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Abstract

We consider an interacting particle system proposed in the literature to model fish be-
havior. In this model, the agents move at constant speed and control the curvature of their
trajectory (i.e. the time-derivative of their velocity) so as to align their velocity with that
of their neighbors, up to some noise. We provide a novel n-dimensional formulation of this
model for any n > 3 and derive its mean-field kinetic formulation using bundle geometry
concepts. The target of the paper is the derivation of a fluid model in the hydrodynamic
limit. We show that this fluid model is the “self-organized hydrodynamic” (SOH) model
already found in earlier work pertaining to the Vicsek model. The derivation is based on
the introduction of appropriate “generalized collision invariants” (GCI). The action of the
n-dimensional orthogonal group is used to reduce the expression of the GCI to a set of two
functions satisfying a system of equations which is solved by means of a variational for-
mulation. This leads to explicit formulas for the coefficients of the SOH model in terms of
those of the original interacting particle system.
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1 Introduction

Swarming is a feature shared by many living systems such as locust swarms [[67]], fish schools
[61] or semen [28] to cite only a few. Systems of interacting motile individuals produce large
scales structures such as density or orientation waves, cluster formation or oscillations. Such
structures have large sizes in comparison with the interaction range of each agent. The mech-
anisms that generate them from local-scale agent interactions have been the object of intense
scrutiny in the last three decades or so [73l]. In spite of this, a lot of questions remain unan-
swered. Mathematical modelling provides a useful tool to unravel these mechanisms.

An assembly of interacting particles or agents can be modelled at the microscopic scale by a
system of coupled ordinary or stochastic differential equations (ODEs, or SDEs) for the agents’
locations and velocities for instance. However, particle systems do not provide much qualita-
tive insight into the formation of large-scale structures except by means of intensive numerical
simulations [26, [72]]. The situation is drastically different with continuum (or macroscopic, or
fluid) models which encode average properties of the system such as the local particle density or
mean velocity. Such fluid models models can be analyzed through e.g. stability analysis which
provides orders of magnitudes of pattern sizes (see an application of this in e.g. [10]). However,
for the analysis to be relevant, a rigorous link between the particle system and the fluid model
must be available, including a “dictionary” linking the physical constants of the particle system
and those of the fluid model. Such a dictionary is seldom provided.

One way to produce this dictionary is by means of the “hydrodynamic limit” (see e.g. [23,
Sect. 3.8] in the case of rarefied gas dynamics). This method is based on a scale separation as-
sumption, assuming that the time and space scales of the evolution of the system as a whole are
larger than those associated to particle interactions. These assumptions align well with the goal
of understanding the emergence of the large-scale structures appearing in collective dynamics.
With such scaling assumptions, the particle system, or rather, its statistical description through
mean-field kinetic equations, becomes singularly perturbed by a small parameter and the hy-
drodynamic model is obtained in the limit of this parameter tending to zero. Other methods of
derivation of hydrodynamic models exist, such as the moment method (see e.g. [60]) but this
method requires a closure assumption which is either arbitrary or phenomenological. By con-
trast, the hydrodynamic limit carries no assumption, but for the scaling assumptions made ini-
tially, which amount to select the applicability regime of the so-obtained hydrodynamic model.

Among models of collective dynamics, the Vicsek model 73] occupies a prominent position
with many follow-ups (see among others, [12, (13} 26} 27, 40\ 42, 47] and the review [73]). In
this model, the particle speeds are supposed constant as a way to account for self-propulsion.
Particles control their velocity (which is thus, up to scaling, a normalized vector) so as to align
it with the average velocity of their neighbors, up to some noise reflecting the uncertainty in
the control. A macroscopic version of the Vicsek model was proposed by Toner and Tu in
[69.170.[71]. This phenomenological model does not provide any link between its coefficients and
those of the Vicsek model, thus failing to establish the expected “dictionary”. The hydrodynamic
limit of the Vicek model was performed for the first time in [35]] (see also [l 31,132]]) and leads
to a novel type of fluid models called “Self-Organized Hydrodynamics (SOH)” [33]] different
from the Toner and Tu model [69].

The swarming model by curvature-control proposed in the present paper is an elaboration
of the Vicsek model. Instead of the velocity, the variable by which the particles control their



motion is the time-derivative of the velocity (which is, up to scaling, equal to the curvature of
the particles’ trajectories, hence the terminology). Like in the Vicsek model, agents control their
curvature so as to align their velocity with the average velocity of their neighbors. Again, noise
is added to this curvature control to reflect uncertainties in the control. A preliminary version of
this model for a single particle was originally proposed in 2 dimensions (2D) in [44] based on
the analysis of fish trajectories. This single particle model was shown to behave like a diffusion
at large scales in [36]. The complete, many-particle version of the curvature-control model was
first proposed in 2D and its hydrodynamic limit, derived, in [37]. Strikingly, its hydrodynamic
limit appeared to be the same SOH model as for the Vicsek model, except for the expression
of its coefficients which took into account the specificities of curvature-control. Later, A three-
dimensional (3D) version of the particle curvature-control model was proposed in [22].

In this paper, our goal is twofold. We first propose a n-dimensional (nD) version of the
curvature-control model for arbitrary n > 3 (the case n = 2 being already treated in [37]). Com-
pared with [37]], this extension is, by far, non-trivial. Indeed, in 2D, the curvature is a scalar and
the model is posed in standard flat space. In nD, (n > 3), the curvature is a normal vector to the
velocity, so that the pair (velocity, curvature) lies on the tangent bundle to the sphere. It is thus
necessary to use bundle geometry, which greatly complexifies the framework. In [22], this geo-
metric complexity was overcome by the use of speficic concepts to 3D (namely cross product),
not generalizable to higher dimensions. The second goal is to perform the hydrodynamic limit
of the curvature-control model in nD, to show that, like in 2D, the corresponding fluid model is
the SOH model (in its nD version), and to give an explicit link between its coefficients and the
particle curvature-control model. A fluid model based on the curvature-control model of [22]
was proposed in [[75] using truncated moment expansions. It is significantly different from the
SOH model (these differences will be outlined in Section [4.3). While, in the curvature-control
model, particle interactions are of mean-field type, a 2D model built from data [43] has features
reminiscent to Boltzmann-like interactions, but otherwise similar in spirit.

Beside the Vicsek model and its variants, many other collective dynamics models have been
proposed, such as the three-zones model [5,20] or the Cucker-Smale model [[1} 18, 21}, 29,50} 51,
52, 164] or the soft-core interaction model [39]] to name only a few. Cucker-Smale and Vicsek
type models can be connected via singular limits [9, 15, [16].

As already outlined, the curvature-control model in nD requires a bundle geometric frame-
work. Indeed, the particle system must be appropriately formulated in the tangent bundle to the
sphere. The mean-field kinetic description of the particle system is a partial differential equa-
tion (PDE) posed on this bundle, which also requires appropriate definitions of bundle differen-
tial operators. Classically, hydrodynamic limits strongly rely on appropriate conservation rela-
tions satisfied at the level of the mean-field kinetic model. However, here, there are not enough
such conservation relations to conduct the hydrodynamic limit in this classical way. The same
problem was already found in the Vicsek case, and was overcome by the introduction of a weaker
form of conservation relation called “generalized collision invariant” (GCI) [1} 31} 132} 133, [35]].
Here, the equations for the GCI are more complicated and do not lend themselves easily to an-
alytic resolution. However, we show that the n-dimensional orthogonal group acts on the GCI
and that the latter are invariant by one of its subgroups. This enables us to derive a reduced
form of the GCI and to deduce explicit formulas for the coefficients of the resulting SOH model,
hence producing the “dictionary” between the particle and fluid models as claimed. The GCI
and their reduced form satisfy systems of PDE’s which have novel variational formulations and



which are shown to be uniquely solvable.
To summarize, the main innovations contained in this work are

- a new particle curvature-control model in arbitrary dimension and its associated mean-field
kinetic equations formulated in a bundle geometric framework,

- the first establishment of its associated hydrodynamic limit,

- the use of group action to reduce the complexity of a key object involved in the hydrodynamic
limit, the “generalized collision invariant” (GCI),

- the derivation and unique solvability of a novel kind of variational formulation for the re-
duced GCI.

The outline of the paper is as follows. The particle curvature control model is presented
in Section 2] and its mean-field kinetic formulation in Section [3] Then, the main result of the
paper, the establishment of the hydrodynamic limit, is stated in Section ] The hydrodynamic
model consists of two equations. The first one, the continuity equation, is easily established in
the same section. The second one, the velocity equation, requires the introduction of the GCI.
This is the object of Section[5] where an existence and uniqueness theorem for the GCI is given.
An action of the orthogonal group on the GCI is introduced in Section[6] Thanks to this action, a
reduced form of the GCI consisting of two scalar functions (the reduced GCI pair) is derived in
Section[7} and a variational formulation for the reduced GCI pair is introduced and studied. This
finally enables us to derive the velocity equation in Section 8] which completes the proof of the
main theorem. A conclusion is drawn in section[9] Appendix [B| provides the derivation of the
reduced GCI pair, while Appendices[A]and [C] give proofs of auxiliary results stated in the main
text. Bundle geometry concepts are gradually introduced when needed, in separate subsections
at the beginning of Sections [2} [3] 4} [6| and

2 The particle curvature-control (PCC) model

In this section, we derive the particle curvature-control (PCC) model which is the starting point
of our study. We begin with an elementary presentation of the PCC model. Then, we intro-
duce some geometric concepts which allow us to reformulate the PCC model in a geometric
framework. The model is then scaled in dimensionless form.

2.1 Elementary presentation of the PCC system

We start by presenting the PCC model for a single particle before moving to a many-particle
system. Then, we motivate the introduction of the geometric framework which will be fully
developed in the forthcoming sections.

2.1.1 Single-particle PCC model

We start with the single-particle noiseless PCC model and describe the motion of a particle under
a “force” that acts on the curvature of its trajectory. Let a particle have position X (1) € R” at time
t € [0, 00), where n > 3 is the spatial dimension (we exclude the case n = 1, for which the model
does not make sense, and the case n = 2 which has been already treated in [37]). We assume



that the particle has given constant speed c, i.e. its velocity d X /dt satisfies |(d X /dt)(t)| = ¢,
at all times ¢, where | - | denotes the Euclidean norm in R”. Thus, we can write d X /dt = ¢,V
where V is the velocity direction (or equivalently, the unit vector tangent to the trajectory of the
particle, oriented towards increasing times) satisfying

V| = 1. 2.1)

In other words V(¢) € B, Vt € [0, ), where B =: S""! is the n — 1-dimensional sphere. Now,
we introduce the curvature of the particle trajectory K(¢) at time ¢. By definition, K = dV/ds
is the derivative of the tangent vector V with respect to the arclength s of the trajectory. Since
the particle speed is ¢, and is constant, we have, up to a constant, s = ¢,f. Hence,

1 dV
= ——. 2.2
¢, dt (22)
The vector K(¢) belongs to R” but differentiating (2.1)) with respect to #, we get
V-K =0, (2.3)

where - denotes the Euclidean inner-product in R”. Hence, K(¢) is at all times orthogonal to the
velocity V(¢). Differentiating this relation once more, we get

dK ’
T -V = —¢|K|". (2.4)
This means that variations of the curvature cannot be arbitrary. Their projection along ¥V must
equal —cy|K|?. In particular, only the component of d K /dt normal to ¥ can be controlled by
external phenomena.
Thus, let a time-dependent “force” T'(t) (where T stands for “torsion” of the trajectory, i.e.
the derivative of its curvature) be such that

T-v=0. (2.5)

Then the single-particle motion is written

dX
D=y, 2.6)
dy

9 E = COK, (27)
dK

T =T alKPY. (2.8)

We note that the constraints and are satisfied at all times by the solutions of this
system, as soon as they are satisfied at time = 0.

Now, we specify the choice of the force vector T in the single-particle PCC model. We
assume that we are given a target direction .J (possibly depending on space and time) and that T
is a relaxation force towards a fixed scalar multiple 4 > 0 of the projection Py, J of J on the
hyperplane orthogonal to V, i.e.

T=-v(K-iP,J). (2.9)
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We recall that

P, J=J-T-V)V. (2.10)
The coefficient v > 0 is the relaxation rate. We notice that T’ given by (2.9) satisfies (2.5]) as
it should. We claim that the PCC model for single-particle dynamics (2.6)-(2.9) models the
alignment of the velocity V with the target vector [J. To show this, let us assume that J is
constant and uniform (i.e. does not depend on (x,?)). Then, the equation for (V, K) decouples
from that of X and we focus on the former. We get

dy dK
T c K, - = —co| K|*V = v(K — AP, J).

We further simplify the problem by considering a 2-dimensional motion (for illustration only,
the core of the paper being concerned with dimensions n > 3). Hence, in an appropriate frame,

we have
_ [ cos8(1) _ —sin0(1) (1Tl
v = ( sin 0(1) ) KU)‘( cos 0(f) )"(’)’ ‘7‘< 0 )

thus defining 6(¢) and « (7). Then, (2.47) reduces to

Lmar. LEovwr a1 sin0), 2.11)
or equivalently
2
% 4 v% +vepilJ| sinf = 0.

This is the equation of a damped pendulum. In particular, if 6 is small (i.e. if V is almost aligned

with [J), we can write )

%+vfl—f+vcoﬂ|J|9=O,
whose solutions, according to the sign of v — 4¢;A|J |, are combinations of real exponentials or
damped sinusoids both tending to 0 as t — oo (see Fig. (1] for illustrations). Hence, the large
time behavior of the system shows that V aligns to .7, as claimed. It also shows that, when v
is not large, the particles are wiggling a long time around the target direction before reaching it
asymptotically.

Finally, we introduce noise in the single-particle PCC model. We assume that some Brown-
ian noise with mean-square variance 2D, with D a given constant positive diffusion coefficient,
acts on the curvature K only. The reason for not adding Brownian noise to the velocity V is that
it would make V non time-differentiable hence making it impossible to define the curvature K.
The precise definition of what Brownian noise in curvature only means (given that the curvature
depends on V through the constraint (2.3)) depends on some geometric framework which will be
described in forthcoming sections. At this stage, let us formally write the noisy single-particle
PCC model as the following stochastic differential system:

dX = e,V dt, (2.12)
dV = ¢,K dt, (2.13)
dK = (= v(K = APy, J) — ¢o|K|*V) dt + V2D d B, (2.14)

"

where d B, is a Brownian noise.



(a) (b)

Figure 1: Examples of single-particle trajectories in space in 2D (blue curve) and vector .J (red
arrow): (a) large alignment frequency v > 4¢,A|J |; (b) small alignment frequency v < 4cyA|J |.
Note that the Vicsek case corresponds to the overdamped limit of (2.11)) and that the Vicsek
trajectories would thus resemble case (a).

2.1.2 Many-particle PCC model

We now introduce the many-particle PCC model. Let N be the number of particles, and let the
position, velocity direction and curvature of the i-th particle be given by the triple (X,(¥), V;, K,),
where V; and K, are constrained by (2.1), (2.3). In the many-particle PCC model (or in short,
PCC model), each particle evolves independently through the single-particle PCC model intro-
duced in the previous section, except that all the particle trajectories are coupled through the
definition of the alignment vector J. So, the trajectories of the particles are the solutions of the
following system

dX;, = cyV,;dt, (2.15)

4V, = ¢,K, dt, (2.16)

dK, = (= v(K; = AP, J(X,(1),1)) — ¢o|K;|*V,) dt + V2D d B!, (2.17)

fori=1,..., N, where now (dB)),_, _y are N independent Brownian motions in K; only (the

precise meaning of this will be given below).

The vector J (x, t), which provides the coupling between the particles, is defined as the mean
of the velocity directions of the particles located in a neighborhood of point x at time #. Hence,
in (2.17), J (X,(?), t) will describe the mean of the velocity directions of the neighboring particles
to Particle i. This feature turns the PCC model into an interacting particle system. There are
two variants of the model, according to whether J is further normalized or not:

e Non-normalized PCC model. In the non-normalized version, the vector J is simply the
mean of the velocity directions V; of the Particles j located in a neighborhood of x at time

t. It is defined by
N

T, 1) = — 2 (le(t) ')vf(t), (2.18)



where K: [0, 00) — [0, 00) is a sensing function satisfying

/ K(x|)dx =1, (2.19)
er

and R > 0 is the sensing radius. This sensing function weights the importance of the
particles in the neighboring of x. For instance, the simplest sensing function would be
(up to normalization) the indicator function yp , of the ball B(0, 1) centered at 0 with
radius 1: KC(s) ~ ypq.)- In this case, the sensing function K in (2.18)) would just select
those particles located in the ball centered at X,(f) with radius R. However, we could
imagine more sophisticated sensing functions, where the importance of particle j would
be weighted by a function of the distance | X,(¢) — X ;(7)].

e Normalized PCC model. In the normalized version, the vector 7 is the normalized mean
of the velocity directions V; of the Particles j located in a neighborhood of x at time 7. In
particular, this assumes that this mean is nowhere zero. The vector J is given by:

i’CUXf(tl)g_xl)vf@

=1

J(x,1) = (2.20)

| X () - X)I
I W’)‘

with K satisfying the same assumptions as in the non-normalized case. Here, we must
assume that the dynamics is defined only up to the first time (if it exists) where the de-
nominator vanishes.

The non-normalized PCC model consists of Egs. (2.13)-(2.17)), (2.18)), while the normalized
PCC model, of Eqs. (2.13)-(2.17)), (2.20). The two systems are solved supposing that an initial
condition (X4, Vjg, Kjg),—1_._ n 18 given.

We now restrict to the three-dimensional case # = 3 and establish that the non-normalized
PCC model coincides with the model of [22]. Introduce an arbitrary coefficient 6 > 0 and define
the new particle variables .S; (for “spin”) by

S; = —éK,- XV, (2.21)
where X denotes the vector product in three dimensions. Then, we have the relations
K, =6S,XV, S, -V, =0. (2.22)

From (2.21), 2.22), (2.16)), (2.17) and 2.18)), we deduce that the triples (X, V,, Sl.)fi | satisfy

the system

(dX,
— =V (2.23)
av;
s Lo xv, (2.24)
1dt y
ds,; dV,
i —! 2.2
di VX[JZ’H 1 2.25)



with ,
1

dB
& = \@dnT —, (2.26)

dt

and

1_ s, J = ﬂ n, = LK<M> n= > QdWT = 2_D
X 6 T R3 R () 6

Now, we can compare Equations (2.24)-(2.26) with Equations (1), (2) of [22] and notice that

they are identical, apart from the scaling factor ¢, in (2.23)), which can be easily removed by

introducing W, = ¢, V;. We conclude that the normalized PCC model is identical with the model

of [22] in dimension three. Hence, it can be viewed as an extension of [22] to any dimensions,

noting that the former was already an extension of the two-dimensional model of [37]].

2.1.3 A geometric view of the single-particle noiseless PCC model

We return to System (2.6)-(2.8) and introduce some geometric concepts. Suppose that t — K(7),
[0,00) — R” satisfies but is not necessarily given by (2.2). Denote by I' = dV/dt the
particle acceleration and by 7 = d K /dt the time derivative of K. If we repeat the considerations
of Section 2.1.1] we find that

V-'=0 and 7 -V+K -T'=0. (2.27)

Of course, if K is given by (2.2)), we recover (2.4). We notice that, for a given pair (V, K)
satisfying (2.1, (2.3)), the set of pairs (', 7) € R*" satisfying (2:27) is a 2(n — 1)-dimensional
vector sub-space. Back to System (2.6) - (2.8), we can decompose

oK _ oK 0
< T — ¢ |[K|*V ) = ( —c | K|V >+ < T ) (2.:28)

We notice that both vectors at the right-hand side satisfy (it is obvious for the former,
while the latter requires (2.3)).

We now introduce some elements of geometry. The (n — 1)-dimensional sphere to which V
belongs is a differentiable manifold and for each V, a vector K satisfying (2.3)) is an element
of the tangent space T),B to B at V. The set of pairs (V, K) where V € B and K € T,B is
called the tangent bundle of B and will be denoted by M. The tangent space of M at (V, K),
denoted by Ty, x)M consists of those pairs (I', 7) satisfying (2.27). A vector field on B is a map
k: B — M such that, for any V € B, k(V) € T),,B. Like in classical analysis, vector fields
can be interpreted as particle velocities which, after integration, give rise to trajectories on B.
Likewise, a vector field on M is amap & M — N (where N is the tangent bundle to M) such
that for all (W, K) € M, §(V, K) € Ty, x,M . Hence, we see that the left-hand side of (2.28)) is a
vector field on M and that System (2.6)-(2.8)) can be seen as a differential equation on R" X M.

