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Résumé

L’objectif de cette these est 'analyse d’erreur a posteriori et la proposition de stratégies
d’adaptivité basées sur des criteres d’arrét et de raffinement local de maillage. Nous traitons
une classe d’équations paraboliques dégénérées multidimensionnelles modélisant des problemes
importants pour 'industrie.

Au chapitre [I| nous considérons le probleme de Stefan instationaire a deux phases qui
modélise un processus de changement de phase régi par la loi de Fourier. Nous régularisons la
relation entre I’enthalpie et la température et nous discrétisons le probleme par la méthode
d’Euler implicite en temps et un schéma numérique conforme en espace tel que les élément finis
conformes, ou les volumes finis centrés aux sommets du maillage. Nous démontrons une borne
supérieure de la norme duale du résidu, de l'erreur sur ’enthalpie dans L2(0, T, H~1()) et de
erreur sur la temperature dans L?(0,T; L?(2)), par des estimateurs d’erreur entiérement cal-
culables. Ces estimateurs comprennent : un estimateur associé a I’erreur de régularisation, un
estimateur associé a l'erreur d’une méthode de linéarisation (par exemple, la méthode de New-
ton), un estimateur associé a l’erreur en temps et un estimateur associé a ’erreur du schéma
en espace. Par conséquent, ces estimateurs permettent de formuler un algorithme adaptatif
de résolution ou les erreurs associées peuvent étre équilibrées. Nous proposons également une
stratégie de raffinement local de maillages. Enfin, nous prouvons 'efficacité de nos estimations
d’erreur a posteriori. Un test numérique illustre l'efficacité de nos estimateurs et la perfor-
mance de l'algorithme adaptatif. En particulier, des indices d’efficacité proches de la valeur
optimale de 1 sont obtenus.

Au chapitre [2| nous développons des estimations d’erreur a posteriori pour 1’écoulement de
Darcy polyphasique et isothermique, décrit par un systeme couplé d’équations aux dérivées
partielles non linéaires et d’équations algébriques non linéaires. Ce systeme est discrétisé en
espace par une méthode de volume finis centrés par maille et la méthode d’Euler implicite
en temps. Nous établissons une borne supérieure d’une norme duale du résidu augmentée
d’un terme qui tiens compte de la non-conformité des volumes finis par des estimateurs
d’erreur a posteriori entierement calculables. Dans ce chapitre, nous nous concentrons sur la
formulation d’un critére d’arrét de ’algorithme de linéarisation du probléme discret (tel que
la méthode de Newton) avec un critére d’arrét du solveur algébrique de résolution du systéme
linéarisé (par exemple la méthode GMRes), de sort que les contributions des estimateurs

d’erreur correspondant n’affectent plus la somme globale des estimateurs d’erreur de maniere



significative. Nous appliquons notre analyse sur des exemples réalistes d’ingénierie de réservoir
pour confirmer qu’en général notre ajustement des critéres d’arrét apporte une économie
significative (jusqu’au un ordre de magnitude en termes du nombre total des itérations du
solveur algébrique), déja sur des maillages fixes, et ceci sans perte notable de précision.

Au chapitre [3] nous complétons le modele décrit au chapitre 2] en considérant une con-
dition non-isothermique pour I'’écoulement afin de traiter le modele général d’écoulement
polyphasique thermique dans les milieux poreux. Pour ce probleme, nous developpons des
estimateurs d’erreur analogues a ceux du chapitre [2| pour lesquels nous établissons une borne
supérieure d’erreur entierement calculable, pour une norme duale du résidu complétée par un
terme d’évaluation de la non-conformité. Nous montrons ensuite comment estimer séparément
chaque composante d’erreur, ce qui nous permet d’ajuster les criteres d’arrét et d’équilibrer
les contributions des différents estimateurs d’erreur : erreur d’approximation en temps, erreur
d’approximation en espace, erreur de linéarisation et erreur du solveur algébrique. Ce chapitre
se termine par une application des estimateurs au modele d’huile morte.

Finalement, au chapitre [ nous considérons les procédés de récupération assistée d’huile.
Plus précisément, nous étudions une technique de récupération thermique d’huile de type
huile morte par injection de vapeur destinée a augmenter la mobilité des hydrocarbures.
Dans ce chapitre, nous appliquons ’analyse a posteriori des chapitres [2] et |3, nous proposons
une formule de quadrature pour simplifier I’évaluation des estimateurs, nous proposons un
algorithme adaptatif de raffinement de maillages en espace et en temps basé sur les estimateurs
et nous illustrons pas des essais numériques sur des exemples réalistes la performance de cette
stratégie de raffinement. Notamment, des gains significatifs sont réalisés en terme du nombre
de mailles nécessaires pour la simulation sur des exemples en dimension trois.

Mots-clefs : analyse d’erreur a posteriori, algorithme adaptatif, probleme de Stefan
a deux phases, écoulement compositionnel polyphasique de Darcy, écoulement thermique,
méthode des volumes finis, erreur de discrétisation, erreur de régularisation, erreur de linéa-
risation, erreur du solveur algébrique, raffinement adaptatif de maillage, évaluation simplifiée

des estimateurs, formule de quadrature.



A posteriori error estimates and adaptivity based on stopping criteria and
adaptive mesh refinement for multiphase and thermal flows.

Application to steam-assisted gravity drainage

Abstract

The goal of this thesis is the a posteriori error analysis and the conception of adaptive
strategies based on stopping criteria and local mesh refinement. We treat a class of multi-
dimensional degenerate parabolic equations which represent typical examples of industrial
interest.

In Chapter [I] we consider the time-dependent two-phase Stefan problem that models a
phase change process governed by the Fourier law. We regularize the relation between the
enthalpy and the temperature and we discretize the problem by the backward Euler temporal
stepping method with a conforming spatial discretization, such as the finite element or the
vertex-centered finite volume one. We prove un upper bound for the dual norm of the residual,
the L2(0,T; H=1(2)) error in the enthalpy, and L?(0,T; L?(Q2)) error in the temperature, by
fully computable error estimators. These estimators include: an estimator associated to the
regularization error, an estimator associated to the linearization error, an estimator associated
to the temporal error, and an estimator associated to the spatial error. Consequently, these
estimators allow to formulate an adaptive resolution algorithm where the corresponding errors
can be equilibrated. We also propose a strategy of local mesh reffinement. Finally, we prove
the efficiency of our a posteriori estimates. A numerical test illustrates the efficiency of our
estimates and the performance of the adaptive algorithm. In particular, effectivity indices
close to the optimal value of 1 are obtained.

In Chapter [2| we derive a posteriori error estimates for the isothermal compositional model
of the multiphase Darcy flow in porous media, consisting of a system of strongly coupled non-
linear unsteady partial differential and nonlinear algebraic equations. This model is discretized
by a cell-centered finite volume scheme in space with the backward Euler temporal stepping.
We establish an upper bound for a dual norm of the residual augmented by a nonconformity
evaluation term by fully computable estimators. We focus in this chapter on the formulation
of criteria for the iterative linearization (such as the Newton method) and iterative algebraic
solvers (such as the GMRes method) that stop the iterations when the corresponding error
components no longer affect the overall estimate significantly. We apply our analysis to sev-
eral real-life reservoir engineering examples to confirm that significant computational gains
(up to an order of magnitude in terms of the total number of algebraic solver iterations)
can be achieved thanks to our adaptive stopping criteria, already on fixed meshes, and this
without any noticeable loss of precision.

In Chapter [3|we complete the model described in Chapter [2|by considering a nonisothermal

condition for the flow in order to treat the general thermal multiphase compositional flow in



porous media. For this problem, we derive fully computable a posteriori error estimates
analogous to Chapter [2| for a dual norm of the residual supplemented by a nonconformity
evaluation term. We then show how to estimate separately the space, time, linearization, and
algebraic errors, giving the possibility to formulate adaptive stopping and balancing criteria.
Specification of the abstract theory to the so-called dead oil model closes the chapter.

Finally, in Chapter {4 we consider the Steam-Assisted Gravity Drainage (SAGD) process,
more precisely a thermal oil-recovery technique of the deal oil type with steam injection de-
signed to increase the oil mobility. The main subjects of this chapter are to apply the a
posteriori error analysis of Chapters [2] and [3] propose a simplification and a quadrature for-
mula for an easy evaluation of the estimators, propose a space-time adaptive mesh refinement
algorithm, and illustrate by numerical results on real-life examples its performance. In par-
ticular, a significant gain in terms of the number of mesh cells is achieved on examples in 3
space dimensions.

Key words: a posteriori error analysis, adaptive algorithm, two-phase Stefan problem,
multiphase compositional Darcy flow, thermal flow, finite volume method, discretization error,
regularization error, linearization error, algebraic solver error, adaptive mesh refinement,

simplified evaluation of estimators, qudrature formula.
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General context

Environmental and physical phenomena of technology and energy are related to many
essential parts of our life. An important number of these phenomena is modeled by partial
differential equations (PDEs). While a few PDEs can be solved analytically, this is not the
case in general. FEngineers and mathematicians have thus founded numerical methods in
order to provide at least approximate solutions to these equations; the invention of numerical

methods is considered as a milestone.

Computational mathematics brings the important issue of accuracy. First of all, do we
have a good approximate solution? The answer to this question is given by the distance
between the exact and approximate solutions. The a priori error estimates are used to
estimate this error as a function of an unknown constant and the mesh size. Thus, an a priori
estimate is a good theoretical tool for evaluating the asymptotic accuracy of a numerical
method. However, as the bound in general depends on the exact solution, it can not be
computed in practice, except when there exist test cases whose data can be adjusted to
an exact solution, or when there exist significant benchmarks. In contrast to a priori error
estimates, a posteriori error estimates rely on the knowledge of the discrete solution only.
These estimates can be object-oriented in the sense that they assess a specific aspect of the
computation, such as local mass conservation, or they evaluate physical quantities of interest,
cf. Becker and Rannacher [I1], Oden and Prudhomme [47], Giles and Siili [29], Loseille et
al. [38], Ladeveéze and Chamoin [34]. More often, they estimate some form of the error
such as the distance of the approximate and exact solution in an energy norm, cf. Verfiirth
[53], Ainsworth and Oden [2], Babuska and Strouboulis [7], Neittaanméki and Repin [43],
Carstensen [17], or Repin [50].

In addition to the accuracy of the numerical method, we want to address two important

issues:

1) The discretization of nonlinear PDEs by numerical methods ultimately leads to very large
nonlinear systems. Solving these systems is a prevailing part of the total computational
load. Therefore, we ask: Is it possible to save an important part of the computing time by
reducing the number of linear systems to be solved or the number of iterations of linear

algebraic solvers?

2) Most physical phenomena produce complex, discontinuous local behaviors, such as changes
in phase, shocks, or boundary layers, caused by rough data and parameters, rough bound-
ary conditions, or singular equations. It is important to approximate accurately these
local behaviors. Although a priori estimates can be localized (see the work of Schatz and
Wahlbin in [51} 52]), they still typically depend on the unknown exact solution. Thus, the
question is: Can we design a tool that yields a good local estimation of the overall error

distribution, as well as the distribution of its components?
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General properties for an a posteriori error estimate

For model problems, the energy error between the unknown exact solution and the known
approximate solution can be estimated by an a posteriori error estimate which does not feature
any undetermined constant. In this case we say that we have a fully computable upper bound,
which is especially important for practical applications. Distinguishing the different error
components is another property of paramount importance. Typically, the approximation error
of unsteady problems is composed of discretization errors in space and in time. These should
be balanced by adjusting the size of the spatial mesh and of the time step, as suggested in, e.g.,
Bieterman and Babuska [13], Ladeveze and Moés [36], Ladeveze [33], Verfiirth [54], Bergam
et al. [12], Ern and Vohralik [24], and Carstensen et al. [I8]. Likewise, we can separate errors
coming from the different parts of the resolution of the problem as the linearization error and
the linear algebraic solver error, cf. Becker et al. [10], Arioli et al. [4], Chaillou and Suri [20],
Meidner et al. [40], or Ern and Vohralik [25]. Distinguishing these error components in the
resolution allows to propose stopping criteria for the various iterative solvers whenever the
corresponding error does not affect the overall error.

Ensuring a computable upper bound on the error and separating the different error com-
ponents is an important tool in precision assessment and for economizing unnecessary iter-
ations of resolution. However, error estimators are useful only if their computational load
is negligible compared to the cost of obtaining the approximate solution. Therefore, good
error estimators should also have a small evaluation cost, in order to be aplicable to real-life
problems and hopefully ensuring significant computational gains.

The local efficiency of the estimate is satisfied when the estimate on the error in each
computational cell represents a lower bound for this error, up to a generic constant, in the
given cell and possibly in its neighbourhood. The robustness of the a posteriori estimate
is then ensured when the generic constant of the local efficiency does not depend on the
parameters of the problem and on their variation. Lastly, the asymptotic exactness of the
estimate is obtained when the effectivity index, given by the ratio of the estimated and the
actual error, converges to the optimal value of one with increasing the resolution of the
simulation.

An optimal a posteriori error estimate is an estimate providing a fully computable upper
bound, distinguishing the different error components, ensuring a small evaluation cost, and

satisfying the local efficiency, the robustness, and the asymptotic exactness.

A posteriori error analysis based on equilibrated fluxes

The a posteriori error analysis considered in this thesis belongs to a class of a posteriori
error estimates called equilibrated fluzes estimates, cf. Prager and Synge [49], Destuynder and
Métivet [23], Luce and Wohlmuth [39], Ainsworth [I], Braess and Schéberl [14], Hannukainen



4 Contents

et al. [30], and the references therein. There exist many other cathegories of energy norm
a posteriori error estimates: explicit residual estimates, cf. Babuska and Rheinboldt [6],
Verfiirth [53], and Carstensen [16], the equilibrated residual method, cf. Ladeveze and Leguillon
[35] and Ainsworth and Oden [2], averaging estimates, see Zienkiewicz and Zhu [55], functional
a posteriori error estimates, cf. Neittaanmki and Repin [43] and Repin [50], hierarchical
estimates, see Bank and Smith [8], or geometric a posteriori error estimates, see Castro Diaz
et al. [19] or Frey and Alauzet [27]. The advantage of equilibrated fluxes estimates is that
they allow for optimality in the above-discussed sense.

The spirit of our work is to control a dual norm of the residual of the different problems
under consideration, augmented (if necessary) by a nonconformity evaluation term. This
is achieved by introducing H(div; Q)-conforming and locally conservative (equilibrated) flux
reconstructions, and potential reconstructions if necessary. Moreover, in a specific case (the
Stefan problem), we bound the dual norm of the residual from below as closely as possible
by some energy-like norm. Thus, we obtain a fully computable a posteriori estimate on this
norm as well. The local efficiencies of the a posteriori error estimates can also be proved here
as a theoretical foundation for the fully adaptive algorithms.

Many advantages follow from this approach:

e We get a fully computable upper bound for a dual norm of the residual that can be

localized in each element of the domain and at each time step during the simulation.

e The estimate allows to distinguish different error components corresponding to the
resolution of the problem such as: space, time, linearization, algebraic solver, and
regularization.

e Distinguishing the different error components leads us to formulate a criterion for the
choice of the regularization parameter (if regularization is considered) and criteria for
stopping the iterative algebraic solver and the iterative linearization solver, when the
corresponding error components do not affect significantly the overall error. Addition-
ally, we can also propose a balancing criterion to equilibrate the spatial and temporal
errors, and a local mesh refinement strategy by adjusting the sizes of the spatial mesh
and time step and evenly distributing the space error throughout the domain.

e Adaptive algorithms based on the previous criteria can be proposed and applied, en-
suring significant computational gains in terms of the total number of linearization

iterations, algebraic solver iterations, time steps, and mesh cells.

Practical motivations

We deal in this thesis with a class of multidimensional degenerate parabolic equations with
important industrial applications: the two-phase Stefan problem representing solidification
with a free boundary, and the multiphase compositional and thermal flow models in a porous

medium describing the movement of several fluids through a porous medium reservoir.
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Free boundary problems

A free boundary problem describes a physical phenomenon in a domain with moving
boundaries or moving interfaces separating subdomains, where the model of the phenomenon
is governed by different equations. A frequent example occurs when the phenomenon involves
a change in phase. Due to its industrial impact, this type of problems has been widely studied,
cf. Jerome and Rose [31], Amiez and Gremaud [3], Nochetto et al. [45], Picasso [48], Nochetto
et al. [40].

The two-phase Stefan problem models a phase change process which is governed by the
Fourier law, cf. Kamenomostskaja [32], Friedman [28], Meyer [42] or Meirmanov [41]. The
two phases, typically solid and liquid, are separated by a moving interface, whose motion is
governed by the so-called Stefan condition. Herein, we consider it as a model problem that

can be analyzed mathematically in full details.

Reservoir simulation

Reservoir modeling is an important branch of petroleum engineering which provides pre-
dictive tools to elaborate reservoir exploration and oil production strategies, cf. Aziz and
Settari [5]. From a mathematical standpoint, the underlying models require the numerical
solution of highly nontrivial problems resulting from nonlinear, strongly coupled systems of
partial differential and algebraic equations cf. Bear [9], Chavent and Jaffré [21], and Chen et
al. [22]. Our focus is on the simulation of problems representative of enhanced oil recovery
techniques.

The EOR (enhanced oil recovery), see Lake [37], is a generic term describing methods that
increase the volume of hydrocarbons extracted from a petroleum reservoir (recovery rate). The
EOR is the implementation of techniques for oil recovery occurring after a primary initial
recovery of hydrocarbons, very often followed by a step of water injection. Water injection
method is then typically referred to as secondary recovery. The injection of gas can be also
used as a method of secondary recovery, especially in geographical areas where it is difficult
to have water of sufficient quality for injection. Some EOR processes are even considered at
the onset of production from the reservoir (thus primary recovery), typically in the case of
reservoirs of heavy or extra heavy hydrocarbons so viscous that they can only be produced
by thermal processes.

All EOR methods are based on two principles invoked individually or in combination: An
increase in the capillary number and / or decrease in the mobility ratio, compared to their
respective values in the secondary phase of production. This simple characterization of the
EOR frames the research efforts to improve the recovery rate, the main aim of any EOR
operation. Despite this apparent simplicity, the aspects related to their implementation are
complex.

EOR processes include gas injection, chemical methods where the injection of polymer
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Figure 1: Classification of hydrocarbon recovery methods.

type, alkali, or surfactants change the ratio of mobility and / or the interfacial tensions of
the phases moving in the reservoir, and the thermal recovery by heat injection changing
the thermodynamic properties of fluids, see Figure Our focus will be on methods of gas

injection, and thermal recovery.

€0, Injection
o

Figure 2: Gas injection.

Gas injection

Gas injection is the most commonly used EOR process to date, cf. Lake [37]. The
obtained effect is an increase of the reservoir pressure in the injection zone and consequently a
displacement of the fluids in place. We are then talking about the sweeping of the oil reservoir
by the injected gas (solvent flooding, miscible gas-gas flooding, or flooding). However, in
this EOR process, gas injection provides more than pressurization and movement because
the compositions and properties of the fluids in place are changed. Thus, according to the
miscibility of the injected gas, mass transfer between the fluid in place and the injection fluid

(solvent) is more or less important. The capillary number increase (or the reduction of the
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gas—oil interfacial tension) acts on the resulting sweep efficiency. The injected products are
miscible / immiscible hydrocarbon gas, miscible / immiscible CO,, nitrogen, or combustion

gases (miscible and immiscible).

Steam Assisted Gra

Producing
~Well

I-~l-|

Steam Injection
|

producer

Figure 4: Vapex (left) and Thai (right) process.

Thermal methods

In this approach, see Butler [15], different methods are used to heat the crude oil in
the formation to reduce its viscosity and / or to vaporize a portion of the oil. Research in
recent years led to the development of management methods of steam (distribution of steam
in the reservoir) to improve the efficiency of the injection / production. A notable example
of this effort is the SAGD (Steam-Assisted Gravity Drainage), cf. Farouq [26]. Here, one
drills two horizontal wells. The top well is used to inject steam, while the bottom one is
the producer. As the temperature effect is particularly pronounced for viscous crudes, this
system is increasingly used to recover heavy oils.

