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Abstract

The transverse, longitudinal and asymmetric components of the fragmentation

function are measured from the inclusive charged particles produced in e+e�

collisions at LEP. As in deep inelastic scattering, these data are important for

tests of QCD. The transverse �T and longitudinal �L components of the to-

tal hadronic cross section �tot are evaluated from the measured fragmentation

functions. They are found to be �T=�tot = 0:949 � 0:001(stat:)� 0:007(syst:)

and �L=�tot = 0:051 � 0:001(stat:)� 0:007(syst:) respectively. The strong cou-

pling constant is calculated from �L=�tot in next-to-leading order of perturbative

QCD, giving

�s(MZ) = 0:120 � 0:002(stat:)� 0:013(syst:)� 0:007(scale) :

Including non-perturbative power corrections leads to

�s(MZ) = 0:101 � 0:002(stat:)� 0:013(syst:)� 0:007(scale) :

The measured transverse and longitudinal components of the fragmentation

function are used to estimate the mean charged multiplicity,

hnchi = 21:21 � 0:01(stat:)� 0:20(syst:)

The fragmentation functions and multiplicities in bb and light quark events

are compared. The measured transverse and longitudinal components of the

fragmentation function allow the gluon fragmentation function to be evaluated.

(To be submitted to Zeit. f. Physik C)
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1 Introduction

The study of the inclusive hadron production process e+e� ! h +X provides a test

of the QCD predictions on scaling violation e�ects in the fragmentation functions. These

functions, Dh
q(g)(xp), where xp = 2ph=Q with ph and Q the hadron momentum and e+e�

centre-of-mass energy respectively, describe the transition of the produced quarks (q) and

gluons (g) to the �nal state hadrons (h). In the framework of QCD, the fragmentation

functions obey DGLAP [1] evolution equations analogous to those used for describing

the structure functions of deep-inelastic scattering. QCD analysis of the scaling violation

e�ects in the fragmentation functions, performed on the basis of these equations, allows

the value of �s to be extracted [2{5], as in the structure function analysis of the process

of deep-inelastic scattering.

A number of experiments [6] have studied the behaviour of the ratio of the longitudinal

and transverse structure functions, FL and FT , in deep-inelastic scattering :

R(x) =
FL(x)

FT (x)
=

F2(x)� 2xF1(x)

2F1(x)
; (1)

where x is the Bjorken variable, which can be replaced by xp in electron-positron anni-

hilation. These experiments have shown that the value of R(x) decreases rapidly with

increasing x.

In contrast with all other structure functions Fi(x); i = 1; 2; 3, the longitudinal com-

ponent FL vanishes in the parton model and is non-zero only in the framework of QCD,

where it is proportional to �s [7{9], thus being strongly connected with the structure of

perturbative QCD.

In analogy with the structure functions, the corresponding inclusive cross-section com-

ponents in e+e� annihilation are also important for perturbation theory. Particularly

interesting are the second moments of the fragmentation functions, which can be calcu-

lated up to corrections suppressed by some power of �=Q, where � is the QCD scale

parameter.

Important information for studies of the scaling violation e�ects and on the shapes of

the quark and gluon distributions comes from the region of small xp. In this region, the

e�ects caused by the contribution of the longitudinal component of the fragmentation

function become very important.

Measurements of the longitudinal component of the fragmentation function, FL(xp),

in inclusive charged hadron production, e+e� ! h +X, were performed by the TASSO

collaboration [10] at centre-of-mass energies of 14 GeV, 22 GeV and 34 GeV. Due to

the limited number of events, those results gave only a qualitative description of the

behaviour of FL. It was shown that FL appears to be di�erent from zero only at values of

xp � 0:2. Similar results were found by DELPHI on the basis of the preliminary analysis

of 1991 data [11], where only the ratio of the longitudinal and transverse components was

obtained. Measurements of the FL and FT fragmentation functions were also published

recently by the OPAL and ALEPH collaborations [12,13].

The study of the di�erent components of the fragmentation function in inclusive

charged hadron production is performed here using the 1992-1993 DELPHI data. The

present approach allows the transverse, longitudinal and asymmetric components of the

quark fragmentation function to be measured and the corresponding components of the

cross-section to be extracted. Using the value of the longitudinal cross-section obtained,

together with next-to-leading order perturbative QCD calculations, the value of the strong

coupling constant is evaluated. Finally, the gluon fragmentation function is estimated in

the leading order QCD framework.
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In the following, Section 2 describes the procedure of hadronic event selection with

the DELPHI detector. Section 3 presents the evaluation method for the fragmentation

function components and the results obtained. Section 4 is devoted to the calculation

of the strong coupling constant. Studies of systematic e�ects are presented in Section 5.

In Section 6 analysis of fragmentation function components in 
avour-tagged events is

discussed. Extraction of the gluon fragmentation function from FT and FL is described

in Section 7.

2 Data selection

Data collected by the DELPHI detector in 1992-1993 at centre-of-mass energies aroundp
s = 91:2 GeV (86:2 � p

s � 94:2 GeV) were used. The detector and its performance

are described in detail in [14,15].

Only charged particles in hadronic events were used. In the barrel region they were

measured by a set of cylindrical tracking detectors in the solenoidal magnetic �eld of

1.2 T. The main tracking device was the Time Projection Chamber (TPC), which was

cylindrical with a length of 3 m, an inner radius of 30 cm and an outer radius of 122 cm.

Up to 16 space points were used for charged particle reconstruction. The space precision

was about �R' = 250�m and �z = 880�m y
.

AdditionalR' measurements were provided by the Outer Detector (OD) and the Inner

Detector (ID). The OD was a cylindrical detector composed of drift tubes and situated

at radii between 197 cm and 206 cm; its precision in R' was about �110�m. The ID

was a cylindrical drift chamber having an inner radius of 12 cm and an outer radius of

28 cm; its precision in R' was �90�m.

In order to tag Z0 ! bb events, the micro-vertex detector (VD) was used. It was

located between the beam pipe and the ID and consisted of three concentric layers of

silicon micro-strip detectors. The precision in R' was about �8�m.

In the forward direction (� between 11
�
and 33

�
and between 147

�
and 169

�
) charged

particles were measured by a set of planar drift chambers, FCA and FCB.

The momentum resolution of the tracking system in the barrel region was

�(1=p) = 0:57� 10
�3
(GeV=c)�1

and in the forward region

�(1=p) = 1:31 � 10
�3
(GeV=c)�1 :

Each charged particle was required to pass the following selection criteria :

1. particle momentum between 0.1 GeV=c and 50 GeV=c;

2. measured track length above 50 cm;

3. polar angle between 11
�
and 169

�
;

4. impact parameter with respect to the beam crossing point below 5 cm in the trans-

verse plane and below 10 cm along the beam axis.