In the present work, it will be important to distinguish motions on M (i.e. vector fields on
M) which are “parallel to V” or “parallel to K”. For this purpose, we notice that both vectors
at the right-hand side of (2.28) are vector fields on M. Furthermore, each of them depends on a



vector field on B (namely K for the first one and T for the second one). More generally, for any
vector field I" on B, we can construct the following vector field on M:

_ rw)
E(’]’)’K)F = ( _@Iw) - Ky > . (2.29)

We note that the right-hand side of (2.29) satisfies and defines a valid vector field on M.
This vector field will be called the horizontal lift of I" at (V, K). Loosely speaking, horizontal
lifts define motions on M in a direction “parallel to V”. We see that, moving parallel to V
imposes K to vary, as the second component of the vector (2.29) shows. This is because, as V
varies, K must vary too because of the constraint (2.3)).

Likewise, for any vector field T on B, we can construct the following vector field on M:

0
el T = ( o) > . (2.30)

Again, we remark that the right-hand side of (2.30) satisfies and defines a valid vector
field on M. This vector field will be referred to as the vertical lift of T'. Again, loosely speaking,
vertical lifts define motions on M in a direction “parallel to K. By contrast to motions in the
V-direction, motions in the K-direction do not involve any variation in V, as the vanishing first
component of the vector (2.30) shows. This is because the tangent space T\, B along which K
varies is a vector space, and moving along the tangent space T), B does not change its base-point
V. Hence, we conclude that motions along V and motions along K do not play a symmetric role,
and this will be one of the difficulties which requires the introduction of a rigorous geometric
framework.
Finally, with these definitions, (2.7)-(2.8)) can be re-written

d (v " L
dt < K > = oLy K+ Lyl (2.31)

In the next subsection, we introduce this geometric framework more rigorously.

2.2 Geometric preliminaries

This subsection recalls the geometric concepts that were mentioned in the previous section. We
refer to /4] for an introduction to differential geometry, to [38, 41] for Riemannian geometry
and to [46] for the geometry of bundles. We refer to Figure 2] for a depiction of the various sets
and maps involved in the forthcoming description.

2.2.1 The tangent bundle to the sphere

We recall that we assume n > 3. We denote by B = S"°! the (n — 1)-dimensional sphere
and by F = R"!. Welet TB = (M, r, B, F) be the tangent bundle to B. In this quadruple,
M = 1,.;T,B is the support manifold to the vector bundle and consists of the disjoint union of
the tangent spaces T, B to B at v, B is the base, F is the typical fiber and z: M — B is the base
map. Since B is embedded in R”, M is embedded in R?" and we can write:

a€M << (a=(v,x)€R” suchthat |[v] =1 and k-v=0), (2.32)

10



where the symbols “ - ” and “ | | 7 are the Euclidean inner product and norm on R”. The
notations v for elements of B and k for elements of T, B stand for “velocity” and “curvature”
respectively.

Now, we introduce the tangent bundle TM = (N, 7z, M,G) of M, where N is the support
manifold of TM, G = F?* = R?"2 is the typical fiber and #: N — M is the base map. Now,
N is embedded in R*". Let a = (v, k) € M (with (v, k) satisfying (2.32))). Then, we have

EeT,M < (é=(a,7)€ER”suchthata-v=0andr-v+a-k=0) (233)
< (£=(a,7—(a-x)v) suchthat a, T € {v}").

The notations (a, 7) for the elements of T, M respectively stand for “acceleration” and “torsion”.
The Euclidean structure of R" induces a Riemannian structure on B: the metric on T, B is

defined by
<K1, K2>U =K - Ky, (2.34)

for all x, € T,B = {v}*, i = 1, 2. We will drop the subscript v when the context is clear.
The Riemannian structure on B determines the Levi-Civita connection, i.e. the unique torsion-
free linear connection on B compatible with the Riemannian structure (here, torsion has its
differential geometric meaning, and should not be confused with the torsion of a curve which
has been used so far). Denote by X'(B) the set of smooth vector fields on B and let k, h € X(B).
The Levi-Civita connection generates a new vector field th (the gradient of & along the field k).
In general, we will assume that £ € X'(B) can be extended into a smooth function k: Uy = R,
where Uy is an open set of R” containing B. Then, thanks to [38, Chapt. 2, Exercise 3], the
Levi-Civita connection is given by

VER(v) = Py ((k - V,)h) (), (2.35)

We have denoted by V the usual nabla operator operating on functions of v € R" and by P,,
the orthogonal projection R" — {v}+. Matrix-wise, P,, =, — v ® v (where I, is the identity
matrix of R” and @ stands for the tensor product).

2.2.2 Vertical and horizontal bundle

Let @ = (v,x) € M. The space T,M is decomposed into two components, which respectively
represent motions “in the direction of v’ and “in the direction of k. We first start with motions
in the direction of k and define the vertical subspace V, = ker (dr),, where (dx),: T,M — T,B
is the differential of the base map z. For any & = (a,7) € T,M (with (a, 7) satisfying (2.33))),
we have

(d7),(8) = a, (2.36)

and thus
teV, & (£=(0,7) € R* suchthat 7 - v =0). (2.37)

In particular, dim V,, = n — 1. For any « € M, the map EL/: T,B — V, defined by
LY (r)=(0,7), VreT,B, (2.38)
is called the vertical lift. We note that

(dﬁ)aoﬁfx/ =0. (2.39)
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Now, we define directions of motion “in the v direction”. This requires the connection. We
first define the horizontal lift. In general, a horizontal lift is a linear map £': T, B — T, M such
that

(dﬂ)aoﬁg’ = ITUB, Va = (v,x) € M, (2.40)

where 1. 5 is the identity of 7, B. Then, the horizontal subspace H, associated with the hori-

zontal lift Ef is H,=1Im EaH . The horizontal and vertical spaces are supplementary subspaces
of T,M:
V.eH,=TM. (2.41)

When B is endowed with a linear connection VB, there exists a unique horizontal map LY
associated with this connection [46, Vol. 2, Chapt. VII, Sect. 6, Prop. IX]. It can be shown that,
for the sphere endowed with the Levi-Civita connection [2.35] we have

£Ma) = (a,—(x -a)v), VaeT,B. (2.42)

and
E€eH, < (&=(a,7)€R” witht=—(x-a)v) (2.43)

For a given a = (v, k) € M

N (TM) «

> T M
— v/ NP
M (m*TB) T\l—/ &J/
ff/ Bi\ Vo ® H, )BY
" Vil Vol Nel et

Figure 2: Diagram of the sets and maps involved in the geometric framework. Arrows with a
triple head mean surjections and arrows with an anchor are for injections.

2.3 Geometric presentation of the PCC system

In this subsection, we revisit the derivation of the PCC model introduced in Subsection [2.1]
in light of the geometric concepts recalled in Subsection 2.2 Many different constructions of
stochastic differential equations on manifolds and bundles have been proposed in the literature
(see [[LY]] for the deterministic case and [4, (11}, 45] 48l |57, |59, |68] for the stochastic case). Our
construction relies on [54] (see also [33]]).
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We first consider the noiseless single-particle PCC model. Let a single particle be charac-
terized by its position X € R”", and the pair A =: (V, K) € M consisting of the direction of its
velocity ¥ € S"~! and the curvature vector of its trajectory K € R" such that (2.3]) holds. The
assumptions of the model have been detailed in Section 2.1} The single-particle noiseless PCC
model is written according to (2.31)), which can be re-written in terms of .A € M according to

£ = eV, (2.44)
dA
- = LK —vLh (K — AP, (T (X, 1)) (2.45)

To pass to the noisy single-particle PCC model, we need to generate Brownian noise on M
which acts on the curvature only. For this purpose, we generate Brownian noise on B and
then, lift it with the vertical lift to generate Brownian noise on the vertical subspace V, of
T ,M. We know that Brownian noise on B at V can be obtained by projecting Brownian noise
on R" onto T), B using the Stratonovich construction [53, 54]. Let (e,,...,e,) be the canon-
ical basis of R"”. Then, Brownian noise in the K variable only with variance 2D is written
2D)'/? 3" LY (Py.e))od B;, where (dB;,),_, _, are n independent Brownian motions on R
and the symbol o indicates that the equation is meant in the Stratonovich sense. Hence, the noisy
single-particle PCC model reads:

dX = c,Vdi, (2.46)
dA = coL"K dt —vLY (K — AP, (J (X, 1)) dt + V2D Z LY (Py.e;)odB,,. (247
j=1

Finally, the noisy many-particle PCC model (or PCC model in short) is a direct generalization
of the previous model. Using the notations of Section[2.1.2] this system reads

dX, = c,V,dt, (2.48)

dA; = cOEZl_K,. dt — vﬁzi (K, = APy (J (X, 1)) dt + V2D Z EZI_ (Pvile j)odB;.J, (2.49)
=1

J

i=1,...,

where now (d B; t)j.:] ]: are nN independent Brownian motions in R. The vector J is defined
by (2.18) in the non-normalized case and by (2.20) in the normalized case.

2.4 Scaling of the PCC model
2.4.1 Scaling in the normalized case

In this case, J is dimensionless, so, the parameter A has the physical dimension of the inverse
of a length. We will use A~ as a spatial scale. Since c, is a speed, (c,4)~! will be used as a time
scale. We introduce the following changes of variables and unknowns:

X, =1"'X, t=(M', K, =K, (2.50)
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which defines dimensionless variables and unknowns X, 7, K;. We note that the unknown V,
is already dimensionless and does not require any scaling. The scaling on K, requires that we
introduce a scaled variable A, = (V,, K,) which is obtained from the unscaled variable A, =
(V,, K,) by setting
A, =%,(A) orequivalently A, =X,,(A). (2.51)
where for A > 0, the scaling map £,: M — M, is defined by Z,(v, k) = (v, Ak), Va = (v, k) €
M . The scaling map satisfies
(dZ) oLl =l | (dZ))oL) = u:gw. (2.52)
We now let (X, A,) be functions of the rescaled time 7 and define
JE D =JA'%(ceM7'D).
We introduce three scaled constants
=Y, bp=L R=IR (2.53)
Coh coA?

Then, using (2.52), we find that the normalized PCC model in the scaled variable (X, .A;) and
the scaled time 7 is given by (dropping the tildes and the bars for clarity) :

dX;=V,d1, (2.54)
dA; = LY K di —vL¥ (K, = P, (T (X, 1)) di + V2D Y LY (Pye;)od B, (255
j=1

Jj=

with J given by
N
X (1) —
ZIC<| (1) xl)]?f(t)

/=1 R
Jewn="T— | . (2.56)
X,(1) - x
; ]C<—R ) vf(t)‘

2.4.2 Scaling in the non-normalized case

We assume that K is dimensionless. Let x,, be a spatial scale. J has the dimension of the inverse
of a volume, i.e., xy" while K; has dimension xal. From the second term at the right-hand side
of (2:49), 4 has the dimension of x;~'. Thus, we can set the length scale x, = 2'/""D. So, we
introduce the scaling

X, ==X, t=imc'l, K=imK, J=i"]7, 2.57)
so defining the dimensionless variables and unknowns X i1 Ki, J. We also define the following
dimensionless constants:

v=virc!,  D=Diric',  R=RiTm, (2.58)

Then, the non-normalized PCC model in the scaled variables (X i ./{l-) and the scaled time 7 is
given by (2.54), (2.55)) (again dropping the tildes and the bars for clarity) with .J given by

N X.(1) —
J(x.1) = % ; n(%) V0. (2.59)
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3 The Kkinetic curvature-control (KCC) model

In this section, we formally establish the kinetic mean-field model, below referred to as the
kinetic curvature-control model (KCC model), associated with the PCC model. We first develop
additional geometric concepts that are needed to achieve this goal. We then proceed to the
derivation of the KCC model and conclude this section by presenting its hydrodynamic rescaling.

3.1 Geometric preliminaries

Again, we refer to Figure [2] for an illustration of the concepts described in this section and to
(38,141,146, [74] for geometric background.

3.1.1 Connection map

In this section, we define additional operators linked to the horizontal and vertical lifts. The
vertical (resp. horizontal) projection is the projection 73; (resp. Pf ) of T, M on V, parallel to
H, (resp. on H, parallel to V). They are given by

PVé = (0,14 (k-aw) = (0,7 —(v-7)v) = (0, Put), 3.1)
Pfé: = (a, —(x - a)U), (3.2)

for all ¢ = (a,7)in T, M (i.e. satisfying (2.33)). Next, we note that the vertical and horizontal
lifts are isomorphism: £V: T,,B — V, and L!: T, ,B — H,. Their inverses are denoted by
(LY)~"and (£)~" and given by

(LH™'e = 1, VEeV, ie. VE=(0,7) with 7-0=0. (3.3)
(E:)_lf = a, V¢E€H, ie. Vé=(a,—(a-x)v) with a-v=0. (3.4

Then, we define B” and B”: T,M — T,B by
B =) eP), B = lopl. (3.5)

Thanks to (2.40), we have

B:’ = (dr),, (3.6)
and thus, B is given by (2.36). We note that B does not depend on the connection. On the
other hand, the map BZ does, and is called the connection map. We have

BVé=P,, Vé = (a,7) satisfying (2.33). (3.7)

3.1.2 Riemannian structure on M

We endow M with the Riemannian structure induced by the Sasaki metric [49, 66] and [38,
Chap. 3, Exercise 2]. Fora € M and §, € T, M, i = 1, 2, the Sasaki metric on T, M is defined
by

<<§1’ 52))0( = <B£I§1’Bf§2>7za + <BZ§1’ B(Il/§2>7ra' (38)
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Writing @« = (v,x) € R* and & = (a;,7,) € R*, with (v, k) satisfying 2.32) and (a,, 7,)
satisfying (2.33)), the Sasaki metric is written:

<<§1’§2>>a =a,-a,+ Put, - Put,. (3.9)

We note that this metric is not the metric induced by the embedding M — R?". Indeed, the
latter would add a term (a, - k)(a, - k) to the right-hand side of (3.9). The vertical and horizontal
subspaces are orthogonal for the Sasaki metric:

1
V. H,=T,M, VYae M.

and thus, the projection operators P;/ and P;/ are self-adjoint with respect to the Sasaki metric.
The Sasaki metric on M is linked with the metric on B by

<<£:1K’§>>a = <K’ B:§>mx’ <<£(I)5/K’é>>a = <K’ Bcll/é:>7m’ (310)

foralla = (v,x) € M, € T,M and k¥ € T,B. Consequently, Bf and £f are mutually adjoint
and so are Ba‘/ and £(‘X/

3.1.3 Integration on M

We define the positive orientation of R” as that given by the canonical basis (e, ..., e,), with
e, = (0,...,0,1,0,...0), where the 1 is the i-th position. We choose the positive orientation
of B such that an orthogonal basis (g, ..., €,_;) of T, B is direct if and only if (v, €, ...,€,_;) 18
adirect basis of R". The volume form Vol associated with the Riemannian structure induced by
the embedding of B into R” is given as follows: Let (g4, ..., €,_;) be a local, positively oriented

orthonormal frame. Then, the volume form Vol on B has expression
Volg(0)(kys ... .k, ) = det({&,.x;) ), V(x,....x, ) € (T,B)"". (3.11)
We define the following n — 1-form on M for all (§,...,¢&, ) € (TO(M)”‘1 by

Q)& ..., &) = Volgxa)(BY(&),.... B (, ). (3.12)

Then,
Vol,, = 7*Voly; A Q. (3.13)

(where 7*Vol, denotes the pullback of the form Vol of B to a form on M by the bundle base
map r) is a volume form on M associated with the Sasaki metric and we choose the orientation
of M provided by this form. We will denote by |Volg| and |Vol,,| the densities associated with
the volume forms on B and M respectively.

Following [46, Vol. 1, Ch. 7], for an integrable function f: M — R, we can integrate f<

along the fibers R"~! as follows
(/ fQ)(v)::/ rQ, (3.14)
R T,B
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where € is a n — 1-form on 7, B called the retrenchment of € on T, B and defined for all x,
Nis...>M,_, In T B by

Q)N .. M) = Q) (LY, £V, ) = Vol g, ... .1,

with @ = (v, k) and using (3.12)). Then, the following Fubini theorem holds true

/fVolM=/< fQ)VolB. (3.15)
M B Rr-1

The same relations are true replacing the volume forms by their densities. Let (g, ..., €,_,) be
a local, positively oriented orthonormal frame of B. Define a coordinate map T,B — R,
Kk —~ (', ...,k with ' = (k,¢;),. It maps isometrically T, B onto R"~!. Then, in the
coordinates (x!, ..., k""1), the retrenchment €, on T, B has expression

Q,=dx'A... Adx". (3.16)

3.1.4 Differential operators on M

Let f: M — R be a smooth function. We recall that the gradient of f is the vector field
V,f € X(M)on M defined by

(Vof(@),8) =d[f), &), VaeM, VE€TM. (3.17)

Below, we will define partial gradients of functions on M with respect to v or to k separately,
denoted by V, f and V_ f respectively. The index a permits to remember that V , f is the gradient
of f in the classical sense (i.e. with respect to the pair a = (v, x)). Let 2 € X(M) be a smooth
vector field. The divergence of E is the scalar field V, - E defined by

/Va-EflVolMlz—/ {(E. V. f) IVolyl, (3.18)
M M

for all smooth functions f: M — R. In other words, gradient and divergence are formal anti-
adjoint to each other with respect to the L? inner-product. The index « in V, - E serves the same
purpose as for the gradient: it will help us to distinguish divergences with respect to the pair
a = (v, k) from partial divergences with respect to v or to x separately, denoted by V,, - = and
V. -Erespectively. We recall an alternate formula for the divergence [41, §4.8]. Let = € X(M)
and DE be the linear map X(M) — X(M), Y — VYE, where VM is the Levi-Civita connection
associated with the Sasaki metric. Then,

vV -

a

[1]

=TrD

[0

(3.19)

We now define the horizontal (i.e. “in the v direction”) and vertical (i.e. “in the k direction”)
gradients and divergences which we will denote by using the symbols V and V, respectively.
The gradients map smooth functions f: M — R to smooth vector fields E such that Z(a) €
T,,B. Such vector fields are smooth sections of the pullback bundle 7*T B. Specifically, the
pullback bundle z*T B = (M, #, M, F) is such that M = U,,,T,, B and for any (a,x) € M
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with k € T,,B, we have 7(a, k) = a. The space of smooth sections of z*T B will be denoted
by Y(M). The horizontal (resp. vertical) gradients V f (resp. V, f) are defined by

Vo f@)=B(V, f(@), V,.f@)=B"(V,f(), (3.20)

and V,f, V_f € Y(M). The horizontal (resp. vertical) divergences V, - Z (resp. V, - E) of a
field E € Y(M) are smooth functions M — R defined by

V,-8=V,-(£"8), V. -E=V,-(L"E). (3.21)

v K

Thanks to (3.10), gradient and divergence are formal L>-anti-duals, i.e.

/VU-EfWolMl:—/ (B, V,f)_, IVolyl, (3.22)
M M

and similarly by replacing V, by V,.. Classical vector calculus identities carry over to V, and
V., ie.
V(fg)=fV,eg+gV,f, V,-(fB)= (va,E)U + fV,-E (3.23)

and similarly by replacing V, by V,..

3.1.5 Remarkable formulas

In this section, we give various useful lemmas whose proofs can be found in Appendix

Lemma 3.1 (Divergences of a field which does not depend on «).
Let k € X(B) and denote by V - k its divergence. We define an element of Y(M) by k = kox.
Such elements of Y(M) can be viewed as “not depending on x”. Then, we have

V, k=V-k, V.- k=0. (3.24)

K

Lemma 3.2 (Gradient of a function which only depends on v).
(i) Let p: B — R be smooth and let V@ € X(B) be its gradient. Define p: M — R by ¢ = @ox.
Then, we have

V,p(a) = Vo(ra), V.p(a) =0, Va € M. (3.25)

(ii) Conversely, let w: M — R be smooth and such that V .y = 0. Then, there exists p: B — R,
smooth, such that y = @oux.

Lemma 3.3 (Gradient of (k, k) ).

We consider the function M — R, a — (k, k), with @ = (v, k). Then, we have

V. (x,x), =2k, V,(x,k),=0. (3.26)
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3.1.6 Symplectic structure, Hamiltonian and Poisson bracket

There is a symplectic structure on M which combines the symplectic structure on the cotangent
bundle of B (see e.g. [6]) with the metric. We define a one-form w” on M as follows. Let
a=(v,x) € M. Leté € T,M. Then,

oD(@)(&) = (k,dn), (&), (3.27)
The symplectic form w® on T M is given by
o® =do'". (3.28)

Thanks to the non-degeneracy of @@, we can define a linear isomorphism I,: T, M* - T, M,
o — 1,(o) as follows:

o(¢) =0 (@) (&, 1,(0)), VEET,M. (3.29)

Let H: M X (0,0) - R, (a,t) = H(a,t) be a smooth function which will be called the
Hamiltonian. The Hamiltonian vector field with Hamiltonian H is the vector field I(d H), where
d, stands for the derivative with respect to « for fixed . A Hamiltonian flow is the flow of a
Hamiltonian vector field, i.e. the flow associated with a differential equation of the form da /dt =
I(d H(-, 1))(a(®)).

