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In air-gapped inductors, the magnetic flux bulges outward from the gap - a phenomenon called the fringing effect. When these
flux lines cut across the conductor windings, they generate undesired eddy currents that lead to substantial AC losses and reduced
efficiency. To mitigate these losses, we develop a constrained shape optimization, aiming at finding an optimal air gap profile that
minimizes conductor losses and keeps the inductance at a desired value. Our framework leverages established techniques such as
complex permeability homogenization for loss modeling, shape sensitivity analysis coupling the adjoint method with the so-called
Hilbertian regularization-extension method. The optimized air gap profile is curved to concentrate the flux lines away from the (fixed)
conductors. Our implementation uses the open-source finite-element toolbox NGSolve and the Mmg remeshing library; all the codes

are freely available.

Index Terms—Inductor, AC losses, Parametric optimization, Shape optimization

I. INTRODUCTION

PTIMAL design is, by now, a common practice for

the conception of electromagnetic devices to gain in
efficiency, mass, and cost. Among them, inductors are part of
the basic components in electrical engineering: they are widely
used in filters and power electronics for DC-DC conversion
to mitigate current ripple and obtain better signal quality.
It is often preferable to reduce the inductor size to keep a
low mass by increasing the switching frequency, which comes
with additional losses in the switches, magnetic material, and
conductors [1]. This work focuses on inductor designs that
contain an air gap to prevent saturation of the soft magnetic
core [2]. With the frequency rise, the magnetic flux lines
coming out of the air gap due to the fringing effect cross the
conductors, which creates eddy currents and additional losses
known as proximity losses [3]. Therefore, such air-gapped
inductors have to be designed carefully, using, for instance,
optimization algorithms.

The first possibility is to optimize the conductors directly. It
is possible to attenuate the fringing flux with a shield [4], but
other losses appear in the shield. Some work has been done on
their positioning within the winding window [5]. Clearly, the
wires should be located as far as possible from the air gap. The
design can be further refined by optimizing the shape of the
conductors. It is well known that flat foil conductors should
be oriented in parallel to magnetic flux lines to minimize the
proximity effect. From this principle, [6], [7] propose to build
bent foils that follow the natural curvature of the flux using
additive manufacturing, resulting in minimal losses for a given
magnetic core. Since the shape of the conductor has a very
small influence on the flux lines, the conceptual guidelines of
optimal conductor design seem to be well understood.

The second component to optimize is the magnetic core.
Many approaches are available in the literature. On the one
hand, a distributed air gap obtained by using a segmented
core or soft magnetic composite is the best solution to avoid
the fringing effect; however, it is the most expensive. On the
other hand, discrete air-gapped cores are easy to manufacture
and cheap [8]. The additional losses due to the fringing effect
can be mitigated by a proper design of the air gap profile,
which becomes possible due to the development of additive
manufacturing [9]. Previous work [10] has optimized the air
gap profile, showing that the best air gap shape seems to be a
cone, which keeps the flux lines away from the conductors.
However, the gradient-free optimization algorithm used by
[10] limits the number of control points and therefore the
resolution of the air gap profile. Indeed, the CPU cost required
to compute the derivative of the objective functions using finite
differences increases linearly with the number of parameters.
To avoid computing finite difference approximations of the
sensitivities, one can use the adjoint method. Using shape
derivatives eliminates the need for intrinsic parametrization of
the air gap profile [11], [12].

This paper provides a concrete application of the adjoint
method and shape derivatives to minimize losses in an inductor
due to the fringing effect. We compare three approaches: a
gradient-free and a gradient-based method that employ con-
trol points and a gradient-based adaptive mesh deformation
strategy. Section II exposes the optimization problem and the
sensitivity computation. The algorithms and their implemen-
tation details are provided in Section III. Our code is written
in Python using the NGSolve package and is freely available
on [13]. The performances and results of our approaches are
compared in Section IV, and Section V concludes this work.



II. MATHEMATICAL MODEL
A. Physical equations

We consider a simple model for the magnetic properties
within a 2D region 2 = Q, U Qs U, in the time-harmonic
regime, at frequency f = 50kHz, as illustrated in Figure 1.
Here,

e (), is the air region where the magnetic permeability is
po = 4m x 1077 H/m;

o 1y is filled with a soft magnetic material with permeabil-
ity gy = 1000p0. The iron losses are neglected in this
region;

o (). represents electrical conductors. Its complex-valued
permeability comes from homogenized models depend-
ing on the frequency and configuration of the wires.
For the sake of simplicity, we take a simple model
te = poexp(—id) with 6 = 0.1rad for the frequency
f = 50kHz, i being the unit imaginary number i.e
i> = —1. We underline each complex-valued variable

here and throughout the article. More elaborate models

are possible [14], [15].