Hadronic events were then selected by requiring :

1. at least 5 charged particles detected with momenta above 0.2 GeV=c;

2. total energy of all charged particles detected above 15 GeV (assuming the �� mass

for the particles);

yThe DELPHI coordinate system has the z axis aligned along the electron beam direction, theR'-plane is perpendicular

to it, and � is the angle between the momentum of the particle and the axis of the e� beam.



3

3. polar angle of the sphericity axis between 26
�
and 154

�
;

4. total energy of charged particles in each of the forward and backward hemispheres

with respect to the sphericity axis above 3 GeV;

5. missing momentum below 20 GeV=c.

In total, 1,055,932 hadronic events were selected.

Only two variables, the fractional momentum xp and cos � of each charged particle,

were used for the analysis. In each xp and cos � bin, the value of

f(xp; cos �) � 1

N

n

�xp�cos �
(2)

was obtained, where N is the total number of hadronic events and n is the number of

particles in a bin of width �xp by �cos �. The number and widths of the xp intervals

were chosen in order to provide a reasonable number of entries in each. Thus the full

range 0 < xp < 1 was split into 22 intervals (see Table 1). For the cos � variable, 40

equidistant intervals in the range �1 < cos � < 1 were used.

1
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 All charged
 Positively charged
 Negatively charged

0.01 < xp < 0.02

cosθ

0.1 < xp < 0.12

-0.5 0 0.5

Figure 1: Correction factors for the polar angle distribution of charged particles in two

di�erent xp intervals.

These normalized distributions were corrected for the detector acceptance and e�-

ciency, for the kinematical cuts, and for the initial state radiation. The correction factor

values

C(xp; cos �) =
f(xp; cos �)true

f(xp; cos �)reconstructed
(3)

are shown in Fig. 1 as a function of cos � for two di�erent bins of xp. The values of

C(xp; cos �) were obtained by analysing events generated with the JETSET 7.3 PS pro-

gram [16] with parameters taken from the DELPHI tuning [17]. Here f(xp; cos �)true
is the distribution obtained from the �nal state hadrons in generated events, and

f(xp; cos �)reconstructed represents the same distribution after full simulation of the response

of the DELPHI detector [15] and application of the charged particle reconstruction and

analysis procedures in the same way as for the real data. For the analysis of the charge

asymmetric fragmentation function (see below), the distributions of positive and negative

charged particles were obtained separately by using respective correction factors.
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3 Components of the fragmentation function

The double-di�erential total cross-section for producing a charged hadron h in the

process e+e� ! h+X via the s-channel exchange of a virtual photon or Z0
follows from

the standard tensor analysis [8,18] :

d2�h

dxp dcos �
=

3

8

(1 + cos
2 �)

d�hT
dxp

+

3

4

sin
2 �
d�hL
dxp

+

3

4

cos �
d�hA
dxp

; (4)

where d�hT=dxp, d�
h
L=dxp and d�hA=dxp are the transverse, longitudinal and asymmetric

components of the di�erential cross-section, respectively.

In the present analysis, all kinds of charged hadrons have been taken into account.

Therefore the overall charged hadron di�erential cross-sections d�chT =dxp, d�
ch
L =dxp and

d�chA =dxp were measured :

d�chP
dxp

=

X
h

d�hP
dxp

; (5)

where the subscript P stands for T , L or A.

With the available number of events, it is possible to measure these components sep-

arately by weighting the double-di�erential total cross-sections :

d�chP
dxp

=

+vZ
�v

WP (cos �; v)

"
d2�ch

dxp dcos �

#
dcos � (6)

with appropriate weighting functions WP (P = T;L, T + L, or A) [18] :

WT (cos �; v) = [5 cos
2 �(3 � v2) � v2(5 � 3v2)]=2v5 ;

WL(cos �; v) = [v2(5 + 3v2)� 5 cos
2 �(3 + v2)]=4v5 ;

WT+L(cos �; v) = WT (cos �; v) +WL(cos �; v) ; (7)

WA(cos �; v) = 2 cos �=v3 ;

where the variable v delimits the absolute value of the cosine of the angular range used.

In the present analysis, its value was taken as v = 0:8 in order to cover the interval where

the correction factors are approximately constant (see Fig. 1). The e�ects of varying this

value are taken into account in the systematic uncertainties.

A �tting procedure can also be used for the analysis of the distribution (4), as was

done in [10{12]. The results obtained by the two methods are compared below.

Following [18], the transverse, longitudinal and asymmetric fragmentation functions

are de�ned as :

FP (xp) � 1

�tot

d�chP
dxp

; (8)

where P = T;L;A, and �tot is the total hadronic cross-section. In the parton model limit

(�s ! 0), the longitudinal fragmentation function FL(xp) is equal to zero (by analogy

with the longitudinal structure function in deep-inelastic scattering) and the transverse

fragmentation function FT (xp) coincides with the quark fragmentation function.

The asymmetric component, de�ned as above without reference to the hadron charge,

should be zero. But separate analysis of positive and negative charged hadron samples

should show a di�erence in sign between d�h
+

A =dxp and d�
h�

A =dxp, where the superscripts

h+ and h� denote the components of the fragmentation function for positively and neg-

atively charged hadrons, respectively. The di�erence

~FA(xp) =
1

�tot

 
d�h

+

A

dxp
� d�h

�

A

dxp

!
(9)
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is therefore used, following [18], to de�ne the \charge asymmetric" fragmentation func-

tion. Since hadrons with su�ciently high xp mainly result from the primary quark frag-

mentation, they carry the information on the primary quark charge. Therefore a non-zero

charge asymmetric fragmentation function ~FA should be observed in this xp region, re-


ecting the forward-backward asymmetry in the primary e+e� ! q�q process.

3.1 Longitudinal and transverse fragmentation functions

The values for FL and FT found from this analysis are presented in Table 1 and are

shown in Fig. 2, together with those of a similar analysis of JETSET 7.3 PS distributions

and the corresponding results of OPAL [12].

xp

F
T

,L

, DELPHI
, OPAL

JETSET PS

FL

FT

10
-3

10
-2

10
-1

1

10

10 2

10
-2

10
-1

1

Figure 2: Measured values of FL and FT obtained by the weighting method in DELPHI

(circles). Also shown are analogous OPAL data (stars, slightly shifted in xp for clarity)

and simulated JETSET PS distributions with the DELPHI tuning (histograms). Data

are presented with total (statistical and systematic) errors.

Part of the di�erence in FL between the DELPHI and OPAL data in the region xp <

0:02 is due to the use of the xE variable in OPAL rather than xp here. Another di�erence

is that OPAL used �ts to angular distributions according to formula (4) rather than

weighting.