As an example, let us consider the Hamiltonian H,;: M — R given by

H (a)=—-vv-J + %(K, K),, a=(vk)EM, (3.30)
where J € R” is a given vector. Then, we have
EjiKi + vﬁjipwj = I(dH jx,0) (AD), (3.31)

where dH ; y () denotes the derivative of the function M — R, a » Hjy ), for fixed 7.
Thus, (3.31) is a Hamiltonian vector field with Hamiltonian Hy (. Hence, Equation 2.55)
for A, in the PCC model can be written

dA; = I(dHy ) (A,(0) di = vLY K d1 + V2D Y L% (Pyre;)od Bl . (3.32)

Jj=1

In this form, we notice that the first term at the right-hand side of (3.32)) is Hamiltonian while
the last two terms are dissipative. We will notice a similar structure on the kinetic model and
this structure will give rise to several important properties of the model.

For this purpose, it is convenient to introduce the Poisson bracket associated with the sym-
plectic form w®. It is defined for two smooth functions f and h: M — R by

{f.h} =P (I(dh), 1(df)) =df(Idh)), (3.33)

and is again a smooth function M — R. The Poisson bracket is an anticommutative bilinear
form on the space of smooth functions that satisfies the Jacobi identity and the Leibnitz rule.
We can show that

I(dH) =JV H, J=c"oB" — cVoB". (3.34)
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and consequently
{f R} =(V,f.V.h) =V [,V h). (3.39)
By Liouville’s theorem, w® is preserved by a Hamiltonian flow (including the case where this

Hamiltonian is time-dependent) and so, any exterior power of @ is preserved as well. The n-th
exterior power (w®) is equal to the Riemannian volume form Vol,, up to a constant, namely

n(n+1)

> Vol,,. (3.36)

(@M =n!(-1)

Thus, the flow of the vector field JV_H on M, where H is any smooth Hamiltonian: M X
(0,0) = R, (a,1) = H(a,1), preserves the Sasaki volume form. It implies that JV H is
divergence free. Hence, we have

V,-VH-V, . VH=0. (3.37)
It results alternate expressions of the bracket of two smooth functions f and h:
{(f.hy =V, - (fVh)=V,. (fV,h) =V - (hV,f) =V, (hV, f). (3.38)

From this and (3.22) (and its analog when V, is changed in V,), we deduce that if g is another
smooth function M — R, we have

/{f»h}g|V01M| =/ f {h. g} |Voly|. (3.39)
M M

In particular, if g = 1, we find

/ {f.h}|Voly|=0. (3.40)
M

3.2 Kinetic model

We first derive the KCC model in the single-particle case. We then successively present the
many-particle KCC models in the non-normalized and normalized cases.

3.2.1 Single particle KCC model
For the single-particle PCC model, applying [54, Theorem V.1.2], we get

Theorem 3.4 (Kinetic model for the single particle PCC model).

Suppose J: R" X [0,00) — R", (x,1) — J(x,1) is given and smooth. Consider the single-
particle PCC model, given by (2.54)), (2.55) withi = N = 1 associated with this choice of J. Let
(X (), A(1)) be a trajectory of this stochastic differential system with initial condition (X, A,)
drawn according to the probability distribution f,, |dx AVol,,|, where f,: R"XM — [0,00)isa
given integrable function. Then, the probability distribution f(-,-,t) |dx AVol,,| of (X (), A(?))
at time t (where f(-,-,t): R" X M — [0, ) is an integrable function) satisfies the following
kinetic equation:

Of +V,-(vf)+V, - (kf)=vV, - ((k = PuJ) f) = DA.f =0, (3.41)

with A_f =: V, - (V,f) being the so-called vertical Laplacian of f on M. Equation (3.41))
will be referred to as the kinetic curvature-control (KCC) model.
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Remark 3.1. Eq. (3.41) has the same form as if (v, k) belonged to a standard linear space. How-
ever, we should keep in mind that the meaning of the operators V - and V - is given by (3.21).

Let H; be the Hamiltonian given by (3.30). Thanks to (3.25) and (3.26), we have

VH,=-vP.J, VH,=c (3.42)
Thus, in view of (3.35)), the kinetic equation (3.41)) can be written

of +V,-(vf)+{f.Hy;} —vV,_-(x f)= DA f =0. (3.43)

Eq. (3.41)) is of Fokker-Planck type, i.e. the second-order operator is a partial diffusion which
operates on the x-variable only and not on the x and v variables. Fokker-Planck equations on
manifolds have previously been considered e.g. in [14] (19, 48, 58| 165]. However, the specific
Fokker-Planck equation (3.41)) posed on the cartesian product of R” and the tangent bundle to
the sphere $"~! has not been studied previously, to the best of our knowledge.

3.2.2 Many particle KCC (non-normalized case)

We consider the PCC model (2.54), (2.53)), (2.59) in the non-normalized case. We associate it
with its empirical measure x# on R" X M such that

N
1
N _ N
u, (x,a) = — ,~=El 6(Xi(t)’Ai(,))(x, a), xe€RY, aeM,

.....

We now consider u tN and ,u(])\’ as random measures. An adaptation of classical results on mean-
field limits (see e.g. the review [24, 25]) would show the following:

Theorem 3.5 (Kinetic model for the many-particle PCC model (non-normalized case)).

Let /Jév converge as N — oo in probability sense towards a deterministic absolutely continuous
probability measure f,|dx A Vol,,|. Then, for any t € [0, o), M,N converges in probability
sense towards a deterministic absolutely continuous probability measure f,|dx A Vol,,| and

f(x,a,1) = f(x, a) satisfies 3.41) with J = J;(x,1) given by:

T, (x,1) = Ri/ 1c< |x;y| ) v f(y,,1) |dx A Vol |(7, ). (3.44)
R*xM

We do not precise the functional setting and refer to [24} 25|] for details.

3.2.3 Many particle KCC (normalized case)

We consider the particle system (2.54)), (2.53)), (2.56) in the normalized case. The normalization
brings a major difficulty to prove a rigorous convergence result from the particle dynamics to the
kinetic model and has not been solved yet, even for the Vicsek model, except when the singularity
brought by the normalization is regularized [17]. Here, we will assume that the following is true
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Conjecture 3.1 (Kinetic model for the many-particle PCC model (normalized case)).

With the same assumptions as for Theorem3.5] and in the generic case where the denominator
of ([2.56) does not vanish, ,utN converges towards a deterministic absolutely continuous proba-
bility measure f,|dx A Voly| and f(x,a,t) = f,(x, @) satisfies 3.41)) with J = J;(x,1) given
by:

/ ]C<|x_y|>Uf(y,a,t)|dx/\V01M|(y,a)
RAXM R

J(x,1) = . (3.45)

|x — yl
‘/nXMIC< - )Uf(y,a,t)ldx/\VolMl(y,a)

3.3 Hydrodynamic scaling

In the remainder of this paper, we focus on the normalized KCC model and derive its hydro-
dynamic limit. Indeed, the non-normalized model leads to additional difficulties stemming from
the existence of phase transitions which will be dealt with in future work.

In the hydrodynamic scaling, temporal and spatial phenomena are supposed to occur at large
scales compared with the dynamics of the a variable. To express this, as classical in kinetic
theory [23, Sect. 3.8], we change the time and space scales and introduce the following change
of variables:

X = €x, f=¢t, with e<x1.

At the same time, we assume that the trajectory curvatures are small at the microscopic scale,
so that they are order unity at the macroscopic scale. For that reason, we do not rescale . In the
new variables %, 7, the unknowns f and J are parametrized by € and will be denoted by f*, J*.
Now, the equations for f¢, J¢ are given in the normalized case by (dropping the hats on %, 7):

0.f +V, -(vf)+ é({fg,HJ;E} — vV, (k f)+ DV, f*) =0, (3.46)

with J jf given for any f(x,a,t) by

[ e(E2) oot voly 0.0
R"xM eR

Te(x.1) = o , (3.47)
/ k( ) v £ 0) [dx A Vol |3, @)
RrxM eR
We expand in powers of €. In view of (2.19), straightforward calculations give
Jf =u, +0(), (3.48)
with
/ v f(x,a,t)|Vol,,|(a)
u,(x, 1) = == (3.49)

'/ v f(x,a,t)|Vol,,|(a)
M

We only keep the leading order in (3.48) as the following orders are not involved in the limit
€ — 0 which we are interested in.

22



Finally, we are left with the following perturbation problem:

Of +V, - (vf)+- ({f H, } =V, - (kf)+ DV, f) =0, (3.50)

with u, given by (3.49). We will refer to this system as the scaled KCC model. Letting e — 0
in (3.50)) is referred to as the hydrodynamic limit. The main result of this paper is the determi-
nation of the limit. It will be useful to introduce the collision operator

O(f)=—{f.H, } + vV, (c f)+ DA.f. (3.51)

so that (3.50) can be simply written

Of +V, - (vf) = éQ(fE)- (3.52)

We note that Q is nonlinear due to the dependence of uon f.

4 The hydrodynamic model

In this section, we derive the equilibria of the collision operator. Then, we state the main theorem
of this paper which establishes that the scaled KCC model (3.52)) converges to a hydrodynamic-
type model (referred to as the “self-organized hydrodynamic” model (SOH)) in the limit € — O.
Finally, we show that the first equation of the SOH model, the continuity equation is easily de-
rived from the KCC model. But first of all, we introduce a useful geometric change of variables.

4.1 Geometric preliminary: a change of variables in B

We denote by B, = B\ {+u}. We identify S"? ~ Bn {u}*. We introduce the diffeomorphism
V,: (0,7) x S"% > B, (0, w) = V (0, w), defined by

V,0,w)=v=cosfu+sinfw, “.1)
where
cosf=u-v, |lw| =1, u-w=0. “4.2)
The diffeomorphism V, is depicted in dimension n = 3 in Fig. |3| of Section below. We
orient S"~2 in such a way that (¢, ..., €,_,) is a direct orthonormal basis of T,,S"2 if and only
if (ey, €, ... ,€,_,) is a direct orthnormal basis of T,S"~!, where
e, = —sinfu + cos 6 w. 4.3)

The volume form Volg,-, on $"~? is defined analogously to Vol, i.e. it is the Riemannian volume
form for the Riemannian structure induced by the embedding of S"~2 in R”. Now, we have (the
proof is left to the reader)

|Vol,| = sin" 0 d6 |Volg,-.|. (4.4)
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4.2 Equilibria
Letu € S"!. We define the (generalized) von Mises distribution M,;: M — R by

M, = %exp ( - %Hu), 4.5)
with Z such that
/ M, |Vol,,| = 1. (4.6)
M

Lemma 4.1. The normalization factor Z is given by
n-1 T )
Z = (2”—1)) : |§"—2|/ exp (V— cos 9) sin"2 6 do, 4.7
1% 0 D

(where |S"2| denotes the n — 2-dimensional measure of S"=2) and does not depend on u.

Proof. Using Fubini’s theorem (3.15]), together with (3.14)), (3.16) and (3.30)), we have
/ exp ( - lHu(a)> IVol,, | (a)
M D
5 n—1
/Bexp (VE(U . u)) </[R”_1 exp ( — i ;(Ki)2> dix' ... drc”_1> [ Vol ;| (v)

n—1
2D\ 7 V2
—0U- Vol .
< y ) /BeXp<Dv u)l olg|(v)

Now, we use the diffeomorphism described in Section[4.1]and thanks to (4.4), we get

2 ™ 2
/exp (V—u . u) |Volg|(v) = |§”‘2|/ exp <V— cos 0) sin" 2 0 do,
B D 0 D

which leads to (4.7]). [

Z

Thanks to the von Mises distribution, we can write the collision operator as follows

_ f
o(f)=-{f.H, }+DV,- (MusK<M ) . 4.8)
uy
Lemma 4.2 (Negativity of Q).
Let f: M — R be smooth and decaying fast enough at infinity in k. Then, we have

[ e ol =0 [ (V=) Vo)) Mo Vol <0 49)
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Proof. Using (3.22), we have

/MVK.<MusK<MLuf>>ML|V01M|:—/M<VK<MLW>,VK(MLW>>MW IVol,, .

uy

On the other hand, using the fact that the Poisson bracket is a derivation as well as (4.5]), we can

write

/ = Z [ qp v
/]\4 {f’Huf} M_uf |V01M| - D) /1\4 {f ’Huf} exp (DHuf> |V01M|

_ D7 2 1% _
= 7/M{f ,exp<5Huf>}|VolM|—0,

thanks to (3.40). Inserting the expression (4.8) for the collision operator at the left-hand side
of (4.9) and using the above computation leads to the right-hand side of (4.9)) and ends the proof.

We introduce the coefficient ¢, called the “order parameter”, defined by:

2 n 2
/exp (V—v . u) (v - ) [Volg|(v) / exp <v_ cosH) cos O sin" 2 0do
B D _ 0 D

G = V2 - z V2
/Bexp<31)-u> |Volg|(v) /0 exp<3c050> sin"?0do
which does not depend on u.

Lemma 4.3 (Properties of the order parameter).
(i) ¢, € [0, 1).
(ii) Foru € S"!, we have

/M M, () v [Vol,, |(a) = ¢, %

Proof. This is a classical result which has been proved in the literature [31].

Proposition 4.4 (Equilibria).
Let f: M — R be smooth and decaying fast enough at infinity in k. Then, we have

O(f) =0,

if and only if 3p >0, Ju € S"! such that
f=prM,,

Distributions of the type @.13) are called “equilibria”.
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Proof. Let f be such that Q(f) = 0. Then, by (4.9), we have
. / < . ( : ))
= ——|Vol,,| =-D Vi=—]),V (= ))M, |Vol,|.
AQ(f) Muf | OMl M K(Muf> K Muf llf | OMl

Since the integrated quantity in the last integral is nonnegative and M > 0, this implies
V.(f/M, ) = 0, hence, by Lemmaﬂ (11) there exists a function ¢: B — [R such that

f = Muf @or.
Then, we compute, thanks to (3.25)),
v
Vof = M, (V,p)or — D M,, gozV H,
v
V.f = - Mu/_ por VKHuf
Thus,

Q(f) = _{f’Huf} = _Muf <K’ (VUQ)OE>.

Since Q(f) = 0, we have (x,(V,p)ox) = 0, Va € M, which implies V@ = 0, hence, ¢ is
a constant on B. Therefore, there exists a constant p € R such that f = pM . Since f > 0,
p € [0, 00). Consequently, f is of the form (4.13)). Conversely, suppose f is glven by (@.13)) for
arbitrary u € S$""' and p € [0, c0). Then, computing u, using (3.49) with the help of @.I0),
(@.T1)) and of the fact that ¢, is non-negative leads to the fact that any u, = u, which shows that
such f is a solution of (4.12)). This ends the proof. ]

4.3 Hydrodynamic limit: main result
The main result of this paper is the following

Theorem 4.5 (Hydrodynamic limit of the KCC model (formal result)).

Suppose f€ is a smooth solution of the scaled KCC model (3.52), which converges as € — 0
towards f as smoothly as needed. Then, there exist two functions p: R" X [0,00) — (0, 00),
(x,1) = p(x,t) and u: R" X [0, 00) = S"71, (x,1) ~ u(x, t) such that

f(x,a,1) = p(x, M, (@), V(x,a,1) € R" x M X [0, c0). 4.14)

Furthermore, p and u satisfy the following “self-organized hydrodynamic (SOH)” system

0,p+V, - (c,pu) =0. (4.15)
p(ou+c,(u-Vou) +¢;PuV,p =0, (4.16)
with ¢, given by @.10), ¢;, by
cy = 22 “4.17)
1%

To define c,, we first introduce MEl [0,7] X R X [0, 0) = R, given by
M} = MEO, k. k) = lexp ( - %( —vcosf + (K + sin 0#))) (4.18)
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and the solution (§,,,¢,), [0, 1] X R X [0, 00) — R?, of the following system:

U¢,—k, ¢ =sinb, (4.19)
~3)D

ve, - %g +x, &, =0. (4.20)
sin” 0 k2

where the operator U operates on any smooth function §: (0, 1)XRX[0, 00) = R, (0, k), k,) —
¢ as follows:

U o= Ui+, 4.21)
Vil = Ky05¢ + (cos @ sinfx? — v sin0)o, ¢ - 2% K kL0 80 (422)
S1n
Uy = D(La,(” (M9, ) + ————— 0, (M}« a,&g)). (4.23)
M sin® 0 M} k73

Then, c, is given by

/ cos O (MEC,)(0, k. k,) sin” 0 " dO d di,
¢y = (0,7)XRx%(0,00) ' (424)
/ (MBS0, k. k) sin” > 0 k"2 dO di dx,
(0,m)xRx(0,00)

Remark 4.1. (i) System @.19), (@.20) will be given a variational formulation and shown to be
well-posed below (see for the variational formulation in dimension n > 4 and in
dimension n = 3). Boundary conditions associated with this variational formulation will follow
from the variational formulation. Only the component {, is needed to compute the coefficient c,.
However, {,, and {, are coupled and {,, cannot be found independently of ¢..

(ii) Mi is nothing but the expression of the von Mises M, in an appropriate change of variables
which will be introduced below.

In dimension 2, it was already proved in [37] that the hydrodynamic limit of the KCC model
is the SOH System. Theorem extends the validity of this result to any dimension. This
extension is far from obvious as it brings geometric intricacies that are absent in dimension 2.
Indeed, in dimension 2, the PCC and KCC models can be formulated in standard flat spaces and
the function ¢, is obtained by solving a single equation instead of a system like (4.19)), (4.20).
Previously, the SOH model was derived as the hydrodynamic limit of the kinetic Vicsek model
in [35] (in the normalized case) and in [31,132] (in the non-normalized case). It also appears as
the hydrodynamic limit of a Cucker-Smale model in [1]. All the previous results are formal but
rigorous local convergence results were proved in [55}56]. Local existence of smooth solutions
of the SOH model was proved in [33]] and in [76]] in the viscous case. Its numerical resolution
has been performed in [63]].

A fluid model has been derived from the curvature-control model of [22] in [[75]]. This model
is quite different from the SOH model. It is an extension of the Toner-Tu model in which u is
not normalized but instead, a relaxation term of the Ginzburg-Landau type is addded at the
right-hand side of the momentum equation (8.9). In addition, the model of [75] involves an-
other variable, the locally-averaged curvature, and thus takes the form of three coupled PDEs.
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The model of [75] is derived through a moment expansion of the kinetic equation and adequate
moment closure assumptions. We do not think that such a model could be derived from the
kinetic equation (3.52)) by a hydrodynamic limit, even modifying the underpinning scaling as-
sumptions. It seems however possible to derive a model involving an additional equation for the
average curvature at the price of slightly modifying the initial PCC model (2.48)), (2.49) and its
associated kinetic model (3.52). This will be investigated in future work.

The remainder of this paper is devoted to the proof of Theorem [4.5] The establishment of
the continuity equation (4.15]) is easy and is done in the next subsection. All the forthcoming
developments will be formal except otherwise stated.

4.4 The continuity equation

In this section, we start the proof of Theorem [.5| by determining the limit of f* and showing
the validity of the continuity equation (4.15).

Lemma 4.6 (Equilibrium in the spatially nonhomogeneous case).
Suppose f¢ — f as € — 0 as smoothly as needed. Then, f is given by (4.14).

Proof. From (3.52)), we have Q(f*) = O(¢), so, when ¢ — 0, we get Q(f) = 0. Thus, we can
apply Prop. and obtain that for any given (x, ), the function a — f(x, a, 1) satisfies (4.13)),
which shows (@.14). ]

Proposition 4.7 (Continuity equation).
The functions p and u satisfy the continuity equation (&.15).

Proof. Integrating (4.8]) with respect to « € M, we have

/ 0(f) [Vol, | = 0.
M

Hence, integrating (3.52)) with respect to « leads to

a,(/MfE |V01M|>+Vx-</Mf5v|VolM|>:O. (4.25)

As € —» 0, we have
[ Vol — o [ M, Vol l@ =
M M
/fgv|V01M| — p/ M, v |Voly,| = ¢, pu,
M M

by (4.6) and @.T1) respectively. Hence, letting e — 0 in (4.23) leads to (@.15). ]
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4.5 The velocity equation

The establishment of the velocity equation (4.16)) is far less straightforward. The main difficulty
is the lack of non-trivial collision invariants, i.e. functions {, M — R other than the constants,
such that

/Q<f>C|Vo1M|=o, Vi MR,
M

(note that the constant collision invariants give rise to the continuity equation established in the
previous subsection).

In rarefied gas dynamics [23], non-trivial collision invariants are the microscopic momentum
and energy. Integrating the Boltzmann equation against them gives rise to the momentum and
energy conservation equations in the macroscopic model. Here, microscopic momentum or
energy is not preserved, and there is no substitute that would allow us to easily obtain an evolution
equation for u. This problem was first encountered in the case of the the Vicsek model in [33],
where it was resolved by introducing the concept of generalized collision invariant (GCI), which
is a weakened form of collision invariant. It was applied to the 2D curvature control model
in [37]. However, the passage from 2D to arbitrary dimension requires crossing a conceptual
gap, due to the fact that the GCI in the 2D curvature control model is a scalar, while it is a vector
in higher dimensions. The components of the GCI in higher dimensions do not simply follow
from a simple scaling up formula from the scalar GCI in the 2D model.

