J’ is obtained by choosing j points
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among the pre’s and ¢jc’s. Suppose the respective numbers of these points
are i — a,a,j — b,b respectively; note that the size of I¢ is j, so the only
constraints are that 0 < a,b < i,j. Then we get in the fiber a point of the
form p4 + gp with B of size a + b, and we also get pac + gge where A° has
size a + b.

We conclude that each time we have a point p; + ¢ in the fiber F', with
i,7 > 0, we also get all the px + qr with K of size at most 2min(i, j).
Iterating this process if necessary, we will exhaust all the possible values of i
and j, which means that in fact, all the px + q1’s are contained in the fiber
F'. Let us exclude this last possibility.

Lemma 3.14. d # (2:)

We proceed by contradiction. This would imply that there is a hyper-
plane in I,,(Sec” %(S)) consisting of n-ics vanishing on all the linear spaces
spanned by any n points among p1,...,Pn,q1,---,qn. Recall moreover that
the linear span (Z(s)) of these points has codimension 2n in L, hence di-
mension 2n — 2. Since the points are in general position, such an n-ic has
to vanish, and we conclude that vanishing on (Z(s)) is a codimension one
condition on I,(Sec”%(S)).

Let us fix a general nonzero section sy and a general polynomial Py in
I,(Sec™2(9)), that does not vanish on (Z(sg)). For any s in a neighbour-
hood of sg, there is then a linear form «g on such that the polynomials
that vanish on (Z(s)) are those of the form P — as(P)FPy. This implies that
P(2)/Py(z) is constant on (Z(s)). Let us prove that this constant does in
fact not depend on s, which will imply that P is a multiple of Py and yield
the contradiction we are aiming at.

Consider two generic points z,z’ € L; by Corollary 2.8, they belong re-
spectively to (Z(s)) and (Z(s')) for two generic sections of Uy, uniquely
defined up to scalar. Since belonging to the ramification divisor R is a codi-
mension one condition, we can find a section ¢ such that the lines (s, t) and
(s',t) belong to R. Then by Lemma 2.10,(Z(s)) and (Z(t)) meet at some
point & € D, and similarly (Z(s')) and (Z(t)) meet at some point =’ € D
(recall Remark 2.11). Moreover, since z is generic in L, x is generic in D.

By definition, D is cut-out by the degree n Pfaflian equations, so we can
find Py € I,,(Sec"2(S)) that does not vanish identically on D. Since x, and
symmetrically 2/, are generic in D, Py(z) and Py(x’) do not vanish. But
then for any P € I,,(Sec"2(S)), since P/P, is constant on each linear space
(Z(u)), it must take the same value at z and at z, then at x and at 2/, then
at 2/ and at 2/. Since it takes the same value at the generic points z and 2/,
P/ Py must therefore be constant, which is impossible. O

Corollary 3.15. ¢ is the covering involution associated to ¢y, —2s.
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4. CHAMBERS IN THE MOVABLE CONE

4.1. Walls and chambers. Let Mov(M) C NS(M)r be the closure of the
movable cone of a projective hyperKahler manifold M. According to [34,
section 5.2],

Mov(M)= ) fAM),
fiM--sM'

where M’ is any hyperKéahler birational model of M and A(M’') is its
ample cone. We call chambers of Mov(M) the open convex cones of the
form f*A(M’') for some M’, and walls the non-empty sets of the form
frfAM) N g* A(M")\ {0}. The wall-and-chamber decomposition plays an
important role in the study of the automorphisms of M, since any bira-
tional automorphism of the manifold fixes the movable cone and sends walls
to walls, thus chambers to chambers. In other words, by [34, Theorem 1.3],
chambers in Mov(M) parametrize pairs (M’, f) up to biregular automor-
phisms.

Since S is projective, any birational automorphism of S acting triv-
ially on NS(S[") fixes a Kihler class, hence lies in Aut(S!™). By the argu-
ment of [10, Lemma 2.4], when S has Picard rank one any automorphism
acting trivially on NS(S[) must be trivial. Thus the movable cone is not
fixed pointwise by ¢, which has therefore to exchange the two rays generat-
ing the movable cone. One is generated by H,,, since the latter is nef and
big and orthogonal (with respect to the Beauville-Bogomolov form) to the
exceptional divisor of the Hilbert-Chow morphism.

Since according to Proposition 2.1, ¢ acts as —Ry,, 25, the other ray is

0" (Hn) = (2t — 1)H,, — 4t6,

where as usual t = 4n — 3. By [8, Lemma 3.6], in our setting ¢ is n-irregular
[8, Definition 3.1], meaning that ¢ is not biregular on any hyperKé&hler
birational model of S, Equivalently, the number of chambers is even and
the number of walls is odd, the middle one being generated by H, — 2. Up
to scalar, this is the only class fixed by ¢* in NS(SM)).

Definition 4.1. We denote by 2C,, — 1 the number of walls in the interior
of the movable cone, hence by 2C),, the number of chambers.

We call first chamber the ample cone of S second chamber the chamber
whose closure intersects the closure of the first one along a 1-dimensional
space and so on. The action of ¢ exchanges the k-th chamber with the
(2C,, + 1 — k)-th.

Lemma 4.2. There are exactly C,, distinct hyperKdhler birational models
of S If (M, f) is the pair corresponding to the k-th chamber, then the
pair corresponding to the (2Cy, + 1 — k)-th chamber is (M, f o p).
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Proof. For any birational, non-biregular map f : S --s M, with M hy-
perKéhler, the pullback of the ample cone of M is the interior of one cham-
ber of Mov(S [”]). If necessary, by the action of ¢ we can always bring
f*A(M) among the first C), chambers. By [34, Theorem 1.3], this proves
that there are at most C,, birational models and that the models of the k-th
and (2C,, + 1 — k)-th chamber differ by .

On the other hand, for a pair (M, f) corresponding to the k-th chamber,
and (M’,f") corresponding to the k’-th, with ¥ # k,2C,, + 1 — k, any
biregular map « : M — M’ would induce a birational involution (f")~toao f
of S sending the k-th chamber to the k’-th. So this would neither be ¢
nor the identity, a contradiction since Bir(S!™) = {idgpu, ¢} O

Proposition 4.3. The class H,, — 20 is never ample, and is nef and big if
and only if C,, = 1. In this case, the nef cone is

Nef (S = (#,,, H,, — 26)
and the movable cone has two chambers, exchanged by the action of p:
Mov(SM) = Nef (S U * (Nef(S7)).

Proof. The wall generated by H,, — 29 is the middle wall by definition of n-
irregularity, so it lies in the closure of the ample cone if and only if C,, = 1.
The second part of the claim is clear. O

By Bayer-Macri’s study of the Mori cone of S/ (as a cone in H?(S[" R),
see [5, Section 12]), there is an extremal contraction associated to the wall
of Nef(S[") lying in the interior of the movable cone. It is a flopping con-
traction, in which the contracted locus has codimension at least two. We
call it ¢ : S"'— N, with N a normal irreducible projective variety.

Suppose now that C,, = 1. By Lemma 4.2, in this case the second chamber
©*(A(SM)) is associated to the pair (S, ): the diagram associated to the
flop is then

“@ S R > Sl

\/

This provides an alternative way to see ¢, as a flop. This will be an im-
portant step in the description of the indeterminacy locus of the involution,
in Section 6. Note also that, by Proposition 4.3, for C), = 1 the contraction
¢ is induced by the linear system |k(H, — 2d)| for k& > 0, see the proof of
[35, Theorem 8.1.3].

The last observations indicate that ¢ will be easier to understand when
C, = 1. In fact this condition is fullfilled for the first occurrences of n, as
the following result shows. We expect it to hold in full generality.

Proposition 4.4. C,, =1 for n < 200.
15



Proof. This is a computer calculation, see Appendix A. O

5. THE BASE LOCUS

Let (M, f) be the pair associated to a chamber C in the movable cone
of S Since base-point-freeness implies nefness, by Proposition 4.3 the
hypothesis that (f~1)*(H, —24) has empty base locus implies that C or ©*C
is the C,,-th chamber. In particular, if C,, > 1, then by Proposition 4.3 the
linear system |H,, — 24| has non-empty base locus. This is why we impose
the condition C}, = 1 in the Theorem below.

This section is devoted to the proof of the following
Theorem 5.1. If C,, = 1, then |H,, — 20| is base-point-free.

Remark 5.2. Without any hypothesis on the number of chambers, denot-
ing by (M,g) the model corresponding to the Cj,-th chamber, the proof
of Theorem 5.1 can easily be adapted to prove that |[(¢7')*(H, — 26)| is
base-point-free on M.

As an immediate consequence, by [31, 2.1.28] we deduce:

Corollary 5.3. If C,, = 1, the contraction c is the first factor of the Stein
factorization of ¢y, —25.

The first ingredient of the proof of Theorem 5.1 is the fact that base-
point-freeness is an open condition in a family of hyperKé&hler manifolds,
see for example [46, Proposition 2.6]. The second ingredient is the following
well known fact.

Lemma 5.4. For any surface T and n > 2, if D is a base-point-free divisor
on T, then D,, is base-point-free on T,

Proof. Let S, be the permutation group of n elements, so that 7 =
T"/S,, and let p; the i-th projection of T™ to T. Since D is base-point-
free, the evaluation map H%(T, D) ® Or—Or(D) is surjective, hence there
is a S,-equivariant surjection H(T™, D)®" @ Op——Opn (piD + - - -+ pi D).
This yields a surjective map

HO (T(n) 5 D(n)) & OT(n) >~ SymnHO (Tn, D) & OT(n) _>OT(7L) (D(n) ) .

This proves the statement, since D,, is the pullback of D™ via the Hilbert-
Chow morphism. O

Finally, we will use the Torelli Theorem for hyperKéahler manifolds. For
that, we need to introduce the global period domain for polarized manifolds
and some lattice-theoretic tools.

For any lattice L, we denote by O™ (L) the group of orientation-preserving
isometries acting trivially on the discriminant group of L. For v € L, we

denote by ~vr(v) its divisibility in L and by v, the class of VLIEU) in the

discriminant group of L.
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We fix the lattice = = U3 @ Eg(—1)®2 @ Z¢, with £2 = —2(n — 1). For
X a manifold of K3!"-type, a marking is an isometry ¢ : H?(X,Z)—E.
We fix once and for all a connected component M of the moduli space of
marked pairs and any manifold of this kind considered in the sequel will be
taken from this component. We will use the fact that composing a marking
with a monodromy operator does not change the connected component in
the moduli space of marked pairs, so by [34, Lemma 9.2] for any given
(X,1) € M and o € OF (), we have (X, a 0¢) € M again.

Let {u,v} be a standard basis for a fixed copy of the hyperbolic plane in =
and let M = U®2@ Eg(—1)®2® Zl D Z(u—v) be the orthogonal complement
of u+ v in =. The space

{[z] € P(Mc) |2* =0, (z,7) > 0}

has two connected component. We choose one of them and we call it 2.