Comparison of JETSET distributions generated with and without DELPHI tuning

shows that di�erences in FT (as well as in FL) exist only in the region xp < 0:1, and drop

rapidly from 8% at xp < 0:01 to 2% at 0:03 < xp < 0:05.

The sum of the transverse and longitudinal fragmentation functions can be evaluated

by direct integration of the double-di�erential cross-section with the weight (WT+WL) in

the angular range j cos �j < v. The result of such an integration, FT+L for v = 0:8, is shown

in Table 1. The statistical and systematic errors on FT+L are reduced because FT and FL
are anti-correlated. The ratios of the transverse �chT or longitudinal �chL cross-sections to

the total cross-section �tot are obtained by integrating the corresponding fragmentation

function :

�chP
�tot

=

1Z
0

xp

2

FP (xp)dxp ; (10)
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where P = T;L. This equation follows from the energy conservation sum rule and leads

to the obvious equation �T=�tot + �L=�tot = 1 for all hadrons. Values of �chT =�tot and

�chL =�tot are shown in the bottom line of Table 1.

The charged particle multiplicity can be obtained by integrating FT+L. This gives

hnchi =
1Z
0

FT+Ldxp = 21:21 � 0:01(stat:)� 0:20(syst:): (11)

The systematic uncertainty for hnchi was estimated by analysing the corresponding uncer-

tainties of the fragmentation functions, as presented in Section 5 (see Table 4). The value

of hnchi obtained is in good agreement with the average LEP/SLC result 20:99�0:14 [19].

Charged particles with momentum below 0.1 GeV were taken into account through the

standard correction factors (3), as were particles produced in secondary interactions.

Charged hadrons produced in decays of K0
s and � are included, as is the usual conven-

tion, since the correction procedure considers them as unstable particles. The problem

of particle reconstruction ine�ciency in the forward regions of the detector was avoided,

since the weighting functions WT and WL take into account the limited angular range

used, e�ectively performing the extrapolation of the angular distributions to their edges.

-0.2
0

0.2
0.4
0.6
0.8

1
1.2
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1
xp
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Weighting
Fitting

a)

xp

DELPHI :
91 GeV

TASSO :
34 GeV
22 GeV
14 GeV

b)

10
-2
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-1

1

Figure 3: Comparison of A = (FT � 2FL)=(FT +2FL) calculated from the DELPHI data

by the weighting method with other results : a) from DELPHI by applying the �tting

method to the same data sample ; b) from TASSO at lower centre-of-mass energies. The

combined statistical and systematic errors are shown for the DELPHI results.

The values of FT and FL have also been used to calculate the ratio A = (FT �
2FL) = (FT + 2FL), which is simply connected to the double-di�erential cross-section (4)

in the limit of a negligible asymmetric component :

d2�ch

dxp dcos �
� 1 +A cos

2 � : (12)

Another way to determine A is by a direct �t of the angular distribution to equation

(12), as done previously by TASSO [10] and DELPHI [11]. In Fig. 3a, the values of A

obtained by the two methods are plotted as a function of xp. The �t result generally

slightly exceeds that from weighting; but they both behave very similarly, con�rming
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the theoretical expectation that the longitudinal contribution should be signi�cant in the

region of xp < 0:2.

In Fig. 3b, values of A obtained with the weighting method are plotted together with

the TASSO results at centre-of-mass energies of 14 GeV, 22 GeV and 34 GeV [10]. The

energy dependence of A from TASSO is con�rmed by the new precise DELPHI data.

The DELPHI results provide a much better description of the A behaviour in the full xp
interval and clearly indicate the region where FL vanishes, namely xp > 0:2.

Analogously to the ratio (1), measured previously in deep-inelastic scattering exper-

iments [6], the ratio FL=FT was calculated. It is plotted in Fig. 4 together with the

ratio FL=FT+L (see values in Table 2). A signi�cant contribution from the longitudinal

component is clearly seen in the region xp < 0:2.

0
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FL / FT

FL / FT+L
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Figure 4: Ratio of the longitudinal to the transverse component of the fragmentation

function and of the longitudinal component to the sum of both. Errors are both statistical

and systematic.

3.2 Asymmetric fragmentation functions

The asymmetric component of the di�erential cross-section FA � d�chA =dxp, see

Eqs. (4) and (8), appears to be close to zero within errors, as expected, as can be seen

from Fig. 5.

The charge asymmetric fragmentation function ~FA, see Eq. (9), and the ratio ~FA=FT+L
are shown in Fig. 6. The corresponding JETSET 7.3 PS distributions are seen to agree

qualitatively with the data. This charge asymmetric function ~FA is proportional to the

vector coupling constants ve and vq which depend on the weak mixing angle [20]. The

default value of sin
2 �W = 0:232 was used in the JETSET model. However, studies

performed with the JETSET PS model show that the sensitivity of ~FA and ~FA=FT+L
to sin

2 �W is rather weak. Furthermore, the lack of exact theoretical calculations for

the dependence of ~FA(xp) on the weak mixing angle in the full xp interval also prevents

extraction of a quantitative result on the value of sin
2 �W .

Recently, theoretical leading order (LO), next-to leading order (NLO) and next-to-

next-to-leading order (NNLO) QCD predictions of the shape of ~FA(xp;MZ) have been

made [21]. Within the model assumptions used, the charge asymmetric fragmentation
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Figure 5: The asymmetric component FA � 1
�tot

d�ch
A

dxp
of the fragmentation function for

all charged hadrons, de�ned without reference to their charges. The combined statistical

and systematic error is shown for each data point. This error is predominantly statistical

for xp > 0:06. The shaded band shows the asymmetric component obtained from the

same analysis of the similar amount of JETSET generated events within one standard

deviation. The inset shows the high xp region with an expanded vertical scale.
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Figure 6: a) The `charge asymmetric' fragmentation function ~FA and b) the ratio

~FA=FT+L extracted from the DELPHI data. The combined statistical and systematic

errors are shown. The shaded bands represent the same functions obtained from the

analysis of the similar amount of JETSET generated events within one standard devia-

tion.
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function is expected to be negative in the whole xp region; the �rst and second moments

of ~FA calculated in the region 0:1 < xp < 1 are compared here with DELPHI results :

NLO, NNLO LO DELPHI

1Z
0:1

~FAdxp = �0:016 �0:023 �0:028� 0:006(stat:+ syst:)

1Z
0:1

~FA
xp

2

dxp = �0:0020 �0:0027 �0:0036 � 0:0008(stat:+ syst:)

The present analysis gives values which are closer to the LO predictions than to the

NLO and NNLO ones. The same discrepancy was observed in OPAL data [12] and, as

discussed in [21], this can indicate that non-perturbative corrections to ~FA are essential.

4 Calculation of �s

The cross-section components �L and �T in the inclusive annihilation process are

infrared and collinear safe. The order �2s and power corrections to �T and �L have been

calculated recently [22{25]. In principle, this provides a possibility for a new measurement

of �s.