Below, we split the derivation of the velocity equation in four sections. First, in Section [5]
we introduce the concept of GCI (and more precisely, of vector GCI). We prove its existence and
uniqueness thanks to the transcription of the vector GCI equation into a variational formulation in
appropriate spaces. We show that this variational formulation falls in the framework developed
in [3], from which existence and uniqueness are easily deduced.

However, a more detailed form of the vector GCI is necessary to derive an explicit form of
the velocity equation. A first step towards this goal is to exploit the action of the orthogonal
group O, on the vector GCI. Section [f]is devoted to showing that the vector GCI is invariant
under the action of the isotropy subgroup of O, which fixes u (which is classically isomorphic
to O,_,). This suggests that the vector GCl is the solution of a variational formulation posed on
spaces of functions that are invariant under O,_,. In this section, we derive such a variational
formulation by averaging the previously found variational formulation over the Haar measure
of O,_,, and show the existence and uniqueness of its solution.

We further exploit the invariance of the vector GCI under the action of O,_; in Section
by showing that it is necessarily expressed in terms of two scalar functions called the reduced
GCI pair, which are nothing but the pair ({,, ¢,) introduced in Theorem We then derive a
variational formulation for the reduced GCI pair from the variational formulation for the vector
GCI posed on spaces of O,_,-invariant functions. Existence and uniqueness of the former is
guaranteed by those of the latter. The variational formulation for the GCI pair can be interpreted
formally as the PDE system (4.19)), (4.20).

The final step, performed in Section [§] is to derive the velocity equation (#.16) from the
knowledge of the GCI pair and to show the expression (@.24]) for ¢,. The computations involved
in this step heavily rely on the previous sections.
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5 Generalized collision invariants (GCI)

In this section, we introduce the concept of generalized collision invariant (GCI) and show the
existence and uniqueness (up to constants) of the GCI.

5.1 GCI: definition

We introduce a linear operator constructed from the collision operator by freezing the u variable:
let u € S"~! be given and fixed. For a smooth function f: M — R, we define

Qu(f)=_{f’Hu}+DVK <MuVK<ML>> 5.1
By (@.8), for any smooth function f: M — R, we have
o(f) = Q,, (). (5.2)

Since the bracket is a derivation, the formal L?-adjoint of Q,1s ) given on any smooth function
{: M — Rby

. D
Q (&) = {¢,H, )} + MVK - (M,V,0). (5.3)
Now, we define a GCI associated with u as follows:

Definition 5.1 (GCI).
Letu € S"!. A GCI associated with u is a function {: M — R such that

/ Q,(f)¢ Vol | =0, Vf suchthat Pul(/ fleolMI) =0. (5.4)
M M

Proposition 5.2 (Equation solved by the GCI).
Letu € S"'. A smooth function {: M — R is a GCI associated with u if and only if there
exists a vector A € R" such that A -u = 0 and

QCN(a)=v-A, Va=(,kK)EM, (5.5)

Proof. In the space L*(M,R), consider the finite-dimensional linear subspace F, consisting of
all functions of the form a — (v - A) (with @ = (v, x)), where A € R” is any vector such that
A -u=0. Eq. (5.4) can be equivalently written

fE€F; = feSpa{Q(O}

Since both 7, and Span{Ql’i(C )} are finite dimensional, hence closed, this statement is again
equivalent to

Span{Q;({)} C Fy,
which is exactly what (5.5]) means. ]
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Now, we define a “vector GCI” as follows. Letu € S"! be given and let (e, ..., e,_;) be an
orthonormal basis of {u}*. For each k € {1,...,n — 1}, denote by ¢, a GCI associated with u

and the choice A = e, in Prop. Define a vector GCI £ associated with u by
n—1
L= tey. (5.6)
k=1

Applying Prop. we find that ¢ satisfies the vector equation
Q*(©)a) = Puv, Ya=(v,x) €M, (5.7)

componentwise. A vector GCI has the following important property, which justifies the intro-
duction of the GCI concept:

Lemma 5.3 (A vector GCI cancels the collision operator).
For any smooth enough function f: M — R, let { be a vector GCI associated with ;. Then,
we have

/ 0(f)& |Vol,,| = 0. (5.8)
M

Proof. f satisfies

Pu;llf = 0.

Pu#</va|V01M|>:|/va|VolM|

Since 5 is a vector GCI associated with u = according to Def. we deduce that
[ i, i=o
M

With (5.2)), we get (5.8). ]

5.2 Existence and uniqueness (up to constants) of the vector GCI

We now prove the existence of solutions of the stationary linear Fokker-Planck equation (5.7)).
In [30} 134], a variational framework for the linear time-dependent Fokker-Planck equation was
proposed. It relied on [[7] which made essential use of a result of Lions [62]. This method was
used again in [37]], this time in the case of the stationary Fokker-Planck equation, but there is a
mistake in the proof. Recently, [3] revisited this variational framework and showed a Poincaré
estimate and the existence of solutions for both the stationary and time-dependent Fokker-Planck
equations. In this section, we adapt the results of [3] to the present geometric setting. Since the
proofs involve only minor adaptations of [3]], they are omitted. We first introduce the following
functional spaces.
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5.2.1 Spaces of functions and distributions on M

The following list of spaces is tedious but is needed for the sake of notations. We begin with
definitions of spaces of scalar functions on M.

(1) The space Li(Li) is defined as the closure of the space of smooth functions M — R for the
norm

17 s = [ 1M, Vol 59)
v K M

We denote by (f, g);2(;2) the associated inner-product. We also define the closed hyperplane

vy ={retied | [ ru,iv,l=o}
M

Both L2(L2) and L?(L?), are Hilbert spaces.

(i1) The space Iji(Li) is the space of sections k of the pullback bundle 7*T B such that the map
M — R, (v,x) = (k, k), belongs to Li(Li). It is a Hilbert space for the inner product

(k. h) ooy = / (k, h) M, |Vol,,|. (5.10)
an = [

) the associated norm.

and we denote by ||k||2
I

(ii1) The space Li(H ;) is the closure of the space of smooth functions M — R for the norm

22y
and we denote by (f, g) 21 the associated inner-product. It is a Hilbert space.

(iv) The space D(M) is the space of smooth (infinitely differentiable) functions M — R with
compact support. Its dual D'(M) is the space of distributions on M. For T € D'(M) and
@ € D(M), the duality bracket (T, @) p, is defined to extend the inner product of L2(L2). The
weight M, in the duality bracket must be taken into account when defining the distributional
derivative. Hence, forT € D', we define VT and VT by duality against an element ¢ € Y (M)
with compact support as follows

1
(V.T.9) DD (7.5 V. (Muq”)))v',b’

Mll
and similarly replacing v by k. We note that
LV-(M )=V . +V_2 u- LV-(M )=V -p— Lk
Mu v u? v P D vl @, Mu K u® P D ®,

are smooth so that the above definitions make sense. Thanks to this definition, gradients in the
usual and distributional senses coincide when applied to smooth functions. Since the bracket is
a derivation, and M,, is a function of H,,, we have

(({T’ Hu}’ (p»D’,D = _((T’ (o, HU}))D’,D' (5.12)
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(v) The dual space L2(H ") of L>(H) is a subspace of D'(M), namely, the subspace of continu-
ous linear forms on D(M) that extend to elements of Li(H ,1). We denote by (T', @) 121y 121

the duality between 7' € L2(H_ ") and ¢ € L>(H!). The space L}(H_') is normed by the usual
operator norm of linear forms, namely

TN 2y = sup ‘((T’ P2z
PELI(HD ol 2 1)<
L?(H ") is a Hilbert space.
v K

Now, we extend these definitions to spaces of vector-valued functions and distributions. Let
(ey, ... ,e, ;) be an orthonormal basis of {u}*.

(i) The space L2(L?), is the set of vector valued functions y: M — {u}* such thaty, =y e, €
LX(L?),Vi € {1,...,n— 1}, endowed with the norm

n—1
= 112 2 - 112
”W”L%(L?) = ”Wi||L2(L2)’ (513)
xK/u i=1 2R

and associated inner product

n—1

((IT/, (_’E))L%(L%)u = 2((0}1" q_o)l))L%(L%) = / l/_} . (_’EMH |V01M|’
i=1 M

where y - @ = Z::ll W, @, is the usual inner product in {u}*. Both the norm and inner-product
are independent of the choice of the orthonormal basis of {u}t. We also define the closed
hyperplane

L2 = {# € LD, | @€ LDy Vie (1. on=1)].

Both L2(L2), and L?(L?),, are Hilbert spaces.

(i1) Let % be a section of the bundle 7*(TB) @ (M x {u}t). We can write k= Z;:ll 75,. ® e,
with 7c',. being a section of the pullback bundle z*(T B), i.e. zi(a) €T,,B,Va € M. The space
Iji(Li)u is the space of such sections such that 7%1' € ii(Li), Vi € {1,...,n— 1}. This space is
a Hilbert space when endowed with norm

n—1

- _ - 2
1R, o), = 2l o (5.14)

and associated inner product ((7c', 71)) 212, - Again, both the norm and inner-product are indepen-
dent of the choice of the orthonormal basis of {u}*.

(iii) Let : M — {u}t. Then, V_y, when it exists, is a section of z*(TB) ® (M x {u}') and
we can write V7 = Y| V., ® e,. The space L>(H), is given by

LYH)D, = { € LALY, | V0 € LY(LD), }-
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It is a Hilbert space for the norm

2 2

— — -2

L2

1
= 112

n
Ju
i=

and associated inner-product (v, @) L2(H1),» which again, do not depend on the choice of the
orthonormal basis of {u}*.

(iv) The space D (M) is the space of smooth (infinitely differentiable) functions M — {u}*
with compact support. Its dual D! (M) is the space of distributions on M with values in {u}t.

Let T € D(M). We can write T = Y~ T, e, with T, € D'(M), Vi € {1,...,n - 1}. For

T e D! (M) and y = Z::ll v, e; € D (M), the duality bracket (T, ’7/))D{,,Du is defined to extend
the inner product of L2(L?),. We have

n—1

((T’ 17}))z){l,z)u = 2 ((Tn 17}1‘))1)/1)7 (5.15)

i=1

(v) The dual space L2(H_"), of L>(H!), is a subspace of D/ (M), namely, the subspace of
continuous linear forms on D,(M) that extend to elements of Li(H ;)u. We have

n—1
T=)TeeclXH"), < TeLXH"), Vie{l...n-1}.
i=1

We denote by (7', ) 121,120, the duality between T e L*(H: "), and y € L*(H]),. The
identity is still valid for the duality between L2(H "), and L2(H!), at the left-hand side
and between L>(H_") and L2(H) at the right-hand side. The space L2(H "), is a Hilbert space
when normed by the usual operator norm of linear forms, namely

”T”Lg(H;l)u = sup |((T, V_}))L%(HQI)U,LE(H,DU .
FELH DT 21, <]

(vi) For any smooth function H: M — R and any T = 2:-:11 i e, € D:l (M), we define {T, H} =
Z::ll {T,,H} ¢,. Like in the scalar case, for any i € D (M), we have

({T.H,), 17}))D;,,D“ =—(T.{, HU}))DL,DU' (5.16)
The space Y, is defined by
Vo= {#eL}H), (7.H,) € LXH, ],
where {y, H,} is defined in the distributional sense by (5.16)). The space Y, is normed by
and is a Hilbert space.

The following lemmas provide some properties of the space Y,. Their proofs are fairly
straightforward adaptations of corresponding results proved in [3]], and are omitted.
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Lemma 5.4 (Density of D,(M) in Y,).
D, (M) is dense in Y,.

Lemma 5.5 (Poincaré inequality in Y,).
There exists a constant C > 0 such that for any y € Y, N L*(L?),, we have

191 2012, < COIV @l 202,, + 105 Byl 2, (5.17)

5.2.2 Proof of existence of the vector GCI

Let jy € Li(Li)u. We are going to prove the existence of solutions to the following equation:
Q.(w) =1, (5.18)

provided that ¥ € L2(L2),,, and we will characterize the space of such solutions. For that
purpose, we transform (5.18) into a variational formulation. Let ¢ € D,(M). Taking the inner-
product of (5.18)) (in the space {u}*) with M, @, integrating over M and using (3.22) supposing
that y has all the requested regularity for this to be possible, we get

n—1
_/{lp,Hu}.aMu |V01M|+D/ Z(vkai,vkifi)Muwolm:_/ 7-®M,|Vol,,|.
M M o M

Now, we see that if both @ and y belong to Y,, this formula has a meaning by interpreting the
first integral as a duality bracket between L2(H "), and L2(H),. This leads to the variational
formulation

v EY,
{ —({w. 1}, a))Lgm;l)u,Lg(H;)u + DV, Vzca»ig(Lg)u =-(x. a))Lg(Lg)u’ Vé € Y

(5.19)

By testing (53.19) with ¢ = e, fori = 1,...,n — 1 (which belong to Y,) and noting that V,_@ = 0

and {®, H,} = 0, we see that the existence of a solution to (5.19) requires that y € L2(L2),,.

The following theorem, whose proof is a fairly straightforward adaptation of [3] and is omitted,

shows that, for ¥ € L2(L?),, ¥ being in L2(L2),, is a necessary and sufficient condition for the

existence of a solution to (5.19).

Theorem 5.6 (Existence of a solution to (5.19)).
Let ¥ € L2(L2),. Then, the variational formulation (5.19) has a solution if and only if § €
L*(L?),, and in that case, the solution is unique in Y, N L2(L?),.

From Theorem [5.6] we immediately deduce the following

Corollary 5.7 (Existence and space of GCI).
(i) There exists a unique variational solution (in the sense of (5.19) with y given by y(v,x) =
Pov, Va = (v,x) € M) in Y, N Li(Li)uO to Equation (5.7). This unique solution is denoted

u

by Eu. The set of solutions to (3.7)) in Y, is given by {Eu +C | Ce {u}t}.
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(ii) The space of (scalar) GCI associated with a given direction u € S"~! is given by
G.=1{C,-A+C | A€ {u}t and CeR),

and is an n-dimensional vector space.

Proof. (i) The function M — {u}*, (v,x) = ¥(v,x) = P, v belongs to L>(L?),, because for
eachi=1,...,n—1,wehave P v-e, =v-e¢; and

/(v - e;) exp (lv . u) |Volg| =0,
B D

by antisymmetry. Theorern ensures the existence of 511, the unique solution in Y, N L2(L2),,
of (5.5)) in the sense of the variational formulation (5.19).

(ii) Follows immediately from Point (i) and Prop. [5.2] [

Remark 5.1 (Back to construction (5.6)).
The uniqueness (up to constants) of the vector GCI shows that the construction (5.6) does not
depend on the choice of the orthonormal basis {e, ..., e, |} of {u}*.

6 Action of the orthogonal group on the vector GCI

In this section, we show that the orthogonal group O, acts on the vector GCI 5,] and that O,,_,
(identified with the isotropy subgroup of O, which fixes u) fixes 5u. Then, thanks to a suitably
defined projection on subspaces of invariant functions under O,_,, we show that we can restrict
the variational formulation satisfied by (,:u to such spaces of invariant functions. We first review
some geometric background about the action of O, on the various objects involved in this study.

6.1 Geometric preliminaries

In this section, we review how the orthogonal group O, acts on B, M, the space S(M,R) of
smooth functions M — R, the spaces X(M) and V(M) of smooth vector fields on M and of
smooth sections of the pullback bundle z*(T B) respectively, and the various spaces of vector-
valued functions and distributions defined in Section[5.2.1]

6.1.1 Action of O, on B and M

We recall that O, acts on the left on R” by the action O, X R" — R", (R,v) » Rv (meaning
that the orthogonal matrix R acts on the n-tuple of coordinates of v in the canonical basis or
R™). This action can be extended to a left action on R?" by (R, (v, «)) = R(v,x) =: (Ruv, Rk)
and to a left action on R* by (R, (v, x,a, 7)) = R(v,k,a,7) =: (Rv, Rk, Ra, Rt). Now, since
|Rv| = |v|, the action of O, on R” can be restricted to an action of O, on B. Similarly, since
Rv - Rk = v -k, the action of O, on R*" can be restricted to an action of O, on M. Finally,
because Ra- Rv=a-vand Ra- Rk + Rv- Rt =a -k + v - 7, the action of O, on R* can be
restricted to an action of O, on N, the support manifold of the tangent bundle T M.
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The action of O,, is compatible with the metrics on B: let v € B and k|, x, € T, B. Then,
<RK1,RK2>RU= <K1,K2>U, VReO,, (6.1)

i.e. the action of O, on B leads to orthogonal transformations from T, B to T, B. Similarly, it
is compatible with the metric on M: leta € M and &, &, € T, M. Then,

(Re.RE),, =(&.86), VReO, 62)

In other words, the action of R on M leads to orthogonal transformations from 7, M to Ty, M.
Now, the action of O, commutes with the lifts and connection maps: let « € M and § €
T,M. We have

BY (RE) = RBE, B (RE) = RBY¢, VReO,, (6.3)
and likewise, leta € M, @ = (v,x) and let a, 7 € T,B. We have

LY (Rt)=RLz, L% (Ra) = RLq, VRe€O,. (6.4)

6.1.2 Action of O, on functions and vector fields

The left action of O, on M induces a right action of O, on S(M,R) by S(M,R) x O, —
S(M,R), (f,R) —» f® where fR(a) = f(Ra), Va € M. Similarly, there is a right action of
0O, on X(M) by X(M) x O, - X(M), (E,R) - ER where EX(a) = RTE(Ra), Va € M.
Finally, there is a right action of O, on Y(M) by Y(M) x O, —» Y(M), (E, R) - ER where
ER(a) = RTE(Ra), Va € M. Simply we note that, in the case of X(M), the symbol RT = means
the action of O, on N while in the case of (M) the same symbol means the action of O, on M.

For R € O,, define 6z: M — M, a — Ra. Then, (dog),: T,M — Tg,M is given by
(dog), (&) = RE. We note that fR = fooy. Now, the Sasaki volume form |Vol,,| is invariant
by the action of O, on M in the sense that

o, Vol,, = Vol,,, VR €O,. (6.5)
In particular, the maps o, preserve the orientation. Obviously, this implies that
|o Vol | = [Voly,l, VRe€O,,.

As a consequence, for any integrable function f: M — R and for any R € O,, we have

/ SR(@) [Voly |(a) = / f (@) [Vol [ (a). (6.6)
M M
Gradients and divergence transform under the action of O, under the following rules. Sup-
pose f € S(M,R) and E € X(M). Then, we have, forany R € O,:
vV, fR=(, X, vV, - BR=(v, - Bk (6.7)

04 a

Now, suppose that f € S(M,R) and E € Y(M). Then, we have, for any R € O,:

V.= (V0N VR = NN (6.8)
V,-Bf = (v,-®)R  V .ER=(v, DR 6.9)

1% K
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Suppose that =, Y € Y(M). Then, we have, forany R € O,:
(2,Y)" = (2R, YR). (6.10)
Finally, Let u € R". We can easily check that

H)R = Hpr,,. 6.11)

6.1.3 Action of O, on vector-valued functions and distributions

Let S(M,R") be the space of smooth vector-valued function @: M — R”. We define a right
action of O, on this space by: S(M,R") x O, —» S(M,R"), (¢, R) —» @R where ¢pR(a) =
RT®(Ra),Va € M. Letu € S"'. We note that if p(a) € {u}t, then p%(a) € {RTu}t. In
this section, we review how this action affects the various spaces of vector-valued functions and
distributions defined in Section The proofs are straightforward and are omitted.

(i) Let R € O,,. Then, (L*(L?),)® = L2(L?)r, and the inner-product is equivariant:
(", <7’R))L5<L3>Rru — ((@,@))Lg(wu, Vg, € LX(L?),, VR€EO,. (6.12)

(i1) We define a group action of O, on the bundle 7*(T B) @ (M XR") as follows: let (e, ..., e,) be
an orthonormal basis of R” and let k be a section of this bundle. We can write k = >, 7;1. Qe
with ?Ei being a section of z*B, for all i € {1,...,n}. We let kR = Zle %f ® RTe,, where
we recall that zf‘(a) = R"k,(Ra), Va € M. We easily verify that this group action does not
depend on the choice of the orthonormal basis (e, ...,e,). Under this group action, we have
(#*(TB) @ (M X {u}*)R = (#*(TB) @ (M x {RTu}')) and the ii(Li)u inner-product is
equivariant by O,,:

(K1) on) = (R R) ooy . VR R ELYLY), VREO, (6.13)
(iii) Under the group action defined at Point (i), we have (LX(H),)® = L2(H)r, and for any
w € LX(H)),, V (@*) = (V)R (where at the right-hand side, the group action is that defined
at Point (i1)). Furthermore, the Li(H ;i ), inner-product is equivariant by O,

(Ve . Vo )z, = (Ve# V@) 1y, V0. ® € Li(H,),, VREO,, (6.14)

together with (6.12).