From now on we suppose n > 3, which is harmless since base-point-
freeness for n = 2 is known from works of O’Grady, see [39]. The global
period domain P for manifolds of K3[-type with a 2-polarization (a polar-
ization of Beauville-Bogomolov degree 2) and divisibility 1 is the quotient
of Q by an arithmetic subgroup I of O(M) in which Ot (M) has index two
[2, Lemma 3.7, Proposition 3.8]. This group has the following property: for
any marked pair (X, 1) € M, provided with a nef and big class D € NS(X)
such that the marking v send D to u + v, the pullback of I' via v is the
group of monodromy operators on H?(X,Z) fixing D.

Since H,, — 26 is nef and big, but not ample, the period points of our pairs
(S H,, — 26) cover a dense subset of an irreducible divisor in the period
domain P, and this divisor lies in the complement of the image of the period
map of the moduli space of manifolds of K3["-type with a 2-polarization of
divisibility 1. This is [8, Remark 3.7], but we describe more precisely the
divisor in the next lemma.

Lemma 5.5. Let {uy,v1} be a standard basis of a copy of U in M ; consider
the vector Kk = 2(n — 1)(u — v) + 4(n — 1)vy — £. The period points of pairs
(S H,, — 26) are dense in the irreducible divisor

D, = (kT NQ)/T.

Proof. By [8, Theorem 5.2], for (S, %), (S',H’) very general, S/ and S'l"
are birationally equivalent if and only if S = S’. As a consequence of the
Torelli Theorem for hyperKéahler manifolds, this implies that the closure of
the locus of period points of pairs (S ) 4, — 20) is an irreducible divisor in
P.

The orthogonal complement of H, — 2 in NS(SM) is generated by
2(n — 1)H,, — t6. Since NS(X) = H2(X,Z) N H?>9(X)* for any hy-
perKéahler X, proving the statement is equivalent to providing a marking
¥ H*(S",72)—Z= on S such that (X,t)) € M, sending H, — 20 to
u+v and 2(n — 1)H, — t6 to k. A marking H?(S,Z)—U® @ Eg(—1)%?

17



on S induces a marking ¢/ on S via the natural embedding of lattices
H?(S,Z)—H?*(S",Z), by sending § to £. We can choose the marking on
S so that (S, 4") € M and, since H?(S,Z) is unimodular, o' (H,) = u+tv
by Eichler’s Criterion [45, Proposition 2.15]; then ¢/ (H,, — 20) = u+tv — 2/.

Both H,, — 26 and u + v have degree 2 and divisibility 1, so the classes
(' (Hn — 20))s and (u + v)« are both zero in the discriminant group of =.
Again by Eichler’s Criterion, there exists an isometry o € 5+(E) sending
W (Hp —26) = u+tvo—25 tou+v. So we let v = o) and get that
(S, 4) € M. We can describe explicitly « in terms of Eichler transvections
(for their definitions and properties, we refer to [21, Section 3.1]). For any
x,y € E with (x,z) = 0, there is an Eichler transvection

tz,y):z€2— 2 — (y,2)x + (z,2)y — %(y,y)(x, z)x.

We denote by w the difference between u + tv — 2¢ and v + v. By [21,
proof of Proposition 3.3], the composition of three Eichler transvections
t(uy, —v) ot(vi,w) o t(uy,v) is an isometry sending u + tv — 2¢ to u +v. By
21, (5)],

t(uy, —v) o t(vy, w) o t(uy,v) = t(uy, —v) o t(vy,w) o t(uy, —v) ",

—_
—

thus the composition lies in O (Z) since t(v1, w) does, see [21, (10)]. Hence
a = t(uy, —v) o t(vy, w) o t(uy, —v)~t. Now a direct computation shows that
a(2(n — 1)H, — td) = K, as required. O

Proof of Theorem 5.1. Let T be a very general double cover of P? branched
along a nodal sextic; its Néron-Severi lattice is ZD & ZI" = (2) & (—2) for D
the class of the pullback of Op2(1). We can choose a marking 1 on the Hilbert
scheme 71" such that (T, 1)) lies in M, and moreover 9(D,,) = u+ v and
¥(0) = ¢. In addition, since I' has divisibility one and the Néron-Severi
lattice is primitive, we can always choose 1 such that ¥(T'),) = u3 — vy.
Observe that £’ = 2(n—1)(u; —v1) lies in »(NS(T1))N(u+v)*. By Eichler’s
Criterion, there exists a in Ot (M) — hence in T' — such that a(k) = «/,
because k!, = —{, = k, in the discriminant group of M and (k, k) = (k/, ).
Hence the period point of (T[”], D,,) in P lies in Di.

Since D is base-point-free, the same holds for D,, by Lemma 5.4. Let
(X, L£)—B be a family of pairs whose central fiber is (7", D,,), with &;
smooth hyperKé&hler and £; base-point-free for any b € B. By [46, Propo-
sition 2.6], we can take B connected of maximal dimension. By Lemma
5.5, for a very general b over a codimension one space in B there will be a
(S, H,, —26) with the same period point as (Xp, Lp); by the Torelli Theo-
rem for hyperKshler manifolds, this implies that S and X} are birational.
Since we supposed that C,, = 1, this implies that A} and S are actually
isomorphic by Lemma 4.2.

Via the isomorphism, £; correspond to a nef and big class of Beauville-
Bogomolov degree 2 on S, and the only such class is H,, — 26. Indeed,
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observe that any degree 2, nef and big class lies in the interior of the movable
cone, since H,, has stricly bigger degree and the same holds for an integral
generator of the second wall of the movable cone, since the action of ¢
exchanges the two walls. Proceeding as in [8, proof of Theorem 1.1], one
then checks that any degree 2, nef and big class in the interior of the movable
cone of S induces a birational involution, since minus the reflection in such
a class is a Hodge monodromy of H?(S ] Z); then we are done by unicity
of . O

6. THE INDETERMINACY AND THE CONTRACTED LOCUS

6.1. The small contraction. We consider in greater detail the contraction
c¢: SI"— N associated to the flop f : S ——» M ~ Sl as in (4). For this
it will be convenient to consider S as the moduli space of objects in D?(S)
with Mukai vector (1,0, —(n — 1)), stable with respect to a generic stability
condition o; indeed, one can choose ¢ such that those objects are exactly the
ideal sheaves T for Z € S, see for example [3, Theorem 4.4]. To simplify

the statements, from now on we will always work under the hypothesis that
C,=1

Definition 6.1. For any contraction, we call base of the contraction the
image of the exceptional locus; otherwise said, the locus of points with
positive dimensional fibers.

As an interesting consequence of Bayer and Macri’s approach to birational
transformations of moduli spaces of objects on K3 surfaces, it is possible to
construct, for a general point on the base of the contraction ¢, two curves in
S which are contracted to that point, one by ¢ and the other by d (recall
(4)). This means that the bases of the two contractions ¢, d in (4) coincide.
This was already observed in [9, Lemma 29] for the case n = 3, and holds
in any dimension.

On the full cohomology H*(S,Z), we consider the usual Mukai pairing
((r,L,s),(r', L, s")=L- L —rs —r's. We write

* (S,Z) = H°(S,Z) ® NS(S) @ H*(S,Z)

alg

and consider a primitive vector v € Hy, (S,Z) with v = (v,v) > 0. A
moduli space M of objects on S with Mukai vector v comes with a lattice
isometry

(5) 0:vt—H*(M,Z).

It restricts to an isometry between the orthogonal complement to v in

a1g(S,Z) and NS(M), called the Mukai morphism; see [5, Theorem 3.6]
for the statement in full generality.

From now on, we consider v = (1,0, —(n — 1)). A flop of SI", considered
as above as a moduli space of objects on S, is induced by a wall in the
interior of the movable cone, a so-called flopping wall. Any wall is, via the
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Mukai morphism, the orthogonal complement to some hyperbolic sublattice
of Hy (S,Z). This lattice encodes a lot of information about the flop; we
call it the lattice associated to the flop.

In [12], Cattaneo translated [5, Theorem 12.1] in an explicit numerical
form for the special case of Hilbert schemes of points: the lattice A associated
to a flop (or a flopping wall) is obtained from a positive, integral solution
(X,Y) of a Pell’s equation

(6) X% —4t(n —1)Y? =a® —4p(n — 1),
with X = +a (mod 2(n — 1)), where either

p=—-land ae€{l,...,n—1}, or
(7) p=0,and v € {3,...,n— 1}, or
pef{l,... 22}, andwe {dp+1,....,n—1}.

The associated lattice A is then the saturation in HY, (S,Z) of the lattice

alg
generated by v and a, where
X tao X Fao
(2= gy 2T
“ (2(71 Ty YR
In our case, recall from Section 4.1 that the value t = 4n — 3 is n-irregular
with middle wall generated by H,, — 20, so by [8, Lemma 3.6] it is associated

to (p,a) = (=1,1) and (X,Y) = (t,1). We conclude that the lattice A
associated to the flop is as follows.

> for X = Fa (mod 2(n —1)).

Definition 6.2. We let A be the rank two, primitive sublattice
A= <U,CL> - H;lg(S7Z)

generated by v = (1,0, —(n—1)) and a = —(2, —H,2n — 1), which is nothing
else than the Mukai vector of Us[1]. The associated Gram matrix is

on — 2 1}

M:[ 1 -2

We also let w = v —a = (3, —H,n), so that w? = 2n — 6 and (a,w) = 3.

Instead of the generic stability condition o, we also consider oy a stability
condition on S which is generic on a wall corresponding to A in the space
of stability conditions. The condition that Z, g(v) and Z, g(a) be collinear
yields that
n—1

of + B2+ B+ —
Hence potential walls corresponding to A correspond, in the half plane

(B,a) € R x Rsg, to points in the semicircle of center (—%,O) and radius

2\1/2. Objects whose Mukai vector lie in A have the same phase with respect

to op [5, Definition 5.2].

= 0.

Similarly to the n = 3 case, we can always choose oy such that a is
effective. A priori this is asking less than [9, Lemma 28], where we prove
20



that og can be chosen such that any spherical class in A is effective; but as
it will turn out in the next subsection, effectivity is only important for a.

For simplicity, we suppose that ¢ and o have the same associated heart
Coh”. Since the set of walls in Stab!(S) is locally finite, we can and will
always consider o generic also with respect to w. Actually, we will consider
o generic with respect any v(?) = v — (i +1)a, i > —1, of degree at least —2.
In the next subsection we will consider the moduli spaces of objects whose
Mukai vector is one of those, since all these spaces naturally appear in the
geometry of the contraction c.

6.2. Jordan-Hélder filtrations. If v = v — (i + 1)a, we get
00 = (20 + 3, —(i + 1)H, (2i + 1)n — i),

(W2 42 =2n—23i+1)(i +2).
Thus by [5, Theorem 3.6 (a)], the moduli space ) := M, (v(®) of o-stable
objects with Mukai vector v is non-empty if and only if i € {—1,...,r},
where r = maz;>o{n — (i + 1)(i +2) > 0}.