In the next-to-leading order of perturbative QCD, the full (charged plus neutral parti-

cles) longitudinal and transverse inclusive cross-sections, �L and �T , which are connected

to the full fragmentation functions FL and FT analogously to equation (10), are expressed

as [22] :

�L

�tot
= 1� �T

�tot
=

�s

�
+

�2s
�2
(13:583 �Nf � 1:028) ; (13)

where Nf = 5 is the number of active quark 
avours.

While Eq. (13) refers to the full charged plus neutral particle cross-sections,

in the present analysis only the charged particle cross-sections are measured. To

perform the conversion from charged particles to charged plus neutral particles,

the ratios of the inclusive charged to the full cross-sections, �chL =�L and �chT =�T ,

were studied in the JETSET 7.4 PS and HERWIG 5.9 models. As found previ-

ously by OPAL [12], they are approximately equal, with the values of the ratios

found being �chT =�T = 0:6308 � 0:0004 and �chL =�L = 0:624 � 0:005 in JETSET, and

�chT =�T = 0:6019 � 0:0005 and �chL =�L = 0:603 � 0:007 in HERWIG.

Assuming this equality gives the following values for the ratios of the full inclusive

cross-sections :

�T

�tot
=

�chT
�chL + �chT

= 0:949 � 0:001(stat:)� 0:007(syst:);

�L

�tot
=

�chL
�chL + �chT

= 0:051 � 0:001(stat:)� 0:007(syst:); (14)

where the systematic uncertainties quoted correspond to those on �chT =�tot and �chL =�tot
(see Section 5). Small di�erences of about 1% between the ratios �chL =�L and �chT =�T
would not lead to signi�cant changes in �T=�tot or �L=�tot.

Substituting the value of �L=�tot into (13) gives the strong interaction coupling con-

stant,

�NLO
s (MZ) = 0:120 � 0:002(stat:)� 0:013(syst:) : (15)
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In the order �2s calculations [22], the ratios �L=�tot and �T=�tot depend on the mass

factorisation scale � and renormalization scale R. Equation (13) and the value of �s
in (15) correspond to � = R = MZ. The dependence of �s on the factorisation and

renormalization scales (assuming � = R) is shown in Fig. 7. Between � = 2Q and

� = Q=2, the value of �s changes by about 12%. This gives an additional error of

�0:007.

Q/µ

α s

0.08

0.1

0.12

0.14

0.16

0.18

0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25

DELPHI
σL/σtot = 0.051±0.007

Figure 7: Dependence of the strong coupling constant �s on the factorisation and renor-

malization scales (� = R). The shaded region shows the �1� error band. The point

indicates the �s value obtained in this work for � = Q.

Non-perturbative corrections to the value of ��L=�tot have also been calculated re-

cently [23,24]. They appear to be comparable with the next-to-leading order contribu-

tions. These corrections, which are also known as power corrections, were obtained by

di�erent methods, each of which led to a similar / 1=Q behaviour. At LEP1 energies,

the value of the power corrections calculated in [23] under the assumption of an infrared-

regular e�ective behaviour of �s was given as (��L=�tot)
POW

= 0:010 � 0:001. A similar

estimate of the power corrections to the longitudinal and transverse cross-sections was

also obtained in [25], based on the assumption of ultraviolet dominance of higher-twist

matrix elements. Studies performed with the JETSET 7.4 PS suggest corrections of the

same magnitude.

Accounting for this estimate of the non-perturbative power corrections changes the �s
value of (15) to

�NLO+POW
s (MZ) = 0:101 � 0:002(stat:)� 0:013(syst:)� 0:007(scale); (16)

where the scale uncertainty again comes from varying the renormalisation scale in the

range 0:5 < Q=� < 2 (see Fig. 7).

5 Studies of systematic e�ects

Several sources of systematic uncertainties were considered in the estimates quoted

above. A study of the systematic deviations of the fragmentation functions caused by
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the detector features and selection criteria was described in [5]. Analogous studies are

performed here to estimate the systematics on the components of the fragmentation

function and other measured variables, like the charged particle multiplicity and the

cross-section components. The total systematic errors on FT and FL together with the

three main contributions are shown as a function of xp in Table 3. Table 4 shows the

systematic error estimates for �chT =�tot, �
ch
L =�tot and hnchi.

Firstly, changes of the measured values under variations of the track and event selection

criteria described in Section 2 were considered. The most signi�cant changes arose from

varying the impact parameter cut, re
ecting the in
uence of short-living mesons and

baryons and also of secondary interactions in the detector material, which distort the

reconstructed impact parameter distributions and the inclusive spectra. Varying the cut

on the polar angle of the event sphericity axis also led to signi�cant changes, since it

a�ected the angular distribution of the hadrons. Varying the cut on the polar angles

of the tracks also gave deviations which exceeded the statistical errors. Changing the

selection on the minimum particle momentum led to signi�cant deviations in the very

�rst bin, 0 < xp < 0:01. Varying other cuts gave less signi�cant changes, not exceeding

the corresponding statistical uncertainties.

To study the systematics related to the angular range limitation, the range analysed

was varied from j cos �j < 0:5 up to j cos �j < 0:9, and the average deviation of the result-

ing values was considered as a systematic uncertainty. Changing the number of points

involved in the analysis obviously a�ects the statistics. To separate out this statistical

contribution to the observed deviations, the same analysis was performed on distributions

generated by the JETSET 7.3 PS model with a similar number of events. The systematics

were estimated by subtracting in quadrature the deviations obtained with the JETSET

samples from those obtained with the DELPHI data.

Another source of systematic uncertainty is the angular region around cos � � 0, where

the charged particle reconstruction e�ciency is relatively poor (see Fig. 1), due to the

e�ect of the mid-plane of the TPC [14]. To study the in
uence of this e�ect, the analysis

was repeated with the points between �0:1 < cos � < 0:1 replaced by the values of the

�tting function (12).

As mentioned above, the weighting and �tting methods gave slightly di�erent results.

Studies using generated JETSET PS events showed that the values of FT from the �tting

procedure are systematically higher, and those of FL systematically lower, than those

obtained by weighting. The di�erence does not exceed the statistical errors for FT and

FL; it is signi�cant only for �chL =�tot, where it amounts to 2:5%. The results of the

weighting method are closer to those of the JETSET PS generator model than those of

the �tting method.

In the determination of the components of the cross-section, proper knowledge of the

mean xp value in each histogram bin plays an important role. To estimate possible

uncertainties connected to the association of xp value with each bin, �
ch
T =�tot and �

ch
L =�tot

were alternatively evaluated as

�chP
�tot

=

1

�tot

+vZ
�v

WP d cos �

1Z
0

xp

2

d2�ch

dxpd cos �
dxp ; (17)

where P = T;L and integration over dxp was performed using the actual xp value for

each measured track, instead of histogramming. The cross-sections obtained with this

method di�ered by about 0:2% for transverse and 0:6% for longitudinal components.