(iv) We define an action of O, on the space of R"-valued distribution D’'(M, R") (the dual of the
space D(M, R") of smooth functions M — R” with compact support) by

—

((TR’ 17}))D'(M,|Rﬂ),D(M,[Rn) = ((T’ ‘i}RT ))D/(M,[R"),D(M,[R”)’ VT € D'(M,R"), Vy € D(M,R").

(6.15)
More explicitly, let (e, ... ,e,) be an orthonormal basis of R” and let T € D'(M,R"). Write
T = >, iei with T; € D'(M)foralli € {1,...,n}. Then, we have
TR=Y TRRe, (6.16)
i=1
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Hence, we have (D, (M DR = (D’RTU(M )) and the duality bracket between D, (M) and D,(M)
is equivariant:

((TR’ ") D/ (M).Dry (M) — ((T’

We deduce that the duality bracket between L2(H-"), and L>(H), is also equivariant:

<!

Voo VT €DUM), Vg € Dy(M).  (6.17)

7R >R — (T 7 20 7-1 - 207l
((T 34 )) L2HZY) r o L2(HD gry ((T’W)) L2(HZY)y L2(HD),’ VI € L(H )y, Yy € Li(H),
(6.18)
Then, thanks to (5.15)), (6.8), (6.9), (6.11)), one easily verifies that for all R € O,, we have

(TR Hpr,) = {T.H,}", VT € D (M). (6.19)
We conclude that (Y,)® = Yer,, VR € O,

6.2 Action of the orthogonal group on the vector GCI
We have the following

Lemma 6.1 (Action of O, on the vector GCI).
Letu € S" ! and let Eu be the vector GCI associated with u. Then, we have

(R=Cy  VYREO, (6.20)

Proof. As seen in the proof of Corollary al is the unique solution of variational formula-
tion (5.19) with y given by y(«) = P,.v, Va = (v,k) € M. Then, the results of Section
show that 5 If is a solution of the same variational formulation but with ¥ replaced by y%. We
compute, for all = (v,x) € M:

7@ = R" ¥(Ra) = R"P,.(Rv) = R" (Rv — (Rv-wu) = v — (v- R'w)R"u = P 0.

Hence, by uniqueness of the solution to the variational formulation (5.19), we obtain (6.20)),
which ends the proof. n

With (6.20), it is enough to determine Eu for a single vector u, for instance the last vector e,
of the canonical basis of R". Indeed, since O, acts transitively on B, there exists a (non-unique)

orthogonal transformation R € O, such that R"e, = u. Then, 511 = 5 R, which allows us to

define Eu from Een' Thus, in all the developments about the determination of Eu, we will specify
u = e, and will use indifferently u or e, to designate it.

By (6.20), £, satisfies
Ef =Z, VR € O, suchthat Ru = u. (6.21)

The subgroup of O, consisting of orthogonal transformations R such that Ru = u is the isotropy
subgroup of u and is isomorphic to O,_,. We will identify below these two groups. We will use

this invariance relation to obtain a simplified form of Eu. To start with, we first show that we can
restrict variational formulation (5.19)) to spaces of invariant functions under the action of O, _,
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6.3 Variational formulation in spaces of invariant functions under the ac-
tion of O, _,

We first define appropriate spaces of invariant functions and distributions under the action of O,,_,.

Then, we define rotational averages, which are projections from functions or distribution spaces

onto the corresponding subspaces of invariant objects. This eventually enables us to show that
the variational formulation for the vector GCI (5.19) can be restricted to these invariant spaces.

6.3.1 Spaces of invariant vector-valued functions and distributions on M

In this section, we define spaces of invariant vector-valued functions and distributions on M and
state some properties which are direct consequences of Section[6.1.3]

(i) We define the subspace of invariant functions L2(L2);,, of L>(L2), by

Li(Li)inv = {17/ € Li(Li)u | ll_}R = ll_}? VR € On—l}'
The space L2(L?)

by || - ||L5(L§_)u-
(i1) We define

is a closed subspace of Li(Li)u and hence, is a Hilbert space normed

inv

LX(L%),, = {ke XL}, | k* =k, VReO,_,}.

Again, Zi(Li)
(ii1) We define

is a closed subspace of Zi(Li)u and hence, is a Hilbert space.

inv

LXH)y, ={weLXH), | y*=y, VReO,_}.

inv

We note that, for y € L2(H!),,,, V, ¥ € fi(Li)mv. The space L2(H)
of L2(H ), and hence, a Hilbert space, normed by || - || ;21 -

is a closed subspace

inv

(iv) The space D, (M) is the subspace of D,(M) of elements @ such that @® = @. The space

D! (M) is the subspace of D, (M) of elements T such that TR = T. We note that D (M) is
the dual of D._ (M).

mv

(v) The subspace of invariant elements of Li(HK‘l)ll by the group O,_, is given by

LXHY),, ={T e XH"), | TR=T, VRe€O,_,}.

inv

It is the dual of L2(H),,,. It is again a closed subspace of L2(H "), and hence, a Hilbert space,
still normed by || - || 21y, -

(vi) The subspace of invariant elements of Y, by the action of O, _, is
Y. ={¥ €Y, | "=y, VReO,_,}.

(s We have Vi € L2(L?),,, and {7, H,} € LX(H "),
subspace of Y, and hence, is a Hilbert space, still normed by || - ”Yu'

Fory €, The space Y,,, is a closed
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Lemma 6.2. We have

yeLXLY),, = / w M, |Vol,,| = 0. (6.22)
M

Proof. Let v € L2(L?),,,. Thanks to (6.6) and to the fact that MR = M, VR € O,_,, we have

inv* n—1°

/17/MU|VolM|:R/ 17/RMu|V01M|:R/ w M,|Vol,,|, VReO,_,.
M M M

Hence, / Iy w M, |Vol,,| is a vector in {u}*, which is invariant by O,_;. The only such vector
is 0. N

6.3.2 Rotational averages

We define projection maps from spaces of vector-valued functions and distributions on M to
corresponding spaces of invariant functions. These projection maps are nothing but rotational
averages.

(i) For ¢ € D, (M), we define its average @,, over O,_, by

Poy = / " dR, (6.23)
(0]

n—1

where d R is the normalized Haar measure on O,_,. We have ¢,, € D, (M). Furthermore, the

mv

map D,(M) - D,(M),  — @,, is continuous for the topology of D (M) and

Vuaav = (Vv(z)av’ Vkaav = (Vka)av‘

(i) Let T € D/,(M). Then, T,, is the element of D,(M) such that

(( _>av’ a))p;,p = ((T’ (7’av>)z)f D, / ((i;R’ a))D{,,Du dR = / ((i q_éR»D{l,Du dR, (6.24)

u wu
On—l On—l

where the last two equalities come from the linearity and continuity of T. Thanks to the in-
variance of the Haar measure by matrix inversion, the definitions (6.24)) and (6.23)) are identical
when T' € D, (M). The map D(M) — D, (M), T ~ Tav is continuous for the topology of
D, (M) and we have

VIy= Ty V. Ty= Ty (6.25)
Lemma 6.3 (Properties of rotational averages).
(i) We have
PEY, = @€Yy and  @,lly, < lI2lly,. (6.26)
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(ii) For all ¢ € Y, and y € Y,,,, we have

mnv’

|55 s, 4R = (55) 1, ©27)
/O (V.. VKaR))zg@g)u dR = (V9. V, %) 22) (6.28)
/

(1 0%) o, 2, AR = (Wb 80) gy, o, 629

Proof of Lemma [6.3] (i) Step 1. By Cauchy-Schwarz inequality, Fubini’s theorem and (6.12)),
we have

2
[N / | / 3" dR| M, [Vol,| < / ( / G812 dR ) M, Vol
v M On—l M On—l
0 v\ k/u vy kU vV k/ua

0
Here, for an element of X of {u}*, we have denoted by | X|? = 2,:11 (X -e).

n—1 n—1

Step 2. Using Section [6.1.3](iii) and the same arguments as just above, we can also prove

IV @4 I <IV.8l2

72(12 72(12).
LU(LK)U LU(LK)“

Step 3. We take » € L2(H_"), and show that ¢,, € L*(H_"),. Indeed, for all y € L2(H!),,
we have, thanks to the previous two steps

’ ((goav’ l//)) D:,aDu‘ = ) ((gO, lrl/av )) Lg(H,;l)ung(H,l)u
< ”a”Lg(HK—l)u ”li}av”Lg(H’g)u < ”a”L%(H;l)u ||IZ/)”L12}(HK1)“,
which shows that @,, € L2(H_"), and
1Bl 2y, < 13l 2o, (6.30)
Step 4. For ¢ € D! (M), we have, thanks to (6.25)),
{(zav’Hu} = {C_b, Hu}av'
From (6.30), it follows that if {¢,H,} € L2(H_"),, then, {@,,.H,} € L2(H_"), and

” {(_’Eav’ Hu} ”L%,(H;l)u < ” {(Z’ Hu} ”L%(H;l)u.

Final step. Clearly, @,, is invariant by O, _, and collecting all the previous estimates, we get the
estimate in the last statement of (6.26). It follows that @,, € Y,,, which completes the proof of
item ().

(ii) Egs. and (6.28) follow from Fubini’s theorem and (6.29)), from (6.24). ]
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6.3.3 Variational formulation for the vector GCI on invariant spaces

In this section, we show that the variational formulation for the vector GCI (5.19) can be equiv-
alently formulated within spaces of invariant functions.

Lemma 6.4 (Variational formulation involving invariant spaces).
Let ¥ € LX(L?),,. Then,  is the unique solution of the variational formulation (5.19) if and
only if it is the unique solution of the following variational formulation
17/ € Yinv’
~(9- 1. 8) 1, 2, T PV Vi) 12, (6.31)

-

= _(()(’ (_IB»L%(L%)“’ Vo € Vipy-

Proof. We first note that the variational formulation (6.31)) has a unique solution because we
can reproduce the proof of Theorem [5.6|using the invariant vector-valued version of the spaces
used in the proof. We just note that, because of Lemma an element of y € L2(L2);,, or Yy,
automatically satisfies / M 7 M, |Vol, | =0.

Now, let ¥ be the unique solution of (5.19). Then, y € Y,,. Indeed, using @* as a test
function in the variational formulation (5.19) and applying the results of Section [p.1.3]and the
fact that ¥ € L2(L?),,,, we find that y® is another solution of the same variational formulation.
Since this variational formulation has a unique solution, we deduce that y® = y. Furthermore,
(3-19) is still valid by testing with function @ in Y, . So, ¥ is also the unique solution of (6.3T)).

Conversely, Suppose ¥ is the unique solution of (6.31). Then we obviously get y € V,.
Now, let us take @ € VY, and use @,, € Y,,, as a test function in (6-31)). Then, by Lemmal6.3|(ii),

inv
we get

/0 { B (({6}’ H“}’ aR))Lg(H;I)u,Lg(HKI)u + D((VKIZ” VraR))Zg(Lg)u + (()?’ aR))Lg(Lg)u } dR =0.

n—1

But, using the results of Section to transfer the exponent R onto y and the fact that ¥ is
invariant under the action of O,_,, we end up with y being a solution of (5.19), which proves
the claim. [

7 Reduced GCI pair

In this section, we first show that, by the invariance property (6.21), the vector GCI can be
reduced to two scalar quantities named the reduced GCI pair. Then from the variational formu-
lation for the vector GCI in invariant spaces (6.31]), we derive a variational formulation for the
reduced GCI pair in appropriate function spaces.

7.1 From vector GCI to reduced GCI pair

In this subsection, we state the theorem establishing that the vector GCI can be expressed in
terms of the reduced GCI pair. The proof of this theorem will be deferred to Appendix [B] We
start by introducing a convenient change of variables.
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7.1.1 A change of variables in M

We consider the derivative of the diffeomorphism V, introduced in Section We recall that
we denote by B, = B\ {+u} and we denote by M, the support manifold of TB,. We also
recall that we identify S"=2 ~ B n {u}+. We consider the tangent bundle T'(0, #) whose support
manifold will be denoted by M;, (we note that M, ~ (0, ) X R) and its elements by (0, k).
Likewise, we consider the tangent bundle TS"~? whose support manifold will be denoted by M,
and its elements, by (w, k). We now introduce the bundle diffeomorphism A ;: M, XM = M,
given by A, = dV,, where V,, is given by (4.1)). Specifically, A, is given by

A (0,5, (w,kp)) = a = (v,k) = (cosOu+sin 6w,k e, +sin 6 k), (7.1)
with e, given by (#.3)) and where
Kp-w=kp-u=0, (7.2)

the latter being a consequence of the fact that (w, ;) € M. We note that
-1 0 = —(cosd = NCE
w = 7(0 —cosfu), e, = m(cos v—u), K =K-e, ky-e=0. (7.3)

The diffeomorphism A, is depicted in dimension #» = 3 in Fig. 3| Now, thanks to the diffeomor-
phism A, for any smooth map @: M — R, we can define ¢': M;, X M; — R by

@' = oA, (7.4)

To compute the jacobian of A, we first need to specify the volume form on M|, X M, and
its orientation. We start with M, and denote by a; = (w, k) a generic element of M, and by

T = (6", 6"7) a generic element of T, M, i.e. (6*,0") € R* with
c¥ -u=0, o’ -w=0, (7.5)
o7 -u =0, o'T - w+c" -k =0. (7.6)

We define a n — 2-form w on M, in way similar to Q (see (3.12))): we denote by 7, the bundle
projection M; — S"? and, for &7 € T, Mp,i€{l,...,n—2}, welet

o(ar)(.... &, ...) = Volga(zrar) (... By (D), (7.7)

where B_’L’T is the connection map T, My — T, S"=2 (the bar highlighting that it is different
from the connection map for M). Like in the case of B, with have BaVT(aw, o) = P, 0.
Again,

Voly, = 77 Volg.2 A @. (7.8)

is a volume form on M, and we orient M by this volume form.

For M,, ~ (0,7) X R, we can proceed analogously, but since M), is included in the flat
space R2, we can more simply define the volume form on M, as Voly,, = d0 A dk;, whose
density is simply d6 dx;. We deduce that

[Voly s, | = [Voly, | d6 . (7.9)
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sin 0 Kk

Figure 3: The diffeomorphism A, depicted in dimension n = 3. The velocity v is changed into
the pair (6, w) where 6 is the angle between u and v and where w belongs to the unit circle S'
in the plane orthogonal to u (diffeomorphism V introduced in Sectiond. ). The tangent vector
k to S? at v is changed into the pair (k» k7) where k| is the projection of k on ey, the director
of the line normal to v in the plane Span(u, v), and k- is a tangent vector to St at w.

A computation using spherical coordinates leads to
|AZVol,, | = sin®"" 0 |Voly, | d6 dx,. (7.10)

The retrenchment w,, of @ on T,,S" is computed similarly as that of Q (see (3:16)). Let
(€),--.,€,_») be a local, positively oriented orthonormal frame in an open subset of S"~2 con-
taining w. We define a coordinate system on 7,,S" by (k. ..., k7*) where k! = k- €;. Thus,
we can apply (3.16) except that here, we are concerned with $"~2 instead of S"~!. Hence, we
have
w, =dKp A AT (7.11)

w T

7.1.2 Reduction of the vector GCI and reduced GCI pair

We state the main theorem estblishing the expression of the vector GCI in terms of the reduced
GClI pair. Its proof is given in Appendix

Theorem 7.1 (Reduction of the vector GCI).

Let y € S(M, {u}t) (the space of smooth functions M — {u}t) satisfy the invariance rela-
tion (6.21) and let ' be obtained from  through the change of variables (T.4). Then, there
exists a pair of functions: (0, 7) X R X [0, 00) — R?, (6, K| k) = (y,,y,) such that

=T K
l//—J (0, K”, w, KT) = y/w(g, K“, |KT|) w + ll/r(g, K'”’ |KT|) ﬁ’
T
V(0. k), (w,kp)) € M, X My such that kp # 0, (7.12)
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and
w0,k w,0) =y, (0,5,0) w, V(O,K),w) €M, xS". (7.13)

When y = Eu is the vector GCI, the associated pair (§,,, ) is called the reduced GCI pair.

Remark 7.1 (Consistency of (7.12)).
From Section we know that y, w, ky all belong to {u}?*, so that (T12)) makes sense.

Example 7.1 (Reduced pair for the function y(v,x) = P,.v).
The function y(v, k) = P,.0 satisfies the invariance relation (6.21)). Its reduced pair is:

X0, K, k) = sin 0, X0k, k) = 0. (7.14)

7.2 Variational formulation for the reduced GCI pair

Our goal is now to derive a variational formulation for the reduced GCI pair from the variational

formulation for Eu involving invariant spaces (6.31). We will have to distinguish two cases: the
generic case n > 4 and the special case n = 3. In the generic case, ({,,,{,) are functions of
0,Kx,k,) € N =: (0, 1) xR x (0, c0). So, the variational formulation for the reduced GCI pair
will involve appropriate function or distribution spaces over N which we first introduce. Then,
we establish this variational formulation and eventually derive the PDE and boundary conditions
satisfied by the reduced GCI pair. The case n = 3 will require a similar yet slightly different
treatment which is summarized at the end.

7.2.1 Spaces of functions on N and properties

In this subsection, we assume that n > 4. We start with the definition of appropriate function
spaces on N and then, establish their link with spaces of invariant functions on M.

(1) For p, g € [0, o), we define the space
Liq = {q/ N - R, | ||1//||i§’q =: /N |W|2Mi k| sin”8d0dxdx, < oo},

endowed with the Hilbert norm || - ||, and associated inner-product (:,-),. . We recall that

Mi is given by (4.18). We denote by L = L%(n—2) .5 and the associated norm and inner product
by || - |l, and (-, -), respectively.

(i) We define the space
— 2 _. 2 2 2
= {w € Lsuchthat I}, =: I + 0wl + 10, v}, <eo).

endowed with the Hilbert norm || - ||, and associated inner-product (-, -)),;- We define the semi-
norm

I = 10, wiZ + o wiZ, .

2
.
H 2(n—3),n-3

so that

lwlig, = vl + vl
H
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We denote by (-, '))[Fﬂ the associated bilinear form.

We denote by D(N') the space of C* functions with compact support on N'. We note the
following important property, whose proof uses classical functional analytic arguments and is
omitted:

Lemma 7.2 (Density of D(N') in H when n > 4).
Suppose n > 4. Then, D(N') is dense in H.

Remark 7.2 (About Lemma(7.2).

The domain N* has a boundary at k, = 0 and the definition of H involves derivatives in k| .
If n > 4 the inner product in the definition of H involves the weight KT3 with an exponent
n —3 > 1. Because of this weight, we can prove that that D(N') is dense in H. If n = 3, this
weight disappears and H is akin to a classical Sobolev space H' (i.e. without any weight in
the inner-product) with respect to the k| variable. Thus, in this case, D(N') is not dense in H.
Whether D(N') is dense in H or not impacts the structure of its dual space. Indeed, dual spaces
of classical H' spaces cannot be identified with spaces of distributions when the domain involves
boundaries. By contrast, duals of H 8 -type spaces (which are the closures of D for the Sobolev
norm) can (see [2, Sections 3.7-3.14]). In the forthcoming sections, we will use the dual space
of H and it will be of critical importance that it is a space of distributions, hence the restriction
ton > 4. The case n = 3 will require additional developments to circumvent the non-density
of D(N) in H. There is no such problem with the other variables: the domain in k, is R and
has no boundary, the domain in 0 is (0, x) and has boundaries but the definition of H does not
involve any derivative in 6.

(iii) We define the space K = H N Lg( 5> endowed with the norm

n—3),n—

lwliz = v lli; + (= 3) w7,

2(n-3),n-5

The associated inner-product is denoted by (-, -),. We define the semi-norm

Il =iz + (=3 lwll}, .

2
K H 2(n=3).n=5

so that

lwliz = vl + vl
K

We denote by (-, '))k the associated bilinear form. Like for H, we have the

Lemma 7.3 (Density of D(N) in K when n > 4).
Suppose n > 4. Then, D(N') is dense in K.

(iv) We define
LY L) =172
and denote its elements by (v, y,). It is endowed with the norm

||(ll/w,l//,)||iz(£z) =l I + v I
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(v) We define
LPHY=HxK
endowed with the norm
W W s, = 1w lI2 + 12
and we have
I3 I3

II(Wup Wr)”£2(7-[1 ”(Ww’ Wr)”£2([;2) + ||Ww ﬂ:ﬂ + ||Wr k

In view of Lemmas[7.2)and[7.3] since n > 4, the space D(N')? is dense in L>(H1).

We now establish the link between invariant function spaces on M and function spaces on N .