The thermal methods include cyclic injection of steam, sweeping steam for heavy oil
(viscous but mobile), SAGD process, cf. Figure |3, VAPEX (vapor extraction), THAI (Toe-
to-Heel-Air-Injection), cf. Figure EI, and the combustion for bitumens. All these methods

improve the efficiency of sweeping by facilitating the movement of fluids.
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Outline
This thesis is organized as follows:

Chapter

In this chapter we consider the time-dependent two-phase Stefan problem: Given an initial

enthalpy ug and a source function f, find the enthalpy u such that

ou —V-(VB(u)) = f in Q x (0,tp),
u(+,0) = up in
B(u) =0 on 99 x (0,tg),

where Q € R?, d € {2, 3}, is an open bounded polygonal or polyhedral domain, not necessarily
convex, and tgp > 0.

Considering that the temperature f(u) cannot be more than Lipschitz continuous, it is
often proposed to regularize the Stefan problem, see, e.g., [44] [48], by replacing the function
B by a smooth, strictly increasing regularized function 3. € C1(R), 8. > ¢, for a parameter
e > 0. This ensures that the regularized flux —V.(u) has no jump discontinuity across the
interface.

We derive a posteriori error estimates for the two-phase Stefan problem and propose
adaptive strategies for its conforming spatial and backward Euler temporal discretizations.
As in Nochetto et al. [46], our approach is based on the dual norm of the residual. However,
we proceed differently in order to have fully and easily computable estimates not featuring any
undetermined constants. Our estimators yield also a guaranteed and fully computable upper
bound on the L?(L?) error of the temperature and the L?(H ') error of the enthalpy. We split
our estimate into estimators characterizing the space, time, regularization, linearization, and
quadrature errors in order to provide a criterion for the choice of the regularization parameter
and a stopping criterion for an iterative linearization such as the Newton method, giving rise
to a fully adaptive algorithm. The efficiency of the estimate is also proved.

We present numerical results which show that our estimate can predict the location of the
moving boundary, make the spatial mesh follow the front, adapt the time step, save many
useless linearization iterations, and finally control the choice of the parameter of regulariza-
tion e. Importantly, we get an effectivity index close to the optimal value of one for the dual

norm, as well as an excellent effectivity index for the energy norms.

Chapter

We focus in this chapter on the compositional model of multiphase Darcy flow in porous
media under the assumption that the flow process is isothermal. The equations that govern

this model are the conservation of the amount of each component supplemented by algebraic
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equations expressing the conservation of volume, the conservation of the quantity of matter,
and the thermodynamic equilibrium.

As an example used in the numerical experiments, we consider a model of a miscible two-
phase flow: The phases in this model are gas and oil, corresponding to P = {g, 0}, composed
of N¢ hydrocarbon components forming the set of component C. Mass interchange is allowed

between the phases. The system of equations can be written as

Okr (o] kr
Ot(qzb(COSOCO,C + CgSgC’gc)) + V- (C,u =Co Vo + Cg'u 8 Cg,c'vg> = ¢, VYeeC,
o g
So + 5 =1,
Z C'o,c = 17
CECO
Y Coe=1,
ceCy

Kgg(P? CO7 Cg)co,c = Cg,g, Ve € C,

with P the pressure, ¢ the porosity of the medium, (p, ptp, Sp, krp respectively the molar
density, viscosity, saturation, and relative permeability for the phase p € P, C, . the molar
fraction of the component ¢ € C in the phase p € P, K¢'® the equilibrium constant between
the oil and gas phases for the component ¢ € C, g. the source term, and finally, v, the average

phase velocity given by Darcy’s law
v, = —K(VP, + ppgV=z), peP,

with K the absolute permeability tensor, p, the mass density of the phase p, and g the gravity.

We derive a posteriori error estimates for the general multiphase compositional system
of strongly coupled nonlinear unsteady partial differential and algebraic equations. We show
how to control a dual norm of the residual augmented by a nonconformity term by fully com-
putable estimators. We then decompose the estimators into the space, time, linearization, and
algebraic error components in order to formulate criteria for stopping the iterative algebraic
solver and the iterative linearization solver when the corresponding error components do not
affect significantly the overall error.

We present numerical results on the above two-phase example. We employ the cell-
centered two-point finite volume method with fully implicit Euler time stepping, the Newton
linearization, and the GMRes algebraic solver. We consider both homogeneous and hetero-
geneous porous media. Our results show that the a posteriori error estimates detect all the
error components in the resolution, the moving front of the saturation, and warrant that the
adaptive algorithm does not affect the rate of oil production in comparison with a classical
simulation with very tight stopping criteria. They also confirm a speed-up factor of order 10
in terms of the total number of algebraic solver iterations in comparison with the classical

resolution.
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Chapter

In this chapter we complete the multiphase compositional model, introduced in Chapter [2]
by a nonisothermal condition for treating the general case of thermal multiphase compositional
flows in porous media. This condition is expressed by an additional equation representing
the conservation of energy. We propose an analogous analysis for the additional PDE. Fully
computable a posteriori estimators are derived to control a similar dual norm of the residual
augmented by a nonconformity evaluation term. Distinguishing the different components of
the error is also carried out to formulate criteria for stopping the iterative algebraic solver
and the iterative linearization solver. An application to the discretization by an implicit cell-
centered finite volume scheme with phase-upwind and two-point discretization of diffusive
fluxes is presented.

In the appendix of this chapter we apply the a posteriori analysis to a special case of the
thermal multiphase compositional model called the dead oil model, involving three phases,
the oil phase, water phase, and steam phase, represented by lowercase letters w,o0,s as in-
dices, respectively. We use also the uppercase letters W, O as indices to represent the two
components of the model: water and oil, respectively. The unknowns of the dead oil model
are the pressure P, temperature T', and phase saturations S,,p € P. The system of equations

can be expressed as follows:

( Ot (D(CwSw + (:55)) + V- (rwvyw + vsvs) = qw,
9 (¢CoS0) + V-(rovo) = qo,
v, = —K(VP, + ppgV=z), p € {w,o0,s},

kr.
szng:, pe {W70>S}7

Oer + V-(u — AVT) = Qu,

en = ¢e+ (1 —9)Ger,

(P) e = Sylwew + Soloo + Sslses,

U = (wHyvy + (o Hovo + (Hgvs,

Sw+S0+SS:].,

SsSw (T — Tyat(P)) = 0.

Here Qm, qc, c € {W, O}, represent source terms, g the gravity, ¢ the porosity of the medium,
(p(P,T') the molar density, p,(P,T') the mass density, v,(P,T, Sp) the phase velocity, K the ab-
solute permeability tensor, u,(P,T') the viscosity, k., (Sp) the relative permeability, v,(Fp, T, S)
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the mobility, e,(P,T) the rock internal energy, ¢; the rock molar density, A the thermal con-
ductivity, Hy(P,T), the phase enthalpy (thermodynamic potential), and T, the temperature

of saturation at which steam is in equilibrium with its liquid (water) phase.

Chapter

We consider in this chapter the Steam-Assisted Gravity Drainage (SAGD) model. An
example is the thermal dead oil model presented above. Thus the a posteriori analysis of
the isothermal model of Chapter [2| and of the nonisothermal condition of Chapter [3| applies
directly. In order to insert these a posteriori estimators into industrial codes we simpli-
fy /approximate in this chapter their computation. This avoids the implementation, in the
code, of discrete H(div;(2) spaces like the Raviart—-Thomas—Nédélec ones, together with any
physical construction of the reconstructed equilibrated fluxes. The evaluation of the estima-
tors becomes straightforward via a simple local quadrature formula. We also focus here on
an adaptive mesh refinement combined with a balancing criterion on the choice of the time
step. Numerical results for a real-life reservoir engineering example of the dead oil model
are discussed. We obtain an important reduction in the number of cells using the adaptive
refinement strategy compared to a fine mesh resolution, without affecting the accuracy of the

predicted oil production.
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for the two-phase Stefan problem

This chapter consists of an article accepted for publication in the journal Mathematics of
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Abstract

We consider in this chapter the time-dependent two-phase Stefan problem and derive a
posteriori error estimates and adaptive strategies for its conforming spatial and backward
Euler temporal discretizations. Regularization of the enthalpy-temperature function and
iterative linearization of the arising systems of nonlinear algebraic equations are considered.
Our estimators yield a guaranteed and fully computable upper bound on the dual norm of
the residual, as well as on the L?(L?) error of the temperature and the L?(H ') error of the
enthalpy. Moreover, they allow to distinguish the space, time, regularization, and linearization
error components. An adaptive algorithm is proposed, which ensures computational savings
through the online choice of a sufficient regularization parameter, a stopping criterion for the
linearization iterations, local space mesh refinement, time step adjustment, and equilibration
of the spatial and temporal errors. We also prove the efficiency of our estimate. Our analysis
is quite general and is not focused on a specific choice of the space discretization and of the
linearization. As an example, we apply it to the vertex-centered finite volume (finite element
with mass lumping and quadrature) and Newton methods. Numerical results illustrate the
effectiveness of our estimates and the performance of the adaptive algorithm.

Key words: a posteriori error analysis, adaptive algorithms, two-phase Stefan problem,
vertex-centered finite volume method, discretization error, regularization error, linearization

error, adaptive mesh refinement.

1.1 Introduction

The two-phase Stefan problem models a phase change process which is governed by the
Fourier law, Friedman [22]. The two phases, typically solid and liquid, are separated by a
moving interface, whose motion is governed by the so-called Stefan condition. Let Q C R¢,
d € {2,3}, be an open bounded polygonal or polyhedral domain, not necessarily convex, and
let tp > 0. The mathematical statement of the problem is as follows: given an initial enthalpy

ug and a source function f, find the enthalpy u such that

6tu - V(V,B(’U,)) = f in Q x (O,tF), (1113)
u(-,0) = up in €, (1.1.1b)
B(u) =0 on 99 x (0, tp). (1.1.1¢)

For the sake of simplicity, we assume that u is normalized so that the (specific) enthalpies
of the two phases are 0 and 1, respectively, and only consider the homogeneous Dirichlet
boundary condition . The temperature 3(u) is expressed as a function of the enthalpy
u. In what follows, we assume that 5(-) is a nondecreasing Lipschitz continuous function
which vanishes in the interval (0,1). The latter condition reflects the latent heat in the phase

change.
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The numerical analysis of the Stefan problem has been considered in several works. A
finite difference method for the multi-dimensional Stefan problem is discussed in Meyer [32].
The author presents a convergent numerical scheme which is the implicit analogue of the
method of Kamenomostskaja [27]. In Ciavaldini [I2], the numerical approach is based on finite
elements of first order. The author describes the different schemes used and the nature of
their convergence. Elliott [16] presents a finite element approximation of an elliptic variational
inequality deduced from a semi-discretization in time of the weak formulation of the two-phase
Stefan problem. Discretization schemes for regularized versions of the Stefan problem based
on piecewise linear Lagrange finite elements in space and backward differencing in time are
presented by Jerome and Rose [25]. Jéger and Kacur [24] use the enthalpy formulation and
a variational technique to analyze the convergence of linearized semi-discrete-in-time and
fully discrete schemes for nonlinear degenerate parabolic systems of porous medium type. In
Amiez and Gremaud [2], a numerical scheme based on the approximation of the enthalpy
formulation by semi-implicit finite differences in time combined with continuous piecewise
linear finite elements in space is presented. Nochetto [33] employs the regularization technique
to derive a priori error estimates in L2(0, tp; L?(Q)) for the enthalpy and temperature errors
of respectively one half and first order for an implicit finite element scheme, under suitable
conditions on the data and relation of the space and time steps.

More recently, attention has been paid to finite volume methods which can be used on a
large variety of meshes. The framework of semigroup theory has been used by Baughman and
Walkington [4] for the study of the co-volume method, which is a special instance of the finite
volume method. The analysis predicts one half order rates of convergence for approximate
solutions of the enthalpy in L>(0,tp; H 1(Q2)) and of the temperature in L?(0,tg; L*(12)).
In Eymard et al. [2I] the authors give a convergence proof in the case that a finite volume
scheme on a general mesh is used for the space discretization. Weak-* convergence for u in
L> and strong convergence for 5(u) in L? is shown by means of a priori estimates in L> and
use of the Kolmogorov theorem on relative compactness of subsets of L. Half order error
estimates via regularization have also been obtained in Pop et al. [42], whereas extensions to
degenerate hyperbolic—parabolic equations can be found in Andreianov et al. [3].

A technique often used in various numerical approaches, Nochetto [33], Nochetto and
Verdi [37], Picasso [40], Beckett et al. [6], or Pop et al. [42], employs a regularization of the
nonsmooth and nonstrictly increasing function 8 by a smooth and strictly increasing one.
This allows, in particular, to use the Newton method for the solution of the arising system
of nonlinear algebraic equations, albeit its use without regularization has been advocated in
Wheeler [52] or in Baughman and Walkington [4] and studied in Kelley and Rulla [28]. Alter-
native approaches such as transformation of dependent variables of Cermék and Zldmal [10]
have also been proposed.

An inevitable tool in practical simulations seems to be an a posteriori error estimate-

driven adaptive mesh refinement. One of the first works on a posteriori error estimates for
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the steady Stefan problem is that of Picasso [40]. Therein, the author derives estimates based
on the residual equation for a two-dimensional regularized Stefan problem and proposes a
space adaptive finite element algorithm. A posteriori indicators for unsteady phase change
problems were derived by Nochetto et al. in [34] [35], together with an adaptive algorithm
which equilibrates space and time discretization errors. Many other adaptive refinement al-
gorithms such as that of Beckett et al. [6] have also been proposed. Rigorous a posteriori
error estimates for nonlinear parabolic problems seem much less developed. In nondegen-
erate cases, Verfurth [46], 47] was able to obtain an estimator which is both reliable and
efficient. A pioneering contribution for degenerate parabolic problems has been obtained by
Nochetto et al. in [36]. Therein, L°°(0,tp; H 1(f)) estimates for the error in the enthalpy
and L2(0,tg; L?(Q)) estimates for the error in the temperature are obtained. The approach
is based on the relation of these errors to the residual of obtained through the corre-
sponding dual partial differential equation and subsequent use of the Galerkin orthogonality of
the finite element discretization. Recently, rigorous a posteriori error analysis in a space—time

dual norm, including some degenerate cases, was given in [14].

The aim of this chapter is to derive fully computable a posteriori error estimates and
adaptive strategies for the two-phase Stefan problem for conforming spatial discretiza-
tion schemes such as the finite element, co-volume, or vertex-centered finite volume ones
with backward Euler time stepping. As in Nochetto et al. [36], our approach is based on
the dual norm of the residual. However, we proceed differently in order to have a fully
and easily computable estimates not featuring any undetermined constants. This is achieved
by introducing H(div; Q)-conforming and locally conservative flux reconstructions following
Prager—Synge [43], Ladeveze [29], Destuynder and Métivet [I3], Luce and Wohlmuth [30],
Braess and Schéberl [8], Repin [45], and [50, [I8] 15], 14 [19], see also the references therein.

In Section [I.2] we give a weak formulation, introduce a regularized problem with a regular-
ization parameter € > 0, and fix the notation for temporal and spatial meshes. In Section [L.3
we identify the residual and its dual norm and we derive an a posteriori error estimate on this
problem-dependent error measure. We next split this estimate into estimators characterizing

the space, time, regularization, linearization, and quadrature errors.

Section [I.4]subsequently presents a criterion for the choice of the regularization parameter
€ and a stopping criterion for an iterative linearization such as the Newton method. The
former is designed to facilitate the treatment of the degeneracy while not spoiling the accuracy,
whereas the latter is designed to avoid performing an excessive number of nonlinear solver
iterations. These criteria are inspired mainly from [26] 15, [19]. We then propose an adaptive
algorithm which uses these criteria while simultaneously performing the usual local mesh
refinement and equilibration of the spatial and temporal errors. This algorithm is inspired
from [34, 35, 40, 36} [6] and from the work [18| 23] 14} 19]. We conclude Section [1.4] by proving
that, under these criteria, our estimators are also efficient while representing a lower bound

for the dual norm of the residual.
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In Section we show how to bound the L?(0,tg; H~1(£2))-type error in the enthalpy
and L2(0,tp; L2(Q))-type error in the temperature by the above dual norm of the residual.
We in particular focus on the use of the Gronwall lemma with as small overestimation as
possible and no appearance of the exponential term e’f elsewhere than in the approximation
of the initial condition. Guaranteed and fully computable a posteriori error estimates on these
natural norms immediately follow.

Section presents the application of all these developments to the vertex-centered fi-
nite volume (or, equivalently, finite element with mass lumping and numerical quadrature)
discretization in space, backward Euler discretization in time, and Newton linearization. Il-
lustrative numerical results fill up Section and, finally, Appendix collects the more

involved proofs of the various theorems of the chapter.

1.2 Continuous and discrete settings

This section fixes the basic continuous and discrete settings. More precisely, Section [1.2.1
presents the continuous problem and the regularization, whereas the basic assumptions on
the discretization are introduced in Section [1.2.2]

1.2.1 Continuous setting
1.2.1.1 The continuous problem

The starting point for our a posteriori analysis is the weak form of problem . To
give it, we need to introduce the assumptions on the data and set up some notation. We
suppose that: (i) the enthalpy—temperature function 8 : R — R is a Lipschitz continuous
function such that

B(s)=0  in(0,1),
3 is strictly increasing in R~ and RT \ (0,1), and there exist ¢,C > 0 such that, for all
s € R\ (0,1), sign(s)B(s) > c|s| — C, see Figure the Lipschitz constant of 5 is denoted
by Lg; (ii) the initial enthalpy wug is such that ug € L*(2); (iii) the source term is such that
f € L0, tp; L3(Q)).
We will repeatedly use throughout the chapter the two following spaces:

X := L0, tp; HY (), Z = HY(0,tp; H1(Q)). (1.2.1)
We will also need the dual space X’ of X,
X' = L*(0,tp; H (),

and equip the space X with the norm

tg 9 2
lollx = { [ 196000 dt}
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Figure 1.1: An example of a function S and a regularization S,

We denote by (-,-) the duality pairing between H~1(Q) and H}(2), while (-,-)s is the usual
scalar product in L%(S) or [L?(9)]¢, with the subscript omitted when S = €.
The weak formulation of problem (|1.1.1)) can now be stated. It reads: find

URSIVA with Blu) € X (1.2.2a)
such that
u(-,0) = up in (1.2.2b)
and, for a.e. s € (0,tp),
Ouu(15),0) + (VB 9), Vo) = (f(-5),0)  Voe HIQ).  (12.20)

Existence and uniqueness of the solution to this problem are known [22, [1], 38, [7].

1.2.1.2 A regularization

An important feature of the problem ((1.2.2) is that, as a result of the assumptions on 3,

the normal component of the temperature flux —V(u) may jump across the interface
I(t) = {x e Q:p(u)(x,t) =0}.

This fact may hinder both the design and the convergence analysis of a discretization method.
Additionally, the lack of smoothness in the dependency of the solution on the problem data
can severely affect the convergence of nonlinear iterations. A possible and often employed ap-
proach [33, 37, 40, 6] to overcome these difficulties consists in regularizing the problem ((1.2.2))
by replacing the function 3 by a smooth, strictly increasing regularized function 3. € C'(R),
Bl > €, for a parameter € > 0; see Figure for an example. The regularized problem reads
as follows: find

u €z with Be(uf) € X (1.2.3a)
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such that
ut(-,0) = B (Bluo))  in 9, (1.2.3b)

and, for a.e. s € (0,tp),

<8tu€('7 3)790> + (Vﬂg(ue(-,s)),Vgp) = (f(-,S),gD) VQO S H&(Q) (1’2'3C)

1.2.2 Discrete setting

We describe here the basic discrete setting that will be sufficient for the developments of
Sections [1.3 Further details are given in Section [1.6

1.2.2.1 Time mesh

Our focus is on first-order time discretizations based on the backward Euler scheme. Let
{m"}1<n<n denote a sequence of positive real numbers corresponding to the discrete time
steps such that tp = Egzl 7. We let t° := 0 and, for 1 < n < N, we introduce the discrete

times ¢" := >_I' | 7" and the time intervals I,, := (t"~1, 7).