Another source of systematics, connected to the mean charged multiplicity, is the

fact that the JETSET event generator produces slightly di�erent numbers of K0
S and
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� than are measured experimentally [17]. Studies of the in
uence of this e�ect showed

that varying the average K0
S multiplicity by �5% leads to a change in measured hnchi of

�0:02. Varying the mean � multiplicity did not lead to a signi�cant change in hnchi.
Discrepancy between the data collected during 1992 and 1993 data taking periods also

contributes to the total systematic uncertainty. However, it exceeds the statistical error

only in the region of xp < 0:06.

The quadratic sum of all the above mentioned errors is represented in Tables 3 and 4

as the total systematic uncertainty.

While in perturbation theory the Bjorken x (x = xE) variable is used for fragmentation

function calculations, in e+e� annihilation it is usually replaced by the xp variable. Tests

using the JETSET generator showed that for FT and FL the substitution of xp with

xE a�ects only the region xp < 0:02, which is due to mass e�ects. For cross-sections

it causes deviations of approximately 0:3% in the transverse and 2% in the longitudinal

component.

6 b and uds enriched event samples

Samples of events originating from quarks of di�erent 
avours were selected using

the lifetime tag variable PH [15], de�ned as the probability for the hypothesis that all

the charged particle tracks in a given hemisphere with respect to the thrust axis came

from a single primary vertex. Since hadrons containing b quarks have a high charged

particle decay multiplicity and a long lifetime (� 1:55 ps), and are produced with a

high momentum at LEP, this single-vertex probability is small for Z0 ! bb events. The

selection was done assuming, according to the simulation, that requiring PH < 10
�3

selects bb events with purity � 94% and e�ciency � 16%, and requiring PH > 0:3 selects

light quark events with purity � 73% and e�ciency � 72%. The particles to be analysed

were then taken from the opposite hemisphere.

The selected samples consisted of about 42,000 b events and 610,000 uds events. The

contamination by heavy 
avours in the uds events was estimated to be � 11% from

bottom and � 16% from charm quarks.

As mentioned in Section 2, all experimental distributions have been multiplied by

correction factors. These were calculated using (3), with the \true" spectra taken from

pure generated b or uds events and the \reconstructed" ones obtained using the DELSIM

detector simulation [15] and applying the lifetime tagging procedure to the fully simulated

events.

The procedure described in Sect. 3 for separating the longitudinal and transverse

components of the fragmentation function was applied to the corrected b and uds event

samples. The components of the fragmentation functions for di�erent quark 
avours were

de�ned as

F
q
P �

1

�
q
tot

d�qP
dxp

; (18)

where P = T;L and q = uds; b. The results are shown in Fig. 8 and Table 5.

The charged particle multiplicities in b and uds events were obtained by integrating

the fragmentation functions as described in Section 3.1. These too are presented in

Table 5, and are in qualitative agreement with the overall multiplicity (11). The charged

multiplicity observed in b events is in good agreement with previous DELPHI results [26].

The main di�erence between the b and uds spectra comes from the transverse compo-

nent of the cross-section, which is softer for the b quark sample. There is no signi�cant
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Figure 8: Transverse and longitudinal components of the fragmentation functions of

di�erent quark 
avours. Errors include both statistical and systematic ones. For b-tagged

events, the systematics do not exceed the statistical uncertainties. For light quark events,

the systematics dominate mainly in the region 0 < xp < 0:12, where they amount to

�1:5% for FT and about �10% for FL.

di�erence between the longitudinal fragmentation functions F uds
L and F b

L. The fragmen-

tation function components obtained from the analysis of the JETSET 7.3 PS generated

events have the same behaviour as the data.

Studies of systematic uncertainties were performed as described in Section 5. For b-

tagged events, the systematics do not exceed the statistical uncertainties. For light quark

events, the systematics dominate mainly in the region 0 < xp < 0:12, where they amount

to �1:5% for FT and about �10% for FL.

7 Gluon fragmentation function

According to perturbative QCD, the longitudinal component of the fragmentation

function is equal to zero in leading order (LO) of �s [7,27,28], and is given in next-to-

leading order by [8,9] :

FL(xp) =

�LOs (MZ)

2�
CF

1Z
xp

FT (z)

z
dz

+

2�LOs (MZ)

�
CF

1Z
xp

 
z

xp
� 1

!
Dg(z)

dz

z
+O(�2s) ; (19)

where the colour factor CF = 4=3 and Dg(z) is a function which describes fragmentation

of gluons into hadrons, given in leading order. This formula (19) contains the leading

order expression for �LOs :

�LOs (Q) =
4�

�0 ln(
Q2

�2
LO

)

; (20)
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where �0 = 11� 2
3
Nf , Nf is the number of active quark 
avours, Q is the centre-of-mass

energy, and �LO � �
(Nf)
LO is the QCD scale parameter. In what follows, �s is everywhere

given for Nf = 5. Strictly speaking, expression (19) is not valid in the region where FL
approaches zero, thus it can be used only as an approximation.

Applying the perturbative formula (19) implies knowledge of the �LOs value consistent

with the perturbation analysis. However, experimental results are presented mostly in

terms of the next-to-leading order value of �s only, thus a special analysis should be done

to extract the value of �LOs .

OPAL [12] used for this purpose the approximate ratio �L=�T = �LOs =�, which can

contain higher order and non-perturbative hadronization e�ects. This method gave a

value of �LOs (MZ) = 0:190 for OPAL data and �LOs (MZ) = 0:171 for this analysis.

Alternatively, results from deep inelastic scattering experiments at high Q2
can be

used, since perturbation theory is known to be applicable there. To determine the leading

order value of �LOs (MZ), the QCD scale parameter �
(4)
LO, found by the BCDMS collabo-

ration [29] was recalculated to �LOs (MZ) = 0:126 � 0:006. A recent analysis of LEP and

lower energy e+e� annihilation data [30] gave �LOs (MZ) � 0:122.

A third approach is to treat �LOs as a free parameter of a �t to the measured function

FL using (19) neglecting O(�2s) terms, similar to the ALEPH analysis [13].

The gluon fragmentation function Dg(xp) can be parameterized by the form [12,13]

Dg(xp) = P1 � xP2p (1� xp)
P3e�P4 ln

2 xp ; (21)

where the Pi are free parameters of the �tting procedure. This parametrization is purely

phenomenological. The form (21) implies also a strong correlation between the parameters

Pi, suggesting that any set of values which describes the Dg may not be unique.