The state equation then reads

{—div (vVa) = j,

a=0onIp andg—%:()onFN,

(D

where the reluctivity v equals ;- in €, ﬁ in Qf and -
in Q,, a is the out-of-the-plane component of the magnetic

01 0} Va, j the real-valued
current density that is the phase reference and assumed to be
sinusoidal, I'p and I'y the portions of the boundary depicted
by Figure 1. In this device, the AC losses come from the
proximity losses occurring in the conductor. It is accounted by

the imaginary part of the permeability [16] ; more specifically,

it equals
a) = sl 7Tf/ Im( >|Va2da: )

while the inductance expressed from the reactive power reads

L(a) = % /Q Re (v) [Val* dz, 3)

vector potential such that b =

where s = 4 is the symmetry coefficient, [, = 1cm is the
z-thickness (fringing is neglected in the z direction), and I is
the electric current amplitude set to 2 A with 200 turns. This
model is discretized and solved using NGSolve.

B. Parametrization and minimization problem

Let h be a parametrization of the air gap profile. For
example, h may stand for a set of control points (as in our
first two optimization approaches) or a NURBS representation
of the interfaces [17]. Alternatively, h can be the shapes
(Qq,Qf, Q) of the regions at play, or it can be their numerical
representation, which is the collection of the mesh nodes (as
in our last optimization approach). Thus, the following objects,
some of which are depicted in Fig. 1, depend on h:

['p: Dirichlet B.C
[y: Neumann B.C

Qa,h' Ko
Qg h, Us

c¢| parametrized by h

Air gap profile to
optimize,

Fig. 1: Simulation space reduced to one quarter by symmetry.

o The computational domain partition 0 = €2, 5, U Qg p U
Q. which represents the air, magnetic, and conductor
regions, respectively;

e The reluctivity vy, defined as — in Q) hs or in £y 5, and

% ln Qa,hs
o The magnetic vector potential aj, which is the solution

to the variational problem

Find a, € H := {a € H'(Q
VyeH,/@(V%)-(Vy)*dx=/
Q

Qc,h

)|a=00nTp} st

e @

where H1(Q) = {a € L2(Q) | Va € Ly(2)} is a Sobolev
space and “*” is the notation for complex conjugates.

The optimal design problem at hand reads:

L(h,an) = 1mH
ap solution of (4)

mhinP(h,%) subject to { ®)

In our gradient-based methods, we solve (5) using a gradient
descent algorithm that is based on the derivatives of the PDE-
constrained functionals P(h,as), L(h,ap). Their calculation
is realized thanks to the adjoint method.

C. Adjoint method

In shape and topology optimization, the design variable h
often lives in high-dimensional space, making the use of finite
difference methods to compute the derivatives of P and L
unaffordable. Fortunately, the adjoint method [11], [12] offers
an efficient alternative. It introduces two auxiliary variables,
called adjoint states, denoted in this work as p Pp and p p,- (We
omit their dependency on h for notational simplicity.)

In these adjoint equations, the right-hand sides involve the
derivatives of P and L with respect to the state variable, and the
bilinear operator at the left-hand side is the adjoint (Hermitian
conjugate) of the (linearized) operator of the state equation.

In the context of our work, the adjoint state Pp solves the
variational equation
oP
Yv € H, *Vv-Vp_dr=—— , 6
v /Q@ v-Vp,dr= aa()(@) ()

and p L is defined analogously with



N oL
VQEH7/Q@ Vy~VQLd:E:—8—Q(g)(y). @)
These two equations involve straightforward (complex-valued)
Fréchet-derivatives of real-valued functions of a complex-
valued argument. The next part provides explicit formulas for
the sensitivities of P and L to a change in h involving p p and