1.2.2.2 Space meshes

Let {K"}o<n<n denote a family of matching simplicial meshes of the space domain €.
The initial mesh K is used to approximate the initial condition ug, while K" is used to
march in time from #"~! to t". The meshes can be refined or coarsened as time evolves.
For the developments of Section below, we are led to suppose that K™, 1 <n < N, is
obtained from K"~! by refining (a limited number of times) some elements and coarsening (a
limited number of times) some other ones. We denote by X"~ 1" the coarsest common submesh
(overlay) of both K™ and K" ~! and, once again for the developments of Section m suppose
that the meshes {K" 1"} <, <y are shape-regular in the sense that there exists a constant
ki > 0 such that

for all 1 < n < N, where pg denotes the diameter of the largest ball inscribed in the element
K and hg the diameter of K. For 0 <n < N, we denote by IIjj the L?-orthogonal projection
onto the space of piecewise constant functions on ™.

For 0 < n < N, let 7" denote the set of mesh faces. Boundary faces are collected in
the set FPm := {F € F* F C 0Q} and we let Fo" := F"\ FP". For a given face F' € F'"
we fix an arbitrary orientation and denote the corresponding unit normal vector by np; for
F e }'bvn, np coincides with the exterior unit normal ng of . A similar notation for the

faces F~ 17 of the meshes K"~ 1" will also be used.
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1.3 An a posteriori error estimate for the dual norm of the

residual

In this section we derive an a posteriori estimate for the error measured by the dual norm
of the residual that we first identify. We then give a basic estimate that we subsequently

refine to distinguish the space, time, linearization, regularization, and quadrature errors.

1.3.1 Dual norm of the residual

As in Picasso [40] or Nochetto et al. [36], our key for deriving a posteriori error estimates
for the Stefan problem will be the residual and its dual norm. Recall that v denotes the
weak solution of the Stefan problem given by and the definition of the space X (|1.2.1)).
Let up, € Z such that S(up,) € X be arbitrary. In practice, up, will be the result of the

numerical simulation. We define the residual R(up,) € X’ such that

tp
(Runr), p)xrx = [ {{0(u—unr), ) + (VB(u) = VB(unr), Vo)t (s)ds,  pe X.
0
(1.3.1)
Using , we can infer the following alternative expression for ((1.3.1)):
tp
(R(unr), @) x,x = ; {(f.0) = Ovunr, ©) = (VB(unr), V) } (s)ds,  p € X.

The norm of the residual in the dual space X’ is then given by

IR(un:)x == sup  (R(unr), ) xr x- (1.3.2)

PEX, |l x=1

The key problem-specific measure of the distance between uy, and u that we will use in this
chapter is given by
”R(UhT)HX’ + HUO - uhT('7O>HH—1(Q) . (1.3.3)

It follows from that the measure is zero if and only if the function uy, coincides
with the exact solution u. As we shall see below in Section [1.5] it in fact controls the energy
error between u and up,; and B(u) and S(up,). Moreover, this quantity can be easily bounded
in terms of error estimators based on H(div; Q2)-conforming flux reconstructions for piecewise

affine-in-time uj,, that we show next.

1.3.2 General assumptions

In order to proceed with the analysis further, without the necessity to specify at this
point any details on how the approximate solution uj, was obtained, we are lead to make the
following assumption. It requires Z- and X- conformity and uy, to be piecewise affine and
continuous in time on the time mesh {I, }1<,<n of Section
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Assumption 1.3.1 (Approximate solution). The function up, is such that

Upr € Z, Opupr € L2(07tF§L2(Q))7 B(uhﬂ') € X,

upr|1,, 18 affine in time on I, vl<n<N.

Note that, consequently, the function uy, is uniquely determined by the N + 1 functions
ul = up (-, "), 0 < n < N, and dpu}, = Oyups|r, = (uf —u) 1) /7", 1 <n < N. We will
also employ the abridged notation uj. _ for us.|r, .

The second assumption that we make is the existence of a piecewise constant-in-time
H(div; Q)-conforming flux reconstruction tj, locally conservative on the meshes K" of Sec-
tion Let us first denote by f the piecewise constant-in-time function given by the

time-mean values of the source function f on the intervals I,,, 1 <n < N.

Assumption 1.3.2 (Equilibrated flux reconstruction). For all 1 < n < N, there ezists a
vector field t) € H(div; Q) such that

(VA2 D = (f", V)i — (O, 1) e VK € K™
We denote by t;, the space-time function such that ty|g, 1=t} for all1 <n < N.

In Section[I.6]below, we show how to construct an equilibrated flux reconstruction ¢, in the
context of vertex-centered finite volume (finite element with mass lumping and quadrature)

spatial discretization.

1.3.3 A basic a posteriori error estimate

We now give an a posteriori error estimate in the general setting of Assumptions [1.3.1
and [[.3:2] Note that the regularization of Section is not used at the present stage.

We will estimate the error measure by the local residual expressed with the flux
t, and by the difference of ¢;, and the temperature flux, in the spirit of [43] 29] 13} 30, 8, [45]
and [50, I8, 5] 14, 19]. More specifically, for 1 < n < N, t} as in Assumption and

K € K", we define the residual estimator ny, ;- and the fluz estimator ng j as follows:

n o o n _ \7.4n
nR,K = Cp’KhK Hf atuhT \% th 12(K) 5 (1.3.4&)
e (8) = 165+ VBunr ()| tel,. (1.3.4b)
Here, Cp k is the constant from the Poincaré inequality
le ~ Mplia ey < Crachic IVl Vo € H'(K). (135)

There holds Cp g = 1/m as the simplices K are convex, see [5, [39]. Finally, we define the

iitial condition estimator by

me = Juo — unr (-, 0)| g-1(q) - (1.3.6)
We then have:
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Theorem 1.3.3 (A posteriori estimate for the error measure (1.3.3). Let u be the weak
solution given by (1.2.2) and let up, and ty, fulfill Assumptions|1.3.1| and|1.3.2, respectively.
Then, there holds

IR (une)lx: + o — e (- 0) |10y < 1+ mic (13.7)

where

N 3
n= {Z/I Z (1R 1 +77§,K(t))2dt} + ”f - f”X,- (1.3.8)

n Kekn
Proof. Let ¢ € X with |p|y = 1 be given. Then there holds, adding and subtracting (¢5, V)
and using Green’s theorem,

tp

(R(uns), ) xr x = ; {(f = Ounr — V-, ) — (tn + VB(unr), V) } (s)ds

tp R R
= [ {0 = 1.0+ (F = B = Vot ) = (11 + (). T} (5)s
=:J14+ T2+ TJs.

For the first term we infer J; < Hf - fHX’ lely = Hf — fHX/. The second term can be

rewritten as follows: N
%= [ (" aut, ~ Ve o))
n=1 I,

For all 1 < n < N and t € I,, there holds (the dependence of ¢ on the time variable is
omitted for brevity),

(fn - 8tu;LLT - Vt27 SO) = Z (fn - 815“27 - th7 SO)K
KeKn

= > (/"= owf, — Vi, o — o)k
KeKn

. Hf" — Ouup, — Vit
Kekn
S Z Cp’KhK an - &guz.,. - Vtz
Kekn

= Z R, K ||V90HL2(K)a
Kekn

IN

) lo = Tgel 20

L) Vol 2

where we have used the regularity of the arguments, Assumption [I.3.2] the Cauchy—Schwarz
inequality, and the Poincaré inequality (1.3.5)). For the third term, an application of the
Cauchy—Schwarz inequality yields

N
J3 < Z/I Z Mgk 1Vl L2y (s)ds.
n=1

n Kekn
Collecting the above estimates, using the definition (|1.3.2]) of the dual norm of the residual,
and using the Cauchy—Schwarz inequality yields (|1.3.7]). O
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1.3.4 An a posteriori error estimate distinguishing the space, time, regu-

larization, linearization, and quadrature errors

Our next goal is to distinguish the different error components. This is an instrumental
step to design an adaptive algorithm where the time step, the space mesh, the regularization
parameter, and the stopping criterion for the linearization iterations are chosen optimally.
We start by localizing in time the error measure introduced in Section [1 For1<n<N,

we let
Xp = LQ(InS H&(Q)), Ly = Hl(In;Hil(Q))'

We localize in time the dual norm of the residual ([1.3.2)) by setting

|R(unr)ly, == sup {01 — wnr), ) + (VB(u) — VB(unr), V)} (s)ds. (1.3.9)
€ X, Il x, =1/ I

Note that, consequently,
IR (unr) |5 = ZHR une) 5,

for any up, € Z with B(up,) € X.

Suppose now that we are marching in time from time t"~! to time " with a given time
step 7", starting from the approximation uh . We also suppose that the regularization of
Section [1.2.1.2 has been used for a given value of the parameter €, and that we are on the
k-th step of some iterative linearization algorithm. We denote by uZ’E’k the approximation of

the solution u at time t" and prescribe the space-time function uZ:k by the value u} ™' at

n,e,k

time t"~1, by the value w7 at time ", and by affine behavior in time on I, i.e.,

K k t—
Wl (1) = (1= p(@) ™" + p(yu™,  pt) = (1.3.10)
We summarize our general requirements in the following:
Assumption 1.3.4 (Adaptive setting). For all1 <n < N, a reqularization parameter ¢ > 0,

and a linearization step k > 1:

(i) uy© 'k is the approzimate solution given by (L.3:10), uy® ke Z, with 8tu2’:’k € L?(I1,; L*(Q))
and B(uZ:k) € Xy;

(ii) there exists an equilibrated fluzx tZ’e’k € H(div; Q) such that

(VA" Vg = (" D — Q" ) VK € K (1.3.11)

(iii) lZ’E’k € [L2(Q)]? is the available approxvimation of the flux ¥V Be(u(-,t"));

(iv) II™ is an operator used for interpolatory numerical integration.
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An example of the approximate solution uZ:k, the linearized flux lZ’E’k

, and the operator

II"™ in the context of the implicit vertex-centered finite volume discretization and Newton

linearization is provided in Section below.

Proceeding as in Theorem [1.3.3] it is immediately inferred

1
2 2
ek e,k e,k
”R ") {/I 771?{}( + g (t)> dt}

n Ke’Cn

where
n,e,k . C h m ) n,e,k n,ek
R i = Cp.xhi | [ — 0wy, =Vt

I

L2(K)

6+ VBt )|

n,e,k
t) =
T]FK() LQ(K)’

t eI,

(1.3.12)

For all K € K", we next define the local spatial, temporal, quadrature, reqularization, and

linearization estimators as follows:

k k €,k k
S Rt 8 IS
'I’L,E,k R n nEk n nek
Tote (1) = | VAT B0, 1) = V80| b du,
Mok (0= [V () = VAT B )| oo €T
n.e,k . n n,ek n n,e,k
Mol = [ VTR = VATl
n,ek n n,ek n,ek
= II -0 ’ .
nhnK ( 55( )) h L2(K)
Global versions of these estimators are given by,
2
k
(ngpek) =" Z (W:;K> ’
Kekn
2
kN2 k
(= [ X (ko) a
In ek
2
e,k\2 6,k
(772(1 )? ::/ Zd,K(t)> dt,
In KEK:'"‘
2
6k
(ms®)? =7 (nfeg,x) :
Kekn
2
€,k\2 e,k
Ot = S0 (k)
Kekn

(1.3.13a)
(1.3.13D)
(1.3.13¢)
(1.3.13d)

(1.3.13¢)

(1.3.14a)

(1.3.14b)

(1.3.14c)

(1.3.14d)

(1.3.14¢)

Using the inequality ([1.3.12)) followed by the triangle inequality we obtain the following esti-

mate:

Corollary 1.3.5 (Distinguishing the space, time, quadrature, regularization, linearization,
and data oscillation errors). Let u be the weak solution given by (1.2.2), let1 <n < N, e >0,



30 Chapter 1. The two-phase Stefan problem

and k > 1, and let qu’k, tZ’€’k, lZ’e’k, and II"™ be as described in Assumption m Then
there holds

n,e,k k n,e,k n,e,k k n,e,k
HR(uhT )HX, S0t g Fga e+

Remark 1.3.6 (Time oscillation of the source term). The error due to the time oscillation

of the source term

- fHX, 18 zero provided that the source function f is piecewise constant

n time.

1.4 Balancing and stopping criteria, adaptive algorithm, and

efficiency

The individual error component estimators of Corollary are used in this section to
define adaptive criteria to stop the iterative linearizations, to select the value of the regu-
larization parameter €, to locally adapt the quadrature rule, to adjust the time step, and to
select the mesh elements to refine / derefine. These criteria are incorporated in a fully adap-
tive algorithm detailed in Section 2l Finally, in Section [L we show the efficiency of our

estimators when the adaptive balancmg and stopping criteria are used.

1.4.1 Balancing and stopping criteria

Following [26], 15], [19], this section introduces stopping criteria for the iterative algorithms
based on the estimators of Corollary The goal is to stop the iterations as soon as the
corresponding error component no longer affects significantly the overall error. We assume in
what follows that we are marching in time from time t"~! to time ¢". Let three user-given

parameters I'lin, I'reg, I'qa € (0,1) be given. The criteria are:

(i) Linearization. The linearization iteration is pursued until step kj,, such that
JEn n skn sk
i < T (s e et g . (1.4.1)
(ii) Regularization. The regularization parameter € is reduced until the value €, such that
nnegen,kn < Freg < no€nskin + 77” s6n + nn Emkn) . (1'4'2)
(iii) Quadrature. The quadrature rule is improved until

ngde'na n < F ( n,€en,kn + nn €n7kn> . (143)

Note that all the linearization, regularization, and quadrature errors may be classified as
subsidiary as they can be made as small as desired by increasing the computational effort

for fixed mesh and time step; it is thus reasonable to expect that the above criteria will be
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attained. Local, element by element, versions of the criteria f can be formulated
using the local estimators (see [26, 15, 19]), and require that the inequalities hold for
all K € K™ for an example.

In the spirit of [41],[36] 48] and [18) 23] [14], we also propose the usual space-time adaptivity:

(iv) Space-time error balancing. The space and time error components should be equilibrated

by selecting the time step 7" and adjusting the spatial meshes K™ in such a way that
nykn nyKn
Yotk < et < Dy nen e (1.4.4)

Above, 'ty > y4m > 0 are again user-given parameters, typically close to 1.

(v) Adaptive mesh refinement. The error in space should be evenly distributed throughout
the domain 2 by local adaptation (refinement, coarsening) of the space mesh K™ in such
a way that, for all K1, Ko € K",

n,en,kn - . Nen,kn

nsp7K1 ~ nSP7K2

In contrast to (T.4.1)—(T.4.3), the goal is to make n5™"™ and n"“** of comparable size
as these error components are substantial and cannot be made arbitrarily small for a given

choice of the mesh and of the time step.

1.4.2 Adaptive algorithm

In this section we propose an adaptive algorithm that implements the balancing and
stopping criteria of Section Moreover, for a prescribed ¢ > 0, we aim at satisfying the

relation

N 2
E — R Unhr 4
Zn:l

L2(In;L2(Q))
i.e., to bring the relative error under the user-given precision (. To account for limited

n,e,k

h

computing resources, we fix refinement thresholds A, 7 > 0 for both the mesh size and the
time step and require, for all 0 < n < N,
min hxg > h "> 1.4.6
Kekn K= =T ( )
Note that, in particular because of ([1.4.6)), the attainment of ([1.4.5] is not guaranteed.
Recall that uZ’e’k stands for the approximation of the solution uj at discrete time ¢"
obtained after k linearization iterations using a regularization parameter €. At each lineariza-

tion iteration k, the new approximation uZ’e’k

is obtained solving the linear problem written
schematically as uZ’e’k = \I/(uZ’e’k_l,T”, K™). For the sake of simplicity, in what follows we
neglect the quadrature and data oscillation estimators. Our adaptive algorithm is the follow-

ing:
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Algorithm 1.4.1 (Adaptive algorithm).

Fix the fractions of cells to refine, c.of, and to derefine, cqeref
Choose an initial mesh K9, regularization parameter €y, and a tolerance (ic > 0
W)« OB (B(uo))
repeat {Initial mesh and regularization parameter adaptation}
Compute 71
Refine the cells K € K% such that Mo, = Cref MAXpepco {nIC, L} in accordance with
and adjust the regularization parameter g
uf, T85! (8(w)))
until nie < G ||V (Bey (up)) 120
Choose an initial time step 79
e—¢€,t"—0,n+<0
while t" < tp do {Time loop}
n<—n+1
K« Kt
T L
uZ’E’O — uzfl
repeat {Space refinement}
repeat {Space and time error balancing}

repeat {Regularization}

k<0
repeat {Nonlinear solver}
k«—k+1

k k—1
u;ll’zez — ‘I/(UZ7€7 , T?’L’ ICTL)

C t n,e,k nek nek  nek
ompute 7jsp =, Mgy 5 Mreg 5 Min

until (1.4.1)) is satisfied

kn < k
if does not hold then
€< €/2

end if

until is satisfied

€n < €

if n?nf"k" < %mngf”’k" then
T 27"

else if ng;f"’k" > thn&f”’k" and 7" > 27 then
T = T7"/2

end if

until (1.4.4)) is satisfied or 7" = 1

J€nskn JEnskn
Refine the cells K € K" such that n:pr > Crof MAX[cicn {n:pr } in accordance
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with (L)
N,€n,kn N,€n,kn ,€n,

. kn
until n:;»,n,en,knntm g™ 1 <( or (hg = h,VK € K")

L2(In;L?(92))

Derefine the cells K € K" such that n:péf(k" < Cderef MAX [ cicn {n:pezk"}

k
lnvena n
h

n n16n7k7l
Up 4 Uy
T
€+ 2¢

end while

1.4.3 Efficiency of the a posteriori error estimate

In this section we investigate the global efficiency of the estimators of Corollary [I.3.5] under
the stopping and balancing criteria of Section [1.4.1} Hence, the quantities at discrete time t"
are those obtained after performing k,, linearization iterations to meet the criterion ,
using a regularization parameter €, and a quadrature rule such that, respectively, (1.4.2)
and are satisfied, and a time step ensuring the time and space error balance .
As usual, in order to use the argument of equivalence of norms on finite-dimensional spaces,

we need to assume here:

Assumption 1.4.2 (Polynomial approximations). For all 1 < n < N, the function uZ:"k"
is affine in time on the time interval I,, and piecewise polynomial of order m in space on the
mesh K" =57, the functions lZ’€"’k" and tZ’€”’k" are piecewise polynomial of order m in space

on ,Cnfl,n

For 1 < n < N, we introduce the standard residual-based a posteriori error estimators,
[48]:

~ 2
() =7 > W%k Hf” — Qe 4 et (1.4.7a)
Ken—1n L)
2 El n’kn 2
() =7" S hp H[[l,’;“ ]]-nF‘ Ly (1.4.7b)
Fe]:i,n—l,n

Let C be a generic constant only depending on the shape regularity parameter xx of the
meshes "~1" 1 < n < N, the space dimension d, and the polynomial degree m. In order to
still proceed generally, without the specification of a particular spatial discretization scheme,

we will suppose the following:
Assumption 1.4.3 (Approximation property). For all 1 < n < N, there holds

>

KeKkn—1n

2

k n,€n,k
lnaen, n +t s€n,yRn
h h

n 2 n 2
L2(K) < C ((nres,l) + (nres,2) > . (148)

This property will be verified in Section below for the vertex-centered finite volume

spatial discretization and specific constructions of the fluxes tZ’E"’k" and lZ’E"’k".
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Under these assumptions, we have the following result, showing the equivalence of the
R(u"’;bf'rLakn)

error

. and the estimators of Corollary [1.3.5] up to data oscillation:

Theorem 1.4.4 (Global efficiency). Let, for all 1 < n < N, the stopping criteria (1.4.1])—
(1.4.3) as well as the second inequality in the balancing criterion (1.4.4)) be satisfied with the

parameters Dy, Ireg, qa, and Iy small enough. Let Assumptions|1.4.2 and|1.4.5 hold true.
Then

N,€n,kn n,€n,kn n,€n,kn N,€n,kn n,€n,kn n,€n,kn
nsp + ntm + nqd + nreg + nlin S C <HR(uh'r )

X/, + Hf B fHX;) '

The proof of this result follows the techniques of [49] and the approach of [15]. It is given
in Appendix

1.5 An a posteriori error estimate for the error in temperature

and enthalpy

In the previous sections we have given a posteriori error estimators for the dual norm
of the residual. In this section we prove that these same estimators also bound an error in
temperature and enthalpy. We rely on a duality argument which reveals simpler than using

the dual partial differential equation as in [36].
1.5.1 Bounding the error of the temperature and enthalpy by the dual
norm of the residual

For brevity of notation we let for ¢t € (0, tg],
Qr:=L*(0,t;L%(Q)),  X;:=L*0,6;H)(Q)),  X[:=L*0,t;H 1(Q)).