Each v induces a decomposition in wall and chambers of Stab'(S).
Modifying the stability condition along a path from o to og that does not
cross any wall, expect (possibly) on g, produces a birational morphism c®
E(i)—>2(()i) with E(()i): = M, (v) normal [6, Theorem 1.4]. This morphism
¢ is defined by a suitably high multiple of a generator of ((v(®)L N A)+
in NS(X®), where 6 is the Mukai morphism (5), see [6, Theorem 1.4] and
[5, proof of Theorem 12.1].

We say that two objects parametrized by () are S-equivalent for oq if
they have the same Jordan-Holder factors with respect to o or equivalently,
by [6, Theorem 1.1], if they have the same image in Eg). For i = —1 we
recover ¢ : S"'—N and v(© = w. Studying all the () together will
provide a better understanding of the contraction c.

Definition 6.3. The varieties £(?) and E(()O) will also be denoted by X and
Yo respectively, and the morphism ¢ by « : ¥—33. The base of the
contraction ¢ will be denoted B = ¢([).

We will need some technical lemmas. Recall from [5, Definition 5.4] that
a class w € A is positive (with respect to v®) if w? > 0 and (w,v®) > 0.

Lemma 6.4. v is not the sum of two positive classes in A.

Proof. Write w1 = zv + ya and wy = (1 — z)v — (i + 1 + y)a. Imposing
w? >0 and w3 > 0 gives

4(n — 1)a? + day — 4y* = ((\/Z + 1)z — 2y> ((\/Z — 1Dz + 2y> >0,

(VE+ D -a)+2y+i+1) (VE- 1)1 —2) =20y +i+1) 2 0.
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This defines two lines dy, d2 passing through (0, 0) and two lines ¢1, ¢5 passing
through (1, —i—1), with d; parallel to ¢; and of positive slope, ds parallel to
£5 and of negative slope. These four lines are the sides of a parallelogram P
with vertices (0,0) and (1,—i — 1); because of the condition n > (i + 1)(i +
2), the latter is the easternmost point of P. The conditions w?, w3 > 0
are verified on the (closed) parallelogram P and two unbounded regions on
its east and its west, which are cones with vertices (0,0) and (1,—i — 1)
respectively.

Now we ask further that (v, w;) = (2n —i — 3)z + (20 + 3)y > 0 and
(0@ wy) > (2n —i —3)(1 —x) — (2i +3)(y +4 + 1) > 0. The first condi-
tion is verified above a line through (0,0) with bigger slope than ds, again
because of the condition n > (i + 1)(i 4+ 2). The second condition is verified
below a parallel line through (1,—i — 1). As a result, the two unbounded
regions are ruled out and we only remain with the parallelogram P. Since
its westernmost point is (0,0) and its easternmost point is (1, —i — 1), these
are clearly its only two integral points. But they correspond to wq or ws
being 0, which is not allowed. O

()2
.

Then either s = a or s = vt . This last case happens if and only if
n=m(m+ 1) for some integer m >0 and i =m — 2.

Lemma 6.5. Suppose s € A is spherical and such that 0 < (s, v(i)) <

Proof. Suppose s = xv + ya; the sphericity condition means that
(8) (n— 1Dz + oy —y?* = —1.

(v)?
2

The conditions that 0 < (s,v(®) < means that

0<@2n—i—-3)z+2i+3)y<n—1-(i+1)(i+2).
Letting z = 2 — 2y, we rewrite these conditions as 22 = (4n — 3)2? + 4 and
(9) 0 < 2(4n — 3)x —2(2i +3)z < (4n — 3) — (2i + 3)%

If £ =0, weget y=1, 2= —2, so s = a. Suppose instead that = > 1; then
the second inequality implies z > 0. With ¢t = 4n — 3 and p = 2i + 3, we get

t
p<§ and (p—2)2<A?:=22— (20— 1)t=t(x—1)?+4.

Note that z > v/tx, hence %’ < v/t < z, so these two inequalities are always
compatible (forgetting the condition that p is integer) and reduce to

tx
z—A<p< —.
z

Suppose that = 1, which implies that 4n + 1 is a square, hence n =
m(m + 1) for some m > 0; then z = 2m + 1, A = 2 and we are reduced

t02m—1§p<2m+1—ﬁ; but then p = 2m — 1, ¢ = m — 2, and
i+1)

(z,y) = (1, —m) is a solution, giving s = l .
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Now suppose that > 2. In fact z = 2 would mean 2% = 16n — 8 which
is impossible, so we can suppose that x > 3. We claim that

tx 1

10 bi=——(z—A)< -.

(10) 2 (-a) <

But then, % being at distance smaller than % of the integer p, must be equal

to p. In particular z must divide tx, but tx = kz yields z(z — kx) = 4, which
is impossible.

There remains to prove (10). First observe that 22 — A? = (2z — 1)t,

hence

6_t_:n_t(2:17—1) _ txA—(z—1)z)
Tz 2+ A z(z + A)

In order to bound this expression, we use the identities

4 4
z =Vt + ————, A=Vtz—1)+ —mFmF——,
z+ Atz ( ) A+Vi(x—1)
from which we deduce that
dx 4(x —1)

A —(x — 1)z

A+ Vi(z—1) Vi
Clearly z is close to v/tx; more precisely

1 1zt 2 1
Wir 2+ tr Wiz(z +Vix)  Vix(z + Viz)? < 2~\/ta3

This yields the estimate

22z — 1) N 2(x —1)
Vir(z —1) tv/tad
Finally, we get the claimed upper bound

t(zA — (z—1)z) 2 2(x —1) 1 4
< <-4+ — <1
(2z — 1)Vt x(x—1) t(2x—1)z3 — 3 135t
The case where x < 0 is completely similar: z must also be negative, so we
let X = —x and Z = —z. The conditions become

zA—(z—-1)z <

20 <

tX
p>— and (p+ 2P <A* =224 22X+ Dt =t(X +1)* +4.

VA
Then the very same discussion as before goes through, with all —1’s replaced
by +1’s, and X =1 is no exception. O

The two previous lemmas allow to apply [5], and we deduce the following
geometric statement.

Lemma 6.6. The base B of the contraction c is irreducible.
More generally, for any i <, 9 is a flopping contraction with an irre-
ducible base Bt ¢ E(()Z). Fori=r, % is an isomorphism.
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Proof. Suppose first (v(?)2 < 0; then i = 7. If (vV)? = —2, both X and
Zg) are points and there is nothing to prove. If (U(i))2 = 0, then X is
a K3 surface of Picard rank one by [5, Theorem 3.6 (b)], in particular it
does not contain any smooth rational curve. In this case, any birational
transformation induced by wall-crossing is in fact an isomorphism, see [6,
Example 9.1].

Now suppose that (v(¥)? > 0. By definition ¢ is induced by a suitably
high multiple of a class in NS(X(®). According to [5, Theorem 5.7], it is
a contraction if and only if there exists a special class in A, isotropic or
spherical, subject to certain numerical conditions. There are several cases
to consider.

If a class (s or w) as in [5, Theorem 5.7 a)] does exist, then together with
v it spans a rank two sublattice of A with discriminant d € {1,4,2(v®)?}.
By [25, XTIV, (0.1)] this is not possible, since A has discriminant ¢ which is
always bigger than d. This excludes the possibility that ¢ is a divisorial
contraction. So if ¢ is a contraction it must be a flopping one, subject to
the conditions of [5, Theorem 5.7 b)]. There are two possibilities to consider,
and they are addressed by Lemma 6.4 and Lemma 6.5.

Every case in [5, Theorem 5.7 b)] yields a decomposition of v(*) as a sum
of two effective classes in A (a two-terms partition), explicitly described in
the proof of [5, Proposition 9.1]. By Lemma 6.4, the case of two positive
classes never happens. In the case involving a spherical and effective class s,
the decomposition is v = s + (v() — s), so Lemma 6.5 shows that the only
two-terms partition in our situation is v = a + (’u(i) —a)=a+ v The
case s = v in Lemma 6.5 corresponds to the situation in which r = i+1
and both terms of the decomposition are spherical.

As shown in [5, Section 14], each two-terms partition of v® corresponds
to an irreducible component of the base of the contraction ¢, so in our
case the base of the contraction is irreducible. O

Conditions in [5, Theorem 5.7] describe all the possible Jordan-Holder
factors for objects corresponding to points in positive-dimensional fibers of
a contraction. To lighten the exposition, from now on we only consider
Jordan-Holder filtrations giving rise to positive dimensional fibers, since
those are the only ones that matter for our study of the contraction.

Let A be a o-stable object with Mukai vector a; since a? = —2, A is
rigid. Following the proof of [5, Proposition 9.1], any extension of A by an
element E(© € £ lies in a positive dimensional fiber of ¢. That E(© is the
first element of a Jordan-Holder filtration for Z;; in Coh® and, by the proof
of Lemma 6.6, any such filtration for an element of S starts in this way.
Furthermore, again by Lemma 6.6, any element in a Jordan-Hélder filtration
of E© lies in ©(M) and so on. In short, for any Z € S any Jordan-Hélder
filtration in Coh? is of the form

(11) 0C E(Zk) C E(Zk_l) C---C E(Z_l) =1z
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for some k < r and some objects E(Zi) corresponding to points of 2@ more-
over, Z belongs to [ if and only if this filtration is non trivial, that is, k& > 0.

Here the inclusion sign means being a subobject in the category Coh?”.

Let us take a closer look to the Jordan-Holder filtrations and factors,
the latter being the cokernels of the inclusions in (11). We want to under-
stand them in terms of coherent sheaves on S. We will denote by Mz (v(®)

the moduli space of H-semistable coherent sheaves with Mukai vector v(®.
Recall that v(=Y = v, hence My (v(-1) = S,

Lemma 6.7. For Z € I, set &Y =1T,. A filtration (11) is equivalent to
a collection of inclusions of sheaves

(12) {f(l) Uy — (“:(Z) },':07___7]g

such that 01 ¢ MH(v(i_l)) is the cokernel of f. Vice-versa, any such
collection is the Jordan-Hélder filtration of some Z € I.

Beware that in [9] we rather used the dual sheaves, which for n = 3 were
vector bundles.

Proof. Recall that Coh” is obtained by extension-closure of two subcate-
gories of the category of coherent sheaves, called 7% and F?. By [3, Propo-
sition 2.4], a subobject of £0—1 in Coh” is equivalent to an exact sequence
of coherent sheaves

0—K—ED L el-b_0 50

with £ € FA, Q € T8 and v(K) — v(Q) = —a: we impose v(Q) = (z,yH, 2)
and v(K) = (24 z,(y — 1)H,2n — 1 + z). We proceed to prove that v is
necessarily surjective, in particular @ = 0 and v(K) = —a, yielding K ~ Us
by semistability of L. This will prove the first part, since it will identify a
subobject in Coh? with an injective map Up—E® with cokernel v.