Proposition 7.4 (Link between L2(L?),
(i) The function y belongs to LIZJ(L2

iy (resp. L2(H! )mv) and L‘2(£2) (resp. L2(HY))).
if and only if ' (related to y through (7.4)) is written

inv

v, K W, K7) = y,,(6, 1<”,|1<T|)w+t//r(0 K> |1<T|) P |
Kr

for (0, Ky W, kr) € My, X M ae., (7.15)

(where a.e. stands for “almost everywhere”) and (v, w,) € L*(L?). Furthermore, defining c
as

c=|S"?1S"7, (7.16)

we have
”W”LZ(LZ =c ||(u/w’ Wr)||£2(£2) (7'17)

(ii) The function y belongs to Li(H ’i)inv if and only if ' is given by (T.13) and (y,,y,) €
L2(HY). Furthermore,

||W”L2(Hl =c ”(Ww’ Wr)llcz(Hly (718)
and
2 2 2
V.12, . = e (Il + w12 )- (7.19)

Proof. (i) Let w € D, (M). Then, Theorem applies and we get ((7.15). We have

|II}T|2(97 K||7 wa KT) = (|Ww|2 + Illlrlz)(ea K||’ IKTl)’ for (0, K”’ wa KT) e MV X MT a.c.

Hence, using (7.10), and the Fubini theorem for fiber bundles (3.13), we get

/ltf/leul\/olMl:/ (/ 1§ M [ Voly, | ) sin~ 0 df dx
M My, ~J M,

=/ (/ (lw,|* + 1w, 1) M | Voly, |) sin®"? 0 do dx,
My, My !

=/ [/ (/ (vl + 1w, PYM] o0, ] ) Vol | sin" 0 d6 dc
My, Sn-2 T, S"2 u

where w,, is the retrenchment of w on T,,S"~2, given by (7.11). Recalling the expression (8.8)
for Ml, we see that the expression inside the inner integral only depends on |x;|. Hence, we
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can use spherical coordinates in T,,S"~? ~ R"2 for the inner integral and find that the result is
independent of w. Thus, the integral over S"2 is just that of a constant and we get

[aemgvolyi=c [ ([ (Al + v PM) O
M M, \Jo

K7 dx, ) sin™" 9 do dx,

with M given by @.I8). This is nothing but (7.17). Now, (7.13) and (7.17) extend to i €
L*(L?),, by density of D, (M) in L2(L2),,,. Conversely, if (y,,,w,) € L*(L?), then, { given

in terms of ¥ by (7.13)) is invariant by O,_, and belongs to L*(L?), by virtue of (7.I7). Thus
it is an element of L2(L?)

inv*

(ii) Let w € D, (M). Then, the following formula is proven in Appendix [Cl, Proposition i)

mnv

n—3 2
— 1w, [~

R 1
(V) 1P = 10, Wol* + 10, v, 1> + == (19, W |* + 10, w,*) + (7.20)

sin” 0 sin” 0 |k, |2

Now, inserting this into the integral over M, we can reproduce the calculation made in the proof
of item (i) and we easily obtain (7.18) showing that (w,,w,) € L*(H'). As in the proof of
item (i), the converse is obvious. [

7.2.2 Spaces of distributions on A" and properties

In this subsection, we still assume that n > 4. We follow the same steps as in Subsection|/.2.1
we define distribution spaces on N and then, explore their link with spaces of invariant distri-
butions on M .

(i) We denote by D'(N) the dual of D(N'), i.e. the space of distributions on N'. We define the
duality bracket (T', @),y ,, between T' € D’ (N)and ¢ € D(N) so as to extend the inner-product
of L.

(ii) We define the space H' as the dual of H. By Lemmal[7.2] D(N') is dense in H and so, we can
identify H’ to the space of distributions T' € D’'(N') such that

, (7).,
IT|ly =: sup ————
@ED(N), 90 llolls
endowed with || - ||, (see [2, Sections 3.7-3.14]).

(iii) We define the space K’ as the dual of K. For the same reason as for H’, we can identify K’
with the space of distribution T € D’(N') such that

(T, @), ,l
ITllw =:  sup M <
@ED(N), p£0 llell K

]

endowed with || - ||,
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(iv) Let T e D; (M). We define two distributions T, and 7, in D’ (N) such that for all ¢ in
D(N),

(T, o), , = C_l((i(wq’)°A£1))D,u,Du’ (7.21)
(T @) = (T GLA ), 022

where we refer to Section |6.2] for the definition of A, and to Eq. for that of c¢. At the
right-hand sides of these formulas, @ is considered as a function on M, X M rather than just a
function on N'. We note that since ¢ has compact support on N, k. is never zero on the support
of @, so that (wqo)oAl‘l1 and ((xr/ |k |)go)oA;1 are elements of D, (M) and the definitions of T,

mnv

and T, make sense. Furthermore, if Te D,,.(M), it can be written Tt = T,w+T,(xr/|xr|) and,

thanks to the definition of the duality bracket for D'(N), this definition of (T, T,) coincides with
(7.21), (7.22)). Now, for ¢ € D, (M), we have the characterization " = @, w + @, (k; /|7 |).

So, we can write
(T.9) 1, 5, = (T )+ (T2 ) (.23)
(v) We define
LCHY=H xK.
It is the dual of £2(H"). Since n > 4, the space D(N')? is dense in £L>(H') and consequently,
L2(H™") can be identified with the space of pairs of distributions (T, T,) such that

(T TONl 2341y (7.24)

. Sup ‘ ((Tw’ (pw)) H,H + ((Tr’ qor)) K’,K‘ (7 25)
00D (00720 (oo l2 + o, 012) " '

= (IT, 1%, + IT,I%)" < oo, (7.26)

The space £>(H™") is normed by || - || 23;-1,- We have

Tel’HY, < T,T)el M), (7.27)
and
1T oy, = € 1T Tl g1 (7.28)

(vi) We refer to (4.21)) for the definition of operator V. The space Y, is defined by
Yy = {W,.v,) € L2(H") suchthat (U, — k. Uiy, +k.w,) € L2H D},

where Uy, and Uy, are defined in the distributional sense (see (7.31)) below), endowed with
the norm

We now expore the Link between Y, , and Y,,. We first explore some properties of the
operator U.
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Lemma 7.5 (U] is formally skew-adjoint).
(i) For any @, v in D(N'), we have

(Vie.w), =-(o.Viv),- (7.30)

(ii) Let T € D'(N). Then the operator U, applied to T in the distributional sense satisfies
(vit.9), ,=-(T.V\¢),, Yo €DW). (7.31)
(iii) For T € D!, (M), we have

{T.1,} = (wWiT, - IxIT,) + l';—Tl(UlT, + 17T, ) ). (7.32)
T

where the operator U is applied to T,, and T, in the distributional sense, by virtue of (/.31)

Proof. (ii) is an immediate consequence of (i). To show (i), we first remark that for y € D,
we have (see Appendix [C Proposition [C.4(ii))

LT (U, + Ikl ), (7.33)

{'11_}’HU}Jr =w (UIWW - |KT| Wr) +
|7 |

Now, let @, y in D(N') and define @ = (w@)oA;' and define ¥ in a similar way. Then, @, ¥
belong to D, (M) and, thanks to (7.33)), we have

{(YJ’HH} = (wvlq’ + KT(P)OAJI,

and similarly for {y, H,}. Now, from (5.16) and given the regularity of ¢ and y, we deduce
that

(i@ +kr0) oAl (wy)oALT) 1y s = —(w@)oALL, (WU + K7W ) oA ) 1o o,

which leads to (7.30) since w and k- are orthogonal.

(i) Let T € D! (M) and y € D, ,(M). Thanks to (5.16)), (7.23), (7.33) and (7.3T), we have

(T H).9),, = —(T- (9. H,)),,
=—=C [((Tw’ Ule - KJ_Wr)) DD + ((Tr’ UlWr + KJ_Ww))Dr’D]
=c [((UlTw - KJ_Tr’ Ww))D’,D + ((UlTr + K_J_Tw’ Wr)) D’,D] .

Thanks to ((7.23)), this last expression is equivalent to (7.32). [

Remark 7.3 (Direct computation).
Identity (/.30) can be cross-checked by a straightforward, albeit tedious, direct computation.

With this lemma, we can show the
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Proposition 7.6 (Link between Y, , and Y,).
The function y belongs toY,,, if and only if y is written according to (1.13) and (v, w,) belongs
to Y, Furthermore,

1712, = el w2 - (7.34)

Proof. Let ¢ € VY,,,. By Proposition[7.4} § is given by with (y,, w,) € L2(H"). Now,
thanks to and to (7.32), {y,H,} € L>(H_")if and only if (U w,,— Kk, w,, V\w,+Kk,w,) €
L2(H™"), which shows that (y,,, w,) € Y. We can move backwards this chain of implications,
which shows the claimed equivalence. The equality follows from (7.29)), (7.17) and (7.28).

7.2.3 Expression of the variational formulation for the reduced GCI pair

Again, in this subsection, we assume that n > 4. We establish a variational formulation solved
by the reduced GCI pair and derive the corresponding system of PDE (4.19), (4.20) in strong
form.

Theorem 7.7 (Variational formulation).

Suppose n > 4. Let ¥ € L>(L?),,, and define (y,,, x,) € L*(L?) as in (T13). Then,  is the
unique solution of the variational formulation (6.31)) if and only if (y,,, w,) linked to w by ([7.15))
is the unique solution of the variational formulation

(Ww’ lljr) e Yj\f’

= (Vwe kv 00) = (Vv + 6. 0) 0+ D(Wa s 00): (7.35)

+D(v,, @) = ~(Hw> ), — (1> @), Y@ 0) €Yy

Proof. This is a direct consequence of (7.32), (7.23)) and the counterparts for bilinear forms of
and (7.17). The variational formulation (7.35)) has a unique solution since (6.31)) has a

unique solution. [

Remark 7.4 (About the variational formulation (7.35))).

The condition (¢, @,) € Y, does not imply that (¢,,,0) nor (0, p,) separately belong to Y.
This is because @, and @, are entangled in the condition (U @, — k, @, UV @, + kK, @,) €
L2(H™") of the definition of Y,,. Thus, if we separate in two equations by taking either
@, =0or @, =0, we obtain a different variational formulation, which may be ill-posed.

From Theorem|[/.7, we immediately get the following

Corollary 7.8 (Variational formulation satisfied by the reduced GCI pair).
Let (¢, ¢,) be the reduced GCI pair. Then, (§,,,{,) satisfies the variational formulation (/.35)),
with (y,,, w,) replaced by (¢, ¢.) and (y,,, x,) given by (1.14).
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In the following theorem, we provide a strong formulation of the problem associated with
the variational formulation (7.35)). It involves the derivation of both the PDE and its boundary
conditions. The latter are obtained formally assuming that the solution of the PDE is smooth, a
property that is still open.

Theorem 7.9 (PDE system associated with the variational formulation (7.35)) and boundary
conditions).
We assume that n > 4.

(i) Let (¢, ¢,) € Y, be the unique solution to the variational formulation (/.35), with (v, y,)
replaced by (¢,,,¢,) and (y,,, x,) given by (1.14). Then, (¢, ¢.) satisfies System (@.19)), @.20)) in

the distributional sense.

(ii) (formal) Supposing that ({,,, {,.) is smooth. Then the boundary conditions associated to the
variational formulation ([/.35)) are:

- no boundary condition at @ = 0 nor 0 = x on neither {,, nor §,;

- dimension n = 4: no boundary condition on {, and homogeneous Dirichlet condition on
.atx, =0:
£,(0.%.0) = 0; (7.36)

- dimension n > 5: no boundary condition at k, = 0 on neither {,, nor §,.

Proof. (i) Let ¢ € D(N). Then, (p,0) € Y, and (0, ) € Y,,. Thus, using these two
pairs as test functions in (7/.33)) and interpreting the various bilinear forms as duality between
distributions and test functions, we are led straightforwardly to (4.19), (4.20).

(i1) Define Dg./\_f ) as the set of C*® functions with compact support on an open set containing
the closure N of N'. We now investigate under which conditions on ¢ € D(N’) we have
(,0) € Y, or (0,p) € Y,,. We recall that we assume n > 4 and we will treat the case n = 3
later on.

e Since sin”@ < 1 and ¢ is compactly supported in N, we rather straightforwardly have
@ and aK”(p € L and dKl(p S L%(n—:i) .3 » so that @ € H for all values of n > 4. On the

other hand, for n = 4, the function k]~ = 1/ is not integrable and ¢ & L3 . .. By

contrast,if n > 5, ¢ € Lg( and consequently, ¢ € K.

n-3),n—-5

e Now, we clearly have U, = @/ sin8 with @ € D(N). So, ||V 9ll, = I@lz <o

if n > 4. It follows that U@ belongs to L and consequently, to H and K’. Similarly, since
@ is compactly spported, x| ¢ belongs to L and so, to H" and K’ as well.

It follows that (¢, 0) € Y, _for n > 4 and that (0, @) € Y, forn > 5.

Now, we take ¢ € D(N') and assume that the solution (¢,,, @,) of the variational formula-
tion (7.35) is smooth. We use (@,0) € Y,; as a test function in (7.35) for all n > 4. By using
Green’s formula, and point (i) of the present lemma, we end up with

=0,

i, =0

( / (0,,w, oM sin™" 0.)) d6 dx) )
(0,7)xR
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which is a tautology when n > 4. Performing the same computation using (0, ) € Y, as a
test function in (7.35) for all n > 5, we get a tautology again. Now, in the case n = 4, for
@ € D(N) to be in K, we need ¢(0, K, 0) = 0 to compensate for the weight 1 /x, which leads
to the Dirichlet condition (7.36)). This ends the proof. "

7.2.4 Casen=3

In dimension n = 3, we use spherical coordinates. Let (e, e,, u) be a direct orthonormal basis
and let (6, @) be the spherical coordinates in this basis. We let (v, ¢, ¢,,) be the local spherical
coordinates basis. Both 0 and e, have been introduced in (4.2) and @.3) respectively, and we
have

w=cospe, +singe,, e, = —singe; +cospe,.

Because T,,S"2 is one-dimensional and spanned by e,, We can write

lkp|  if & >0,

K=K h Kr = )
T T, sothat kp {—|KT| it & <0,

and k. € R.
For any function { € S(M, {u}') satisfying the invariance relation (6.21), we define the

functions @, w,: N =: (0, 7) X R> > R, such that
0.k k) = w0,k [Re D, 9,005 &p) = Sign®@p) w, 0. k. [Rr ). (7.37)
for all (6, x, kr) € F . In view of (7.12), any such function y can be written in the form
w0,k w, kp) = ,(0, k), k) w0, k. kp) e, V(0. k), (w, k) € My XMy (7.38)

If § = C,, the associated (£, £) is the reduced GCI pair in dimension n = 3.
By analogy with the spaces defined in Subsections[7.2.T|and[7.2.2] we introduce the follow-
ing spaces (notations that are a direct adaptation of those of the former sections are not repeated).

(i) For p € N, we define the Hilbert space:
T N 2 . 2aal o —
2= {1// N >R, ‘ ”W”fz =: /Xflw M;, sin” 0 d0 di dip < oo}.

We denote by L= Zg
(i1) We define

= {wel | Iyl =: IwlZ+110,wIZ +110, vl < o},
0

and recall that

2 _ 2 2
1B, = 10, w1 + 110, i

Because A has no boundary in the ik direction, the following density theorem holds true (this
would not be the case if we used «, instead of &, see Remark [7.2)):
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Lemma 7.10 (Dens1ty of D(./\f )in H).
D(N) is dense in H.

(iii) We define £2(L2) = 12 and denote its elements by (W, ¥,.).

(iv) We define £2(}!) = H2. Thanks to Lemma/7.10] D(ﬁ)2 is dense in L2(H).

Proposition 7.11 (Link between L2(L2 Jiny (resp. L2(H1),,,) and L2(L£?) (resp. L2(H!))).
We suppose n = 3. The function y belongs to LZ(L2 )iny (TESD. LZ(H )..v) if and only if y' is

mnv

written according to (1.38) (in the a.e. sense) and (y,,, w,) € L’2(£2) (resp. L2(H")). Further-
more,

[ J A (7.39)

1, = 27 @ 0I (7.40)
and

IV, =27 (1912 + 1912 ). (7.41)

Remark 7.5 (About the factor 27 in (7.39) and (7.40)).
From (7.16)), it seems at first glance that the factor appearing in and (1.40) should be 4.

However, here, we integrate over k; € R instead of over k, € [0,00). Hence a factor 2 is
absorbed in the duplication of the integration domain.

Proof. The proof of Prop. is similar to that of Prop. [7.4]and is omitted. Let us just mention
that the analog of (7.20)) is

(V) = 19,0, 1° + 10, w,I” +

1 i} _
> (10, W, 1* + 10, w,17). (7.42)
Sin

(v) We define H’ as the dual of H. By Lemma , H’ is a distribution space.
(vi) We define
2 = (i)’
Like in Subsection we can identify this space with the space of pairs of distributions

(T,,, T,) satisfying an analog of identities (7.26) to (7.28)) (with ¢ = 2x), the precise writing of
which are left to the reader.

(vil) We define the operator 77; actingon y € H as follows:

Uy = k0, + (cos sin0 &2 — v sin0), 7 - 2C°Sg K RpOo @, (1.43)
s

The space \N/N is defined by

—~

Yy = {(@,.%,) € L2(H') suchthat (U @, — &y, Uy, + Rpip,) € L2(H)),
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where ﬁww and ﬁw, are defined in the distributional sense. Then, Lemma is satisfied,
“mutatis mutandis”. Let us just make the analog of (7.33) explicit:

(5.8, = w (U, - &) + e, (U1, + &0, (7.44)

This proof of this identity is analog to that of (7.33) and is omitted. Then, we get the analog of
Prop.

Proposition 7.12 (Link between Y, , and \N(N).

We assume n = 3. The function y belongs to Y,,, if and only if y is written according to (1.38)
and (y,,, y,) belongs to Y,,. Furthermore,

171, =27 w12, (7.45)

We can now derive the variational formulation satisfied by (g, ¥,), i.e. perform the analog
of Subsection We have the

Theorem 7.13 (Variational formulation; case n = 3).
We assume n = 3. Let ¥ € LX(L?),,, and define (},,, 7,) € L>(L?) as in (T38). Then,  is the
unique solution of the variational formulation (6.31)) if and only if (p,,, w,) linked to @ by

is the unique solution of the variational formulation

(l/_/w’ lI_/r') € Y'A/"

—~ —~

9 _((Ulll_/w - ETy?r ’ @w))ﬁ?ﬂ - ((Ull/_jr + IZTl/_jw ’ (pr))ﬁ?’ﬂ?u + D((‘I_/w ’ (pw))ﬁ (746)

+D(#,. 8,.)z = ~(£0s @) = (7s @) V(@0n @) €y

followed by the

Corollary 7.14 (Variational formulation satisfied by the reduced GCI pair; case n = 3).
Let (£, L) be the reduced GCI pair in dimension n = 3. Then, (§,,{.) satisfies the variational

formulation (T.46)), with (@, w,) replaced by ({,,¢.) and (7, ¥.) = (sin 8, 0).
The strong form associated with the variational formulation (7.46)) is given in

Theorem 7.15 (PDE system associated with the variational formulation (7.46) and boundary
conditions, case n = 3).
(i) Let (,,,E.) € Y, be the unique solution to the variational formulation (with (p,,,, ,)

replaced by (§,,C) and (¢, 7.) = (sin®,0)). Then, ({,,¢,) linked to ({,,{.) through (7.37)
satisfies System (.19), (@.20) in the distributional sense.

(ii) (formal) Supposing that ({,,, ) is smooth. Then the boundary conditions implied by (T.37)
and the variational formulation are
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- no boundary condition at @ = 0 nor 6 = r on neither {,, nor ¢,;

- Neumann boundary conditions on {,, and homogeneous Dirichlet condition on {, at k|, =
0:
aKLCw(Oa K5 0)=0, Cr(ea K5 0)=0; (7.47)

Proof. The same proof as for Theorem leads to a system of equation for (¢, ) posed
on N'. By restricting it to A, and using the fact that, on NV, k& = k|, we recover System @.19)),

(@.20). We get no boundary condition for the system posed on N'. However, when restricting it
to A, the mere smoothness of ({,, ) implies Neumann boundary conditions on ¢, and Dirichlet
boundary conditions on {, at ¥k, = 0. This ends the proof. ]

Remark 7.6 (About the variational formulation and the strong form).
Although the strong form can be restricted to a system of PDE posed on N, this is not possible
for the variational formulation. Indeed, the definition of the space Y, involves the use of the

dual space H' the definition of which requires a domain without boundaries, i.e. N'. The vari-
ational formulation is the only formulation of the problem for which existence and uniqueness
of solutions is proved. So, the reduction to a PDE posed on N as formulated in Theorem
is not useful for a rigorous mathematical use. Its only merit is to highlight the analogies and
differences between dimension 3 and higher dimensions.