It is convenient to stress that the result of this section applies to all functions uy, € Z such
that S(up,) € X. We first state the following bound:

Lemma 1.5.1 (Simple bounds for the temperature and enthalpy errors). Let u be the solution

of (1.2.2) and let up, € Z be such that B(up,) € X. Then there holds

L
2 1w = ) G t0) -1y + 18(u) = Blunr) I3,

L
5 o= el +

L
< 21(2¢" = 1) (IR(unr) B + a0 = unr (- 0) -1y )

L
(= ) oty HIB0) — B, < 2t (IR Gune) o+ Jao = e Oy 1y ) -
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The results of Lemma are classical; we obtain them as a byproduct in the proof of
Theorem in Section below. These results are, however, not sufficiently precise.
In particular, the use of the Gronwall lemma in its proof implies the appearance of the
term e'F on the right-hand sides, which grows exponentially with the final time tp. The
purpose of the following theorem is to improve considerably this point. Indeed, note that,
in Theorem the term e’ does not appear elsewhere than in the approximation of the
initial condition |ug — upr (-, O)||12LI_1(Q) which can be made sufficiently small. Theorem m
takes a more complicated form than Lemma but the numerical results based on its use,
see Section [I.7] reveal excellent, which is not the case for the framework of Lemma

Theorem 1.5.2 (An improved bound for the temperature and enthalpy errors). Let u be the
solution of (1.2.2)) and let up, € Z be such that S(up;) € X. Then there holds

L L
5 I = ung [+ = 1 = )G t0) s + 18G0) = Blunn) Iy,

tp
v2 [ (1800 - ), + [ 190 - Bl ¢ -as )

L
< ;{(wF = 1) Juo = wnr (-, 0) 31 () + IR (unr) 5

tr t
=7 <||R(uhr)||§(£+ [ 1Rt et—8d5> dt}.

The proof of this result is given in Section

1.5.2 The a posteriori error estimate

The upper bound in Theorem can be combined with the results of Section to

obtain an a posteriori estimate for the temperature and enthalpy errors.

Theorem 1.5.3 (A posteriori estimate for the temperature and enthalpy errors). Let u be

the solution of (1.2.2) and let up, and ty fulfill Assumptions and [1.3.3, respectively.
Then there holds

Lg Lg
- ||u — unrl3 + H (= wnr) (5 1) =10 + 18(w) = Bluns) g,

tp
w2 [ (1800 = Bturn) 1B, + [ 196 = Blunr )i, s )

L
;{(zetF — Dnie +n°

Rt a Rl tall))

n=1 %

S (1.5.1)
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with mic defined by (1.3.6), n defined by (L.3.8), n*, 1 <n < N, defined by

{/ Z (&, x + ¢,k (1)) th}

In Kekn

and setting, for 1 < n,l < N,
Jnl = / / et~ dsdt.
In /1,

Proof. To prove the result, we rely on Theorem Applying Theorem [1.3.3] it follows
that |R(uns)|x, <1, so we are left to estimate the following right-hand side contributions in

(1.5.2)

terms of the a posteriori error estimators:

tp 9 tr t 9
3y = / IR dt, 3y = / < / IR (unr) I et—8d5> dt.
0 0 0

As in Theorem m it is readily inferred that HR(uhT)”X’ <nlforall 1 <1< N, so that

IR (une)l; Z IR (une ), < Z

Using the fact that |R(un)| x/ 18 a nondecreasing function of the time ¢ together with the

above inequality yields for the first term

553 /nnumnX, dt<2/2 )t = Z 30

In =1
Proceeding in a similar way, for the second term Jo we obtain

Z / Z / IR (), *dsdr

n=1"1In =1

N

<Z/Z{/ “Sds}dt
=17In =1 V11 j=1
N L N n L

= ZZ {/1 /1 e”dsdt} X {Z(nl)z} =33 Ju {Z(nzf},
n=1 |=1 n /A i=1 n=1 |=1 i=1

whence the conclusion follows. ]

Remark 1.5.4 (Simplified versions of the a posteriori estimate). In the spirit of Lemmam
the following simplified versions of the a posteriori estimate of Theorem[1.5.3 hold:

L L L
5 e = une e+ 57 0= wne) C t0) g1 ) + 18(w) = Bluns) g, < 5

L L
o 1= une) (o t0) g2 + 18(w) = Blune) g, < 576 (i +nic)

Remark 1.5.5 (An a posteriori error estimate distinguishing the different error components).
While relying on Corollary[1.3.5] instead of Theorem[1.3.3, equivalents of Theorem and
of the bounds of Remark[1.5.4 distinguishing the different error components can immediately

be obtained.

(2™ = 1) (n* + nic) ,
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Figure 1.2: Simplicial mesh 7™ and the associated vertex-centered dual mesh D" (left) and
the fine simplicial mesh Kp of D € D" (right)

1.6 Application to a vertex-centered finite volume discretiza-

tion

In this section, we consider the vertex-centered finite volume spatial and backward Euler
temporal discretization of the Stefan problem (1.1.1)). The regularization of Section |[1.2.1.2]is
considered and the Newton linearization is used. We show how to construct the equilibrated
flux tZ’e’k, the linearized flux lZ’E’k, and the interpolation operator II" of Assumption m (in

generalization of Assumptions and [1.3.2) and verify Assumptions and Thus,

all the results of Sections [1.3 will apply.

1.6.1 Dual and tertial space meshes

The vertex-centered finite volume method is defined using a sequence of dual meshes
{D"}o<n<n of the space domain . For a given family of matching simplicial primal meshes
{T"}o<n<n, we construct {D"}o<p<n as follows: for any 1 <n < N and with every vertex a
of the mesh T", we associate one dual volume D, constructed by connecting the barycenters
of the simplices sharing a through edge (and face for d = 3) barycenters, see Figure left,
for d = 2. We split every set D" into interior dual volumes D™ and boundary dual volumes
D™P. The simplicial mesh K™ appearing in Sections is constructed by dividing each
D € D" into a mesh Kp as indicated in Figure right, if d = 2 and similarly for d = 3.

1.6.2 The vertex-centered finite volume scheme

Let, for 1 <n <N,
Vit = {pn € C°(); onlk €PI(K) VK eT"}

and let
mn: c%Q) — v be the Lagrange interpolation operator, (1.6.1)

Ciarlet [L1], which to a function ¢ € C%(f2) associates a function ¢, € V;" by setting ¢p(a) :=

¢(a) for any vertex a of the mesh 7.
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Let uy € V0 be a suitable approximation of the regularized initial enthalpy 8. (8(uo)), see
Algorithm Let next 1 <n < N, uz_l € V,f_l, and a mesh 7" (and consequently D™)
be given. The vertex-centered finite volume scheme for the regularized Stefan problem ((1.2.3))
reads: find u;" € V;" such that 8(u;“)(a) = 0 for all vertices a of 7™ on 9 and such that

1 _ N )
7_—71(u26 —uy L 1)p — (VH”(BE(UZ’G))-nD, Dop =(f"1)p VD € D™, (1.6.2)
Then the continuous and piecewise affine-in-time function wup, appearing in the previous

. . . . n,e
sections is given by upr|r, = u,)",

t—tnt

up (1) = (L= p@)up =t + p)uys,  p(t) : g te I, (1.6.3)

Remark 1.6.1 (Regularization). It is also possible to consider the vertex-centered finite vol-
ume discretization without any regqularization, i.e., use 3 in place of B in (1.6.2)), with u% € V,?

an approrimation of the initial enthalpy ug.

Remark 1.6.2 (Links to the discretizations of [36] 4, 21]). Let for simplicity the meshes T"
(and consequently D™ ) do not move in time and let f™ be piecewise constant on D™. Consider
the case without reqularization. Then the second and third terms of the scheme (1.6.2)) coincide
with that of [36, equation (4.4)], because of the links of the vertex-centered finite volumes and
finite elements with mass lumping/quadrature for the source term. Similarly, in two space
dimensions and when all the angles of T™ are smaller than or equal to 90°, replacing the
triangle barycenters by the triangle circumcenters in the construction of D™, the second and
third terms of the scheme coincide with that in the co-volume method of []]. More
generally, whenever T™ is Delaunay and the mesh D" is its Voronoi dual, the same link
holds true with the cell-centered finite volume scheme of [21], e.g., [36, [4, [21)], [11, [20),
or [51, Section 3]. Hence the only slight difference between and these schemes is in

the treatment of the time evolution term which is not mass-lumped herein.

Remark 1.6.3 (Assumption|1.3.1)). By the definition of up, by (1.6.2)—(1.6.3) and by the fact
that up, lies in a finite-dimensional space, up, € Z and B(up,) € X, so that Assumption

1s satisfied. A uniform bound could also be obtained by a priori stability analysis such as those

in [36, 4, [21], but is not necessary in our setting.

1.6.3 Newton linearization

Let 1 <n < N and the mesh 7" (and D") be fixed. Let the vector G"~! be given by its
components associated with the dual volumes D € D™, G%‘l = ( Z_l, 1)p, and similarly for
the vector F™, FIs := (f",1)p. Let up™" € V;" take the values 5, 1(0) (0.5 for the example
of Figure at the boundary vertices of 7™ and the value zero at the other vertices of
T". The last vector that we need is H™¢, H}® := (uE’n’e, 1)p. Let, for a given dual volume
E € D™, ¢ stand for the hat basis function of the space V¥ associated with E: this is a
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function that takes the value 1 in the vertex associated with E and the value 0 at all other
vertices of 7". We also define two matrices, with the components on the line associated with
the dual volume D € D™ and on the column associated with the dual volume E € D™ given
by MY, == (¢r, 1D, Kpp = (Vopnp,1)sp. All the vectors are of size RIP™' and the

D™ <D™ with [D™| the number of dual volumes in D™ (equal to the

matrices of size R
number of interior vertices of 7™). The equation (1.6.2]) can be written in matrix form as

follows: find the vector U™¢ such that
M"U™ — "K"B(U™€) = " F" + G — H™ (1.6.4)

where (B.(U™))p := Be(Up*). We have u) =3 pe pni Up “0r + uZ’"’e.
The algebraic system (|1.6.4]) is nonlinear. Its solution is approximated using the Newton

,€,0 .

linearization. Let U™? be fixed; typically, U™ = U™ L. Then, for k > 1, we approximate

,Be(Un’E’k) ~ BE(Un,e,k—l) + Bé(Un’E’k_l)(Un’e’k o Un,e,k—l). (1.6.5)

The Newton linearization ([1.6.5|) is well defined since the regularized enthalpy—temperature
function S, is continuously differentiable. At every Newton iteration k, we are thus lead to

solve the following system of linear algebraic equations: find the vector U™%* such that

(Mn . TnKnﬁé(Un,e,k:fl)) Un,e,k: — " + anl — H™e
(1.6.6)
— K (ﬁé(U”’€7k_1)Un’€’k_1 _ ,Be(Un’E’k_l)).

At each linearization step k, we set
upt = N U e +up™, (1.6.7)
EecDmni

which is the function appearing in Section [1.3.4L The corresponding linearized flux of As-

sumption is given by
Gt = |3 {Bp Y+ Bt (U Ut bes ). (168)
EeDni

We perform the Newton iterations until we meet the convergence criterion discussed in Sec-

tion 411

1.6.4 Flux reconstruction

Let a time step 1 < n < N, a regularization parameter ¢ > 0, and a Newton linearization
step k be fixed. We now show how to construct the flux tZ’e’k of Assumption m For

this purpose, we will solve a local Neumann problem by mixed finite elements on every dual
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volume, following [30, [I7, 51]. For a given D € D™, we introduce the spaces

RTN(Kp) := {v;, € H(div; D); vi|x € [Po(K)]? +xPy(K) VK € Kp},
RTNN(/CD) = {Vh S RTN(ICD); Vi Np = —lZ’E’leF VF € GICID},
RTNN70(ICD) = {Vh S RTN(ICD); vpng =0 VF € 8IC1D},

where a/ciD stands for all the faces of the submesh Xp which are on the boundary of the dual
volume D but not on the boundary of 2. We will also need the space Pg(Kp) which consists
of piecewise constants functions on Kp; when D € D™, we additionally impose a zero mean
value over D. The local problem consists in finding t}"* € RTNy(Kp) and ¢, € P;(Kp),
the mixed finite element approximations of local Neumann problems on D € D™! and local
Neumann /Dirichlet problems on D € D™P:

P 07 vi)p — (gn, V-va)p =0 Vv, € RTNxo(Kp), (1.6.9a)
(V7 F on)p — (" — " dp)p =0 Yoy, € Pi(Kp). (1.6.9b)

Note that the problem ([1.6.9)) is well-posed and one can take all ¢, € Py(Kp) as the test
functions in (1.6.9b)). Indeed, it follows from (1.6.6]) and (1.6.8) that (compare to (1.6.2)) that

1 n,€ n— n,e rn n,i
7( h’ ok _ Uy, 17 1)D - (lh7 ,k'nD7 1)8D = (f 71)D VD € D™ (1610)

n
From (|1.6.10), we see that the Neumann boundary condition encoded in RTNy(Kp) is in
equilibrium with the boundary datum f" — 6tuZ’:’k of (1.6.9). We have the following key

result:

Lemma 1.6.4 (Assumptions [1.3.4} [1.4.2] and [1.4.3). Let 1 < n < N, e >0, and k > 1

be fived. Let up™* be given by ([L6.6)-(L.6:7). " by (L68). tp* by ([LEI), and I
by (1.6.1)). Then Assumptions|1.3.4), [1.4.2, and|1.4.5 hold true.

Proof. The equilibrium property (|1.3.11)) follows immediately from (|1.6.9bf), so that Assump-
tion [I.3.4]is easily satisfied. Whereas Assumption [I.4.2)is trivial, Assumption[I.4.3]is obtained
by proceeding exactly as in [51l proof of Theorem 5.5] or [I5], proof of Lemma 5.3]. O

1.7 Numerical experiments

We illustrate in this section our theoretical results on a series of numerical experiments

for the vertex-centered finite volume discretization approach of Section [1.6

1.7.1 Setting

We consider the two-dimensional test case proposed by Nochetto et al. [34] B5] on the
space—time domain Q x (0,tp) with Q = (0,5)? and tp = 7/1.25. The function 3(-) is given
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by B(u) = u® + (u —1)®. The exact temperature has the following expression:

0.75(r2 — 1), if r <1,

Bw)(z,y,t) = (1.5 _ p’(t)y%p(t)) (r—1), ifr>1,

(1.7.1)
where 72 := 22 + (y — p(t))? and p(t) := 0.5 + sin(1.25¢). The exact interface I(t) is a circle
with center (0, p(¢)) and radius 1. The motion of the interface is governed by the Stefan law

which prescribes that the normal velocity v satisfies
(VBu)" = VBw) )n=v  onl(t),

where V3(u)™ and V3(u)~ denote the values of the temperature gradient on each side of the
interface, while n is the unit normal to the interface with suitable orientation. The enthalpy
uwon Q\I(t) can be obtained from the expression of f(u). The homogeneous Neumann
condition V3(u)mn = 0 is enforced at x = 0, whereas Dirichlet boundary conditions on the
temperature are prescribed at y = 0, y = 5, and = = 5 using . The initial enthalpy ug
and the source term f are likewise imposed using . The vertex-centered finite volume
discretization of Section|1.6|is considered. No adaptation of the quadrature rule is performed;
this is a reasonable simplification since the enthalpy—temperature function 3(-) is piecewise

affine.

1.7.2 Computing approximately the negative norms

In practice we cannot compute the negative norms as the initial data indicator n;¢, the
data oscillation Hf — f’ X

solution u is known. For numerical experiments below, the dual norms are approximated by

and the dual norm of the residual |R(up;)|y, even if the exact

solving auxiliary problems. More specifically, for a function v € X’ to compute the negative
norm [v]y, we consider for a.e. t € (0,tr) the problem: find ¥(-,t) € H}(2) such that

(Vi (1), V) = (v(-, ), ), Vi € Hy(Q). (1.7.2)
Then

2
tp
2
||U||X’ :/ { sSup <’U(,t),g&>} di
0 SOGH(% (Q)7 "VL,D"LQ(Q):I

2
tp
:/ { sup (Vq/;(~,t),V<,0)} d
0 PEHG(Q), IVl 2 (g)=1

tp
= [ 196y (0t = 190001200
We obtain an approximation of the function ¢ by solving the problem ((1.7.2)) numerically

by the vertex-centered finite volume scheme on a refined spatial mesh and on discrete times
which refine the given temporal mesh. We suppose that the ensuing discretization error is

small and can be ignored. The computation of 7y is easier as it only involves the initial time
t=0.
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Figure 1.3: Evolution of the spatial, temporal, regularization, and linearization error estima-
tors (|1.3.14)) as a function of Newton iterations for a fixed mesh, time step, and regularization

parameter

1.7.3 Stopping criteria

We start by assessing the performance of the balancing and stopping criteria introduced in
Section Figuredepicts the evolution of the spatial , temporal , reg-
ularization , and linearization error estimators as a function of the number
of Newton iterations for a fixed mesh K with hx = 0.25, time step 7 = 0.1, and regularization
parameter € = 0.05. As expected, the linearization error steadily decreases, while the other
components stagnate starting from the second iteration. The stopping criterion with
I'in = 1072 allows to profit from this behavior by stopping the Newton algorithm after the

second iteration, while a classical criterion based on a fixed threshold,
n,e,k _ -7
Min < Clins Gin = 1077, (1.7.3)

would require 10 iterations to converge.

The overall gain for an entire simulation in terms of linearization iterations can be appre-
ciated considering the results in Figure left. We use the adaptive Algorithm with
different choices for the linearization stopping criterion: the classical criterion then
the stopping criterion with I'jj, = 0.01 and I'j;, = 0.1. The others parameters used
in the Algorithm are: I'yeg = 0.1, { =1, (¢ = 1, hgo = 0.1, 70 = 0.1, ® = 0.25, b = 1072,
T =102, cref = 0.7, Cgeret = 0.2, ¥4m = 0.7, and Ty, = 1.3. For the sake of completeness we
also add a comparison with the local version of the stopping criterion , namely

n,e,kn

7€7kn ’E’kn 7€7kn ,E,kn
UﬁLmK < I_‘lin,loc (n:pj( =+ n?mj( + nqdyK + 77?6&1{) VK € K" (174)

Even with this more stringent criterion, Figure [T.4] right, shows that a considerable gain in



1.7. Numerical experiments 43
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Figure 1.4: Error estimator n™ ({1.5.2)) as a function of the cumulated Newton iterations at
each time step (time steps are identified by markers). Global stopping criterion (1.4.1)) (left),
local stopping criterion ([1.7.4]) (right)

terms of number of linearization iterations can be achieved, whereas the precision on each
time step (expressed by our error estimator n" ) is basically unchanged.