The �t was performed using the measured transverse and longitudinal fragmentation

functions FL and FT given in Table 1. The xp interval 0:01 < xp < 0:6 was used, in order

to stay in the region where FL is well measured and to avoid the small xp region, where

systematic uncertainties and non-perturbative e�ects are large.

The strong correlation between the parameters Pi and between the values of �LOs and

Pi, as well as the approximate nature of the �t due to the omission ofO(�2s) terms, suggest

that special investigation of the uncertainty in Dg is required. To estimate it, the �t was

performed in two di�erent conditions, either with a prede�ned value of �LOs = 0:126 or

allowing �LOs to vary freely. Also, two di�erent data samples were used: a) the FL and

FT values measured in all hadronic events quoted in Table 1, b) the FL and FT values

measured in heavy-quark and light-quark tagged events quoted in Table 5 and those

measured in the remaining untagged events. The fragmentation functions of the tagged

quarks and of the remaining quark mixture were �tted simultaneously, assuming the same

shape for the gluon fragmentation function. Parameters evaluated with �LOs either �xed

at the value 0.126 or being a free parameter are shown in Table 6.

The gluon fragmentation function Dg(xp) corresponding to the parameter values ob-

tained by �tting the FL and FT values measured for the natural 
avour mix events (see

Table 1) with �LOs free is plotted in Fig. 9 in the xp interval used in the �t. Similar �ts

done by the OPAL [12] and ALEPH [13] collaborations are also shown, together with the

result of a similar �t to the JETSET PS generated events. In spite of having di�erent

sets of parameters in (21) (see Table 6 and references [12,13]), Dg functions obtained by

OPAL, ALEPH and DELPHI are in satisfactory agreement. The results obtained also

exhibit a low sensitivity to �LOs , which stems from the strong correlation between �LOs
and Dg and from the semi-empirical nature of the method.
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Figure 9: Gluon fragmentation functions Dg(xp) as obtained from the DELPHI data (full

curve, with shaded band showing the uncertainty in Dg) using a �t with the parametriza-

tion (21), and by OPAL (dotted curve) and ALEPH (dot-dashed curve) with the same

parametrization, compared with a similar �t to distributions generated with the JETSET

PS model (dashed curve) and with charged particle spectra from gluon jets in events of

di�erent topologies [31] (open and closed circles).

Recently, DELPHI presented measurements of the gluon fragmentation function using

a procedure for separating quark and gluon jets in three-jet events [31]. Fig. 9 also com-

pares the gluon fragmentation functions Dg(xp) with the inclusive particle distributions

in gluon jets obtained in this way. The two measurements are complementary. They are

in reasonable agreement in the region of xp > 0:2, but there is a systematic di�erence

at small xp. The method based on �tting FL and FT with equation (19) has some limi-

tations, because that equation is valid only in the next-to-leading order of perturbative

QCD. However, it is independent of the jet de�nition and therefore is potentially more

reliable in the region of small xp, where the assignment of particles to jets is arbitrary.

In addition, the gluon fragmentation functions obtained with these two methods might

have di�erent behaviours due to the e�ect of Q2
dependence, because the selected gluon

samples have di�erent average energies.

Fig. 10 compares the gluon fragmentation function Dg(xp) with the transverse frag-

mentation function FT (xp), which can be considered as a quark fragmentation function

at large values of xp, where FL(xp) can be neglected. There is a clear indication that the

gluon spectrum is softer, as qualitatively predicted by QCD.

8 Summary

Data collected by DELPHI in 1992 and 1993 have been used to measure the inclusive

charged hadron cross-section in the full available xp and polar angle � intervals. Using the

weighting functions method, the transverse FT , longitudinal FL and charge asymmetry ~FA
fragmentation functions were evaluated from the double di�erential charged hadron cross-

section d2�ch=dxpd cos �. Available statistics of more than one million events allow precise

measurement of the longitudinal fragmentation function, which serves as an important
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Figure 10: Comparison of the gluon fragmentation function Dg(xp) with the transverse

fragmentation function FT (xp) (as in Figure 2). The shaded band shows the range of Dg

deviations.

test of QCD. Con�rming qualitative theoretical predictions, FL was found to be non-zero

in the region of xp < 0:2 and vanishing at higher xp.

The transverse �T=�tot and longitudinal �L=�tot fractions of the charged hadron cross-

section, de�ned as the second moments of the corresponding fragmentation functions,

were inferred from the data. The value of �L=�tot = 0:051 � 0:007 obtained was used to

calculate the strong coupling constant �s(MZ) to the next-to-leading order of perturbative

QCD, giving �NLO
s (MZ) = 0:120 � 0:013. Inclusion of non-perturbative power corrections

led to the value of �NLO+POW
s (MZ) = 0:101 � 0:013.

The measured functions FT and FL were used to estimate the mean charged multiplic-

ity, which was found to be hnchi = 21:21 � 0:20. This value takes into account particle

reconstruction ine�ciencies in the forward regions of the detector through the weighting

functions.

The charge asymmetry fragmentation function ~FA is connected to the electroweak

theory parameter sin
2 �W . Measured data are consistent with the value sin

2 �W = 0:232

which was used as an input parameter for JETSET.

Using the lifetime tagging procedure, FT and FL were measured from b and uds en-

riched event samples. Performing simultaneous �t of measured fragmentation functions,

the parametrization of the gluon fragmentation function Dg was made. Comparison of

Dg to FT , which is considered as the quark fragmentation function to the leading order

of QCD, con�rms qualitative QCD prediction, that the gluon fragmentation function is

softer than the quark one.
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xp range FT (xp) FL(xp) ~FA(xp) FT+L(xp)