8 Evolution equation for u

We now use the reduced GCI pair to derive the equation for u. This is the final step of the formal
proof of Theorem @4.5]

Lemma 8.1 (Evolution equation for u: first form).
The functions p and u defined by (¢.14) satisfy the following equation

/ 0, +v- V) (pM,) &, [Vol,,| = 0. (8.1)
M

Proof. We muliply (3.52)) by Eufé and integrate over M. Thanks to (5.8)), we have

[ g, 1ol i =0,
M
Hence, we get
/ 0, +v-V)f Eu,e |Vol,,| = 0. (8.2)
M

Now, when € — 0, we have formally f* — pM, and u,. — u,; = u by the proof of Prop.
Now, we show that, for any @ € M, the map y: u — § (), S"™! - R is smooth. We fix
u, € S"!. We first recall that S"~! is diffeomorphic to the coset space SO, /SO, _, where SO, _,
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denotes the isotropy subgroup of u,. Hence, the projection z: SO, — S"~! has the structure of
a quotient manifold. Now, thanks to (6.20), the map ¢, R — ¢ R, (@) = RCHO(RTa), SO, - R
is smooth. Since ¢ = you, it follows from [46, Vol 1, Sect. 3.9, Prop. V] that y is smooth.
Hence, we have a pointwise convergence 5uf5 - Eu as € = 0. Thus letting e — 0 in (8.2)) and
supposing that the convergence of f* to f is strong enough, we are led to (8.1]), which ends the
proof. [

Now, we define the following tensors:

A = / sin? 0((M, &) (0, ky, w, k) ® w ® w) |A%(Vol,,)l, (8.3)
My XMy

B = / sin @ ((M,&)' (0, k. w, k1) ® w) |AL(Vol,,)l, (8.4)
My XMy

C = / sin@ cos 0 (M,Z,) (0, k), w. k) ® w) |AL(Vol,,), (8.5)
My, XMy

D = / (M,Z,)' (0. xy. 10,57 |AZ(Vol, ). (8.6)
My, xMy

E = / cos 8 (M,Z,) (6, k), w, k7) |AL(Voly)l, (8.7)
My XMy

where we recall that |A7(Vol,,)| is given by (7.10). Here, w and Ej are considered as vectors of
R" and A is a rank-3 tensor, B and C are rank-2 tensors (i.e. matrices) and D and E are vectors.
These tensors are useful to transform the left-hand side of (8.2) into explicit expressions, as
shown next. We note that

1 1 .
M0, k), w, k) = — exp < — %( —vcosf + E(Kﬁ + sin® 0 |KT|2))>. (8.8)

The right-hand side of (8.8]) does not depend on w and defines the function Mi = ME(@, Ky» K7)-
Lemma 8.2 (Evolution equation for u: second form).
The functions p and u defined by (@.14) satisfy the following equation
D? D )
2 (Do, +E(u-V)p) + B<pa,u + Wpr> +pCu-Vu+pA:Vu=0, (89
v

where the . in the last term indicates contraction of the last two indices of A with the two indices
of V. u while the second and third terms involve the matrix multiplication of B and C with the
vector to their right.

Proof. We compute (0, + v - V,)(pM,)). This computation is straightforward but is reproduced
here for the readers’ convenience. We have

0, +v- V) (pM,) = Mu<(6, + 0V )p+ p(dlogM,), (0, + v+ V., )u) )

We have logM,, = —(v/D)H,, — log Z. Hence, for ¢ € T,S"~!, we have

(@108 M,),(0) = ~(v/ DYdH),(0) = P 0.
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Thus, we have
2
0, +0-V)(pM,) = Mu<(6, +0-V)p+ S pPuv- (0, +v- Vx)u)).
We use the change of variables (/.1)) and get

P
%((a, +o- Vx)(pMu)) - M{ D 0p+cosou-v p)+singw- <pa,u + %w)
1% 1% 1%

+psind cosOw - ((w- Vu) + psin® 6 (w @ w) : (qu)}. (8.10)

Now, tensorizing on the left by EE and integrating the result with respect to |A7(Vol,,)|, we get
(8.9), which ends the proof. ]

Now, thanks to the explicit expression (7.12)) of EJ, we can compute the tensors A to E
explicitly.

Lemma 8.3 (Expressions of the tensors A to [E).
There exist two real numbers b and ¢ such that

A = 0, (8.11)
B = bP,., C=cP,, (8.12)
D = E=0. (8.13)
Furthermore, we have
b=(-1)— - / (M), k) sin” 7 @ k" df dic dic,, (8.14)
h=1Jwn§
c=(-1)—= 1 / (MEC,)(0, k. k) cos @ sin™ ™ 0 k"> dO dx, d, (8.15)
n-—= N
where c is given by ((7.16).

Proof. We use the same methodology as in the proof of Proposition [7.4(i). We first consider B
given by (8.4). Thanks to (7.10), we have

B = / (ML) (0, ky w, 7)) @ w) sin™= 0 [Voly, | d6 dx.
MyxM; T

Then, we apply the Fubini theorem and get

B / ( / (ML) 6,k w, | ]) @ w) |V01MT|> sin”™ 0 df dx,
MV MT

/ B(0, k) sin™ 0 do dx. (8.16)
MV
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With ((7.12)), we have
B = B, +B,,
B, = [ (M,)0.x. k) (w® w)|Voly |,

My

B, / (M ¢, K |KT|)(| ] ® LU) |V01MT|
My

Thanks to (7.8)), (3.14) and to the Fubini theorem for fiber bundles (3.15]), we can write
= [ wow( [ MoK kblol) Vol
S ngn—Z

where w,, is the retrenchment of w on T,,S"~2. Now, we can follow the same computation as in
the proof of Proposition[7.4(i) and get

B, = |S" < / (MEC )0, K, 10,) K7 d;q)( (w®w)|Vol§n_2|>.
0

S§n-2

It is readily seen that

n—2
IS lPl. (8.17)

Vln— =
An_z(w®w)| O§2| n—l u

Hence, we have

|§n—2| Ign—fal oo .
B, = — (ML), ky k) KT dic) Py
- 0
To compute B,, we consider a direct orthonormal basis (e,, ... ,e,_;,u) of R” and we compute

the (i, j)-th entry of B, in this basis, i.e.

(By);; = / (M¢,)(6, K”,IKTI)

w |Voly, |-

By the same manipulations as for B,, we get

(B, =,/ wj</ (MEE)O, Ky [ ) 2 o, |>|V01§n_2|.
gn—Z Tw§n2 | |

Let (g4, ..., €,_,) be alocal, positively oriented orthonormal frame of S$"2. Define a coordinate
map T,B - R, k — (x!,...,k"%) with ' = (k,¢,;),. Then, |®,| = dx'...dx""? and we
have

Kr-€
/ VEL)6. k. g ) S |
o P

n—2 k
12 K _
= Yere) | (0.5, §|Kf| /)ﬁdx;...d,qa%
T

k=1 Rnr-2
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Now, by the change of variables (k7. ..., k5, ...,k"%) = (K7,...,—Kk

KX, K, ki), we realize
that the integral in the k-th term of the sum at the right-hand side of the previous formula van-
ishes by antisymmetry. Hence, B, = 0. It follows that B = bP, as it should, with b given
by (8.14). Going back to the formula (8.5)), we realize that the same formula holds for for C,
simply multiplying the integrated function by cos 6.

Now, we consider A. Reproducing the same computation as for B, we would get an analog

to (8.16) with B replaced by A such that

A = A+ A,
A = (MEC,)(0. k., 7)) (w ® w @ w) [Voly, |,
My
i Kr
Ay = | VO, rD) (T @ w @ w) [Voly, |
My |7 |

Now, A, = 0 by the same argument as for B,, and A; = 0 because we have an even number of
w-factors inside the integral corresponding to (8.17) and the integral vanishes by antisymmetry.
Hence, we get (8.11). To get (8.13), the reasoning is the same, except that now there is only
one w-factor inside the integral corresponding to but the integral vanishes as well for the
same reason. This ends the proof. [

Remark 8.1 (About the expressions of the tensors A to E).

Expressions (8.11)-(@.13) for the tensors A to E could be obtained by simple symmetry consid-
erations using (0.21)). However, the expressions (8.14), (8.15) of b and ¢ require Theorem|[7.]|
and the use of the reduced GCI pair.

We are now able to state the final form of the equation for u. The following lemma completes
the proof of Theorem 4.5]

Lemma 8.4 (Evolution equation for u: final form).

The functions p and u defined by (4.14)) satisfy (4.16)), where c, is given by (4.24) and c; by (4.17).

Proof. We insert the expressions of the tensors A to E found in Lemma [8.3]into (8.9) and get
D
b P, (pa,u - —2pr> +cpP, ((u-Vu) =0,
%
Noting that both vectors o,u and (u- V )u belong to {u}+, and dividing by b, we find (#.16)) with

¢, = ¢/b and ¢, given by (4.17)). Now, thanks to (8.14)), (8.15)), we find that the expression of ¢,
is prescisely given by (#.24)), which ends the proof. ]

9 Conclusion and perspectives

In this paper, we have provided a new formulation of the particle curvature-control model pro-
posed in [22, 137] which enables us to extend it to arbitrary dimensions n > 3 (previously the
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model was stated in dimensions 2 in [[37]] and 3 in [22]). We have also established the associated
mean-field kinetic equations. Both the particle and kinetic models require a bundle geometric
framework. Then, the main result of this paper is the derivation of the hydrodynamic limit of the
kinetic model. We have shown that it coincides with the SOH model already found in the con-
text of the Vicsek model. It requires the introduction of generalized collision invariants (GCI),
which are solutions to a Fokker-Planck type equation. The action of the orthogonal group per-
mits to express the GCI in terms of a pair of functions which satisfy a system of PDEs. Unique
solvability of this system has been shown by means of a novel type of variational formulation.

This work opens many directions of research. First of all, the derivation of the SOH model
is formal and lacks a mathematically rigorous proof. Numerical simulations should be devel-
oped to assess the accuracy and applicability range of the SOH model. We would also like to
extends the present work to the non-normalized case. In this case, the model exhibits phase
transitions in a similar way to the Vicsek model. For the latter, the multiplicity and stability of
the spatially-homogeneous equilbria has been uncovered in 31} 32]. The corresponding results
for the curvature-control model are still open. Some modifications of the model could be in-
vestigated, such as, for instance, restricting the curvature to a unit vector, to mimic the fact that
animals have probably a range of preferences for their curvature. Another modification could be
to replace the mean-field type of interaction by a Boltzmann like interaction, like in [43]]. Finally
one could also try to modify the model such that its hydrodynamic limit involves an additional
equation for the locally-averaged curvature, like in [/5]. This non-exhaustive list highlights the
wealth of new research directions opened by the study of the curvature-control model of swarm-
ing behavior.
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Appendix
A Proofs of remarkable formulas (Section

A.1 Proof of Lemma3.1]
For k € X(B), we will denote LV k by LV k for simplicity, and similarly with V' replaced by H

Let (g, ..., €, ;) be alocal orthonormal frame on B. Then, it is readily checked that cH Eqsenns
cie  LVe,...,L e, ,)isalocal orthonormal frame on M. Now, using (3.19), we can write
v, k=V, (£Vk) = Z (V2 ey + (VN L7k LVe,) ). (A1)

By the torsonfreeness of the connection, we have

Vi Lk = Vi, £l + [L%e, L7k],

and since (L ¢, L¥¢,) = 1 and the connection is compatible with the metric, we have
H H _
(VN LY. L"e ) =0,

and similarly with £ ¢, replaced by L£" ¢,. Thus, we get

n—1
Vo k=Y (([e"e ] e ) + ([ e £7K]. £V, ) ).
i=1
Now, for any two vector fields k, h € X(B), we have [49, Prop. 5.1]:

[£" R, " k] = 7 ([h, k1) = LY (R(h, k)x), (A.2)

[ch, £V k] = £¥(V}k), (A.3)
where the Levi-Civita connection VB on B was used and R is its Riemann curvature tensor.
Thus, we have

1

Vook = D ((e (e k) - £ (R koK), £, ) = (£ (VPe,). £Ve,) )

i=1
-1

_ (((EH( z—:,,k]) £H8>> ((EV( ),£V5i>>>,

i=1

3
|

=

where the term involving the Riemann curvature tensor has been cancelled due to orthogonality
of the horizontal and vertical subspaces. Now, by the definition of the Sasaki metric, we can
remove the operators £ in the first term and £" in the second term provided we replace the
metric on M by the metric on B. This leads to

v, k= 2(([5,,k]s) (VBe, e )).
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We have (V7e,, £;) = 0 again because (¢,, £;) = 1. Using the same manipulations as previously,
we also notice that

n—1 n—1
D (lepkle)= D (VPke) =V -k
i=1 i=1

Hence, we have just proved the first formula (3.24)).
For the second formula (3.24)), we proceed analogously. We have

n—1

Vook = Vo (L) = Y ((Vi, £k L) + (Vi £k L7e)). (Ad)

K th
i=1

n—1

> ((le"en vkl e ) + (e, £V k], £V e, ).

i=1

Now, for any two vector fields k, h € X(B), we have [49, Prop. 5.1]:
(cVh, LY k] =0. (A.5)

We also recall (A.3)) as well as the orthogonality of the horizontal and vertical subspaces. This
leads to

V- k= 2 (L (Vik).Lfe ) = 0.

Thus proving the second formula (3.24)) and ending the proof. .

A.2 Proof of Lemma
(i) Leta € M and v = 7. Let a € T,B. We have
(Vop(a),a), = (BIV,p(a),a), = (Vo)L a), =(dp),(L)a)
= ((d@)oldn),) (Ll a) = (dg),(a) = (V,0(v).a) ,
where we have used (2.40)) to say that (d zr)a([léH a) = a.
Similarly we get, for any 7 € T, B:
(Veo(@,7), = (BV,p@).7), = (V. 0@, L), = [dd),(L,7)
(@@),0dm),) (£;7) =0,

thanks to (2.39).

(i1) Let @ = (v, k) be given. We define 8: R — R such that 8(t) = y(v, kt). Then,

%(1) = (d¥)xn(0, k) = (dllf)w,m(ﬁ(VU,m’f)
= <<Vaq/(u, K1), EK),Kt)K>>(U,m) = <B(VUM)VQU/(U, K1), K>U
= (Vo kt),x) =0.

Hence, 6(0) = (1) i.e. w(v,0) = w(v, k). Defining ¢: B - R by @(v) = w(v,0), we deduce
that v = @ox, which ends the proof. [
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A.3 Proof of Lemma

Let € T, B. Then, we have
(Vlkik),t)y = (BYV (k). 7) = V(K. 6) . LV T (A.6)

(s, 1),), (£L7) = S (0, K0

(A7)

’
t=0

where a(t) = (8(t), €(¢)) is the following path in M: ©(t) = v, k() = kK + tz. Indeed, we notice

that @(0) = (v, k) = a and
da

ELO = 0,7)=L"r.

Then, we straightforwardly get that

L (k0. k)

= (20,

which, inserted into (A.7)), leads to the first equation (3.26).
Let now a € T,B. Similarly to the previous computation, we have

<VU<K, K)U,a> = <BaHVa(K,K)U,a> = <<Va<K,K>U,£fa>>a (A.8)
= (.0, (£01a) = SGRO. RO | (A9)

t=0

where @(t) = (8(t), €(¢)) is a path such that

(©(0), €(0)) = (v, k), %(ﬁ, K)o = Efa = (a,—(a - x)v). (A.10)

Let (e, ..., e,) be an orthonormal frame of R” such that v = e¢,, a = |ale,_, and k = k,_,e, , +
K,_ie,_;- For given « and a € T, B, such a frame always exists. Now, define the path

n
o(t) = sin(|alt)e,_, + cos(|alt)e,, k() =k,,e, ,+ Kk, e, —k,_; tan(|a|t)e,,.

We easily see that @ = (7, k) is a pathin M (i.e. || = 1, £ - § = 0) defined in a neighborhood
of t = 0 and satisfying (A.10). Now, we have

(R, RN)5) = Ky, + &, (1 + tan’(alD)).

Thus,
d,_ . .
_dt<K(t)’ R())50 = 2lalic>_ tan(|a|t)(1 + tan*(Jal1)),

which leads to

d,. . .
E(K(t), R()) 5, o 0.

Inserting it in (A.9)), we get the second equation of (3.26)), which ends the proof. "
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B Reduced GCI pair: proof of Theorem 7.1

B.1 Geometric preliminaries
We first remark that " satisfies the following invariance under action of O, _;:
w'(6. k. Rw, Rcp) = Ry (0,5, w,k;), YREO, . (B.1)

We remark that (Rw, Rx;) is the image of (w, k) by the left group action of O,_, on M. We
decompose ' according to

u‘}’f(g’ Ky, W, Ky) = W:U(ea K> W, Kp)w + &};(0, Ky, W, K1), (B.2)

with
w0,k w, k) ER and (0, k), w,k7) € T,S". (B.3)

Straightforwardly, from (B.1)), we get

w! (6., Rw,Rxr) = 0.k, w,k;), VREO,_ |, (B.4)
w0,k Rw,Rp) = Ry 0.k, w, k), VREO, |, (B.5)
Thus, we need to prove that
- K
w0, k), w, k1) = w, (0, Kk, [k, G0, k0, w0, k) = w0, Ky, |ip ) = (B.6)

|KT|.

We use the spherical coordinates on B with pole u. In this section (only) and for the sake of
simplicity, we list the canonical basis of R” in a different order, namely (u, e, ..., e,_,) with as-
sociated coordinates written (x,, X, ..., x,_;). Instead of the diffeomorphism (#.1)), we consider
Vu: (0, 7)"? x R(mod. 27) — Eu, @, 9,03 ...0,5) = U= Vu(e, @1, Pos .. P,_,) € ST
such that

V, =cosOu+sind w(@,, ¢, ... ¢, ),

with
0
Cos @,
sin @, cos @,

W@y Pasev s Ppn) = SIn @, Sin ¢, COS @ ,
sing, sing@, ...sing,_; COs @,_,
sing, sing, ...sing,_; sing,_,

and

Eu = B\{(xua'xlaxZ’""xn—3’0’0)’| xL2¢+x?+ +XZ_3 - 1}’

being the excluded set corresponding to the points where V,, is not uniquely invertible and thus,
is not a diffeomorphism. We deduce that

ov, )
>0 =—sinfu+cosOw =:e,(0,9,,....,9,,),
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andfori € {1,...,n— 3},

0
0
v, — sin @,
3 = sinf sing, ...sin@,_; COS @; COS @,
Pi COS @; sin @, | COS @, .,
CoS@,; sin@,,, ...sin@,_; COs @, _,
CoS @, sin@,,, ...sin@,_; sing,_,

i= sinf sing, ...sing,_; e,,

where the last O is on the i-th line, while, fori = n — 2,

0
oV :
3 =~ =sinf sing, ...singp, 0 i=sinf sing, ...sing, e, ,
Pn—2 —sing,_,
CoS @,

The tuple (e(pl, ,e(pH) form an orthonormal basis of T’ WS”‘Z while (e, [ J
an orthonormal basis of T,S"~!. We note that e, only depends on (¢;, ..., ®,_,) but we will
still write e, (@1, ..., @,_,) or, by abuse of notation, e, (w). In view of (7.1)), a tangent vector
k € T,B can be decomposed according to

2 €, 72) form

K=K e)(0, 0, ....0,)+sinb@k(@,....,0, ., Kpseees K(pn_z),
n—-2
_ 2
NN T TN Z Kg, €o (@15 ®,.5) € T,(SY), (B.7)
i=1

with Ky, € R,Vie {l,...,n—2}. We stress that (K(pl, ey K(pH) denotes the components of k.
in T,,$"~? and not those of x. We now define ” such that

J,T(G, K> W, Kp) = q‘}b(G, Kis @l v s Pueas Ky s oo s K%_z). (B.8)

and define 1//1'1}, 1]/'; accordingly. Furthermore, we decompose 17/; as follows:

= b

ZACN NIRRT NN
n—=2

b
= D W (0. 5,01, Py Ky Ky, e, (@15, 9,5),  (BI)
k=1
. b
with wk(G, Kis @15 e s @pns Ky s ooy K(pn_z) € R.

We will use (B.4), (B.5), with R ranging in a generating set of O,_,. We remind that we
identify O,_, with the isotropy subgroup of u in O,, meaning that all orthogonal transforma-
tions of R"~! are meant being orthogonal transformations of R” that leave u invariant. We will
mainly use three families of orthogonal transformation, which are successively presented in the
following subsections.
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B.2 Action of orthogonal transformations
B.2.1 First family of orthogonal transformations

Fix (0, ¢y, -..., ;... 0,5) € (0, 7)"~2 x R(mod. 2x). Define the rotation R; 5 of R"! which
maps (w, e, ,....e, O, ....0, ....¢0, )to(w,e,,....e, NO0,@,....0,+p,....0,),
for some j € {1,...,n—2} and some § € R such that (6, ¢,,...,¢;+B,...,9,,) € 0, )" %
R(mod. 27). This rotation, which maps a direct orthonormal basis of R"~! to another one, is
perfectly defined. For k € T, B written as in (B.7)), we have

R, jx = K”eg(H, @ps @+ p,....®,_,)+sin@ R; sicr,

n-2
R, i = Z K(pie¢i(q)1’ @t By ®,5).
i=1

Therefore, (K”, Kgs oo K%_Z) are unchanged through the action of R ip
e Action of R; ; on ‘/’Z;' We have
u/;(ﬁ, K)s R; g, Rj’ﬁKT) = t//fu(H, Kjs @rs -+ @) + By ®, s Kps-ens K(pn_z).
Thus, thanks to (B.4)), we get that t,ufu does not depend on ®; Vie{l,...,n—2},1e.