Figure shows similar results concerning the criterion for the choice of the
regularization parameter e for a fixed mesh K with hx = 0.25 and time step 7 = 0.1. For
each value of €, the Newton iterations are stopped according to ([1.4.1)) with T'jy, = 0.1. The
regularization error estimator decreases as expected when e decreases, while the space and
time error estimators stagnate starting from the third iteration. The criterion with
I'teg = 0.1 leads to stopping the iterations after the fourth step.

1.7.4 Balancing criteria

The next series of numerical experiments aims at assessing the space—time balancing
criterion by showing its impact on the estimated error as a function of the total
number of space-time unknowns Egzl |D™i|. In Figure bottom left, we started by an
initial mesh K% with hxo = 0.4 and a time step 70 = 0.1. Then the time step is adapted
in order to satisfy , with ytm = 0.7, I't;n = 1.3, As a result, the spatial and
temporal error estimators stay equilibrated during the whole simulation. Figure
top, on the other hand, shows two possible disequilibrated patterns corresponding to space
and time over-refinement. In the top left we started by an initial mesh K% with hgo = 0.2
and a time step 7 = 0.2, we fixed also Yy, = 2 and 'y, = 3, while in the top right we started
by an initial mesh K% with hgo = 0.5 and time step 79 = 0.05 and we fixed Y, = % and
Fim = % Finally, Figure bottom right shows the effect of this violating of the balancing
criterion on the total error. These results make it apparent that the performance of

an adaptive code may be considerably reduced when time and space errors are not balanced,
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Figure 1.5: Evolution of the spatial, temporal, and regularization error estimators (|1.3.14}) as

a function of €' for a fixed mesh and time step

and advocate the use of .

Next, we compare in Figure the actual and predicted error distribution using the
adaptive Algorithm with Ty, = Dreg = 0.1, ¢ = 1, Go = 1, hyo = 0.25, 70 = 0.05,
=025, h=10"2 7 =10"2, cref = 0.7, Cderef = 0.2, Ytm = 0.7, and Ty, = 1.3. We present
the results at time ¢ = 0.1. We see that the actual and predicted error distributions match

very nicely. The corresponding exact and discrete enthalpies are depicted in Figure [1.8

1.7.5 Overall performance

In this section we assess the overall performance of the adaptive algorithm of Section[1.4.2
in terms of precision vs. the number of unknowns.

In Figure [1.9] left, we depict the error and estimates as a function of the total number
of space-time unknowns in the fully adaptive case and in the uniform case. In the adaptive
case, we use Algorithm with the parameters detailed in Section In the uniform
case, the temporal and spatial meshes as well as the regularization parameter are fixed during
the simulation, and linearization is stopped when is satisfied. The error is measured
in the dual norm and estimated by Theorem in the top part of Figure
whereas the energy-like norm and the estimate of Theorem are used in the bottom
part of Figure In both cases the adaptive strategy yields much better results than the
uniform one, as expected. The right part of Figure [I.9] displays the corresponding effectivity
indices, given by the ratio of the estimates over the error. These are remarkably close to the
optimal value of one for the dual norm , even for the present time-dependent, degenerate
problem with a moving free boundary. We regard the effectivity indices corresponding to

Theorem [[.5.3] as likewise excellent; they are in particular several orders of magnitude smaller



1.7. Numerical experiments 45
T

gl()_o 9 1o

% %1070.8 [ N

e =

' g

g 21071 |

=] =]

= g

) 15

= 3

glO 1.1 | 81071 2 N

o o

— —

é ;SpT‘\‘\‘\‘\‘\‘\‘ é —e— Space

£a| —m— time m10-1.4 || —=— time ]

10712 L ‘ ‘ = I ! ! ! !

1044 104.6 104.8 105 1058 104 104.2 1044 104.6

Total number of space—time unknowns

— —

» —e— space

% —m— time

.§10—08 H f

E

z

o

]

=

21071 .

g

1S

5]

—

o

g

LﬂlO_l'Q [ |
Lo Lo

10* 10°

Total number of space—time unknowns

 Overall error estimators

2
V)
e

1| |—=— time over-ref.

Total number of space—time unknowns

—e—space over-ref.

—4— equilibrating

M| I IR
104 109

Total number of space—time unknowns

Figure 1.6: Effect of the time step adaptation strategy on the global error estimator (|1.3.8]).
Violations of the balancing criterion ((1.4.4) by space over-refinement (top left) and time
over-refinement (top right). Time step refinement honoring (1.4.4) (bottom left). Overall

comparison (bottom right)



46 Chapter 1. The two-phase Stefan problem

Error Estimate
°i°°.1. gioe2 oe0d 8,004 w5 UL ‘Q’P?‘ﬂ
le-06 0,0052 le-06

Estimate

&,0251

-0,02
10,01

le-06

Figure 1.7: Actual (left) and estimated (right) error distribution for I'jy, = I'yeg = 0.1, adaptive
Algorithm entire domain (top), interface zoom (bottom)



1.7. Numerical experiments 47

Sol_exact approach
-0,702 7,0587 -0,679 7,0562

Figure 1.8: Exact (left) and approximate (right) enthalpy corresponding to the results of

Figure |'1l7|

®_ _ |—e—err. unif. —=—est. unif. —— effectivity unif.
o0 T~ 4-®- err. ad. -w- est. ad. 41 —— effectivity ad. |
1
|- - . 3 | )
| | 9l |

Error/error estimate
Effectivity index

1071 b Ll Ll Ll 1 | Ll Ll L
104 10° 108 107 104 10° 108 107
Total number of space-time unknowns Total number of space-time unknowns
Fow —e—err. unif. —m— est. unif. | —— effectivity unif.
. “~g-o- err. ad. -®- est. ad. 192 —— effectivity ad. ||
1001 - e
| ] | <
Z i i 8
= i 1 B 10l .
2 =
: S 2
= 1071; "‘~_‘~~ ,: 8 |- 1
i e 1
Lol Ll Ll Ll i Ll Ll Ll |
104 10° 106 107 104 109 108 107
Total number of space—time unknowns Total number of space—time unknowns

Figure 1.9: Comparison between adaptive and uniform refinement. Dual norm ([1.3.3)) (top),
energy-like norm ((1.5.1)) (bottom). Error and estimators (left), effectivity indices (right)



48 Chapter 1. The two-phase Stefan problem

Table 1.1: Comparison of the experimental orders of convergence (e.o.c.) in the uniform and

fully adaptive cases. The total number of space—time unknowns is denoted by Ng. The actual
error |R(un)| x and the estimated error n are defined by (1.3.2)) and (1.3.8)) respectively.

(a) Uniform case

Nyt 18(u) — B(uhT)”QtF e.o.c. |R(upr)|y e.o.c n e.0.C.
7020 7.13e-02 — 3.75e-01 — 1.22e-00 -
66906 6.02e-02 0.224 3.30e-01 0.172 8.65e-01 0.455

915840 5.07e-02 0.197  2.48e-01  0.364 6.50e-01 0.392
1.12963e4-07 2.19e-02 0.221 1.60e-01 0.115 2.40e-01 0.261
(b) Adaptive case

Ng 18(w) — B(uhT)HQtF eo.c. |[R(unr)|x e.o.c n e.0.c.
9360 6.55e-02 — 3.51e-01 - 1.51e-00 -
35370 5.28e-02 0.486 3.07e-01 0.303 1.08e-00 0.751

224082 4.06e-02 0.427 2.19e-01 0.546 6.32e-01 0.868
1.53329e4-06 1.10e-02 0.392 1.18e-01 0.186 2.23e-01 0.312

than the effectivity indices corresponding to the setting of Remark that we have also
assessed (not presented).

A quantitative evaluation of the performance in terms of precision vs. the number of un-
knowns can be obtained by computing the experimental order of convergence (e.o.c.), defined
as follows:

10g<eNst) B log(eMst)
(log Nst - log Mst) ’

€.0.c 1= —

3
where e denotes the chosen error measure while Ng; and Mg are the total number of space—
time unknowns corresponding to two subsequent levels of refinement. The results for the
uniform and adaptive cases are collected in Tables and respectively. We evaluate
the dual norm of the residual (1.3.2)), the L?(0, tp; L?(€2)) error in the temperature, and the
estimator 7 of . We observe roughly twice faster convergence in the adaptive case in

comparison with the uniform one.

1.A Proofs

In this appendix, we collect the more involved proofs of some theorems of the chapter.
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1.A.1 Proof of Theorem [1.4.4]

In this section, we will use the notation a < b for the inequality ¢ < Cb with a generic
constant C' only depending on the shape regularity parameter rx of the meshes K717,
1 < n < N, the space dimension d, and the polynomial degree m. Fix 1 <n < N. We start
by observing that, owing to the stopping criteria — and to the second inequality

in the balancing criterion (|1.4.4]),

N,€n,kn

+ 1771 J€nskn + nn,en,kn + ,,77},6717’% < nn en,kn (1.A.1)

reg lin

M

Recall that we have supposed in Section that the mesh K", 1 < n < N, is obtained
from K"~! by limited refinement/coarsening and that the common refinements K"~ 1" are
uniformly shape regular. Thus, for K € K", using the triangle inequality, Assumption [1.4.2]
and the inverse inequality, [44] Proposition 6.3.2], the first term of can be bounded
by

N,€n,kn n€n7 n N,€n,kn
MR K CpKhK Hf —8u —V'th

L*(K)

< Crsehu | £ = Dpuigr 4 V| L O i [V G g g

L2(K)
1
2
2 £ ’ ’nvk" ) n7kn
s Z Ik ’f” B 8tuZT€ + V-lz ‘ L2(K'
[{/e]C'n—l,n7 K'CK ( )
1
2
4 Z ln €n,kn + tn Enskn 2
K’E’Cnflvn, K'cK L2(K/)
Consequently, employing Assumption
) nvkn
™" S Mes,1 + Mres 2- (1.A.2)

Proving the efficiency of the estimators introduced in Section thus amounts to proving
the efficiency of the residual estimators 7y, ; and 7 5.

Henceforth, to simplify, we will use the shorthand notation

n nyen,kn n nyfnykn
Upr = Upr s n=1
and denote
(tnar)* = [ 2 IVBR) = il . (LA3)
In gecn—1m
We have:

Lemma 1.A.1 (Estimate of 771’[;571). Under the assumptions of Theoremm there holds

(1.A.4)

M S 1RO,
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Proof. For all K € K" 1" we let vg = (f* — Opuy + V1) |k. By Assumption VK
is polynomial in K. We denote by 9 the usual bubble function on K, i.e., the product
of the (d+1) hat basis functions (barycentric coordinates) 1), associated with the vertices
a of the element K, set A\g := h%(¢KvK for all K € K" 1" and let \ := Y Kekn—1n AK-
Clearly, A € H}(Q2) and A g € H}(K) for all K € K"~1". Using the equivalence of norms on
finite-dimensional spaces, integrating by parts in space, the weak form , and
together with the Cauchy—Schwarz inequality, we infer, [49],

nres 1 / Z hK (UKa wKUK)KdS
I,

" Kekn-ln

_ / {(0p(u = wlt,), ) + (VB(w) — VB(uf,), VA)
+(VB,) — . VA) + (F7 = £.2)}ds
(IR, + e + £ = 7], ) 1AL,

(1.A.5)

IN

By the shape regularity of the mesh X"~ 1" and the inverse inequality, [44, Proposition 6.3.2],
we have, for any K € K17,

IV 20y = B IV (rcvi) ey S hic [rcvrcl oy < e lorcl o

An immediate consequence is that |A|x, < 7y q and (1.A.4) follows. O

Lemma 1.A.2 (Estimate of ny, ). Under the assumptions of Theoremm there holds
Mz S ROy +nimar + | £ = 1], - (LAG)

Proof. Let F € Fim=1" We denote by K the simplices K € K" 1" that share the face F.
Let vp := [I}]-nF and keep the same notation for the constant extension of vy into Kp along
the vectors face barycenter—opposite vertex. Owing to Assumption vF is a polynomial
on Kr. Let ¥ be the usual face bubble function supported on K, i.e., the product of the d
hat basis functions (barycentric coordinates) ¥, associated with the vertices a of the face F.
For all F € F'n=ln set A\p := hppup and let A = > rerin-1n AF. Note that A € H&(Q)
and A|x, € H¢(Kp) for all F € Fbn~1n Using the equivalence of norms in finite-dimensional
spaces, integrating by parts in space, using the weak form , and together with
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the Cauchy—Schwarz inequality, it is inferred, [49],

nres 2 / Z hr (UF’ wFUF)FdS

"’LFe]_‘ln 1,n

/, oo > AV ARk + (I, VAR) K} ds

" peFin-ln KeKp

_ / (V02 2) + (17, V) ds

- / {{Or(ufy — ), ) + (VA(uR,) — V), VA) + (" — Dy, + V-0, )
— VB(u,), V) + (f - ", 0) }ds

< (nR(uzT)uM Fotngr + £ - 7], )ALy,
.
2
Fims1 87" Y b I e
KecKn—1,n
(1.A.7)
. 1

Using the fact that, for all F € F»"~ 1" and K € ICZ_l’n, lbrvrlzy S BElvelr

it is inferred that ™" jeexn—1n 3 H)\Hig( K) S (Mjks.2)?, whence by the inverse inequality,

Il x, < 7eso- Using this fact in (1.A.7) in conjunction with (1.A.4), (1.A.6) follows. O
Proof of Theorem [1.4.4) It follows from Lemmas[1.A.1 and [1.A.2] and from (1.A.2) that

e < HR(UZ’;"”“”) (1.A.8)

X5
In order to bound the term NERQTs We proceed as follows. The triangle inequality and the

definitions ([1.3.13) and ([1.3.14)) give

N,€n kn Nn,€n,kn

=+ 77tm

n,€n,kn

UERQT < Min + U@é”’k” + M4d

Thus, proceeding as for the bound (1.A.1)),

b ’i’lakn
nrqr < Cng™ "™,

where the constant C only depends on the parameters I'ji,, I'veg, and I'yq in the stopping
criteria f and 'y, in the balancing criterion (|1.4.4). Thus, choosing these pa-
rameters small enough, the term NirqQT Can be made small enough to be discarded from the
right-hand side of (.A.8), [I5, Theorem 4.4] and the assertion of Theorem follows

from (1.A.1)). O]

1.A.2 Proof of Theorem [1.5.2]

We start by proving the following intermediate result.
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Lemma 1.A.3 (Duality bound). Let u be the solution to (1.2.2) and let up, € Z be such that
B(ups) € X. Then, there holds, for a.e. t € (0,tp),

2 2
I |8(w) = B(uns)lg,
+ 1= une) )10y < o = une (- )1 (g + IR (une) Iy + lu = unc ;- (1.A.9)
Proof. For a.e. t € (0,tp), we denote by W (-, t) € H () the solution to
(VW (1), V) = ((u—upr) (1), 0) Vb € Hy(). (1.A.10)

The existence and uniqueness of W (-, ¢) follow from the Lax—Milgram lemma. Moreover, since
u, upr € Z, there holds W € X. Using (1.A.10]), it is inferred that

IVW () 20y = . Hl(Q)S"lgsz 1(VW(-J%W)
S , =
° e (1.A.11)

— sup ((u = unr) (1), ¥) = [(u = unr) ()| -1 -
WEHY (), V] 2 gy =1

This duality technique is rather standard; see [9] and the references therein. Its origins can
be traced back at least to the elliptic projection of Wheeler [53]. In some aspects, it is close
to the elliptic reconstruction of Makridakis and Nochetto [31]; however, in [31] it is used to
restore optimal order of the a posteriori estimate in L% (0, tg; L2(Q)), whereas here we employ
it to obtain a bound on an energy-like norm.

Taking » = W1, with 1(,) the characteristic function of the interval (0,¢) in defini-
tion ((1.3.1]) and using (1.A.11]) and the Young inequality, it is inferred

1 2 1 2
(R(unr), Wxg x, < IR(une)lxy lu = unrlxg < 5 IR(uns)lxy + 5 lu —unelyy - (1.A12)

Moreover,

t t

(R(unr), W)x; x, :/0 <8t(u_uh7—)7W>(5)d8+/0 (VB(u) = VB(unr), VW) (s)ds = : Ry +Re.

(1.A.13)

Recalling , and since u — up, € H'(0,tp; H-(Q)), there holds &;W € X and, for a.e.
s € (0,tp), 0:W (-, s) satisfies in a weak sense

—V-(V@tW(-, 5)) = at(u - uhr)('a 5) in 2,
oW (-,5) =0 on 0N.

Thus, it follows from the definition (1.A.10)) of W and from the norm characterization (1.A.11))
that

t
1
R = / (O VW, VIW)(s)ds = B <HVW('at)”%2(Q) - HVW(HO)”ZL?(Q))
0 (1.A.14)

1
= 5 (I = w) (D20 = o = wr (. 0) sy ) -
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Invoking again the definition (1.A.10) and using the fact that 3 is nondecreasing and Lg-

Lipschitz continuous, there holds

t
%, = / (= 30) = Blane ) 5)ds = 7 [ (B0) = Bunr) 80) = Blune (51
0
T Hﬁ( ) = Blunr), -
(1.A.15)
The conclusion follows using inequalities (1.A.12)), (1.A.14)), and (1.A.15]) in equation (1.A.13).
O

Corollary 1.A.4 (Application of the Gronwall lemma). Under the assumptions of Lemma
there holds

tp
o = e e < (€ = 1) o = L Olroy + [ (umum 1%, + / IR (e )y '~ Sds)dt

ty
—fﬁ / (nm B, + / 18 — Blu ), ot~ Sds)dt

Proof. Using (1.A.9) followed by the Gronwall lemma
t t
) < al)+ [ €s)ds =€) <a) + [ o)t

0 0

with £(t) = | (u — i) (- )y 1 and
a(t) 1= lluo — unr (-, 0) |31 + IR (unr) 5 - ||/3( ) = Blun)15, -
it is inferred, for a.e. t € (0,tp),
¢
[ = une) )1 < € fuo = unr (- 01 () + IR (unr) I, +/ IR (unr) [, € >ds

—L25<||/3() (), + / 18w — Blunn ), ot~ Sds)

The assertion follows by integrating over the interval (0, tp). O

We are now ready to prove Theorem

Proof of Theorem[I.5.3. Using (LA.9) with ¢ = tp and adding |u — up, |3 to both sides we

infer

*H/J’() Blune)g,,, + lu—unc 5 + 1w = unr) C, t0) 310

< HUO—UhT(, 0)7-1(0) + IR (unr) s + 2 Ju — unc %
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Using Corollary to estimate the last term in the right-hand side we obtain
£ <(2¢" = 1) Jug — unr (-, 0) 310 + IR (unr) |5
53 t
w2 [T (IR + [ 1RO B e ) a
4 tp ) t 0 s
- fﬁ ; 18(w) — B(uns)lg, + ; 18(u) — B(unr)lg, e °ds ) dt.

The conclusion follows multiplying both sides by Lg/2 and rearranging the terms. O
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Abstract

In this chapter we derive a posteriori error estimates for the compositional model of mul-
tiphase Darcy flow in porous media, consisting of a system of strongly coupled nonlinear
unsteady partial differential and algebraic equations. We show how to control the dual norm
of the residual augmented by a nonconformity evaluation term by fully computable estima-
tors. We then decompose the estimators into the space, time, linearization, and algebraic
error components. This allows to formulate criteria for stopping the iterative algebraic solver
and the iterative linearization solver when the corresponding error components do not affect
significantly the overall error. Moreover, the spatial and temporal error components can be
balanced by time step and space mesh adaptation. Our analysis applies to a broad class
of standard numerical methods, and is independent of the linearization and of the iterative
algebraic solvers employed. We exemplify it for the two-point finite volume method with
fully implicit Euler time stepping, the Newton linearization, and the GMRes algebraic solver.
Numerical results on real-life reservoir engineering examples confirm that significant com-
putational gains can be achieved thanks to our adaptive stopping criteria, already on fixed
meshes, without any noticeable loss of precision.