0:00 � 0:01 291:6� 0:9� 13:0 117:0� 0:7� 7:5 0:07� 0:48� 2:28 408:6� 0:4� 8:6

0:01 � 0:02 326:9� 0:6� 6:1 84:2� 0:4� 5:5 �0:08� 0:30� 1:30 411:1� 0:3� 3:1

0:02 � 0:03 229:4� 0:5� 3:4 37:1� 0:4� 3:2 0:13� 0:25� 0:62 266:4� 0:2� 2:4

0:03 � 0:04 167:2� 0:4� 3:8 18:5� 0:3� 2:9 0:60� 0:21� 0:38 185:7� 0:2� 2:2

0:04 � 0:05 126:4� 0:4� 1:8 11:3� 0:3� 1:6 0:41� 0:18� 0:33 137:7� 0:1� 1:4

0:05 � 0:06 98:4� 0:3� 1:6 7:4� 0:2� 1:2 �0:08� 0:16� 0:44 105:7� 0:1� 1:2

0:06 � 0:07 78:7� 0:3� 1:4 5:5� 0:2� 0:9 �0:05� 0:14� 0:15 84:2� 0:1� 1:0

0:07 � 0:08 64:5� 0:3� 1:0 3:8� 0:2� 0:7 �0:28� 0:13� 0:25 68:3� 0:1� 0:8

0:08 � 0:09 54:4� 0:2� 0:8 2:3� 0:2� 0:5 �0:25� 0:12� 0:13 56:70� 0:10� 0:69

0:09 � 0:10 45:6� 0:2� 0:8 1:9� 0:2� 0:5 �0:02� 0:11� 0:19 47:52� 0:09� 0:59

0:10 � 0:12 36:2� 0:1� 0:6 1:1� 0:1� 0:3 �0:25� 0:07� 0:10 37:31� 0:06� 0:46

0:12 � 0:14 27:1� 0:1� 0:4 0:64� 0:08� 0:25 �0:02� 0:06� 0:06 27:71� 0:05� 0:37

0:14 � 0:16 20:6� 0:1� 0:3 0:50� 0:07� 0:15 �0:08� 0:05� 0:09 21:12� 0:04� 0:26

0:16 � 0:18 16:27� 0:09� 0:28 0:21� 0:07� 0:17 �0:11� 0:05� 0:07 16:38� 0:04� 0:23

0:18 � 0:20 12:88� 0:08� 0:20 0:09� 0:06� 0:10 �0:08� 0:04� 0:02 12:97� 0:03� 0:17

0:20 � 0:25 8:79� 0:04� 0:13 0:08� 0:03� 0:05 �0:12� 0:02� 0:05 8:87� 0:02� 0:11

0:25 � 0:30 5:29� 0:03� 0:08 0:03� 0:02� 0:03 �0:06� 0:02� 0:02 5:31� 0:01� 0:07

0:30 � 0:40 2:73� 0:02� 0:07 0:007� 0:012� 0:020 �0:036� 0:009� 0:025 2:734� 0:007� 0:057

0:40 � 0:50 1:16� 0:01� 0:04 0:008� 0:008� 0:022 �0:018� 0:006� 0:008 1:167� 0:005� 0:019

0:50 � 0:60 0:502� 0:007� 0:010 0:006� 0:005� 0:007 �0:021� 0:004� 0:005 0:508� 0:003� 0:008

0:60 � 0:80 0:155� 0:003� 0:007 0:0004� 0:0021� 0:0043 �0:0007� 0:0015� 0:0040 0:155� 0:001� 0:008

0:80 � 1:00 0:018� 0:001� 0:003 0:0012� 0:0007� 0:0020 �0:0007� 0:0005� 0:0017 0:0193� 0:0004� 0:0023

�chP =�tot 0:5788� 0:0007 � 0:0068 0:0309� 0:0005� 0:0042 | 0:6097� 0:0003� 0:0066

Table 1: Transverse FT (xp), longitudinal FL(xp) and asymmetric ~FA(xp) components

of the fragmentation function, and the summed function FT+L(xp), measured using the

weighting method. The �chP =�tot (P = T;L; T +L) are the corresponding fractions of the

charged particle cross-section. The �rst error is statistical and the second one is system-

atic. The function FT+L(xp) was evaluated from the double-di�erential cross-section by

applying the weight (WT +WL) and integrating over the angular range j cos �j < 0:8. The

smallness of the errors on FT+L(xp) re
ects the anti-correlation between the errors on FT
and FL.
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xp range FL=FT FL=FT+L

0:00 � 0:01 0:401 � 0:004 � 0:043 0:286 � 0:002 � 0:021

0:01 � 0:02 0:258 � 0:002 � 0:021 0:205 � 0:001 � 0:014

0:02 � 0:03 0:162 � 0:002 � 0:016 0:139 � 0:001 � 0:013

0:03 � 0:04 0:111 � 0:002 � 0:019 0:100 � 0:002 � 0:016

0:04 � 0:05 0:090 � 0:002 � 0:013 0:082 � 0:002 � 0:012

0:05 � 0:06 0:075 � 0:003 � 0:012 0:070 � 0:002 � 0:011

0:06 � 0:07 0:069 � 0:003 � 0:013 0:065 � 0:002 � 0:012

0:07 � 0:08 0:059 � 0:003 � 0:011 0:056 � 0:003 � 0:010

0:08 � 0:09 0:043 � 0:003 � 0:010 0:041 � 0:003 � 0:010

0:09 � 0:10 0:042 � 0:003 � 0:011 0:040 � 0:003 � 0:010

0:10 � 0:12 0:030 � 0:003 � 0:009 0:029 � 0:003 � 0:009

0:12 � 0:14 0:024 � 0:003 � 0:009 0:023 � 0:003 � 0:009

0:14 � 0:16 0:024 � 0:004 � 0:007 0:024 � 0:004 � 0:008

0:16 � 0:18 0:013 � 0:004 � 0:011 0:013 � 0:004 � 0:010

0:18 � 0:20 0:007 � 0:005 � 0:008 0:007 � 0:005 � 0:008

0:20 � 0:25 0:009 � 0:004 � 0:006 0:009 � 0:004 � 0:006

0:25 � 0:30 0:005 � 0:005 � 0:005 0:005 � 0:005 � 0:006

0:30 � 0:40 0:003 � 0:004 � 0:007 0:003 � 0:005 � 0:007

0:40 � 0:50 0:007 � 0:007 � 0:019 0:007 � 0:007 � 0:019

0:50 � 0:60 0:012 � 0:011 � 0:014 0:012 � 0:010 � 0:013

0:60 � 0:80 0:003 � 0:014 � 0:029 0:003 � 0:014 � 0:028

0:80 � 1:00 0:065 � 0:044 � 0:139 0:061 � 0:039 � 0:119

Table 2: Ratio of the longitudinal to the transverse component of the fragmentation

function and to the sum of the longitudinal and transverse components. Statistical and

systematic errors are shown. The systematic uncertainties are correlated between xp bins.