W =Y (0.K) Ky s e K,y ) (B.10)

e Action of R; ; on 17/} On the one hand, we have

&;(Rj,ﬁva Rj,ﬁK) = &;(9, K, @509+ Beoors @yss Kps oo K%fz)

[\

= I/IZ(H, Kis@1s oo s @+ 0o s @Ky s oKy Ve, (@15, @+ B, 0,0),
1

S

~
Il

and on the other hand
Rj,ﬁ!//T(U, K) = Rj’ﬁq/T(G, Ky @ls oo s @i eee s Py Kgp s oo K%_z)

n—2

= ZW};(G,K”,(pl, s @ Py Ky s K ) e, (@ @ B @,0).
k=1

Thus, thanks to (B.3), we get that for all k, u/Z is independent of @, Vj € {1,...,n -2},
i.e.
w, =y (0.k.K,.....5, ) Yke{l,..,n—2}. (B.11)
B.2.2 Second family of orthogonal transformations
‘We return to 17/; and when x # 0, we decompose
T — w6 B A TG p = 0. (B.12
lI/T( ’K”’w’KT) Wr( ’K”’w’KT)lK |+ll/c( 7K||’w7KT)’ Wc( ’K”’w,KT) KT . ( . )
T
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Taking the inner product of the first equation (B.12)) with ., we note that

n-2 n=2
§ 1
t,urI (9, Ky W, Z Kq,me(pm(w)) = — Z Ko, l//,IZ(Q, K> Kgpys o0 K(Pn_z)
m=1 |KT| k=1
= Wf(e’ K”,K(pla“"’((pn_z)a (B.13)

thus defining l,uf and emphasizing that y/f does notdepend on ¢, ..., @,_,. Now, we fix k;, # 0
given in T,,;S"? and decompose k,, = Z;T(Ko)q,keq,k. Suppose, without loss of generality,
that (Ko)q,1 > 0 @f (KO)«,l < 0, we will just change the sign of f, below; if (KO)«,l = 0, we just
pick up a non-zero component (KO)% as there always exists one since x, # 0). Then, define
/1 = K70/ k70| and construct an orthonormal basis (f}, f5, --. , f,_,) of T,,S""* by applying the
Gram-Schmidt orthonormalization principle to the basis (f, L JN ,e(pH). It is readily seen
that (w, f, ..., f,_,) is a direct orthonormal basis of R"!. Then, any vector x € T,,S"* can

be decomposed in this basis according to k;, = Y,_| &, f; and (%, ..., &,_,) depends smoothly
of (k. ..., Kk, ). In particular, ks, is decomposed into k7, = Zj(fco)i S with (&), = |kpl
and (k;), = 0fori € {2,...,n—2}. Then, we can define a change of variables of lf/;(e, Ky W, 2)

as follows (we stress that (6, Ky w) are kept fixed):

Y0, Ky w, k7)) = PE(R, o Ry)s
and we define wf and 1,7/2 accordingly. Now, we decompose 1/7@ in the basis (f, ..., f,_):
n—2
Pe(Rps o By n) = Y Wiy R ) [ (B.14)
k=1

We note that the second condition of (B.12)) implies that

n—2
Y WiRy, . Ry y) Ry =0, (B.15)
k=1
Hence,
n—2 ~
- ~ ~ ~ ~. K ~ ~.
Wf"(l(l’ ’Kn_z) = Z [Wf(’cla ey Kn—Z) ﬁ + l/jg(’(l’ R Kn—Z)] fk'
k=1 T

A

Now, we apply with the orthogonal reflection S in the hyperplane Span{w, fi, ..., f;,
s fon} of R"™! where fj means that f; is omitted in the list and j € {2,...,n — 2}. Since
S W= w, the angles (¢,, ..., @,_,) are unmodified by the operation of ;- On the other hand,

Sicr =Y K fi =& £

i#j

meaning that (5, ..., K1 KjsKjpgsenns K,_,) 1s changed into (k, ..., K1y =K Kippseens K,_5)
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We have
17/;(9, Ky, S;w, S;kr) = ‘7/;(9, Ky, W, S;kp) = U_}f*(’zl’ oo TRy Ky )

_ oo - - Ky i~ N -
= Z w (K, ... ,—Kj,...,rcn_z)ﬁ +y Ky, =Ko Ky 0) ) S
k#j Kr

~ ~ ~ J ~ ~ ~
+< - t,uf(lcl, s =Ky e ’Kn_Z)m +l,l/;i(K1, LI ,Kn_2))fj.
T

On the other hand, we have

SO, ks w, k7)) = S;PER o Ky Ry

£l j9
. N Ky g _
= 2 (wf(lcl, vy Ky n) _| | + (K, ... ,Kn_2)>fk
k#j T
(& P )i + ﬂ(f( & ))f
Vrlkn oK) P VR oK) )

Now, we evaluate these two expressions at k. By construction (see (B.15))), we have

Ko = (K1 f1 Wf((’zo)p(),---,o)=0,

with (&), = |kr,|, and we remind that j € {2, ...,n — 2}. Hence, thanks to (B.5), we get

(&Ko),

[icr |

(Ko
7|
+ ) Wi(Ro)1, 0, ..., 0) f =W (&), 0, ..., 0) f;.

k#j

Hence, wf((ko)l,o, ..,0) =0,V € {2,...,n—2}. With (B.I4), (B.15), it follows that
wg((fco)l, 0,...,0)=0,1.e. 17}2(0, Ky W, ko) = 0. Since, this equality is validy for all x,, # 0,
we conclude that

n—2
VH(Rp)1 0, ..., 0) = + D (&), 0. ..., 0) £ = wh((Ro)y. 0, ..., 0)
k=1

w0,k w, k) =0, Vip €T, S, Ky #0.
Hence, we can write

K
W0,k w, k) = w0,k W, Kp) ﬁ Vir €T,S"2,  kp #0, (B.16)
Kr

with y” not depending on the angles (¢, ..., ®,_,) as shown by (B-I3).
In the case where k- = 0, then, for all element of O,_, such that Rw = w, gives

¥ 0,k w,0) = Ry (9, x, w, 0).

Such orthogonal transformations span O, _,, the set of orthogonal transformations of 7,,S"2
and &’/TT(@, K W, 0) is an element of TWS"‘2 which is a fixed point of all elements of O,_,. Such
element must be equal to zero. Hence we get

yi(0, k), w,0) = 0. (B.17)
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B.2.3 Third family of orthogonal transformations

We now use the planar rotation R, , ; of R"=! of angle § in the plane Spanfe, ,e, }. In this
rotation, no angle is changed because w is unchanged, being orthogonal to both ey, ande, . For
this reason, we drop the dependencies of e,, w and e, on @,@,,...,9,_,) since no confusion is
possible. Now, we get

ij,ﬂe(pj = cos[)’e% + smﬂew, ij,ﬂew =— s1nﬁe¢j + cos f €y, -

Hence , For k¥ € T,,B written as in (B.7), we have

ij’ﬁl( = K€y + sin @ ij’ﬁKT,

R; ;550 = Z Ky €q + (K(pj cos fi — Ky, sin f3) e, + (K(pj sin f + K, COS B) €y,
ig{j.0'}

Therefore, (K(pl, ,K(pn_z)ls changed into (K(pl, ..., K_ COS ﬂ—KW sinff, ...,k

Pj
. . b
.»K, ). Wereturn to the coordinates (B.8) which define y; (0, k., k

Kg> oo K(pH).

o, SIN ﬂ+1<(pf cos fi,

Ky, ) and (0, k),

@

e Action of R; ;5 on w’. Eq. (BA) gives
1//;(9, K» R; s W0, R; ; gk7) = 1//;(9, K)» W, K7). (B.18)
We have

.
W, 0.k, R; ; g0, R; ; yK7)

b
= l[/w(Q,K”,K(pl,...,K

Thus, (B.18) leads to

b .
l//w(e,K”,K(pl,...,K(pj cos Ky, sinf, ...,k

o, cos f — K, SIN B, ... Ky, sin f + K, COS B, ... ,K¢n_2).

Slnﬂ+KW cosfl,...,k, )

(pj ’ Pp-2
_ b
= ij(e, Kijs Kppyo voe s Ko s Ky snnns K(pn_z), VpeR. (B.19)
Define
K
(] Qp .
k,=& +2)? o, =—L=:cosy, w,=—==:siny,
J ®; oy J K K
it jt

with y € R. Then, (B.19) can be written

wz)(e, Kij» Kg > > Kjg cos(y + B)s ... Kjp sin(y + ), ..., K%_z)
b
= 1//w(9, Ko Ko oo s Ko vve s K s e ,K%_z), Vp e R.

Taking f = —y, we get

b
q/w(«9, Kijs Kppyoooe s Ko vnn s Ky oo ,K%_z)

b
= t//w(H, Kij» K> > Kjs ...,0,... ,K(pn_z).
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Proceeding successively with (j,) = (n—3,n—2), (n —4,n - 3), .
get

.., (2,3),(1,2), we

b b
ww(H,K”,K(pl, TP PRI SRR ,K(pH) =y, (0, K)s |xrl,0,...,0).

Therefore, defining y,, by,
W, (0, k. i) = w2 (0. . 171, 0, ..., 0),
we get the first equality (B.6).
e Action of R; , 5 on yff.
Using (B.16)), we have

w0, k), R; ;s 4w, R; ;o gkr) = W (0, Kk, R; , w0, R; ; yK7)

On the other hand we have

R oK

— _
R, ;5w (0, k, w, k7)) = w0, k), w, k1) P

Thus, thanks to and the fact that |R; , ;x| = x|, we get

Wj(ea K5 ij,ﬂLU, Rj,,,ﬂ,/;KT) = W:(e, K> W, K1)

R; ;s pkr

IR,/ sicr| '

which is the same equation as (B-I8) for y. Therefore, the same conclusion applies.

Hence, with
w, (0, k. [kr ) = v (0, 571, 0, .., 0),

we get the second equality (B.0).

Conversely, we easily check that (7.12)) satisfies the invariance relation (6.21)). This ends the

proof of Theorem

C Auxilliary computations for Subsection

(M),

mv

In all this section, we assume that y € D

C.1 Main statements

Welet (e, ..., e,_;,u) be the canonical basis of R” ordered in the natural orde

r (which is different

from the order used in the proof of Theorem . Thus, {u}* = Span(e,,...,e, ;) and we
denote by y;, = y - ;. From Section we know that k; € {u}* and we define kr;, = k- €;,

i =1,...,n—1 (note that k, is different from «;. defined in Subsection |
obviously have u, =: u - ¢, = 0. Now, we decompose y according to (7.15

7.1.1). Finally, we
). We first state the

following auxilliary two lemmas, which will be proved in Subsections[C.2]and [C.3|respectively.
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Lemma C.1 (gradients of 6, k and |k ).

We have
cos 0 Kr cos 0
V,0 = ey, VK = cosOkp, V,|kr|= _Sil’l29 K Iy ] T Sing licr| eg, (C.D
VO=0 Vi =en V.|o|=——T (C2)
e kSTl TN Sin g |ip| '
Lemma C.2 (Gradients of w; and k,/|x7|).
Forallie {1,...,n— 1}, we have
V,w, = ﬁ (PULe,. —cos O w; eg), V.w, =0, (C.3)
. KTi _ cos? 0 K| e +<_ w; cos 6 K| KTi) Kr  cosf K Ple (C.4)
“licr] sin? @ Ik ’ sin@  gin? 0 ||/ lxrl sin? 9 Ixr o
Ko w. Ky K
y Koo _cos0 0 1 FnoKr o 1 p oo (C.5)
|7 | sin@ || sin |k, |? |kp|  sin@ |k
Thanks to these lemmas, we can state the
Proposition C.3 (gradients of y; in terms of y,, and y,). We have
0 cos @ cos2 0 K
\Y . i = w:. (a - —COS - >

Krp; ( cos
+T (apy, — 5% 1k 10 >
|KT| QWr Sln0| Tl KJ_II/ )

Kr < cos 6 1 )
+—L (w,(cosOlxp] 0w, — % k0w, — ——y
|KT|< i | Tl K”Ww sin29 1 KJ_V/w smﬁw
Kr; ( cos cosf K )
+—— | cos@|k,|0 - —K + —
7] erl ¥ = Gz g VY g Tl ¥
1 cosf K
ey, -0 Sy s
Ci\sing VT Sin2 g Il (©o

cosf 1 Kr;
(Vo) = e (wi<6KWw B v ) e aKW’)

sin@ |xp| " |7 |

Kp 1 Kri 1
+—L = (w,o +—<aK . )
<y s1n0< AL |7 | i |KT|W >
1

+P.e, ——— . C.7
vt lSin@lKler €7
Proof. By the chain rule, we get
Voo = 0,000, V.0 + 0w, Vor + 0w, VollirD) ) + v, V,
Kri Kri
+ —(agw, V040w Vo +0. . vv(|KT|)> +y v, <—) (C.8)
|7 ! “ * |7
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and similarly for V_y; by changing v into k everywhere. Now, inserting the formulas found in
Lemmas [C.T|and [C.2] in these expressions, we get the result after some straightforward compu-
tations. ]

As a consequence of this proposition, we get
Proposition C.4 (Expression of |V, {|? and {y, H, }).
(i) I(V,.9)"| is given by (7.20).
(i) {y, Hu}T is given by (7.33).
Proof. (i) We take the squared norm of (C.7). We note that both vectors e, and x;/|k,| are
normed and they are orthogonal to each other. On the other hand, we have

|Poe|* = le|*—(e,-v)*=1- sin’ 0wl.2,
ey Pie, = e,-e, =cosbw,
Kr o K _ Kn
_— 1€ _— . — .
ler] 0 lerl " Ikl

It results, after some cancellations:

Kr; 2 1 Kr; 2
= \t12 Ti Ti
|(VKWI) | - <wl alc” w + |KT| aKHWr> + Sil’l2 0 (wi axlww + K arq_‘”r)

i 1 2
|K_ | . 2 2 ll/r .
Tl/ sin” 0 |k |
Then, using that w and «;/|x;| are normed and orthogonal to each other, summing over i €

{1,...,n—1}, we get (7.20).

(i1) We have
{v.H,} = (., V) +v{Puu,V,y). (C.9)
We compute:
(K.e0) = Ky,
(K,lz—Tl) = sind |k,
T
<K,Pvle,-> = <K >— K€y - € +sinb ky; = cos bk w; +sm0|KT| P |
Kr
and
(Plu e6.> = u-e,=—sinb,
<P LU, > = u- K— =0,
|x T| ||
(Pvlu, Pvlei> = —(u-v)(e;-v)=—cosf sinfw,.

Inserting the first set of expressions into (C.6), multiplying the second set by v and insrting it
into (C.7), and adding the two resulting expressions, after some cancellations, we get

{l//l.,Hu}T = w,(Vy, — Ikrly,) + ﬁ(UlWr + |krly,). (C.10)
Kt

Then, multiplying this expression by e; and summing over i, we get (7.33)). [

79



C.2 Proof of Lemma

We first show the following:

(I - )"

= C.11
I sin 6 ( )

K-u
sin§’
Indeed, the first formula (C.11)) directly comes from the first formula (4.2). The second for-

mula (C.T1)) comes from the second and third formulas (7.3) and from the fact that k - v = 0.
Finally, the third formula (C.11]) comes from (7.I)) and the fourth formula (7.3).

6 = cos (v - u), Ky ==

Then, taking the gradient with respect to v of the first expression in (C.11)) and using the first
expression (3.25]) and the second equation (7.3)), we get

-1/2 1
V,0=—(1-(-uy) vv(u.u)=—m U= ey,
which is the first formula (C.TJ).

Now, by the second expression in (C.11)), and thanks to the previous identity, we get

Vo = <8 ey v,0 - v cowy= 0
sin® 0 sin 0 sin 0

1
- —V,(x -u). 12
Kiey — =5 oK -u) (C.12)

Now, let a € T, B and denote by a the pair (v, k) as usual. We compute

(Vc-w,a) = (BIV,(c-w,a) ={V,(x-w,Lla)
d, .
= (dc-w) (£fa) = Tk - w| .

where @(t) = (8(¢), k(1)) is a path in M such that @(0) = (v,x) and (d/d)(D(), K(1))|,—, =
LMa = (a,—(a - x)v), by Z.42). Let (f,, ..., f,) be an orthonormal basis such that v = f,,
a=\lalf,_;s Kk = Kyofpo + Koy [ With (8,_,,&,_;) € R?. Then define the path a(z) as
follows:

o(t) = sin(|al?) f,_, + cos(|al?) f,, kW) =&, ,f,o+&,_f,_y —K,_; tan(|al?) f,,.
Then, this path satisfies the above requirements and we have

Kt)-u=£K,,f,, u+k, u-—k, ; tan(|al?) f, - u.

n—1"

So,

i(fc(t)-u)( = —lal&,_, f,-u=—(a-k)(v-u)=({ —cosOk,a) .

dt =0 n—1Jn ’ v
Thus,

V,(k -u) =—cosfk.
Inserting this into (C.12)), we get
V k —M(—K e, + k) =cosfk
"™ §ing I=e N T
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which is the second formula (C.1J).

Thanks to the third equation (C.11)), we have

1 cos 0
(V lxl* =26,V i) = (|| = Kﬁ)lﬂ.— Ve  (C.13)

Volkr| = v
(k)2 - Kﬁ)l/2 sin @ sin® 6

Now, in view of the second formula in (3.26)), we have V,|k|*> = 0. Inserting the first two
equations of (C.I) into (C.13]), we get the third equation (C.TJ.

The first equation (C.2) follows directly from the second equation (3.25)).

By the second equation ((3.25)) and the second equation (C.IT]), we get
VoK) = ———V (k- ). (C.14)
sin 6
Now, let r € T, B. We compute
(Ve w,z) = (B'V(c-w),7) ={V,(x-w),LV7)
d
frd . 4 = — (x .
= (dc-w) (L)1) = Z®D - w)| .

where a(t) = (9(t),k(t)) is a path in M such that @(0) = (v, «) and (d/dt)(8(t), &(t))|,.y =
[,L/T = (0,7), by (2.38)). The path a(t) = (v,k + ) satisfies these requirements. We have
k() -u=(x-u)+t(z-w),hence (d/dt)(&(t) - u)|,_, = (r - ) = (z, Pu),, showing that

V.(k-u)=P,u=—sinfe,.
Inserting this formula into (C.14) leads to the second formula (C.2)).
Finally, thanks to the first formula in (3.26]), we get

1
sin @ (|x|? — Kﬁ)l/Z

Vi lkr| = (k=& Very)s

and thanks to the second equation (C.2)), this leads to the third equation (C.2)). This ends the
proof of Lemma |C.1] n

C.3 Proof of Lemma
With the first equation (7.3)), we have w, = (1 — (v - u)>)~"/v,. So,

Vow, = (1-(v- u)z)_l/2 V,v-e)+ (1=(v- u)z)_3/2 v, (v-w)V, (v-u),
= #Pvlei+wui Pulu=,LPULe,.—C?—89wie9,
sin 6 sin® 0 sin @ sin 6

which is the first formula (C.3).
The second formula (C.3) follows directly from the second formula of (3.25).
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With the first equation ((7.2)), we get
e, e =cosfw,. (C.15)

Then, thanks to (7.1)) and the third equation (C.11), we have

Kp;  Ki— K cosOw; C16
lcp| (|K|2—Kﬁ)1/2 : (C.16)
We deduce that
Kri 1 .
Teal = Qe = D17 (Vok; —cosOw; V,k + x,w,; sin@ V0 — ik, cosdV,w,)
Il

1 1 2
_5—(|K|2 — Kﬁ)3/2 (VU|1<| — 2K“ VUK”) (Ki — k) COs 0 wi).
By the same proof as for V (x - u) in the previous lemma, we have

Vi, =V, (k-€)=—(v-e)k =—sinbw, (k, e, + sinb k).

Then, the second equation (3.26)), the first equation (C.3)) and Lemma [C.1|lead to

Kri 1 . . .
\» o= <—sm0wi(r<” e9+sm0KT)—00592w,.KT+K” w; sinf e,
lxr|  sin€ |kp|
cos 6 cosf K K
20 (e~ cos Oy ey) ) + S50 U (i cosu) L
sin @ sin’ 6 |kr|? %7 |

which, after rearrangement, leads to (C.4).

Similarly, thanks to (C.16)), we obtain

Kri 1

“lirl (k]2 = k)12

(VKKi —cos 0 w; VKK”)

1 1 )
By the same proof as for V, (x - u) in the previous lemma, we have

V.k;, =V, (x-e)=P,e,.

Then, the first equation (3.26) and Lemma [C.1|lead to

Kri 1 1
= — P.e —cosOw,ey)) — ———(k — kK ey)(k; — Kk cosOw;),
“lxrl Sln9|KT|( o l ) Sin39|KT|3( | )( I I I>
which, after rearrangement, yields (C.5). ]
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