Key words: a posteriori error analysis, adaptive algorithms, compositional Darcy flow,

finite volume methods, discretization error, linearization error, algebraic solver error.

2.1 Introduction

Reservoir modeling is an important branch of petroleum engineering which provides pre-
dictive tools to elaborate reservoir exploration and oil production strategies. From a mathe-
matical standpoint, the underlying models require the numerical solution of highly nontrivial
problems resulting from nonlinear, strongly coupled systems of partial differential and alge-
braic equations. Our goal is to show that also in such complex cases, one can devise efficient
solution algorithms based on a posteriori error estimates that ensure error control and allow
significant computational savings in numerical simulations. Improving the performance of
reservoir simulators is a key point, since the simulation of complex Darcian flows in three
space dimensions accounts for the largest part of the computational effort in optimization
models for petroleum fields exploitation.

We focus on the Darcy flow of several fluids through a subsurface porous medium. We sup-
pose that the fluids are composed of a finite number of components that constitute the phases
in the reservoir. Under the assumption that the flow process is isothermal, the equations that
govern the compositional model are the conservation of the amount of each component sup-
plemented by algebraic equations expressing the conservation of volume, the conservation of
the quantity of matter, and the thermodynamic equilibrium.

Several numerical methods have been proposed for the discretization of the compositional

model.Finite difference and finite element methods can be used under some assumptions on
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the physical data, see [4} [10] 26l [65] and references therein, but do not respect directly the
local mass conservation. Mixed finite element methods do not suffer from such a drawback
and have been extensively used and analyzed, see, e.g. [30, 24, 25] and references therein.

They can moreover easily handle complicated geometries.

Recently, finite volume methods have become popular in reservoir engineering in view
of their numerous advantages: they meet the industrial constraints of robustness and low
computational cost, they satisfy local conservation, are simple to code, and can be used on
a large variety of meshes. Several node-centered finite volume discretizations are presented
and compared by Huber and Helming [43]. Cell-centered finite volume methods have been
considered in [50] [62], [39] [40]. A symmetric and coercive cell-centered finite volume scheme
for discretizing Darcy fluxes has been proposed in [6]. A particularly popular family of cell-
centered finite volume schemes in the oil industry is that of multi-point methods, which can
be easily plugged into traditional simulators thereby allowing to handle very complicated
geometries. They have been studied in the multiphase compositional context by Aavatsmark
et al. [1l 2], see also the references therein. More recently, a variation with compact stencil
and increased stability has been proposed and analyzed in [5]. For an up-to-date review of
discretization methods for diffusive fluxes in the context of geoscience models we refer to [28];
see also Droniou [31] for a wider-scope introduction to finite volume methods for diffusive

problems on general meshes.

To the best of our knowledge, almost no work has been done to this day on a posteriori
error estimates and stopping criteria for the general version of the multiphase compositional
model allowing an arbitrary number of phases and components. The goal of the present work
is to fill this gap.

A posteriori error estimates enable to monitor the computational error. For model un-
steady nonlinear problems, some of the first rigorous results were obtained by Eriksson and
Johnson [34] and by Verfirth [60, [61]. Degenerate problems have subsequently been studied
by Nochetto et al. [52], Ohlberger [53], and lastly in [29]. An adaptation of the estimators for
finite volume discretizations of hyperbolic conservation laws of Kréner and Ohlberger [48] to a
steam-assisted gravity drainage two-component, three-phase flow has been presented by Ma-
maghani et al. [51]. For multiphase reservoir simulation, adaptive mesh refinement algorithms
based on dynamic local grid refinement approaches were first considered by Heinemann [41]
and Ewing et al. [37]. Then, in [57], Sammon discussed the development of adaptive tech-
niques in the context of unstructured grids for compositional simulation. Local refinement
based on structured grid adaptive mesh refinement was probably first applied by Hornung and
Trangenstein in [42] and Trangenstein and Bi [59]. In Pau et al. [54] [55], another development
of a structured grid adaptive mesh refinement algorithm for incompressible /compressible two-
phase flow in porous media is discussed. Recently, the first rigorous results for immiscible
incompressible two-phase flow have appeared. Reference [64] develops a general abstract

framework for a posteriori estimates of the dual norm of the residual augmented by a noncon-
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formity evaluation term, and proposes an adaptive algorithm with stopping criteria for the
iterative solution of the arising linear systems and iterative linearization/iterative coupling,
wherein the spatial and temporal errors are equilibrated. This leads to both error control
and important computational savings. Rigorous energy-spaces-type bounds have then been

obtained for vertex-centered finite volume discretizations in [20].

In this chapter we derive fully computable a posteriori error estimates for a general version
of the multiphase compositional model. Following [64], the results are derived for the error
measured as the dual norm of the residual augmented by a nonconformity evaluation term.
This error measure has the advantage of simplifying the analysis because it stems directly
from the given model. It has recently been proved, for conforming discretizations of model
nonlinear problems such as the immiscible incompressible two-phase flow in [20] and of the
two-phase Stefan problem in [29], that this error measure is an upper bound for an energy-

spaces-type norm of the difference between the exact and approximate solutions.

Our a posteriori error estimate can be separated into parts identifying the various sources
of the error in the numerical solution. More specifically, we construct: a spatial estimator
incorporating the errors related to the space discretization and to the nonconformity of the
scheme; a temporal estimator accounting for the time discretization error; a linearization
estimator due to the approximate linearization; and, finally, an algebraic estimator due to
the inexact solution of the arising linear algebraic systems. Distinguishing the different error
components allows to formulate stopping criteria for the iterative linearization and iterative
algebraic solvers that stop the iterations when the corresponding error components no longer
affect significantly the overall error. We also propose to equilibrate the space and time
errors by adapting the choice of the time step and adjusting adaptively the computational
mesh. These criteria are collected to design an adaptive algorithm for the resolution of the
multiphase compositional model ensuring a user-given precision and significant computational
savings compared to the classical resolution of the model, and this already on fixed meshes.
Additionally, our estimators prove capable of identifying relevant features of the solution such
as well singularities and moving fronts. This anticipates them to be a good tool for the local
adaptation of the spatial mesh. This topic will be treated in detail in a future work.

The chapter is organized as follows. In Section we describe the system of equations
for the multiphase compositional model and identify the unknowns and relevant physical
properties along with their dependencies. We also discuss therein a fully implicit cell-centered
finite volume discretization with phase upwind and two-point discretization of the diffusive
fluxes. In Section we introduce the corresponding weak formulation, define the error
measure, and state our a posteriori error estimate. In Section [2.4 we distinguish the different
arising error components and propose a fully adaptive algorithm. Finally, in Section [2.5| we
illustrate our theoretical analysis by numerical results; already on fixed meshes, we obtain
the same precision and a speed-up factor of order 10 in terms of the total number of algebraic

solver iterations in comparison with the classical resolution.
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2.2 Setting

We introduce in this section the multiphase compositional model and its finite volume

discretization.

2.2.1 The multiphase compositional model

The compositional Darcy model describes the flow of several fluids through a porous
medium reservoir occupying the space region Q C R¢, d € {2,3}, over the time interval
(0,tg), tp > 0. It is assumed in what follows that 2 is a bounded connected polygon if d = 2
or polyhedron if d = 3.

2.2.1.1 Model unknowns

We consider a system where matter is present in different phases collected in the set
P = {p}, each containing one or more components from the set C = {c}. For a given phase
p € P, let C, C C be the set of its components, and, for a given component ¢ € C, denote by
P the set of the phases which contain c. For a given phase p € P, S, denotes the saturation,
i.e., the fraction of the pore volume occupied by p, and, for each component ¢ € Cp, C . is
the corresponding molar fraction in p. Saturations are collected in the vector S = (Sp)pep
while, for all p € P, molar fractions are collected in the vectors C) := (Cpc)cec,- We tackle
here the isothermal case where no energy source or sink is present and the temperature of
both the fluids and the porous medium are fixed to a given value. The dependence on the
temperature is hence not taken into account in what follows. We denote by P the reference

pressure such that the phase pressures P,, p € P, are expressed as
P, = Py(P,S) =P+ P, (S), (2.2.1)

where P, (S) is a generalized capillary pressure. In a two-phase system, the standard capillary
pressure is defined as the difference between the non-wetting and wetting phase pressures. In
multiphase systems, capillary pressures are usually obtained by combining the expressions of
capillary pressures for each couple of non-wetting and wetting phases. Formula allows
to deal with this aspect in a more abstract and mathematically convenient way by introducing
a symmetry in the treatment of the phases. In practice, the reference pressure is chosen as the
pressure of a suitable phase p € P, whose generalized capillary pressure is hence identically

zero. The unknowns of the model are collected in the vector

P
X = (Sp)pep
(Cp,c)pEP,CECp

This gives a total of 1+ Np + >
the cardinality of the set S).

peP Ne¢, unknowns, (here and in what follows, Ns stands for
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2.2.1.2 Physical properties

The porous medium is characterized by its porosity ¢ and its absolute permeability K,
both of which are assumed constant in time for the sake of simplicity. For each fluid phase
p € P, the following properties are relevant to the model (the usual dependence is provided
in brackets): (i) the molar density (,(P,, Cp); (ii) the mass density p,(Pp, Cp); (iii) the
viscosity (P, Cp); (iv) the relative permeability k. ,(S); (v) for all ¢ € Cp, the fugacity
Jep(Pp,Cp). It is also convenient to define for each phase p € P the mobility given by

vp(Bp, S, Cp) = Gp(Pp, Cp)%'

2.2.1.3 Governing partial differential equations

The governing partial differential equations (PDEs) are obtained by enforcing the conser-
vation of the amounts of each component, using a constitutive law to relate the average phase
velocities to the unknowns of the model. The conservation of the amount of each component

is expressed by the following system of Ng PDEs:
Ole + V- @, = ¢, Ve e C, (2.2.2)
where, for each ¢ € C, the component flux ®. has the following expression:

(I)c = Z q)p,cv i)p,c = q)p,C(va S’ Cp) = VP(PP7 S7 CP)CP:C,UP(PP’ Cp)’ (223)
PEP:

and for all p € P, v, represents the average phase velocity given by Darcy’s law,
vy = vp(Fy, Cp) = =K (VP — pp(F, Cp)g) = —K (VP + pp(Bp, Cp)gV 2) , (2.2.4)

where g denotes the gravity vector acting in the negative z direction and g its Euclidian norm.
Additionally, in ([2.2.2), g. € L?((0,tr); L?(Q2)) denotes a source or sink and I.. is the amount

(in moles) of component ¢ per unit volume,

le =1c(X) = ¢ Z Cp(Pps Cp)SpCh.c- (2.2.5)

pPEP

For the sake of simplicity, we assume that no-flow boundary conditions are prescribed for all

the component fluxes,
P.ng=0 on 90 x (0,tp) Ve € C, (2.2.6)

where 0f) denotes the boundary of Q2 and nq its unit outward normal. At ¢t = 0 we prescribe

the initial amount of each component,

I.(-,0)=12 Vecec. (2.2.7)
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2.2.1.4 Closure algebraic equations

The governing PDEs of the previous section need to be supplemented by a system of
algebraic equations imposing the volume conservation, the conservation of the quantity of
matter, and local thermodynamic equilibria. First, it is assumed that the pore volume is

saturated by the phases, i.e.,

Y S, =1 (2.2.8)

peP

Next, by definition, the molar fractions satisfy

> Cpe=1 VpeP, (2.2.9)
ceCp
which corresponds to a total of Np algebraic equations. Finally, we assume the thermody-

namic equilibrium expressed by

> (Np,—1) =) Ne, - Ne (2.2.10)
ceC peP
equalities of fugacities. Formulating the thermodynamic equilibrium for an arbitrary
number of phases and components lies out of the scope of the present work, and we limit
ourselves in the next section to two examples. For further details we refer to Bear [14] or
Chen et al. [25].

2.2.1.5 Examples

To fix the ideas, we now present two common examples of multiphase compositional flows

in the context of reservoir simulation.

Example 1 (Three-phase flow). We consider three phases, typically water, gas, and oil,
P ={w,g,0}, containing N¢ components decomposed into Ny := N¢ — 1 hydrocarbon compo-
nents from the set H, and one water component e. Usually, under isothermal conditions, mass
interchange occurs only between the gas phase and the oil phase. Thus, the water phase con-
tains only the water component e with molar fraction Cy e = 1. The equations from (12.2.10))

expressing the thermodynamic equilibrium between the oil and gas phases take here the form
feo(P, Co) = fe (P, Cy), VeeH, (2.2.11)

which corresponds to Ny algebraic equations. Condition is often reformulated as
KZ(P,C,)Co = K§(P,Cy)Cly e, VeeH, (2.2.12)

where K2, K& are the so-called equilibrium constants for the component ¢ € H in the oil and

gas phases, respectively. Letting K¢'® := ch, we can write (2.2.11)) as

c

Cye = K28(P,Cy,Cy)Cop,  VeceH, (2.2.13)
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with K¢® the equilibrium constant between the oil and gas phases for the component ¢ € H.
Using the equations of mass conservation ([2.2.2)), volume conservation (2.2.8)), conservation
of the quantity of matter (2.2.9), and the thermodynamic equilibrium (2.2.13|), the three-phase

compositional model reads

Wkr W
at(¢CWSWCW,e) + V- (g " ! Cw,e'UW> = (o,
Cokr,o Cgkr,g _
O (¢(COS°C°’C + CgSgCng)) +V 1 Co,cVo + 1 Ce,cVg | = qc Ve € H,
©° g
Sw+ 8o+ 8y =1,
Cye =1,
> Coe=1,
c€Co
Z ngc = 17
ceCyq
Kg%(P? CO? Cg)CO,C = Cg,c, VC S 7‘[,

(2.2.14)
where the phase pressures are given by (2.2.1) and the Darcy velocities by (2.2.4)), while the
boundary and initial conditions are respectively specified by (2.2.6) and (2.2.7). The total
number of equations is 2N¢ + 3. Recall that the unknowns are one reference pressure, Np

saturations, and ZpE'P Ne¢, molar fractions, totaling

1+ Np+ Y Ne,=1+3+ (142x (Ne— 1)) =2Ne +3,
peEP

which gives us the same number of equations as unknowns.

Example 2 (Miscible two-phase flow). We next examine how the model of Example 1| simpli-
fies when water is not present. This is precisely the case considered in the numerical examples
of Section below. The phases are now gas and oil, corresponding to P = {g,0}, composed
of N¢ hydrocarbon components with, using the notation of Example |l C = H. Mass inter-
change is allowed between these two phases, and the thermodynamic equilibrium relations are

given by (2.2.11)) or (2.2.12) as in the previous example. The system of equations (2.2.14)




68 Chapter 2. The multiphase compositional problem

simplifies to

okr o ky
O (¢(COSOCO,C + CgSgCg,c)) + V. (C : Co,cvo + Cg £ Cg,c”g) = {qc, Ve e Ca

Ho Hg
So+ Sy = 1,
Y Coe=1, (2.2.15)
CECO
> Coe=1,
c€Cyq

Kg’g(P7 CO, Cg)co,c = Lge \V/C S C,

amounting to 2N¢ + 3 equations. Also in this case we have the same number of equations as

unknowns, the latter equaling to

1+ Np+ > Ng, =1+2+ (2x (Ne)) = 2Ne + 3.
peP

2.2.2 An implicit finite volume scheme with phase-upwind and two-point
discretization of diffusive fluxes

In this section we briefly discuss a fully implicit numerical scheme for the multiphase
compositional model of Section based on phase-upwind and two-point finite volume
discretization of diffusive fluxes. The use of phase-upwind for the finite volume discretization
of the Darcy problem is considered, e.g., in Brenier and Jaffré [16] and Eymard et al. [40].
This scheme is of primary importance due to its stability and consequent popularity in the

oil industry.

2.2.2.1 Space-time meshes

Let (7n)1<n<n denote a sequence of positive real numbers corresponding to the discrete
time steps such that tp = ZnN:1 Tn. We consider the discrete times (t")o<p<n such that
t9:=0and, for 1 <n < N, t":= > " | 7; then we define the time intervals I, := ("1, ¢").
For a function of time v with sufficient regularity we denote v™ := v(t"),0 < n < N, and, for

1 <n < N, we define the backward differencing operator
v = — (v — ") (2.2.16)

that we shall use for both scalar and vector functions.

Let (M™)p<n<n denote a family of meshes of the space domain € superadmissible in the
sense of Eymard et al. [38, Definition 3.1]. Common instances of superadmissible meshes are
Cartesian orthogonal grids or matching simplicial meshes that satisfy the (strict) Delaunay
condition. Superadmissibility requires, in particular, that for all M € M™ there exists a point

xy € M (the cell center), and for all mesh faces o, there exists a point T, € o (the face
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center) such that, for all faces o lying on the boundary of an element M, the line segment
joining xys with T, is K~!-orthogonal to o. In what follows we let, for all M € M™ and all
o€ Sji\’;, du,e = dist(xar, T ), where Eji\’/? denotes the faces of an element M € M™ not lying
on 0. For every element M € M"™, we denote by |M]| its d-dimensional Lebesgue measure
and by h)s its diameter. For 0 < n < N, we denote by £ the set of mesh faces. Boundary
faces are collected in the set EP™ := {0 € " o C 9N} and we let £ 1= £"\ P, For
an internal face ¢ € £ we fix an arbitrary orientation and denote the corresponding unit
normal vector by n,. For a boundary face ¢ € EP™, m, coincides with the exterior unit

normal ng of Q.

2.2.2.2 Finite volume discretization

In the context of cell-centered finite volume methods, the unknowns of the model are
discretized using one value per cell: For all 0 < n < N we let
Py
Xy = (X3 Memn, Xy = (S;L’M)pep VM € M". (2.2.17)
(CZC,M)pEP,CECp

In particular, in practice, the initial condition (2.2.7)) needs to be augmented to
Xpm(-,0) = XYy, (2.2.18)

where X/Q/[ typically results from a steady-state equilibrium computation. For simplicity, we
suppose that [9 in is piecewise constant on M? and exactly satisfied by the correspond-
ing components of X/Q/t’ For all time steps 0 < n < N and all M € M", the discrete phase
saturations are collected in the vector S}, := (S}’}’ A )per while, for all p € P, the discrete
molar fractions are collected in the vector C , := (Cg c ar)eec,- We consider in what follows
an isotropic, possibly heterogeneous medium such that the local (cell) permeability tensor sat-
isfies K|ps = KpsId for all M € M™ and a scalar Ky > 0. Since we consider superadmissible
meshes, this assumption ensures the consistency of the two-point finite volume discretiza-
tion of diffusive fluxes. We emphasize, in passing, that the consistency of the discretization
scheme is not required in the a posteriori error analysis. As a matter of fact, the proof of
Theorem below does not require to specify the origin of the discrete approximation.
For each phase p € P, the corresponding phase pressure inside each cell M € M™ at time

step 0 < n < N is given by
Poar = Por(Pyps Sip) = Py + Pe, (Shy). (2.2.19)

The PDEs ([2.2.2)) expressing the conservation of the amount of each component are discretized

as follows: For all 1 < n < N, we require

M| lerr + > Forro(XRy) = |Mlqly,  VeeC, VM e M™, (2.2.20)

i,n
o€y,
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where gy, = [} [1;9¢/(|M|7,) (more details about the source term will be given in the
numerical tests), and the accumulation term is given, for all 0 < n < N, by the following
discrete version of ([2.2.5)):

s =lept(X3) =0 > G(Prar, Coa)SypmCronr Ve €C, VM e M. (2.2.21)
PEPe
For each component ¢ € C, its total flux across o results from the sum of the corresponding

fluxes for each phase p € P, i.e.,

Forto(X3) = Fpemo(Xi), (2.2.22)
pEP

where, for all p € P, all M € M", and all o € Sji\’/? with 0 = OM N OL,

n T vn n n 1 M ﬂi}z:ﬂi‘grfz:L Eio’
Fyenta(Xpa) = 1 (XR0C) i Fpata(Xp), My = L ot (2.2.23)
otherwise,

1) —
and with Cn,c,MJ and v (X}y) = Vp(PI:M;, MT’

p
molar fraction and upstream mobility. In |j we have introduced the two-point finite

volume approximation of the normal component of the average phase velocity on ¢ given by

C” +) denoting, respectively, the upstream

K
[Pry = Prp+pngg(an —20)],  ax = VK e{M,L},

d}(U
(2.2.24)

where py , is an approximation of the mass density of the phase p on the face o given by

M QL

F, X —_—
(k) = o]

(other choices are possible),

(XZ,MpP(PgMa C;,M) + X;,Lpp( o Cp )) 1 if SV >0,
Ppo = 0 0 T P K e {M,L}.
Xp,m T Xp,L, 0 otherwise,

Boundary fluxes are set to zero for all components to account for the homogeneous natural

boundary condition ([2.2.6]).