The proof of [9, Lemma 30] is easily adapted as long as = 0, so that
the rank of K is two. This is the case for example when ¢ = 0. Suppose
instead ¢ > 0 and z > 0. Since both £@ and £~V are semistable, the two
inequalities

y—1 <_z'+1
r4+2° 2+3

. 7
13(Q) > (W) = L > -

13 (K) < pg(EW) <=

x—  2i+1
must hold. The pair (z,y) € Z? should then lie in the triangle cut out in
R? by z = 0 and the two lines g;(v) = — g ® and go(x) = —;{'jrlgzn + ﬁ,

intersecting at (2i+1, —i). Note that this triangle is contained in the slightly

bigger triangle with integral vertices (2i + 1, —1),(0,0) and (—2,1). This

triangle has area % so by Pick’s formula the only integral points it contains

are its three vertices. The only possibility with « > 0 is therefore (x,y) =

(2i 4+ 1, —i). But in this case K and £®) have the same rank, so the image

via v in £V is a torsion sheaf, and has to be zero since £~ is torsion
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free. This is impossible, since K € F# and €@ e TP cannot be isomorphic.
This concludes the proof. O

Remark 6.8. As a consequence of the first part of the proof, the unique o-
stable object with Mukai vector a, that we denoted A in the proof of Lemma
6.6, is in fact Us[1].

Lemma 6.9. With the same notations as before:
(1) any nonzero map Us—EWD | with EO € My (v?), is injective with
cokernel in My (v0=1);
(2) wice-versa, any nonzero morphism £ —E0= | for €0 ¢ My (v®)
and £ € My (v0=Y), is surjective with kernel Us;
(3) any non-trivial extension of E0~Y € My (v0=Y) by Us defines a
point EO of My (v®) which is H-stable.

Proof. Let us prove (1). Let K be the kernel of a non-zero map Us—E®).
Suppose K # 0: since both Us and £ are torsion free, K has rank one.
Since Us is stable with slope iy (Us) = —3%, ¢1(K) = —2H with z > 0. The
image of Uy in €% has then rank one and first Chern class (z — 1)#. This
is absurd since the slope of £ is negative, so K = 0.

Then we check that the cokernel £~ must be torsion free. If not, let 7
denote its torsion subsheaf, and 7 the pullback of 7 in £@): as a subsheaf of
the latter, this is a torsion-free sheaf, hence locally free in codimension one.
Moreover, since £ is stable with negative first Chern class, ¢1(7) < 0. But
since T is torsion, ¢1 (7)) > 0, while the relation ¢;(T) = ¢ (T)+H < 0 yields
¢1(T) = 0. This means that 7 has finite support. Then Uy < T — TV
and this double dual is a vector bundle with the same first Chern class as
Us; so the inclusion of Us must be an isomorphism, hence also Us ~ 7T, hence
T =0.

Finally, suppose that F is a rank r destabilizing subsheaf of £~ with
first Chern class 2H, so that z/r > —i/(2i + 3). Its pullback F in £® has
rank 7 4 2 and first Chern class (z — 1)H; since £?) is H-semistable, we
deduce that (x —1)/(r +2) < —(i+1)/(2i + 3). Hence

1‘—17‘ < 1—(2—1—1)7’,
2i+1 7~ = 2i+3
which is impossible since 1_2(::§)T — %Z_ﬁ = _(2i+5gi+3) < 0.

We turn to (2). In light of the proof of the previous Lemma, we only need
to show that the kernel K of any non-zero £ —£(=1) is H{-semistable. By
the proof above, we know that I has rank two and ¢;(K) = —H. Consider
any subsheaf V of K of rank one; since V is also a subsheaf of £ which
is H-semistable with negative slope, ¢1(V) = —xH for some integer x > 0.
But then (V) = —2 < uy(K) = —% and we are done.

To prove (3), first observe that an extension F of £~ by Us is necessarily

torsion free with Mukai vector v(¥), so we are left to prove H-semistability.
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For V a subsheaf of F, let 0 > K — V — Q — 0 be the induced extension,
with Q a subsheaf of £0-1) of rank 7 — k, where k € {0,1,2} is the rank of
K and r < 2i + 3 the rank of V; we can suppose r > k.

If K has rank zero, being a subsheaf of Us it must be zero, hence V ~ Q.
We must show this sheaf cannot destabilize £, knowing that it does not
destabilize £(—1). Suppose the contrary; if ¢ (V) = —zH, this means that

Lo Tt +1 .
2i+1 ~ r =~ 2i+3
The difference between the last two rational numbers can be written as
m

i) for some positive integer m. On the other hand, the difference be-
1

tween the extreme two is TENEE)

and r = 2i + 1, in which case we can suppose that V = 6= and conclude
that the extension splits, a contradiction.
So suppose k > 0, and let ¢;(V) = —aH and 1 (K) = —yH, with x > 0

and y > 1. Since £0~Y is H-semistable, we have =k = 77, in particular
i+1

r >y > 0. If V has bigger or equal slope than F, then & < 7=.
particular z < i since r < 2i+ 3. Then the inequality r —k < 2(x —y) + =4
implies that in fact r —k < 2(x — y). Similarly, the inequality r > 2z + =5
implies that in fact » > 2x+1. The two inequalities together yield 2y < k—1,
in contradiction with the semistability of Us. O

So the only possibility is that m =1

In

From now on, we refer also to a collection of maps as in (12) as a Jordan-
Hoélder filtration. By [26, Definition and Corollary 6.1.5],

XUz, ED) = —(v(Us), v(ED)) = (a,vD) = 2i 4 3.

Since both sheaves are semistable and & () has bigger H-slope than Uy, we
have hom(£®,Us) = 0. Using Serre duality we deduce that

(13) hom(Us, £V = (2i + 3) + ext* (ED, Uy).

In particular hom(Us, E®) > 2i + 3.
As a nice consequence, we get a description of objects in » @),

Corollary 6.10. For i > 0, objects in 2@ gre H-stable coherent sheaves
with Mukai vector v In particular, ¥ ~ MH(’U(Z)), and this moduli space
parametrizes H-stable sheaves.

Proof. We prove the statement for ¢ = 0. The case where ¢ > 0 follows
inductively with the same argument. A priori, objects in £(0) = M, (v(?)
are two-term complexes; whenever E € (9 is a subobject of some Zy €
Sl seen in Coh” as a complex concentrated in degree 0, then also E is
concentrated in degree zero, as in the proof of [3, Proposition 2.4]. Now,
any E € X can be seen as a subobject of some Zy, as it is clear from
the construction of the indeterminacy locus I in the proof of Lemma 6.6.
So FE is always concentrated in degree zero and can be identified with an

H-semistable sheaf & of Mukai vector v(®). As a consequence, (%) embeds
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in My (v(©) by sending a complex to its only non-zero term. The proof of
Lemma 6.7 translates the fact of being a subobject of some Zy for E to
sitting in an exact sequence between Uy and the same Z; for the associated
€. Hence any such £ is actually H-stable by Lemma 6.9 item (3). By
[25, X.3. Theorem 3.10 and X.1. Corollary 1.5], My (v() is irreducible of
dimension (v(9)2 4+ 2 and M, (v(©) is projective of the same dimension [5,
Theorem 2.15 and Theorem 3.6], so the embedding is also surjective. O

The Jordan-Holder filtration is not unique, but unicity holds for Jordan-
Holder factors: the Jordan-Hélder factors of (11), except for the r-th one,
have Mukai vector a hence, by Remark 6.8, they are copies of Us[1]. So the
Jordan-Hoélder factors are

k+1times
——T—
(14) EX W1, .. Us[1]).

We are ready to provide a description of the points of I. Recall that, in
Coh”, the ideal sheaves of points in the indeterminacy locus I are extensions
of Us[1] by an element of X(°) and two extensions are sent to the same point
if and only if the associated £(°)s are S-equivalent for oy.

Proposition 6.11. A length n subscheme Z of S defines a point of I if and
only if the sheaf Tz lies in a a short exact sequence

(15) 00—y L5 67,0

for some & corresponding to a point in ¥ = My (w). Two subschemes Z,Z' €
I, with associated Jordan-Hoélder filtrations as in (11), of respective lengths

k and k', lie in the same fiber of c if and only if k = k' and €(Zk) = ng,).

Proof. Via Lemma 6.7, condition (15) is equivalent to ask that any Jordan-
Holder filtration (11) for Z has length & > 0. The second part is clear by
(14).

O

Remark 6.12. The exact sequence (15) can be seen as the Eagon-Northcott
complex associated to the transpose of f, since Uy and £ have the same de-
terminant. Seen as a way to construct a sheaf from a finite scheme and
an extension class, it is reminiscent of the Serre construction, which rather
involves a Koszul complex. It could be interesting to explore this variant
further. In particular, one could ask under which conditions the extension
€ is a vector bundle. This question has a very nice answer for the Serre
construction on a K3 surface, see e.g. [30, Theorem 3.13]. In our specific
situation, we expect the following statement: for Z reduced in I, represent-
ing a collection Pi,..., P, of planes in V5,11, whose span has dimension
2n — 1, then any subcollection of order n — 1 should span a subspace of
Vont1 of the expected dimension 2n — 2. This is in agreement with the fact
that for n = 3, we only have vector bundles: if two points in .S represent
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planes that are not in general position, then the line they span is contained
in S, which is not possible.

Remark 6.13. The picture is recursive in nature and most of the statements
have an analogue for any ¢ > 0. One of them in particular will play an
important role in the next section: for any ED ¢ x(0 g Jordan-Hoélder
filtration is a truncation of (11), from ¢ to some k£ < r. From that, and
using Lemma 6.7 and Lemma 6.9 one shows easily that (as it is for i = —1
in Proposition 6.11), for any 0 < i < r, £® lies in the exceptional locus of
¢ if and only if it lies in a short exact sequence

0—slUp—EFD 00

for some £(1Y) ¢ R+ Moreover, two elements of () lie in the same fiber
of ¢ if and only if their last Jordan-Holder factor is the same.

Now that we have a description in terms of sheaves for objects in () and
for Jordan-Holder filtrations and factors, we will use it to describe natural
stratifications on N and S,

6.3. Stratification of the base of the contraction and the indeter-
minacy locus. There is a natural stratification of S, introduced in [5,
Lemma 14.1].

Definition 6.14. We denote by I, € S the locus of schemes Z whose
Jordan-Holder filtrations have length exactly k + 1.

Via ¢, the stratification on S induces a stratification on N,
(16) 0=BCtYcBMc...cBO=BO=BcBV=N

with 7 4+ 2 strata, where each B®*) is the closure of the image of I, via ¢
and c(I,) = B (k)  B*+1)  This space parametrizes S-equivalence classes of
subschemes Z for which any Jordan-Hoélder filtration (11) has length k& + 1.
The stratifications depend in a fundamental way on (13).