20

Track/event selection Angular range Region of j cos �j � 0 Total

xp range �FT �FL �FT �FL �FT �FL �FT �FL

0:00 � 0:01 10 5 8 5 1 1 13 7

0:01 � 0:02 3 4 5 3 1 2 5 5

0:02 � 0:03 1 2 3 2 1 1 4 3

0:03 � 0:04 2 2 3 2 0.7 0.8 4 3

0:04 � 0:05 1.0 1 1 0.8 0.6 0.7 2 1

0:05 � 0:06 0.8 0.6 1 0.8 0.4 0.4 2 1

0:06 � 0:07 0.7 0.4 1 0.7 0.4 0.4 1 0.9

0:07 � 0:08 0.5 0.3 0.8 0.5 0.2 0.2 1.0 0.6

0:08 � 0:09 0.5 0.2 0.5 0.3 0.2 0.2 0.8 0.5

0:09 � 0:10 0.4 0.2 0.5 0.3 0.2 0.2 0.7 0.4

0:10 � 0:12 0.4 0.1 0.4 0.2 0.1 0.1 0.5 0.3

0:12 � 0:14 0.3 0.1 0.3 0.2 0.08 0.09 0.4 0.2

0:14 � 0:16 0.2 0.07 0.1 0.06 0.08 0.09 0.3 0.1

0:16 � 0:18 0.2 0.1 0.1 0.09 0.01 0.01 0.3 0.1

0:18 � 0:20 0.2 0.07 0.07 0.05 0.03 0.03 0.2 0.08

0:20 � 0:25 0.1 0.02 0.05 0.03 0.02 0.02 0.1 0.04

0:25 � 0:30 0.07 0.009 0.03 0.01 0.009 0.010 0.08 0.02

0:30 � 0:40 0.04 0.008 0.05 0.006 0.008 0.009 0.07 0.02

0:40 � 0:50 0.02 0.011 0.03 0.016 0.009 0.010 0.04 0.02

0:50 � 0:60 0.006 0.003 0.003 0.003 0.0002 0.0002 0.007 0.005

0:60 � 0:80 0.005 0.003 0.004 0.003 0.0004 0.0004 0.007 0.004

0:80 � 1:00 0.002 0.001 0.002 0.001 0.0009 0.0011 0.003 0.002

Table 3: Main contributions to the systematic uncertainties on FT and FL, arising from

variations of the track and event selection criteria, the angular range analysed and the

in
uence of the region of j cos �j � 0, together with the total systematic errors. Systematic

uncertainties are correlated between xp bins.

Criterion �
�ch
T

�tot
�

�ch
L

�tot
�hnchi

Track and event selection 0.005 0.002 0.19

Angular range 0.004 0.003 0.05

Region of j cos �j � 0 0.002 0.002 0.01

Weighting/�tting 0.001 0.0008 0.05

xp evaluation method 0.001 0.0002 |

Uncertainty in K0
s | | 0.02

Total 0.007 0.004 0.20

Table 4: Systematic deviations of the components of the charged particle cross-section

and of the mean charged particle multiplicity due to variations of the speci�ed criteria.
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xp range F b
T (xp) F b

L(xp) Fuds
T (xp) Fuds

L (xp)

0:00� 0:01 331� 9� 22 113� 7� 13 280� 2� 10 115� 1� 6

0:01� 0:02 369� 6� 12 89� 4� 9 317� 1� 4 79� 1� 4

0:02� 0:03 264� 5� 12 45� 4� 7 218� 1� 3 33:7� 0:9� 2:6

0:03� 0:04 200� 5� 9 19� 3� 6 158:4� 1:0� 2:6 15:4� 0:7� 2:1

0:04� 0:05 141� 4� 4 18� 3� 3 117:5� 0:9� 1:2 9:6� 0:6� 1:0

0:05� 0:06 120� 4� 4 6� 2� 2 91:8� 0:7� 0:9 5:6� 0:5� 0:6

0:06� 0:07 94� 3� 3 6� 2� 2 73:7� 0:7� 0:7 4:3� 0:5� 0:5

0:07� 0:08 74� 3� 3 7� 2� 2 61:3� 0:6� 0:7 2:3� 0:4� 0:4

0:08� 0:09 68� 3� 3 1� 2� 2 51:6� 0:6� 0:7 1:0� 0:4� 0:4

0:09� 0:10 53� 2� 3 2� 2� 2 43:4� 0:5� 0:5 1:1� 0:4� 0:5

0:10� 0:12 40� 2� 3 3� 1� 2 35:0� 0:3� 0:5 0:4� 0:2� 0:3

0:12� 0:14 28� 1� 2 1:6� 0:9� 1:3 26:9� 0:3� 0:5 �0:3� 0:2� 0:3

0:14� 0:16 19� 1� 1 1:7� 0:7� 0:7 20:5� 0:3� 0:4 0:02� 0:19� 0:16

0:16� 0:18 15:9� 1:0� 1:1 0:4� 0:7� 0:7 15:9� 0:2� 0:3 0:32� 0:17� 0:19

0:18� 0:20 11:2� 0:8� 1:1 0:8� 0:6� 0:9 13:7� 0:2� 0:3 �0:46� 0:15� 0:36

0:20� 0:25 7:8� 0:4� 0:6 �0:2� 0:3� 0:2 9:4� 0:1� 0:2 �0:16� 0:08� 0:13

0:25� 0:30 4:0� 0:3� 0:3 �0:03� 0:20� 0:11 5:92� 0:09� 0:10 �0:12� 0:07� 0:14

0:30� 0:40 1:8� 0:1� 0:2 0:04� 0:10� 0:11 3:22� 0:05� 0:06 �0:10� 0:03� 0:11

0:40� 0:50 0:44� 0:07� 0:07 0:13� 0:05� 0:19 1:42� 0:03� 0:06 �0:01� 0:02� 0:02

0:50� 0:60 0:15� 0:05� 0:05 0:03� 0:03� 0:02 0:68� 0:02� 0:03 �0:02� 0:02� 0:02

0:60� 0:80 0:04� 0:02� 0:03 0:001� 0:012� 0:018 0:24� 0:01� 0:01 �0:01� 0:01� 0:04

0:80� 1:00 0:0002 � 0:0004� 0:0004 �0:0001� 0:0003� 0:0001 0:024� 0:004� 0:004 0:005� 0:003� 0:004

hnchi 23:47� 0:07� 0:36 20:35� 0:01� 0:19

Table 5: Transverse and longitudinal components of the fragmentation function for Z0

decays into either bb or light quark-antiquark pairs The �rst error is statistical and the

second one is systematic. The charged particle multiplicities are calculated by integrating

the corresponding FT+L distributions.

Natural 
avour mix Flavour-tagged events

�LOs = 0:126; fixed �LOs = 0:131 � 0:066 �LOs = 0:126; fixed �LOs = 0:133 � 0:032

P1 0:47 � 0:07 0:46 � 0:26 0:47� 0:05 0:46 � 0:15

P2 �2:90 � 0:02 �2:85� 0:03 �2:84 � 0:01 �2:84 � 0:01

P3 5� 1 4 � 1 3:3� 0:5 3:5� 0:5

P4 0:29 � 0:01 0:30 � 0:01 0:29� 0:01 0:30 � 0:01

�2=ndf 10=15 = 0:7 11=14 = 0:8 132=53 = 2:5 132=52 = 2:5

Table 6: Parameters for the gluon fragmentation function (21) obtained from �ts with �LOs
either �xed at the value of 0.126 or treated as a free parameter. The `Natural 
avour

mix' columns correspond to the �t to the natural 
avour mix data given in Table 1.

The `Flavour-tagged events' columns correspond to the simultaneous �t to the b- and

uds-tagged data given in Table 5 and the remaining untagged events.