Remark 2.2.1 (General meshes and full permeability tensors). A straightforward variation
of this scheme that is consistent on more general meshes and for full permeability tensors
consists in using a multi-point expression for F, po (cf. (2.2.24])) in the spirit of [2, [32); see
also [3].

At the discrete level, volume conservation is expressed by the following relation: For all
1<n<N,
d Spy=1 VMeM" (2.2.25)
peEP

Similarly, the discrete conservation of matter in each phase reads, for all 1 <n < N,

Y Crouw=1 VpeP,YMeM" (2.2.26)

ceCp
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Finally, the thermodynamic equilibrium is enforced by requiring the equality of fugacities for

all time steps inside each cell, leading to

Z Ne, — N¢  equations V1 <n <N, VM e M". (2.2.27)
peEP

An important remark which can be exploited in the implementation is that (2.2.25)), (2.2.26)),
and the thermodynamic equilibrium express local algebraic relations between the
unknowns in each cell. This allows to reduce the size of the global linear system to N x N¢
equations stemming from . A detailed treatment of local elimination strategies is out

of the scope of the present work. We emphasize, however, that a local elimination procedure

is indeed used in the numerical examples of Section [2.5

2.3 A basic a posteriori error estimate

We derive here an a posteriori estimate for the error measured by the dual norm of the
residual augmented by a nonconformity evaluation term. This choice of the error measure
is naturally inspired by the problem, and allows to obtain a fully computable error upper
bound. The results of this section are generic for an arbitrary approximation; we show how
to apply them to the finite volume setting of Section in Section [2.4] below.

2.3.1 Weak solution

At this stage, we need to characterize a weak solution for the multiphase compositional

model (2.2.1)-([2.2.10). Let (-,-)p stand for the L%-scalar product on D C €2 and ||, for the
associated norm; the same notation is used for both scalar and vector arguments, and the

subscript is dropped whenever D = ). We define

X := L?((0,tp); HY(Q)), (2.3.1a)
Y = H'((0,tp); L*(Q)). (2.3.1b)

Let € > 0 be a (small) parameter which only needs to satisfy ¢ < 1. We equip the space X

with the norm

1
N 2
2 2 — 2 2
lelx = {Z/j > ’SOHX,Mdt} el = et el + Ve,  veX.
n=1“"n

MemMn
(2.3.2)
This choice is motivated by the homogeneous Neumann boundary condition ([2.2.6)); taking
e = 0 is possible and classical when Dirichlet (pressure) boundary conditions prescribed at

least on a part of the boundary, cf. [35] [64, 20]. We suppose sufficient regularity to satisfy:



72 Chapter 2. The multiphase compositional problem

Assumption 2.3.1 (Weak solution). There exists a weak solution X of ([2.2.1)—(2.2.10))

which can be characterized as follows:

leeY Ve eC, (2.3.3a)
P(P,S)eX  VpeP, (2.3.3b)
. c [L2((0,tp); L2(Q)]¢  Veeld, (2.3.3¢c)
tp tp
(Ol o)lt) - @ TOO}dt = [ (ol VpeXveeC, (2334
0 0

the initial condition (2.2.7)) holds, (2.3.3e)
the algebraic closure equations (2.2.8)—(2.2.10|) hold, (2.3.3f)

where Py, ., and ®. are defined, respectively, by (2.2.1), (2.2.5), and (2.2.3).

Existence and uniqueness of a weak solution has to our knowledge not been established
for the multiphase compositional model. In simplified settings, with typically only two phases
present and each phase composed of a single component, such results can be found in [47, 22,
8, 91 23] [19] 46, [7] and the references therein.

Remark 2.3.2 (Component fluxes). It follows from (2.3.3a), the assumption q. € L((0,tp);
L3(Q)), [2-3.3d), and ([2.3.3d) that actually

®.c L*((0,tp); H(div,Q))  Veel, (2.3.4a)
V-®. = qe. — Il Ve e, (2.3.4D)
P.no=0 on 09 x (0,tp) Ve e C, (2.3.4¢)

so that the component flures ®. have the normal trace continuous in a proper sense, the gov-
erning equation (2.2.2)) is satisfied with a weak divergence, and the boundary conditions (2.2.6))

hold in the normal trace sense.

2.3.2 A generic approximate solution

In order to present the results of this section abstractly, not linked to any specific nu-
merical discretization, we suppose here that for each 0 < n < N and p € P, we are given a
piecewise H'! in space (typically piecewise polynomial of degree > 1, possibly discontinuous)
phase pressure P;Zh. Therefrom, the space-time functions Pp’hT are created by prescribing
Pyonr
such an assumption, P, , are not necessarily included in the energy space X; we henceforth

(") = Py, 0<n<N, P, thus being piecewise affine and continuous in time. By

understand by V the broken gradient operator on the meshes M"™. Similarly, the amounts of
components lz n 0<n <N, ceC, are supposed L? in space (typically piecewise polynomial
of degree > 0, possibly discontinuous) and form the piecewise affine and continuous-in-time
functions l. jr, ¢ € C, by lep-(t") = l?,h' Thus l.nr € Y, in a discrete equivalent of .
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We suppose that the space-time reference pressure, saturation, and molar fraction ap-
proximations Py, Spnr, and Cpcpr, p € P, ¢ € Cp are linked to PpﬁT and I, via (2.2.1))
and ([2.2.5)), respectively. Similarly, we suppose that the algebraic closure equations ([2.2.8))—
(2.2.10) are satisfied exactly, and, for simplicity, that loh satisfies exactly the initial con-
dition (2.2.7)), i.e., loh = 1Y, Below, the concise notation for the vector-valued space-time

functions Py, := (P

p7h7—>p6777 Shr = (Sp,hf)pep and, for all peP, Cp,hT = (Cp,c,hT)CECp7 will

be employed. We show how we obtain the above quantities in the finite volume setting of
Section or more precisely during the calculation including also an iterative linearization

and iterative solution of the arising linear systems, in Section [2.4.2] below.

2.3.3 Error measure

Following [64], we consider an error measure for the above approximate solution inspired
from the weak formulation , which consists of the dual norm of the residual supple-
mented by a nonconformity evaluation term. For nonlinear problems, it has been argued in,
e.g., 211 33, B6, 29] that the dual norm of the residual is a more natural choice than the
energy norm. Moreover, in the two-phase flow setting with conforming approximations and
Dirichlet boundary conditions, it has been shown in [20, Theorem 5.7] that the dual norm of
the residual is an upper bound for an energy-type difference between the exact pressures and

saturations. Concretely, our error measure is defined as

N = N(Ph7'7 Shr, (Cp hr pEP { ZN2} { ZNP2}27 (2'3'5)

ceC peEP

where the quantities Ne,c € C, and N, p € P, have the same dependence as N'. They are

defined, respectively, as
tp
Noi=  sup / [Oe — Olenrn 2)(8) — (Be— B, . Vo) (0} dl, (2.3.6)
peX o] x=1J0

with the exact component fluxes ®. defined by (2.2.3) and ®_, given by

c,ht

= Z @p,c,hr’ (I)p,c,h‘r =V ( p,hT ShT? Cp,hT)Cp,c,thp(Pp,hq-y Cp,hT)? (237)
PEP:

and 1
2
p—ggg{{z / [ (Bp ) (1) = @, 6p><t>u2dt}, (2.3.8)
P

where, for a space-time function ¢ € L?((0,tr); H'(M)) (piecewise regular with respect to
the partitions M"), we have let

‘I,pﬁ((p) = Vp( p,h7> Shrs Cp,hT)Cp,c,hTKvSO~ (239)
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The first term N, evaluates the non-satisfaction of (2.3.3d)) at the discrete level, as @, _
given by (2.3.7) do not necessarily satisfy the conditions (2.3.4), while the second term N,
quantifies the possible departure of the discrete phase pressures Ppr from the energy space
X.

2.3.4 Flux and pressure reconstructions

To estimate the terms A, in the error measure (2.3.5) we, for all 1 < n < N, introduce
Nc component flux reconstructions (O )cec such that, for all ¢ € C, ©F; € H(div; () and

the following local conservation property holds:
(qzh — 8?lc,hT - V'@Zh, I)M =0 Ve € C, VM € Mn, (2310&)

where we have introduced the piecewise constant space functions qgh, ¢ € C, such that
(@) = [ I Jas e/ (|M|7,). For further use we also define the space-time functions g -,
¢ € C, such that gcplr, = e, forall 1 < n < N. It is also assumed that the boundary
condition is satisfied exactly, i.e.,

©.,no =0 on Q. (2.3.10b)

We denote by ©¢ - the space-time function such that @ .5, = O¢), for all 1 < n < N.
Note that ©.j, mimic the properties of the weak component fluxes ®. as expressed in
Remark In practice, G)Zh are constructed in the Raviart—Thomas—Nédélec finite-
dimensional subspaces of H(div;Q2); details in the finite volume context are given in Sec-
tion 2.4.4] below.

To estimate the terms N, in (2.3.5), we need Np phase pressure reconstructions By
p € P, such that ‘,Bp nr € X for all p € P. These reconstructions are typically piecewise
polynomial continuous in space and piecewise affine continuous in time. Details in the finite

volume context are given in Section below.

2.3.5 A posteriori error estimate

We now derive a fully computable upper bound for the approximate solution as specified
in Section the error measure introduced in Section and based on the pressure and
flux reconstructions of Section A key ingredient is the following Poincaré inequality:

le — entlas < Coarhar |Vl Vo€ HY(M),YM € M", 1 <n <N, (2.3.11)

where oy = [}, ¢/|M| denotes the mean value of the function ¢ on M. We recall that
Cp ar = 1/7 for convex cells M (see [56, [15]).

Forall1 <n <N, M € M" and c € C, we define the residual estimators MR M. the flux
estimators ng yr .(t), t € I, and the nonconformity estimators UKIC,M,p,c(t)v tel,, peP,as
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follows:

N age = min{Cp ar, €72ty gy — OFlee — VO, - (2.3.12a)
Mo ar,e(t) = |O0, — g (B)] 5 (2.3.12b)
MR pe(®) = [[¥pe( By ) (8) = T o(By i) ()] (2.3.12¢)

Theorem 2.3.3 (A posteriori estimate for the error measure (2.3.5)). Under Assumption|2.3.1]
for the flux and pressure reconstructions of Section [2.3.4, and with the estimators given

by (2.3.12)), there holds

=

N 2
mn n 2
Ncg{z / > (MRare T 0 are®) dt} tlge = enely  c€C,  (2.3.13a)
n=1

In premn

[NIES

N
N, < { > /I > (MR arpe(®)’ dt} peP. (2.3.13D)

ceCpn=1"1In premn

Remark 2.3.4 (Source term). In reservoir simulation, the source terms q., ¢ € C, are typi-
cally piecewise constant on the space—time mesh. Then, the last term in the estimate (2.3.13a)),

called data oscillation in numerical analysis literature, vanishes.

Proof. The proof is simple using the equilibrated flux reconstructions ®”,. To bound N, let
¢ € X be such that ]y = 1. There holds

()= [ {0 — Blenr 9)(t) — (B — B, . Vo) (1)}t

0
53]
=, {(gec = Oelenr @) (8) + (R pr, Vo) () 2
53
= {(QC,hT - 8tlc,h7' - v'@c,hTa @) (t) - (®c,h7' - ‘I)c,hw VQD) (t)}dt
0

tp

+ /0 (QC — qc,hry @)(t)dt

N
= Z/I {(gen = Of'lepr = V-OL, ) (1) = (O, — e ppry Vi) (2) 1t
n=1 n

tp

+ /0 (qc — 4c,hry w)(t)dt

where we have used (2.3.3d]) in the second line and we where have added and subtracted

(Ochr, V) (t) and used Green’s theorem along with (2.3.10b) to infer (V-@pr,¢)(t) +
(®chr, Vo) (t) = 0 in the third line. For all 1 <n < N and t € I,,, using the local conserva-

tion property ([2.3.10a)) followed by the Cauchy—Schwarz and Poincaré’s (2.3.11]) inequalities,
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and recalling ([2.3.12a)), it is inferred,

(e = Olesr = V-OLLQ)E) = > (deh = Oflesr — VO ©)u (1)
Memn

= Z (QZh - aflc,hf - V'G)Zha ¥ = SOM)M(t)
MemMn

< Z quh — Olenr — V'QZ,hHM l — el (1)
MeMn

< Z min{CP,Mag_%}hM gz — aflc,hr—V@?,hHM lel x s ()
Memn

= Z Mk, 1l ()

Memn

Using again the Cauchy—Schwarz inequality yields for all 1 <n < N and t € I,,

(O, = P, V) (1) = D (08, = Popr Volu(t) < D i are() [Vl (8).
MeMn MeMn

Thus,

N
I(p) < Z/I > A0k are + 0 are®) lelyar (O} + lae = deprlyr loly - (2:3.14)
n=1"'" MeMn

Finally, using the Cauchy—Schwarz inequality together with the definition of the norm
on X and |¢]y = 1 to bound the first term in equation yields the estimate (2.3.13a)).

The estimate is obtained using the X —regularity of the phase pressure recon-
structions 9, . defined in Section W to bound the infimum in (2.3.§)). U

2.4 Application to finite volume method and adaptivity based

on distinguishing the different error components

We apply here the abstract result of the previous section to the finite volume discretization
introduced in Section Moreover, we consider a practical implementation of f
(2.2.27)), requiring the solution of the arising system of nonlinear algebraic equations at each
time step. Distinguishing the different error components in the basic a posteriori error esti-
mate of Theorem [2.3.3] we propose stopping criteria for the employed iterative algebraic and
linearization solvers. An entirely adaptive algorithm, also balancing the time and space error
components via adaptive time step choice and adaptive mesh refinement, is proposed. For
the sake of simplicity, we assume henceforth that the source terms g., ¢ € C, are piecewise
constant on the space—time mesh, so that the last term in the estimate vanishes, cf.
Remark 2.3.41
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2.4.1 Linearization and algebraic resolution

The finite volume method discussed in Section [2.2.2] requires to solve a system of nonlinear
algebraic equations at each time step. Recalling (2.2.16)), for all 1 < n < N, the discrete
conservation of components (2.2.20) can be rewritten as

M _
2 (0 = P ()15 YD Pt (WR)—IMlgla =0 Vee € VM € M"
065;’}1
(2.4.1)
System ([2.4.1) can be solved by any suitable linearization. In what follows, we focus on the
Newton linearization algorithm, although the a posteriori error analysis developed in this work
can be easily adapted to accommodate other linearization algorithms in the spirit of [36].

For 1 <n < N and XX/}O fixed (typically, X}\z;lo = X/’\L/t_l), the Newton algorithm generates
a sequence (X/(L/lk) k>1 With Xﬂk solution to the following system of linear algebraic equations:
For all c € C and all M € M",

aR?M n k—1

> o ) (X =Y + Ry (X =0 (2.4.2)
M'eMm

The (approximate) solution to is typically obtalned using an iterative algebraic solver.
For 1 <n < N, a given Newton iteration k& > 1, and X} 0 fixed (typlcally, X k.0 X}&k b,
the iterative solver generates a sequence (X/T\L/tk )i>1 solving (12 up to the residuals, given
for all c € C and all M € M™ by

OR"
X,

ki
R\ =
M'eMn

() - (A = 20+ R (). (24:3)

Plugging (2.4.1)) into (2.4.3)), it is inferred

Rt = 3 IS iy gt -
MIGMTL
SN ) (g - Y R ()
M’'eMn Eg}u"

(2.4.4)

The first and the second terms in the right-hand side of (2.4.4]) are linear perturbations of
the corresponding terms in (2.4.1)). The linear perturbation in the accumulation is

e = 3 GR ) () 245
M’'eMn !

whereas the linearized component flux reads

nki n,k,i
FQM’U = Fp,c,M7o" (2.4.6)

pEP
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with linearized phase component fluxes

i k-1 OF} cm, k-1 ey 1
Fylire = Frearo (X001 + D0 TR () - (gt - ). (24
M’'eMn M’

In conclusion, at time step n, Newton iteration k£ > 1, and linear solver iteration ¢ > 1, the

. n,kyi - .
residual vector RQ W 1S given by

Rini = (lc,M(X}a’“‘l) + LI =1 1) ST OEM Mgty VeeC, VM eM™.
ocEy

(2.4.8)

2.4.2 Approximate solution

In this section we identify the approximate solutions, as discussed in Section for

the finite volume setting of Sections [2.2.2| and [2.4.1, We will need some finite-dimensional

subspaces of H(div, ). When the meshes M" consist of rectangular parallelepipeds, as it is

the case in the numerical experiments of Section [2.5| below, we use

RTN(M") := {v, € H(div; Q); vp|m € Qo1(M) x Q10(M) if d = 2,

(2.4.9)
Q071,1(M) X QLOJ (M) X QLLO(M) ifd= 3, VM € Mn} .

For general meshes, one typically introduces matching simplicial submeshes of M™, here still

denoted M™, and uses

RTN(M") := {vh € H(div: Q); va|ar € [Po(M)]® + zPo(M), VM € M”} . (2.4.10)

For more details on the lowest-order Raviart—Thomas—Nédélec spaces (2.4.9) and (2.4.10)), we

refer to Brezzi and Fortin [17].

Remark 2.4.1 (General meshes and full permeability tensors). For more general polyg-
onal or polyhedral meshes and full permeability tensors, one possibility is to replace the
Raviart-Thomas—Nédélec spaces and by the generalization proposed in [27,
Appendiz A], which has the remarkable property that it guarantees H(div; Q)-conformity with-

out the need for a subdivision of the elements into tetrahedra in three space dimensions.

2.4.2.1 Phase pressure postprocessings

As explained in Sections 2.3.2] and [2.3-3] we need to evaluate the broken gradient of the
discrete phase pressures P”h, peP,0<n<N. The original finite volume pressure approx-
imations P}y of (2.2.19 m, or, more precisely, P’ ’M’ obtained from X Fin Section are

only piecewise constant. We thus, following [63], define piecewise quadratic, pObblbly discon-

tinuous phase pressures as follows. Let 1 < n < N, a Newton linearization iteration k£ > 1,
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and an algebraic solver iteration ¢ > 1 be fixed. For all p € P we define I‘Z’,’f’i € RTN(M™)
such that, for all M € M™ and all o € 7,

(I‘n]’;anyl) p,MJ(XnkZ)a

with F), s, defined by (2.2.24) and I‘n King =0 on 99. The fluxes I‘ ’ " are thus discrete
versions of the Darcy velocities v, from . Motivated by -, we then, for each p € P,
introduce the piecewise quadratic phase pressure P; ;f’z such that, for all M € M™,

7k7‘
( Kvpnk’b)| _ (Fn,k:,’b)’ (K ( nkz anl) )| d (P]:fh 171)M _Pn,k’,i
p:h PpiEpr e VT I LA
(2.4.11)

The space-time function P ;LT’ is then as usual continuous and piecewise affine in time, given
by Py’ K4 at the discrete times ¢™; for n = 0, the initial datum from (2.2.18)) is used.