Definition 6.15. We denote by 1) c () the exceptional locus of ¢{? and
U@ .= »@ 76,

The open subset U® is the space of strictly og-stable elements of 2O, 1t
is equal to the whole () if and only if i = r.

Lemma 6.16. For any i > —1, hom(Uy, EV) = 2i + 3 if and only if E® is
the only element in its S-equivalence class for oo, or equivalently EO ey,
If D lies in U, then ext' (€D Uy) = 0.

Proof. We prove the statement for ¢ = —1, the other cases are proved in the
exact same way because of the observations in Remark 6.13. An element of
Sl lies in I if and only if the associated ideal sheaf lies in a short exact
sequence (15). In particular, this is equivalent to ask ext!(Zz,Us) > 0, or
hom(Us, £V > 2i + 3 by (13).
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Similarly, if ext!'(Zz,Us) # 0 by Lemma 6.9 there is an inclusion Uy <
O for some £, whose cokernel is Tz, so Z € I. O

By (15) and Remark 6.13, together with Lemma 6.9, for any ¢ > 0 and
£ there is a surjective morphism from P(Hom(Uy,E®)) to the space of
elements of X~ which admit a Jordan-Holder filtration as in (12) whose
first term f(©) lies in Hom(Uy, £@). Although that space is not necessarily
a fiber of ¢(~1 it is clearly contained in one such fiber, which we denote
Fe(y. This allows us to define a surjective continuous map

(17) n® ;59— Bo

sending ¢ (£®) to ¢~V (F.u)). By the observation on Jordan-Hélder fil-
trations made in Remark 6.13, n(i) is bijective, but it is not clear a priori
that it is a morphism.

In order to prove it, for each i > 0 we consider the universal sheaf F()
on S x £ (depending on n and i, we may need to consider the twisted
universal sheaf instead, see [25, X.2.2 (ii)]). We denote by p; and ps the
projections from S x X to the two factors and by

G = po, Hom(piUy, FV)

the (twisted) sheaf on 2@ obtained by push-forward. As a consequence
of Lemma 6.16, G is locally free of rank 2i + 3 on U®. We consider
the projectivization of the restriction Py (g(“). By the same reasoning as
above, there is a surjective morphism

(18) Py (GD)— I8V,

where Iéi_l) c I0-Y is the locus of objects whose Jordan-Holder fil-

trations have minimal length. This morphism descends to a morphism

n(()i) : C(U(i))—m(i_l)(léi_l)); by construction, it coincides with 1) over

the open ¢(U®). We can now prove the following
Lemma 6.17. 79 is a bijective normalization morphism.

Proof. We already know that () is bijective, we just need to prove that it

is a morphism. In Eéi) x B®W_ we consider the graphs I and 'y of n(i) and
n(()i), respectively; we denote by p and ¢ the two projections, to Eg) and B,
respectively.

The graph I is the closure of T, since n¥) restricts to n(()i) on a dense open
subset; in particular I' is a projective variety, since néi) is a morphism. As I’
is a graph, the restriction ppp : F—)Eéi) is bijective. So pjr is a birational,
proper and bijective map; by Zariski’s Main Theorem, it is an isomorphism,

¥y’ being normal. But then we are done, since n® =gqgo (p‘r‘)_l. (]

The normalization 7(®) will also be denoted by 7.
30



For any i > 0, the base of the i-th contraction B(®) admits an injective
map to BU1, via the inclusion in E(()i_l) and the bijective normalization
n(i_l). Repeating from r to 0, we obtain injective maps 7@ . BO_4N;
for each i, the image is the i-th stratum B(*) defined in (16). Note that
7 is just the identity B(Y) = BO), We let n(=1) = (-1 = idy. Putting
everything together, we get the following diagram.

) — Z[()T) s(r=1)

l"(” lcw—w

B(r) E((J'r—l)

Lnero
B e =M
(19) lc(l)
~() o m 20 =5
) l,,(l) lc,w):a
B y 2 =5, (-1 _ glnl
Jf(l) ln(o):ﬂ J/c(_l):(:

BM 4 Br—D BW B® =B® =g 55"V =N

It is then clear that the trivial identity B(~Y = N can be generalized to
any stratum.

Corollary 6.18. For any ¢ > 0, BYW < N is isomorphic to E(i), up to a
bijective normalization.

Definition 6.19. For £ € () we denote by [€®] its image in B ¢ N
via 70 o n® o ¢ (see (19)).

For £ ¢ £ and £0+1) ¢ R0+ it may happen that [E®)] = [€(+D)]
when £0) € B+, For example, by definition ¢(Z) = [Zz] for any Z, but
this is the only possible class £ such that ¢(Z) = [£] if and only if Z ¢ I.

The next Proposition is a good summary of the relation between the
contraction ¢ and the stratification of N, in light of (19) and the Definition
above.

Proposition 6.20. For Z € I with Jordan-Hélder factors (14),
c(Z) = [EP] e B®) ( BHHD,

More generally, ¢(Z) = [ED] for €D € X and i < k if and only if there
exists a Jordan-Hdolder filtration (12) for Z in which EW appears.

Proof. This is a restatement of the proof of Lemma 6.6 in the language of

sheaves provided by the statements in Subsection 6.2, using the commuta-

tivity of all the small diagrams in (19). O
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By Proposition 6.20, for any Z for which Z; lies in a sequence (15), we
have ¢(Z) = [£] € B. The depth of ¢(Z) in the stratification {B®};, hence
of Z in {Iy}; depends on (13) by Lemma 6.16. This will be crucial in the
next subsection.

Remark 6.21. Proving that B® is normal for any i would simplify a lot

the picture. In that case, we would have B = B() = Eg) and the diagram
(19) would reduce to

»n(r-1) (0 »(=1) — gln]
(20) lcv—l) (0 lCH):C
IR QNN 5/ RSN ) R

This is the case for n = 2 and n = 3: conjecturally, for any n and any i > 0,
B ghould be smooth away from BO+Y.

Remark 6.22. For n = 2,3, studied in [40] and [9] respectively, the situa-

tion is much simpler. In these cases r = 0 and E(()O) =20 = ¥ is respectively
a single point or a smooth K3 surface. The diagram (19) becomes

Sln]

lc
> —— N.

Up to n = 5 we also need to take into account the normalization n : ¥x—B.
Starting from n = 6, the stratification of NV has at least three strata since
r > 1, so B is always singular since X(?) is.

For n = 6 then ©() = BM) is a singleton, for n = 7 the stratum B! is a
surface of which ¥, a K3 surface, is a bijective normalization, and so on.
More generally, the deeper stratum is a point if and only if n = (r+1)(r+2),
a surface whenever n = (r + 1)(r 4+ 2) + 1, etc.

6.4. Structure of the indeterminacy locus. We are now ready to relate
the locus J S of subschemes generating a non-maximal linear space in
Von+1 with the indeterminacy locus 1.

Theorem 6.23. I = J.

Proof. By Lemma 6.16, Z € I if and only if hom(Usz,Zz) > 1. By Lemma
3.5, this is equivalent to asking that Z € J. O

We can be much more precise.

Definition 6.24. For k > —1, let J;, be the locus of subschemes generating
a linear space of codimension k + 2 in Va4 1.

The Ji’s form a stratification of S and of I = Ukso k- We defined
another stratification {Ij,}r—_1..,, see Definition 6.14. By Theorem 6.23 we
have I_1 = J_1.
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Proposition 6.25. Consider Z € I such that ¢«(Z) € B® ~ Bt+D for
some k > 0. Then Z generates in Von 11 a linear space of codimension k+ 2.
Equivalently, for any k > —1 we have

I, = Jg.

Proof. Consider Z € I. We prove that Z € I}, if and only if k is maximal
such that the ideal sheaf of Z fits into an exact sequence

(21) 0—suUS D Ly e 1,0,

with £®) € (%) Equivalently, we show that, if Z fits into a sequence (21),
then we can produce a collection of length k + 1 of inclusions like in (12),
and vice-versa.

Take Z whose ideal sheaf fits in a short exact sequence (21) for some £*) €
»®). For i = 0,...,k, we denote by j; : ng—)lz[z@(kH) the i-th inclusion.
We define f*) = g o ji : Up—E®) and we denote by =1 : k) gk—1)
its cokernel, which by construction admits a surjective morphism h*=1 :
EFR-D_7,. Then we define

FED =% Vogojy 1 tp—re®Y.

Proceeding in this way, we construct inductively a collection of injective
morphisms @ : Uy—E@ for i = 0,...,k, and of surjective morphisms
h®) . €0 T, for i = —1,..., k. Observe that, by construction, the kernel
of h® is a sum of copies of Uy, in particular it is torsion free, hence £®
is also torsion free. Then h(©) yields an isomorphism £V ~ 7, and by
Lemma 6.9 we have €% e () for any . It is then clear that the collection
{f® . L{Q—>€(i)}i:0,,,,7k obtained in this way is is in the form (12) with
& =D = Zz.

Conversely, consider Z with a collection of maps as in (12), of length
k 4+ 1. We construct inductively a collection of injective morphisms g; :

U;B e () starting with gy = f(©. Consider the short exact sequence

O iy g
(22) 0 Uy L5 gD 270 26 g,

Since Uy is spherical, by twisting this sequence by Uy and taking cohomol-

ogy, we see that the morphism Hom (Us, £ — Hom(Uy, £@) is surjective.

Then it is easy to see that, g;_1 being given, there exists a lifting g; fitting
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in a commutative diagram

0 0
0 Us upit oy o
H 9gi 9i—1
0 Us gy 5 gl
IZ f— IZ
0 0

Then g = g has the required properties.

Having obtained (21) for Z € I, we twist this sequence by Uy and we
take cohomology. Since Uy is spherical we get a short exact sequence

0—CF'— Hom(Usy, EM)— HO (T, @ Uy )—0.

Now, [E®)] € B®) \ B*+1) since Z € I;,. By Lemma 6.16 this implies
hom(Us, E®)) =2k + 3,50 W (Tz @Uy) =2k +3 — (k+1) =k + 2. O

Since c¢ is semismall [28, Lemma 2.11], the dimension of the fiber of a
general point of B*) is at most (k + 1)(k + 2).

The first stratum k = 0 is easy to study: for [£] € B ~ BM, hence
£ € U, (18) restricts by Lemma 6.16 to a surjective morphism

(23) P(Hom(Us, E))—c([€])

sending the class of £ to coker(f (0)) = Ty for some Z. But f© is unique
up to scalar, since by hypothesis & € U, or equivalently £ is unique in
its S-equivalence class, so ext!(£,Us) = 1. Hence the fiber over a point of
B~ BW is isomorphic to P(Hom(Us, £)) ~ P2.

Corollary 6.26. I is irreducible, and birational to a P?-fibration over .

Proof. Since Iy is a P2-fibration over an irreducible base, it is irreducible.
Then Iy = Ug=—1,. I, = I by [5, Lemma 14.1]. O

The description of Ij is essentially [5, Lemma 14.2]. For deeper strata the
description of the fibers is more complicated, but we are able to prove that
they always have the expected dimension.