Py

D. Shape derivatives

The sensitivities to a variation of the air gap profile can be
evaluated using shape derivatives [11], [12]. In a nutshell, the
shape derivative of a functional ¢(f2), depending on a shape
Q c R2?, is a linear form defined on a deformation vector
field ¢ € Wh°(R?) = {¢ € L°(R?) | Vo € L=(R?)},
illustrated in 2, by the limit

t—0 t
t>0

The shape derivatives of the AC losses and the inductance
read

AP(Q)(6) = Re (szﬂ f /Q i (:) (AyVa) - (Va)* dz

+/E(A¢Vg)~VB};d:c7/ jdivgbp;dx) (3)
Q Qe

and

sl,

a@)(6) =Re (55 [ w470 (Vo as

—&—/z(Angg) ~V}2*de—/ jdiV¢p2d$> 9)
Q QC

where p, and p, are the adjoint states and are the solutions
of the respective equations (6) and (7) and with the real 2 x 2
matrix Ay, = divp Iy — Vo — Vo (I is the 2 x 2 identity
matrix).

Appendix A offers motivation for the introduction of the
adjoint equations (6) and (7) and some proof elements for the
derivation of the shape derivatives (8) and (9).

III. IMPLEMENTATION DETAILS

Our shape optimization workflow is sketched in Figure 6.
The detailed flowcharts for our particular optimization methods
can be found in appendix B. The present section details a few
additional important issues.

A. Augmented Lagrangian

Our treatment of the constrained optimization problem (5)
hinges on a simple augmented Lagrangian strategy [18].

The augmented Lagrangian method converts (5) into a series
of problems indexed by n € N,

mhin J(h, 0", b"), where

T, £,0) 2= P(B) + (LK) — Lo) + 2(L() ~ Lo)?, (10)

Fig. 2: Shape variation from boundary perturbation

with Ly = 1mH. The equality constraint of (5) has been
eliminated. To keep this presentation light, we omitted the
dependence of P and L on a.

After each iteration of the optimization loop, we update the
¢ and b parameters according to the rule (with @ > 1 and
btarget > 0):

T =" b (L(h) — L) (11)
and pr1 = {07 0T < Duarger, (12)
b otherwise.

Algorithm 1 Augmented Lagrangian Method

Initialization: h°, ¢°,b°.
for n =0, ..., until convergence do
Find a descent direction ¢™ for h — J(h,l",b™) as in III-B.
Calculate h" ™ = "™ — 7"¢" where 7" is small enough such
that J(h™ 117, 0™) < J(R™, 1", b™).
Calculate ¢"*! and b"*! following (11) and (12).
end for
Return: h".

B. Hilbertian extension-regularization

A descent direction for J is defined as a deformation field
¢ that satisfies
dJ(Q)(¢) <0,

where dJ(§2) can be calculated as a combination of dP ()
and dL(92).

Such a ¢ is not immediately apparent from the linear forms
(8) and (9). To obtain one, we can solve the following auxiliary
problem:

Find ¢ € V such that Vo € V, (¢, d)v = dJ(Q)(d), (13)
with (¢, v 1= a?(V, V™) 2(qyzxz + (6, ") 12(q)2

where V' is a subspace of H'()? with suitable Dirichlet
boundary and « > 0 is a regularization parameter with the
dimension of a length [12]. Therefore, —¢ is a direction of
descent because

dJ(Q)(=¢) = =(¢,9)v <0.

This procedure has a regularizing effect that can be con-
trolled by the choice of V' and its Hermitian product and can
be interpreted as a convolution filter applied on ¢. We set «
to twice the maximum mesh element size. This regularization



ensures a globally smooth deformation field ¢, preserving mesh
quality and preventing distortions such as inverted or collapsed
elements.

C. Dirichlet conditions on the deformation field

Imposing Dirichlet boundary conditions in the space V'
ensures that some components of the descent direction vanish
on portions of the interfaces. The source term of the magneto-
harmonic equation (4), in the domain )., must stay the same
during all the optimization iterations. We also fix interfaces
that are not part of the air-gap profile, and we restrict the
deformation of the latter to its vertical component. This lowers
the chance of flipping triangles when we deform the mesh using
our “adaptive mesh deformation approach,” which is described
in the next part.

IV. COMPARISON OF OPTIMIZATION APPROACHES

In this section, the results of our optimizations are given
and compared to a reference design shown in Figure 1. Three
methodologies are assessed: a classical gradient-free algorithm,
a gradient-based algorithm that employs control points, and a
third method that employs adaptive mesh deformations and
is also gradient-based. A summary is provided in Table I
and a flowchart for the gradient-based methods is given in
Appendix B.