Lemma 6.27. For k > 0, the fiber of ¢ over a point of B®) < B+ s
unirational (hence irreducible) of dimension (k+ 1)(k + 2).
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Proof. Any Jordan-Holder filtration 12 comes with a sequence of sheaves
E= (W g1 £0) We fix [E®)] € B®)  B®+D and consider the
space

z= {§ = (W k=1 £O)|1£®] = [£®] for all z}

parametrizing the sheaves in Jordan-Holder filtrations with the same Jordan-
Holder factors (14), see Proposition 6.20. By Corollary 6.18, £%) is uniquely
determined by [£()]; then £~ is the cokernel of some nonzero morphism
fr : Up—EW  and so on. Thus the space of Jordan-Hélder filtrations £
that lie in Z admits a surjective morphism to the fiber ¢~ ([€®¥)]), sending
(f®, ..., fO) to Z such that coker(f(®)) = T5. Note that arguing as in
the proof of Proposition 6.25, from (22) we deduce that Hom(Uy, EFD) ~
Hom(Us, E®))/Cf, has fixed dimension, and so on. We therefore dominate
the fiber ¢~ ([€()]) by a tower of projective fibrations, which already ensures
that it is unirational.

In order to compute its dimension, we observe that a Jordan-Hoélder filtra-
tion (f*),..., f0)) is sent to a given finite scheme Z € I when f(©) defines
an extension £©) of T, by Uy, f) defines an extension £M) of £0) by Uy,
and so on. Again, the corresponding extension spaces have fixed dimensions,
so that the filtrations with given image Z are also parametrized by a tower
of projective fibrations. We can then compute the dimension of the fiber
¢ H[E®)]) as the difference between the dimensions of these two towers,
which yields

k k
> (hom(ts, £9) 1) = 3 (eat! (€07 ty) — 1) LY
=0 =0

k
= eat' (€W, 1) + (Z 2i +3> — cat! (Tz,Up) "2 10
1=0

k

=2 (Z z) +3(k+1) — ext! (Ty,Uy) = k(k + 1) + 3(k + 1) — ext (T, Us).
i=0

By Serre duality, ext! (Zz,Us) = h'(Zz®Uy) and the latter is h°(Zz@Uy )1,

as we saw in Lemma 3.5. Finally, we are able to conclude by Proposition

6.25, since

B 4ak+4—hTr0U)) =k +4k+4— (k+2)=(k+1)(k+2). O

We close this section by collecting our results about the indeterminacy
locus I of . Recall that r = max;>o{n — (i +1)(i + 2) > 0}.

Theorem 6.28. The indeterminacy locus I C S™ of the birational involu-
tion ¢ coincides with the locus J of subschemes generating a linear supspace
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in Vopt1 of codimension at least two. Moreover, I is irreducible and is con-
tracted by c to the base B C N, admitting a stratification

@CB(T)C"'CB(DCB(O):B

where B*) has codimension 2(k + 1)(k +2) in N.

For each k > 0, the restriction of ¢ to B¥) ~ B*+Y s o fibration with
unirational fibers of dimension (k+1)(k+2). A scheme Z € I is sent by c to
B®) < BEHY) if and only if it generates a subspace of Va1 of codimension
exactly k + 2.

We can also translate our result in a Brill-Noether like statement. Recall
that we denote by v*) the Mukai vector v — (k + 1)a, see Section 6.2.

Theorem 6.29. Let (S,H) be a very general K3 surface of degree 8n — 6,
embedded in G(2, Vapt1) via the Mukai bundle of Mukai vector (2,H,2n—1).
The space Ji of degree n finite subschemes of S generating a linear subspace
of Vapt1 of codimension k+2 is non-empty if and only if (k+1)(k+2) < n.
In that case, it has dimension 2n — (k+1)(k +2) and is a fibration over an
open subset of the moduli space MH(v(k)) of H-stable coherent sheaves on S
with Mukai vector v\®) | with unirational fibers of dimension (k + 1)(k + 2).
The complement of this open subset has codimension 2(k + 2) in My (v(*).

We already knew that I is a P?-fibration for n = 2, 3. The same statement
holds for n = 4,5, but is no longer true for n > 6. For n = 6, [ is a
P2-fibration except for a single fiber of dimension 6 corresponding to the
subschemes generating a linear space of codimension 3. In general, whenever
n = (r + 1)(r + 2), the last stratum B") = M, (v(")) is a single point.
Hence the subschemes generating a linear space of codimension r + 2 are
parametrized by a unirational variety of dimension (r 4+ 1)(r + 2), which is
contracted to a point by c.

Remark 6.30. For n = 3, we proved in [9] that ¢ is a Mukai flop. In
particular it can be resolved by blowing-up the indeterminacy locus I and
contracting it again in other directions. We expect something similar, but
more complicated for bigger n: we would need to blow-up first I,._; along
I, then the bigger strata recursively, in order to finally resolve the indeter-
minacies of ¢, which should be a kind of stratified Mukai flop.

One more time, we are inspired by Beauville’s involution. In that frame-
work, Markman described a Brill-Noether stratification of S and pro-
ceeded to resolve the birational map by blowing up the strata recursively,
see [33] and [44, Section 4].

7. THE VARIETY X

Let us study more closely the hyperKéhler manifold 3 that desingularizes
the base B of the contraction ¢, see (19); we assume again for simplicity
that C), = 1. The morphism ¥— B factors into « : ¥—Y( and a bijective
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normalization 7 : Xg—B. We will be mostly interested in the first map.
By Lemma 6.6, « is an isomorphism when r = 0 (that is when n < 5), and
a flopping contraction otherwise.

For n = 2 both ¥ and X, are singletons. In this setting, most of the
statements in this section either remain trivially true, or are clearly false.
From now on we impose n > 3.

7.1. Moduli spaces interpretation. By definition, ¥ = M,(w) for the
Mukai vector w = v —a = (3, —H,n). There is a distinguished class in the
Néron-Severi group of this moduli space, pulled-back from the base of the
contraction.

Remark 7.1. ¥ is a fine moduli space if and only if 3 does not divide n.

The Mukai vector u = (2, —H,2(n — 1)) is orthogonal to w, hence the
associated Mukai morphism 6 (5) sends u to a class in NS(X). Note that
u is a primitive generator of the orthogonal complement of A in H}, g(S, 7).
We denote by £ the class among +6(u) which lies in the positive cone of ¥;
since u? = 2, £ has Beauville-Bogomolov degree 2. The following result is
basically a restatement of Lemma 6.6 for ¢ = 0, but this time we want to
highlight the role of L.

Proposition 7.2. The class L is nef and big and lies in the interior of the
movable cone of . Moreover a = ¢up for k > 0; in particular L is ample
if and only if n <5, while for n > 6 it spans a flopping wall.

Proof. We consider the walls-and-chambers decomposition of Stab'(S) as-
sociated to w. Let C be the chamber in Stab'(S) containing o and C its
closure. The map ¢ : C— NS(X)r constructed in [6] sends C to the nef
cone and C to its interior. Lemma 6.6 shows that op € C for n < 5 (that is
when r = 0), otherwise o only lies in the closure of C. Equivalently, ¢(cq)
is always nef and big and is ample if and only if n < 5. By definition of A,
the central charges with respect to og of elements of A align; as one can see
from the proof of [5, Theorem 12.1], this is equivalent to the condition that
{(00) € O(vt N A)*L. The latter is generated by 6(u) and, since £(og) is nef,
0(u) is a positive multiple of £. By the main result of [6], « is defined by the
ray spanned by 0(u), hence a = ¢ for some k£ > 0. Finally, £ lies in the
interior of the movable cone since « is either an isomorphism or a flopping
contraction. O

Since £ has Beauville-Bogomolov degree 2, —R, is an integral isometry
of H%(X,7Z) (where again R, denotes the reflection with respect to £).

Definition 7.3. Let tx; be the unique birational involution of Y acting as
—R/ in cohomology; its existence follows from the same argument as in [8,
proof of Theorem 1.1, case (i)]. It is non-symplectic, acts as —id on the
transcendental lattice of ¥, and fixes the span of £ in NS(X). It is biregular
if and only if £ is ample, i.e. n <5.
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For n =3, ¥ ~ ¥y = B is a two-polarized K3 surface with NS(X) = ZL.
The covering involution acts as — R, in cohomology. On the other hand, we
observed in [9, Section 4.5] that in that case ¢ induces an involution on N
which is biregular, and restricts to ¥ C IV as its covering involution: this is
[9, Lemma 35] (where the induced involution is denoted -).

It is natural to ask whether this picture extends to higher dimensions. In
other words, we can wonder if the involution acting as —R, on the coho-
mology of 3 is induced by ¢. We will answer this question for most cases in
Subsection 7.2. But we will first observe that, somewhat surprisingly, the
group of birational automorphisms Bir(X) may be infinite for certain values
of n; in particular we cannot in general show that (3, = — R, simply arguing
by unicity, as we do for S

In order to understand whether Bir(X) is finite or not, we use Oguiso’s
techniques relying on the weak version of the movable cone conjecture proved
by Markman in [34]. We first need to describe NS(X); note that starting
from n = 4 we have w? > 2, so ¥ has Picard rank two by [5, Theorem 3.6].

Lemma 7.4. Let n > 4. As a lattice, NS(X) = (2) @ (—2%)

Proof. A primitive generator of w' Nut in Hzlg(S, 7) is m(t, —(2n —
3)H,t(n — 2)). It corresponds via the Mukai morphism to a generator ~ of
the orthogonal complement of £ in NS(X). The Beauville-Bogomolov degree

of Kk is —Zgzgé; ?)2 . The lattice spanned by £ and & is a finite index sublattice

of NS(¥). By [22, Lemma 7.2], both lattices have the same discriminant, so
they coincide by [25, XIV.0.2, (0.1)]. O

The positive cone Pos(X) is delimited by the lines spanned by gvcfi((g_r?)) L+
K, which are rational if and only if n = 7. For this reason, this case needs
to be treated separately.

Proposition 7.5. For n = 7, Bir(X) is finite. For n > 4 and n # 7,
Bir(X) is finite if and only if Mov(X) is strictly contained in Pos(X).

Proof. Suppose n # 7. Since the boundary rays of Pos(X) are irrational, [43,
Theorem 1.3 (2)] implies that Bir(X) is infinite when Mov(X) = Pos(X).
On the other hand, the chambers in the interior of the positive cone are
cut out by the orthogonal complements to the classes of effective divi-
sors with negative Beauville-Bogomolov degree [34, Section 6.4]. So when
Pos(X) # Mov(X), at least one such divisor must exist and we conclude by
[43, Proposition 5.1].

For n = 7 the boundary rays of Pos(X) are rational, so Bir(X) is finite
either by [43, Theorem 1.3 (2)] or [43, Proposition 5.1]. O

Corollary 7.6. |Bir(X)| = co whenever n = 3n’ for some n’ > 1.

Proof. Let prove that Pos(X) = Mov(X). If this is not the case, there must
exist a class s or w as in [5, Theorem 12.3]. The second possibility is easily
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ruled out, since w (our w = (3, —H, n)) has divisibility ged(3,2¢,n) = 3. To
exclude the first possibility, we observe that the Mukai morphism # sends
a spherical class s € w® to an element of NS(X); so by Lemma 7.4 6(s)
must be of the form XL + Y with X2 — (4n’ — 1)(n’ —1)Y2 = —1. But
a necessary condition for the negative Pell’s equation X? — AY? = —1 to
admit a solution is that no prime number p with p = 3 (mod 4) divides A,
since —1 is not a residue modulo those primes; under our hypothesis there
must exist such a prime, since 4n’ — 1 =3 (mod 4). O

As we will see in the next subsection, in most cases the following obser-
vation will be sufficient to identify the action of ¢x in cohomology.

Lemma 7.7. For any n > 4, the only birational automorphism of ¥ acting
trivially on NS(X) is the identity.

Proof. Let g € Bir(X). Since the transcendental lattice 7' of ¥ has odd
Picard rank, g* restricts to +idy on T' [42, Proof of Lemma 4.1]. Hence if g
is symplectic, (¢*)|r = idr, and if moreover g acts trivially on NS(X), then
g* = idy2(x7) and we are done. Suppose instead that g is non-symplectic
and acts trivially on NS(X). It has to be an involution, with invariant
lattice NS(X) and coinvariant lattice T'; as a consequence of [11, Proposition
1.1], the discriminant of one of them has to be a power of two. But this
is not the case. Indeed, the discriminant of NS(X) is 4¢(n — 3). Moreover,
since T is isometric to the transcendental lattice of S, it has discriminant
2t by [25, XIV.0.2, (0.3)] since NS(S) is generated by H and H?(S,Z) is
unimodular. Both discriminants contains ¢ > 1 as a factor, and ¢ is odd so
we are done. (]

7.2. The induced involution. The birational involution ¢ descends to a
birational involution  on N.

Proposition 7.8. p on N is reqular.

Proof. By [31, Theorem 2.1.27], there is an ample line bundle .4 on N whose
pullback via ¢ is a positive multiple of H,, — 20. In particular, A is invariant
under the action of @. Choose an integer m such that m.A is very ample.
For any section o of m.A, o o % is a rational section of ¥*(m.A) = m.A, and
since N is normal by construction (see [6, Theorem 1.4(a)]), it extends to a
regular section. We thus get a linear involution * of HY(IN, m.A). But since
mA is very ample, N embeds inside P(H°(N,mA)Y) and by construction,
the induced projective automorphism of P(H°(N,mA)Y) restricts to . In
particular, © is regular. O

Since the base of the contraction is the singular locus of N, % restricts to
a biregular involution on it. Via the normalization 7, a biregular involution
on Y is also induced, and via « a birational involution ¢y on X.

Corollary 7.9. ¢ induces a birational involution ¢x. of 3.
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Contrary to the previous ones, this involution ¢y is a priori not regular,
and we will show later on that it is indeed not biregular, except forn = 3,4,5
for which ¥ ~ ¥.

We summarize the situation in a diagram:

%02/\ /\%0

) S

L

Y —> B = N
1:1

U .

%)

In order to understand ¢y, we will relate it to the main result of [19].
For a sheaf £ from ¥ = M,(w), a straightforward computation shows that
the Mukai vector of £(H) is (3,2H,5n — 3). So [19, Theorem 4.4] applies
with £ =1 (and g = 4n — 2); with their notations, ® = @y ; is a birational
involution of M, (w). By definition, up to a twist by H, it sends a generic
sheaf £ € M, (w) to a sheaf F € M,(w) that fits into exact sequences

(24) 0—EV —Hom(Us, )Y @ Uy —F(H)—Ext (€, 05)—0,
(25) 0—FY—Hom(Us, F)" @ Uy —E(H)—Ext' (F,05)—0,

where the sheaves xt!(€,0g) and Ext'(F,Og) have finite support [19,
Lemma 3.3]. These sequences are dual one to the other, and induce an
isomorphism

Hom(Us, E)Y — Hom(Us, F).
Proposition 7.10. ¢y = ®.

Proof. By Lemma 6.16, the open subset U C ¥ parametrizes sheaves £
such that KUy ® £) = 3. Via a, we see U as an open subset of ¥g. By
(23), the stratum Iy C I is a P?-fibration over U(®), hence a smooth codi-
mension two locally closed subvariety of S[. The symplectic form on the
Hilbert scheme allows to identify its normal bundle to the relative cotan-
gent bundle. If we blow-up Iy, we thus get an exceptional bundle with
fibers P(Hom(Us,E)/O(—1)) over Iy; note that since Hom(Us,E) is three-
dimensional, this is a relative flag bundle over U©®. So a point in the
exceptional divisor should be interpreted as a triple (£, [u], [v]) for & € U©),
u € Hom(Us, E), v € Hom(Us, E)Y, with v and v non-zero and orthogonal.

If 7 = (&), then v defines an element of Hom(F,Uy'), from which we
get an exact sequence

(26) 0—Uy—>F —ZL7;—0

for some scheme Z’ € I. We claim that the association Z — Z’ extends ¢,
which will prove the Proposition. By construction of ¢ (Proposition 1.1),
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we just need to show that there exists a global section of Uy vanishing both
on Z and Z'.

In order to construct such a section, we start by dualizing the sequence
(26), which yields

(27) 0—05—F" -5 Uy —Oz—0.

In particular there is an induced section o, of FV (at least up to non-zero
scalar). We can easily give an explicit expression of this section, say at a
point s € S at which FV is locally free. Let f1, fo, f3 be a basis of the
fiber F; since det(FY) = H, we see fi A fa A f3 as a generator at s of
H = det(Uy). Therefore the following expression makes sense

o(s) = v(f1) Av(f2) v(f2) Av(/fs) v(f3) Av(f1)
° JinfaNfs JinfaNfs JinfaNfs
and does not depend on any choice. Then we can use any v' € Hom(Us, F)

to deduce a section o, of Uy outside the singular set of F; since this
singular set is finite, 0, extends to a global section.

fz+ fi+ foe F),

Lemma 7.11. Suppose Z,Z' are reduced. Then:

(1) o, vanishes along 7',
(2) 0y =0,
(3) if V' is orthogonal to u, then o, vanishes along Z.

Proof of the Lemma. The exact sequence (27) shows that on Z the rank
of v is only one, so the wedge products in the definition of o, all vanish,
implying (1). The expression of o, , is skew-symmetric in the three vectors
v(f1),v(f2),v(f3), that belong to a vector space of dimension two; so it has
to vanish, proving (2).

In order to prove the last assertion, we use the exact sequence

0—E&Y — Hom(F,Uz) @ Us — F (H)—0,

which holds outside the singular locus of £. If we use a local basis x1, o
of Uy at s, this means that £ can be described locally as the bundle of
combinations w; ® x1 + wy ® x9, where wy, wy € Hom(F,Us), such that

(28) (wi(f), 1) + (wa(f), x2) = 0

for any local section f of . The morphism from £ to Uy defined by u, or
equivalently by the orthogonal vectors v and v/, simply sends

w1 ® o1+ we @ w3 (wy Av AV )z + (W Av AV ),

seen as a section of Uy once we have trivialized A3Hom(F,Us) ~ C. Over

Z, this morphism has rank one, say its image is generated by x1. So wy must

belong to (v,v’); if we complete v,v with v” to get a basis of Hom/(F,Us)

and write w; = z;v + zv' + 2/'v”, this means that the equation z§ must be

one of the equations given by (28). Hence there must exist an f such that
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v(f),v'(f),v"(f) are parallel to 25, while v(f),v'(f) are parallel to z1. Then
necessarily v(f) = v'(f) =0, and choosing f3 = f in the expression

_v(f1) Av(f2) v(f2) Nu(fs) v(f3) Au(f1)
 hiAfAfs Ve + JiNfa N fs v+ JiNfa A fs vif2),

we can clearly conclude that it vanishes. O

v, (5)

Conclusion. Up to scalar, the Lemma implies that o, ,» only depends on the
flag (v) C (v,v'). If we choose, (v,v') = ut, we thus get a uniquely defined
section which vanishes along Z U Z’. This concludes the proof. (]

Since py = @ is a non-symplectic involution [19, Proposition 5.11], ¢x
and P|p are not the identity! Recall that —R,, minus the reflection with
respect to £, acts in H%(X,Z) as the identity on the span of £ and as —id
on the orthogonal complement.

Corollary 7.12. Forn > 6, o5, = —R. In particular ¢y, is birational, but
not biregular on any hyperKdahler birational model of X.

Proof. We know that @ fixes an ample class A on B by Proposition 7.8.
Denote also by A its pullback to the normalization n : ¥o—B. Since ¢y
is induced by « : ¥—Y, the pullback of A by « is fixed by ¢x. Since
n > 6, by Proposition 7.2 « is a flopping contraction, hence a*A is a nef
and big class in the interior of the movable cone which is not ample. All such
classes are positive multiples of £, so px fixes them. By the proof of Lemma
7.7, since @y, is not the identity, it fixes exactly one class in NS(X) (up to
constant), and then it has to act as —id on L NNS(X) = Zx. We conclude
that the action of ¢y, on NS(X) coincides with that of the automorphism ¢y,
from Definition 7.3. Since both are involutions, (¢x o LE)‘*NS(E) = idns(x);

hence ¢y, oty is the identity by Lemma 7.7 and @5, = Lil = Ly.

For oy, to be biregular on ¥ a hyperKahler birational model of X, the
action of yy in cohomology must fix a class in the interior of the chamber
of the movable cone corresponding to ¥'. But all the movable classes fixed
by ¢5, lie in the span of £, which generates a wall. O

The case n = 3 is settled in [9], so the remaining cases are n = 4,5, for
which ¢y, is a biregular involution. For n = 4, we can fully recover the result
above, by a study of the group of birational automorphisms.

Proposition 7.13. For n = 4, o5, = —Rg. Moreover (X, L) is a double
EPW sextic, whose covering involution is py.

Proof. For n = 4 we have t = 13. Consider the basis {£,x} of NS(X) de-
scribed in Lemma 7.4. For (a,b) any solution of the negative Pell’s equation
X2 —tY? = —1, for example (a,b) = (18,5), the orthogonal complement of
al + bk cuts a wall in the interior of the positive cone of ¥ by [5, Theorem
12.3]. Thus Bir(X) is finite by Proposition 7.5.