A. Gradient-free optimization with control points

The easiest option to optimize the air gap profile is to
parametrize a set of control points on the interface, and then
use a black-box solver from a standard library to optimize their
position. For reference, we implemented this test case using the
differential evolution algorithm from the scipy.minimize
package [19], with a population size of 15 individuals and a
maximum iteration number of 100. The constraint is considered
to be satisfied if L = 1 mH £ 5%. The parameters atol and
tol are both set to 0.1. We observe that the computational cost
seems to increase linearly with the number of control points
(tested until 20), with almost no improvement on the losses.
Figure 4a shows a design with 10 control points that optimized
using differential evolution. To accelerate the computation, a
gradient-based approach can be used.

B. Gradient-based optimization with control points

Again, we start by defining four (or more) control points
p; as shown in Figure 3. An iteration of the augmented
Lagrangian loop starts by creating a mesh according to the
control point positions. This allows us to solve the magneto-
harmonic equation (1) using the finite element method and
calculate the cost function that results from (10). Then we
check the convergence of the optimization and eventually halt.
If not, we evaluate the discrete gradient of the Lagrangian with
respect to the positions of the control points. This is done by
applying the displacement field induced by a variation of each
control point position to the shape derivative (understood as a
linear form, see (II-D))

Control points

Fig. 3: Control points optimization setup

(b) Gradient-based

(a) Differential evolution

Fig. 4: Optimization results with 10 control points.

This leads to a parametric optimum. Note that artifacts may
occur without regularization. In particular, it is necessary to
enforce the symmetry condition by imposing the boundary
to be orthogonal to the symmetry axis; otherwise, numerical
instabilities lead to undesired local optima. The orthogonality
is ensured by choosing a descent direction with equal values
associated with the control point on the symmetry axis and
its immediate neighbor. The design that emerged from the
gradient-based optimization with 10 control points is shown
in 4b and its optimization results are given in Table I. The
resulting air gap profile is shaped to carry high flux away from
the conductors, halving AC losses, and leads to lower losses
than the one obtained with differential evolution for a fraction
of its computational cost.

On the one hand, the number of iterations is significantly
reduced compared with the differential evolution approach, and
does not depend on the number of optimization variables. On
the other hand, the AC losses values are also lower, and de-
crease even more when the number of control points increases;
an example with 30 control points is shown in Figure Sa.
Therefore, the best design should be obtained considering a
continuous air gap profile.

C. Adaptive mesh deformation optimization

The optimization follows the same path as before, but
instead of creating a new mesh at each loop iteration, which
was expensive, we start by initializing the mesh that will be
deformed. Moreover, with this method, ¢ is a deformation field
that takes values at each mesh node, substantially increasing
the number of effective control points and leading to greater
design diversity.

Furthermore, the mesh quality may drastically deteriorate at
the end of the loop after we deform it. To remedy this, we
use the MMG software [20] to remesh every five iterations of



RS

(b) Optimized design using adap-
tative mesh deformation

(a) Optimized design using 30
control points (gradient based)

Fig. 5: Final results of the high-resolution optimizations.

the optimization loop to keep the mesh quality acceptable. We
set the smallest and largest mesh sizes with a maximum ratio
of 10 and refine the elements when the interfaces are curved.
For that to happen, we had to convert the Netgen mesh data
structure into an MMG data structure and vice versa.

The optimized design in Figure 5b shows a clean curved
air gap profile as suggested in [10], achieving even lower
AC losses, converging with a similar computation time as the
gradient-based control points approach.

The obtained air gap profile is similar, though not iden-
tical, to the profile obtained with 30 control points shown
in Figure 5a. Regarding computational efficiency, the mesh
adaptive method required approximately twice as many mag-
netostatic finite element solves to converge, as step sizes were
constrained to ensure mesh integrity. However, this was offset
by the fact that each individual iteration was roughly two
times cheaper, owing to the elimination of the meshing step.
Consequently, both gradient-based methods completed in under
3 minutes, which is significantly faster than the zero-order
method that requires over an hour. Ultimately, this technique
yielded slightly better performance in terms of AC losses. It
remains an open question whether this improvement stems
from superior optimizer convergence, the greater number of
degrees of freedom afforded by the mesh deformation, or other
numerical effects.

During optimization, the two components of the air gap tend
to close together and form tips. To get around that, we halt
the optimization when the inductance crosses the Ly = 1 mH
value after some arbitrary number of iterations before the air
gap closes. The ferromagnetic material may eventually become
saturated as a side-effect, but this is not the case for our design
at the selected operating point, where, luckily, the induction
field stays between 0 and 1T. Of course, this would become
an issue as soon as we increase the current intensity.