Recall the involution ¢y, from Definition 7.3. By Lemma 7.7, the invariant
lattice of the involution ¢y in NS(X) has rank one, so it is generated by a
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primitive ample class £’. Suppose £ # L', so that {L£, £’} is a Q-basis for
NS(X). We denote by A the Beauville-Bogomolov product of £ and £L'; both
L and £’ have Beauville-Bogomolov degree two by [11, Proposition 3.1],
and we need a A > 2 for the lattice to be hyperbolic. The induced action of
¢y oty in the basis {£, L'} is given by

—1-X =X
[ A N 1] ’
with characteristic polynomial X2+ (2—A?)X + 1. This polynomial is never
cyclotomic, so ¢y oty has infinite order. This is absurd since | Bir(X)| < oco.
So £ = L' and ¢y = 15, by Lemma 7.7.
We know that (X, £) is a polarized pair, with £ of Beauville-Bogomolov
degree 2. The moduli space of 2-polarized hyperKéhler manifolds of K 3[2I-

type is irreducible [1]; since ¥ has Picard rank two, with transcendental
lattice of discriminant 2t = 26, the period points of our pairs (3, £)’s are
dense in an irreducible component of the divisor denoted by DS%G in [17].
As observed in [17, Example 6.3], from [16, Theorem 8.1] one can deduce
that (X, L) is a double EPW sextic. The covering involution of a double
EPW sextic always acts in cohomology as minus the reflection with respect
to the polarization, so it must coincide with s. O

Remark 7.14. The involution » on NN induces also an involution on E((]k),
hence on X(*)_ for any k& > 0. It would be interesting to adapt the statements
in this section to those situations. This is all the more tempting that if £
has Mukai vector v*~1) then the Mukai vector of the twist £(H) is exactly
as in [19, Theorem 4.4]; it is very likely that the two birational involutions
coincide.

7.3. The Pliicker variety. We call Plicker space the locus in |H,, — 25"
where the projection Pvy,, is not defined (see (3)), i.e. the projectivization
of

(29) Vini1 = {H e |1, (Sec”%(9))|" such that H D Vant1} -

Its dimension is % -2n+1) = n(nz_l). The following statement
follows from the definition of Vi, and the fact that I is the base locus of
the linear subsystem |Va,41|, cf. subsection 3.2.

Lemma 7.15. ¢y, 25 sends I into the the Pliicker space |Vin 4.
We define the Plicker variety to be
S = dp,-25(I) = [Vanga | N b, —25(S™).

It plays the same role as the Pliicker point for n = 2; for n = 3 it is equal
to the Pliicker space |Vi-| ~ P?; starting from n > 4 the two are different.

Recall that by Corollary 5.3, the flopping contraction c is the first factor
of the Stein factorization of ¢4, _25. We denote the second factor by v. Via
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v, the base of the contraction B is sent to ¥ C |Vih_;|. We denote by & the
composition of a with the normalization map 7, and by f the composition
of & with v, as in the following diagram:

2PN N
) [ g~
x l Cl N ¢V2n+1
AN
f B~ >N

AN
| |
14
_/ \
S Vi1 [ [Hn — 25|Vp;vf = [Vapt1]¥
2n+1

By construction, the image of ¥ via f is X.

Proposition 7.16. Suppose n > 6. The Plicker variety ¥ is the image of
I by the full linear system |Or(H, — 20)]|.

Proof. By Theorem 6.23, I = J is a degeneracy locus of the expected di-
mension, so its ideal sheaf can be resolved by the Eagon-Northcott complex

(30) 0—((Uy)")Y — O Ty (det(Uy ) ™)) —0

(see e.g. [49]). Moreover det((Uy)") = H,, — 26 (see [48, Lemma 1.5]).

We will prove that HO(SI ((Uy)™)Y) and H* (S, ((ty)!™)V) vanish.
By Serre duality, this follows from:

Lemma 7.17. Let £ be a vector bundle on S with no higher cohomology.
Then h1(SI™ €M) =0 for ¢ > 2m —1, and h*™=2(Stm, gM) < mh0(S,E).

Proof. This can be checked by induction on m, following the strategy of [14,
section 6]. This involves the nested Hilbert scheme S [m=1m] and its projec-
tion py, to SI™ and ¢ to S™~1 x S. The first observation [14, Assertion 5)
page 21] is that H(S[™, £M) is a factor of HI(SIm=1m p* €M) In order
to control the latter cohomology group, an exact sequence is constructed
[14, Assertion 2) page 21 for A = 0]:

0—pEM—¢* (EM IR O) @ ¢ (Ogim—1) KE)—¢" (Ogim—1 K E) o —0,

where A denotes the exceptional divisor. Moreover, the cohomology groups
of the terms of this sequence can be controlled through the following iso-
morphisms [14, Assertions 4) and 6) page 21]:

Hq(g[m—l,m},¢*(5[m—1]®(95)) — Hq(g[m—H’g[m—ll)@Hq—2(5[m—l},g[m—l}),
HI(S=Lm ¥ (O gy K E)) = HUSM I % 8, Ogpnr) B E),
HOY(S 1 ¢ (Ogim—1y R E) p) = HITH(Sm=H, ghn=t),

To prove that HI(S™ £Im) = 0 it suffices to check that these three terms
vanish. For ¢ > 2m — 1 we can use induction for the first one. Since the
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bundle £ has no higher cohomology, by the Kunneth formula the second one
vanishes for degree reasons. The third one also vanishes by induction.

For ¢ = 2m — 2, the first term reduces to H>™~4(S m—1] ¢ [m_l}), which
we can control by induction. The last term vanishes by what we have just
proved. The second one does not vanish since it reduces to H°(S, &), so
induction yields the asserted bound. O

As a consequence of the Lemma, h®(Z;(H, — 25)) = 2n + 1, and the
restriction morphism

HO (S H,, —20)—H(I,01(H,, — 26))

has an image of dimension "("2_1), equal to the dimension of Vi, ;. At this

point, is not clear that this image is the full linear series, but by the previous
estimate h!(Z;(H, — 29)) is at most n(2n + 1), hence h°(Or(H,, — 20)) is at

most @ +n(2n+1).

On the other hand, since I contracts to B with connected fibers,
HY(O;(H,, — 26)) is isomorphic to H(B,.A), and to H°(X,A) (we use
the same notations as Corollary 7.12) and H°(Z, a*A) as well since 1 and
« also have connected fibers. As we already saw in Corollary 7.12, this is
HY(X,kL) for some k > 0 [31, Theorem 2.1.27]. We denote by q(£) the

Beauville-Bogomolov degree of £; since ¥ is of K 3" 2-type, we know (see

[15, 3.3]) that
k2
Tq(L)+n—1
k) = (74
(%, kL) < n—2 ’
and moreover ¢(£) = 2. For n > 6 we deduce that k = 1, and H°(O(H,, —
24)) is isomorphic to Vi 4. O

Corollary 7.18. Suppose n > 6. The image of ¥ via f = ¢ is the Plicker
variety 3.

Remark 7.19. For n = 2, the K3 surface S C P/*! = PS is an instance of a
Gushel-Mukai variety, a class of complete intersections inside the Grassman-
nian G(2, V), which have been extensively studied by many authors. To any
Gushel-Mukai variety one can associate a so-called Pliicker point, that plays
a fundamental role in their study, see [41, 27, 18]. Our Pliicker varieties are
designed to be generalizations of the Pliicker points for n > 3, and to help
understanding to what extent the Gushel-Mukai picture generalizes.
. (nt1)(n-2) . .

Conjecture. ¢, : ¥ — ’V2t+1‘ ~P 2 is generically finite of degree
two over the Pliicker variety.

For n = 4 we already know by Proposition 7.13 that ¥ is a double EPW
sextic, and we expect ¥ C P° to be an EPW sextic. The next case n = 5
would be that of K3 surfaces of genus 18, for which a model was found
by Mukai: the general such surface is the common zero locus, inside the
orthogonal Grassmannian OG(3,9), of five sections of the rank two spinor

45



bundle [38]. In this case we get a sixfold ¥ C P?, presumably of trivial
canonical class, in particular subcanonical. Can we describe it in terms of
Lagrangian bundles?

APPENDIX A. COMPUTING THE WALLS OF THE MOVABLE CONE

We use a computer program to show that the movable cone of S has
exactly two chambers for n < 200, that is, with the notation of Proposition
4.4, C, =1 for n < 200.

We explain how the code attached below works. As one can see in the
proof of [12, Theorem 6.4], walls in the interior of the movable cone are
spanned by classes XH,, — 2tYd with (X,Y) as in (7) lying in the interior
of the movable cone.

Since t is n-irregular [8, Lemma 3.6], the middle wall — the C,-th one —
is spanned by H, — 24, so to prove C,, = 1 it is sufficient to show that no
XH,, —2tY 6 lies in the cone II spanned by H,, — 26 and H,,, or equivalently
no solution (X,Y") satisfies % < % Let

Ala, p) = o —4p(n — 1),

Y X2—A(Oj7p)

Since ¥ = -1 the condition can be rewritten as

(31) 0< X <tA(a,p).
Since A(a, p) > 0, we always have 0 <Y < X.

The three cases in (7) are listed in the program as Cases A, B and C.
Note that (p,a) = (—1,1) is avoided, since it always admits a solution
(X,Y) = (t,1) corresponding to the middle wall and further solutions do
not produce classes cutting walls in II [12, Remark 2.2]: this is [8, Lemma
3.6], see also Subsection 6.1.

The function search_solutions takes «, p and n as inputs. For any
integer X in the interval (31), and any integer Y such that 0 < Y < X,
it checks that, whenever X = +a (mod 2(n — 1)), the pair (X,Y) is not a
solution of (7).

import math

i=0

def search_solutions(alpha, rho, n):
global i
i+=1

sqrt_argument = (4 * n - 3) * (alpha * alpha - 4 * rho * (n - 1))
if sqrt_argument < O:
return
range_x = range(l, int(math.sqrt(sqrt_argument))+1)
range_y = range(l, int(math.sqrt(sqrt_argument)))
for x in range_x:
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alpha_mod = alpha % (2 * (n - 1))
x_mod = x % (2 % (n - 1))

if not ((alpha_mod == x_mod or alpha_mod == -x_mod)
or alpha_mod == (2 * (n - 1)) -x_mod):
continue

for y in range_y:
lh exp=x*x-4*% (4*xn-3) «x (@m-1) xyx*xy
rh_exp = alpha * alpha - 4 * rho * (n - 1)
if rh_exp == lh_exp:

print(f"n = {n},\t alpha = {alpha},\t rho = {rho}")

print (f"Solution: x = {x}, y = {y}")

for N in range(4, 201):
# Case A
for alpha in range(2, N):
search_solutions(alpha=alpha, rho=-1, n=N)
# Case B
for alpha in range(3, N):
search_solutions(alpha=alpha, rho=0, n=N)
# Case C
range_rho = range(1, int((N - 1) / 4))
for rho in range_rho:
range_alpha = range(4 * rho + 1, N)
for alpha in range_alpha:
search_solutions(alpha=alpha, rho=rho, n=N)
print("This is the end")
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