The adaptive mesh deformation approach can be improved
by considering the ferromagnetic saturation using nonlinear
modeling, which could enable a proper optimality stopping
criterion. However, in this case, the complex permeability
homogenization must be dropped since it relies on the linearity
of the magneto-harmonic equation.

V. CONCLUSION

This paper explains the methodologies of control points and
adaptive mesh deformation for shape optimization, effectively

TABLE I: Optimization results (the number of iterations of the
differential evolution increases with the number of points).

Optimization Type Magn. solves P (W) L (mH)
Reference - 13.16 1.00
Differential evolution (avg) 6385 7.85 1mH £ 5%
Gradient-based control points 310 3.80 1.00
Adaptative mesh deformation 604 3.76 1.00

reducing proximity losses while maintaining the desired induc-
tance. The use of a gradient method through shape differentia-
tion enables it to be significantly faster than differential evolu-
tion, which is a popular, ready-to-use optimization algorithm.
Adaptive mesh deformation achieved slightly superior results
with a similar computational cost but requires remeshing. Since
gradient methods are more difficult to implement in general,
we provide the Python codes [13] relying on NGSolve and the
MMG software. In future work, we plan to consider the non-
linearity of iron as well, its losses, together with conductor
design optimization as in [7] using the same framework.
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APPENDIX A
DERIVATION OF SHAPE DERIVATIVE WITH CEA’S METHOD

We follow Jean Céa’s method to obtain the volume form
of the shape derivative; see [11] and [12] for a more compre-
hensive explanation. The volume form of the shape derivatives
for the AC losses P and the inductance L can be derived by
differentiating perturbed Lagrangians with respect to the shape
parameter ¢ at ¢ = 0.

Let Lp and L denote the Lagrangians associated with
P and L, respectively. They are constructed to satisfy the
following:

1) The magnetostatic state equation (4) is enforced as a

constraint using p as a Lagrange multiplier.

2) The Lagrangians must be defined on a fixed reference

domain to avoid differentiating over moving domains.
We use the substitutions ¢ o 7,7 and p o T, with the
change of variables y = T} (x), where T}(z) = x +t¢(x)
and ¢ € WH>°(R?).

3) For any p, evaluating the Lagrangians at the magneto-

static state a; for the deformed subdomains must recover
the original objective and constraint functions:

P(t) = CP(tvﬁoT;lvBOthl)a
L(t) = ‘CL(taﬂo Tt_lago Tt_l)'

We set &(t) = det(VI;) and define A(t) =
E(t) (VTy)~Y(VT;)~T. The Lagrangians are then given by

ﬁp(t,QoTt_l,BoTt_l)

~st.nf [ (1) (07 (70 as

(14)

+ /Q V(A(t)Va) - (Vp)" dz — /Q G Ty e

+ / WA(H)Va) - (Vp)* dz — | €6)( o T)p* d.
Q Qe

The core principle of Céa’s method is to introduce the adjoint
states p, and p, so that (a,p, ) and (a,p,) are stationary

points of (a, p) — Ep(O,g@ and (a,p) — Lr(0,a,p)
respectively. This reflects the KKT conditions:

oL oL
a. — 07 a_ = 07
Oa dp

ensuring the state and adjoint equations hold.

Consequently, the shape derivatives are then obtained by
differentiating (14) with respect to ¢ at ¢ = 0 and applying
the chain rule:

_ OP(t) _OLp
Ot |, Ot

OLp d(a, o Ttil)

+8a(0,a,pp)< 5
—————

=0
oLp
= W(ngvgp)a

dP(Q)(¢)

0,a,p,)

)

and similiarly for dL(2)(¢).

The final expressions (8) and (9) are obtained by substituting
the identities £'(0) = div(¢) and A’(0) = A, = div(¢)l; —
Vo —Vol.

APPENDIX B
FLOWCHART

=

i«0,
Initialize the parameter h

!

‘ Preprocessing ‘

!

Solve the magneto-harmonic equation (4),
Compute cost J using (10)

Convergence ?

Solve adjoint equations (6) and (7),
Compute shape derivative dJ(Q) using (8) and (9),
Compute descent direction —¢ (e.g. using (11))

!

‘ Update h based on ¢

Postprocessing ‘
Fig. 6: Air gap profile shape optimization’s flowchart
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