Remark 2.4.2 (General meshes and full permeability tensors). On more general polygonal or

polyhedral meshes and for full permeability tensors, one can alternatively define for all p eP

replacing (T n’“ ) ar in (2.4.11) by

n, k K
a piecewise affine, possibly discontinuous pressures P

o ki
S e Faan G~ o)
UE(‘JML
The use of the above formula to lift fluzes is justified in [5, Section 2.3].
2.4.2.2 Reference pressure, saturations, molar fractions, and amounts of com-
ponents

The approximations of all saturations, molar fractions, and amounts of components by

the finite volume approach of Sections [2.2.2] and [2.4.1] is piecewise constant on the meshes

M™. We keep them as such and use the notations (recall the definition of the function I. s

of ([2.2.21))

(S s = Sy (2.4.12a)
(Cyitilar = Cpiig (2.4.12b)
(o ar = L= lean (X, (2.4.12¢)

for0<n<N,k>1,i>1, M € M", pe P, and ¢ € Cp. The space-time functions Grokid

p,h1 7
C’;L . w, and [ ’hT’Z are then defined therefrom while being continuous and piecewise affine in

ko
time. In what concerns the reference pressure P, ot

, it does not appear explicitly in what
follows.

In Section we have made the assumption that the links ( and (2.2.5), as
well as the algebralc closure equations ([2.2.8] -,m’ are satisfied exactly for the discrete



80 Chapter 2. The multiphase compositional problem

approximations P,?T’k’i, S;” ’}’f:, C’; ’ck;fT, P;L }f’;i, and l?’,ff. This may not hold precisely for all
of the required links for the above construction but we suppose the error from this non-
satisfaction is negligible. Typically (2.2.8]) and (2.2.9) holds precisely, but (2.2.1]) and (2.2.5))

may be violated (the capillary pressure function applied to a piecewise polynomial is typically

no more a piecewise polynomial and a product of two piecewise affine-in-time functions is
a piecewise quadratic-in-time function) and (2.2.10) will be violated if the local fugacity

equations are not resolved exactly.

2.4.3 Phase pressure reconstructions

We define the phase pressure reconstructions discussed in Section ([2.3.4]) from PZZ f’i

of [@.4.11) by

’k7l 7k7'
¥ =L(P")  peP, (2.4.13)

0<n<N,k>1,i>1, where Z denotes the vertex-averaging interpolator. This operator
has been introduced in the context of a posteriori error estimates for finite volume discretiza-
tions of Darcy’s equations by Achdou et al. [3] and in the discontinuous Galerkin setting by
Karakashian and Pascal [45]. As usual, B, 1 is then continuous and piecewise affine in time,

given by ‘I?Z’}]f’i at the discrete times t". Most importantly, it satisfies 3 € X.

p,hT

2.4.4 Component flux reconstructions

We provide here details on how to build the component flux reconstructions in the spirit
of Section for the finite volume setting of Sections and Several different flux
reconstructions will be introduced to accommodate the presence of different error components.

Let a time step 1 < n < N, a Newton linearization iteration £ > 1, and an algebraic
solver iteration ¢ > 1 be fixed. For all ¢ € C, the discretization flux reconstruction @ij, Cz n €
RTN(M™) is such that, for all M € M™ and all o € Eji\’;,

(O35 mar, 1o = Fonro (X, (2.4.14a)
with F¢ a7, defined by (2.2.22), while G)gi’f’cih-ng = 0 on 0N coherently with (2.2.6)). For all
c € C we also define a linearization error flux reconstruction @ﬁl’lk’ci 5 € RTN(M") such that,
for all M € M™ and for all o € E']i\’/?,

(O 1) = I3 — Funro (X0, (2.4.14D)

with F C" A’f[la defined by (2.4.6]), and, similarly, an a,lgebmi.c error flux reconstruction G)ng,’ci,h €
RTN(M™) such that, for all M € M"™ and for all o0 € £}/,

(Gng,’i,h'nM, Doar i=—RoyT, (2.4.14c)
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with R™" defined by (2.4.8]). To complete both (2.4.14b|) and (2.4.14c]), we set respectively
c,M

@ﬁl’lk;jh-ng =0 and G)Zl’g’zh-ng = 0 on 99Q. For all ¢ € C, the equivalent of the component

flux reconstruction @7, from Section is then given by

@’Z,}Ij,l = @n’k,lh + @nvkvlh + eTL,k,Z’ (2.4.14d)

dis,c, lin,c, alg,c,h"

Remark 2.4.3 (Algebraic error). In practice it is rather difficult to satisfy ezactly,
though it is possible following, e.g., [44, Section 7.3]. Following [36, Section 4] we prefer
to compute our algebraic error flur reconstruction by: (i) performing j additional iterations
of the algebraic solver from the stage , with j a user-defined fized number; (ii) com-

puting @gi’fﬁ;j and @ﬁf’j;jj as in (2.4.14a)) and (2.4.14b|), respectively, with i replaced by

i+ j; (i11) defining the algebraic error flux reconstruction as G)Zl’g’é pi= @ZI’SZZ] + G)ﬁ;lk’clzj -
(egith + @)ﬁﬁkgh)- Then, (2.4.14d) only holds approzimately (the better the bigger j is), but

turns out to work perfectly in practice.

2.4.5 Distinguishing the space, time, linearization, and algebraic errors

In this section, we first give a time-localized version of Theorem Subsequently,
we derive an a posteriori error estimate distinguishing the space, time, linearization, and

algebraic error components.

2.4.5.1 A time-localized a posteriori error estimate

Let 1 <n < N, a Newton linearization iteration £ > 1, and an algebraic solver iteration

i > 1 be fixed. It follows from ([2.4.8), the definition (2.4.14d)) of the flux reconstruction
@Z’,f’i, and Green’s theorem that there holds, for all ¢ € C,

Lot (A1) 4 L2 — o .
(qgh . c, ( M )Tn c,M c,M o V_G)Zv/;ﬂ’ 1 =0 VM c Mn (2415)
M

Unfortunately, owing to the nonlinear accumulation term, compare the definition (2.4.12c|) of
lZ’,ff with (2.4.8), (2.4.15) is not a full equivalent of (2.3.10a}). However, we can still elaborate

Theorem as follows. For all ¢ € C, define the following refined version of the estimators
of (2.3.12)), with the additional nonlinear accumulation estimator nﬁ’i’éwc:

it e = min{Ce v, e by ||ql, — ()7 (e (X0F1) + L8 = 123]) = VO "
(2.4.16a)
Mg (t) = HGZ’;f’i - 4’2’{??(75)” Ly el (2.4.16b)
TR pet) = | Coe PL (0 = Tyt ®)| - teLupeP. (2.4.16¢)
M = € B () 7 lear (M) — ter (X3 — 2257 (2.4.16d)
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where the functions ¥, ., p € P, ¢ € C,, are defined by (2.3.9)), while

nki n,k,i nk,g n.k,i  an,k,i .k, i\ ki n,k,i n,k,i
(I)c,hr T z : (I)p,c,h7-7 q)p,c,h’r T Vp(Pp,hT 7Sh7- ’Cp,hT )Cp,c,hrvp(Pp,hT ’Cp,hT )
PEP:

In the spirit of Section [2.3.3] we define the time-localized error measure,

N = {Z(N§)2}2 + { Z(Ng)2}2, (2.4.17)

ceC peEP

where V', ¢ € C, and NV}, p € P, are defined as (2.3.6) and ({2.3.8)), respectively, with

the current approximations indexed n, k,7 and the time integration performed on the time
intervals I,, instead of (0,¢r). Note that

N N
Ne= SOV N = STy
n=1 n=1

We then have:

Corollary 2.4.4 (Time-localized a posteriori error estimate). Consider a time step 1 <
n < N, a Newton linearization iteration k > 1, and an algebraic solver iteration v > 1.
Under Assumption for the approzimate solution of Section the phase pressure
reconstructions of Section[2.4.3, the component flux reconstructions of Section and with

the estimators given by (2.4.16|), there holds

1

2
NP < { / > (nﬁj’j\’j?c ot () + nﬁ’,ﬁjhc)th} cecC, (2.4.18a)

In premn

ol

N < { > / > (nﬁ’gm,pﬁ(t))zdt} peP. (2.4.18b)
c€Cyp

In premn

Proof. The proof is a slight modification of that of Theorem [2.3:3] We only need to estimate

N
Z/ > (afl’;f: — (™) e (X +£Z}'ff —1207)> ) (t)dt
n=1"In pre pmn

N
=3 [ ) e ) — e () — £ e

n=1"In prepmr

N N
’k‘7' l - 7k7'
<y /] S e ey (d < 3 /1 S el (B,
n=1 n=1

n MeMnr n MeMn

to combine this bound with (2.3.14]) and the definition (2.3.2)) of the norm on the space X,
and restrict the result to the given time interval. O
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2.4.5.2 Distinguishing the different error components

Foralll1<n<N,k>1,¢1>1, M € M", and c € C, we define the spatial estimators

evaluating the error related to the spatial mesh resolution,

k k k k
Wpir o(8) = TR + H@Zﬁs o~ Bl ()

1
2
S torh e

pEPe
(2.4.19a)
the temporal estimators evaluating the error related to the size of the time step,
ok = @™ (1) — @™F (¢ tel 2.4.19b
nthc - chT ChT() € In, ( s )

M

the linearization estimators measuring the error in the linearization of the nonlinear sys-

tem (@)

nk,ig . n,k,i
77hn M c lin,c,h

‘ N e (2.4.19¢)

and the algebraic estimators that quantify the error in the algebraic iterative resolution of the
linear system ([2.4.2)),

n,k,i L n,k,i
T]alg M,c "

K I (2.4.19d)

For all ¢ € C, global versions of these estimators are given by

1
2
i’ { / n;‘pf“]\}c(t))th}, (2.4.20a)
In prepmn

1

2
Mo { /I n?nfj&c(t))th}, (2.4.20b)

n MeMnr

1
2
k k 2
Wi - {27" > (e } (2.4.20¢)

MeMn

1
2
k k 2
URHE {27" > (enre) } : (2.4.20d)

MeMn

Using the triangle inequality and Corollary[2.4.4] we can estimate the time-localized norm

N™ of (2.4.17) as follows:

Corollary 2.4.5 (Distinguishing the space, time, linearization, and algebraic errors). Under
the assumptions of Corollary there holds, with the estimators given by (2.4.20)),

2
k k ki 2
N < {Z(n;“;’“;+n?mz+n{:n;+n:1g;) } : (2.4.21)

ceC
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2.4.6 A fully adaptive algorithm

In this section we propose an adaptive algorithm based on the estimators . Let
Min, Yalg € (0,1) be user-given parameters; these express respectively the fraction allowed for
the linearization and algebraic error components. Similarly, let the parameters for balancing
the spatial and temporal errors I'ty; > vim > 0 be fixed. Finally, let crit] stand for the
maximal error allowed in the component ¢ on the time interval I,. Our algorithm is as

follows:

1. Initialization
(a) Choose an initial mesh MY, an initial time step 7%, and set t* := 0 and n := 0.
(b) Set up the initial approximation X/?A.

2. Loop in time
(a) Set n:=n+1, M™:= M1 77 :=7""1 and k := 0.
(b) Define Xy = X7 .
(c) Spatial and temporal errors balancing loop

i. Newton linearization loop

A. Newton initialization
e Set k:=k-+1and::=0.
e Define X}ak’o = X/T\L/’lk_l.

B. Set up the linear system.
e Compute the linearized component fluxes F "]\lf[if, c € C, following (12.4.6)).

C
e Compute the perturbation of the accumulation term LR e C, fol-

c,M >
lowing (2.4.5)).
e Assemble the linear system following (2.4.8]).

C. Algebraic solver loop
e Seti:=1i+1.
e Perform a step of the iterative algebraic solver for the solution of .
e A posteriori estimators
e Build the postprocessed phase pressures following .
e Construct the approximations of the saturations, molar fractions, and

amounts of components following (2.4.12)).
e Prescribe the continuous phase pressure reconstructions following (2.4.13)).

n,k,i n,k,i

. n,k,i
e Construct the component flux reconstructions @ dis.e.h> @hn’ ehr Palgens

and ©7" following (2.4.14).
e Evaluate the different estimators defined by (2.4.20)).

e Terminate the algebraic solver loop if

mki o (ks gk k), Ve e C. (2.4.22)

77alg,c sp,¢ tm,c lin,c
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D. Update
e Update the unknowns; set X/’\‘/’[k = X/’;‘A’”

E. Terminate the Newton linearization loop if

Mt < (5 kD), veec. (2.4.23)

sp,C

ii. Adapt the time step if necessary.

iii. If spatial mesh adaptation is considered, refine or coarsen the mesh M™ in

function of the distribution of the local spatial error estimators n?pkj\z 1)
of ([2.4.19a)).

iv. Terminate the spatial and temporal errors balancing loop if

] »kv‘ ) 7A ) 7A ’k" ]
YoMt < ey < Temn' and  plkhi 4l < ait?  VeeC.
(2.4.24)

(d) Data update
i. Set X} = X}\l/lkz and t" = t"~t 4 17,
(e) End: Loop in time if (" > t).

Note that in we propose to stop the iterative algebraic solver when the algebraic
error components do not affect significantly the overall error. A variation in the spirit of Re-
mark can be considered where a user-defined number j of linear iterations are performed
before recomputing the estimators, and the algebraic estimator is replaced by its approximate
version. Similarly, the criterion expresses the fact that there is no need to continue
with the linearization iterations if the overall error is dominated by the space and time errors.
Finally, by we give a way to select the time step 7" in order to equilibrate the space
and time error components; congruently, the spatial mesh should be refined/derefined. If
local adaptive mesh refinement is considered, M™ should be such that, for all My, Ms € M™
with My # Mo,

n,k,i ~ Mk
Msp,e,m1 = lsp,e, M Veel.

Local (elementwise) versions of the criteria (2.4.22)) and (2.4.23) can be formulated using the

local estimators (2.4.19)); see [44] 33, [36].

2.5 Numerical results

In this section we illustrate our theoretical results on different test cases representative
of enhanced oil recovery techniques of Figure More specifically, we focus on the case
when oil recovery is improved by injecting components that are not originally present in the
reservoir to increase the mobility, cf., e.g., [49, 58]. Both homogeneous and heterogeneous

(but isotropic) porous media are considered.
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O
Production well

Injection well
[

(a) Two-spot pattern (b) EOR process

Figure 2.1: Configuration for the numerical test cases

2.5.1 Common setting

We consider the injection of gas composed of carbon dioxide CO, (component g;) and
nitrogen N, (component go) into a reservoir initially saturated with heptanol C;H;4 (com-
ponent o). The three components, collected in the set C := {o,g1,g2}, can be present in a
liquid or gaseous phase corresponding to P := {l,g}. This is therefore a special case of the
more general problem considered in Example 2l For the test cases we consider two different
configurations :

e A spatial domain £ = (0,1000)mx (0,1000)m with a two-spot pattern, see Figure

e A spatial domain £ = (0, 1500)mx (0, 1500)m with a five-spot pattern, see Figure

We have injection wells with pressure fixed to Pp; = 1.1 x 10'%Pa and one production
well with pressure fixed to Py, = 9 X 10%Pa. Wells are modeled as nonlinear source terms as
detailed in the following. Denoting by M;y; and My,,q the cells containing the injection and
production wells, respectively, the rates of injection and production of the component ¢ € C,

denoted by gc ar,,; and ge a4, are given by the following expressions:
| Minj e, = —VgMis (Pings Sg.ings Caing) Co,eini P ayy (Pt — Ping) »
and,

’MproquMpro = - Z {vaMpro(PpaMpro7 Svapro’ vaMpro)vacyMprOIPMpro (Pp:Mpro - Ppro)} ’
peCyp

where Sginj = 1 is the injected gas saturation, Cg iy is the vector of injected components

molar fractions in gas
Cyinj = {Cgo,nj = 0, Cg gy inj = 0.8, Cg gy inj = 0.2},

and IP,; is the well’s production index given, for isotropic medium, by Peaceman’s formula:

2nK AZ
P, = S oME2M = JA22, + Ay2
M Gog(0.14) T+ AV
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with 7y the well radius set to 0.5m, AZ); the perforated mesh height, and Az, Ayas the
dimensions of the perforated cell M along the x and y axis, respectively.

The required physical properties are chosen as follows: (i) porosity ¢ = 0.1; (ii) phase
molar density ¢, = > cc (c(P)Cep, p € {1, 8}, where (., c € C, takes the form

P — Py P — Py

Poro — PiJnj +he Ppj — Epro’
with (0, Bo) = (6640.88,6669.32), (g, , Bey) = (4703.4,5567.0), and (crg,, Bg,) = (3062.5, 3676.4);
(iii) the liquid phase viscosity y1 = 3.2 x 10~%Pa - s and the gas phase viscosity pg = 3.5 x 107°Pa - s;

CC(P) = Q¢

(iv) the relative permeability

1 if S, > 1,
ke p(Sp) = Sp= 5 if gres « & 1
r,p P I—S{fs 1 P < P < ’
0 if S, < Sies,

where the residual saturations are respectively given by 5/ = 0.2 and 5" = 0.1. Concerning

the thermodynamic equilibrium between the oil and gas phases
Coe=K28(P,C,,Cy)Co. ¢, VeeC,

we consider here a simple formula, depending just on the pressure, for the equilibrium constant
K% = K28 (P) between the oil and gas phases for the component ¢ € C given by
P_Pinj +6CP_PprO
Ppro - RHJ —Pan - —Pplro7
with (70,d0) = (1.2 x 10721 x 1072), (7g,0g,) = (1.3 x 10,1.64 x 10'), and (7g,,ds,) =

(64,76). Note that, as we consider a horizontal 2D case, gravitational effects are not taken into

Kg’g(P) = Ye

account in the numerical tests, and the phase mass densities p,, p € P, need not be specified.
We shall test different cases, with a homogeneous porous medium and a heterogeneous one.
The capillary pressure curves and the absolute permeability K are problem-specific and will
be described below.

We consider a uniform spatial mesh (mesh adaptation will be considered in the next
chapters) and choose the initial time step as 70 = 5.184 x 10°s, which equals to 6 days.
We consider the finite volume discretization of Section 2.2.2.2] with the Newton linearization
detailed in Section we obtain with the GMRes iterative solver and ILU precon-
ditioner with zero level fill-in. Our implementation uses PETSc [12), 1), 13] with the function
KSPSetConvergenceTest allowing to enter a user-defined convergence criterion.

In order to compare the adaptive resolution with a classical one, let us introduce the
relative residuals related to the linearization and algebraic resolutions. Consider, at every
time step n, a resolution of a system of nonlinear algebraic equations F™(X) = 0 by the
Newton method. Starting from X™°, the relative linearization residual at step k is defined as

errﬁf = 7”[‘“()("7’“)“
| £ (X70)]
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Similarly, consider the linear system resulting from the Newton method and written in the
following form: A™F-1X™F —= pnk=1  An iterative algebraic solver for this linear system:
looks on step i for a vector X™*? whose relative algebraic residual is expressed by

. HAn,k—an,k,i o bn,k—lH
N

The comparison in numerical tests below will be done between the adaptive resolution where
the stopping criteria for the GMRes and Newton iterations are given by, respectively, (2.4.22))
and with Yaig = Nin = 1073, and a classical algorithm where iterations are stopped
using a fixed threshold, i.e.,

errjy’ < 107%, (2.5.1)

for the GMRes iterations and
errf?® <1078, (2.5.2)

n

for the Newton linearization.

The algebraic error flux reconstruction (")ng,ﬁ,h is obtained in the spirit of Remark
with j = 2. We thus perform two additional GMRes iterations before checking the crite-
rion (2.4.22)) (these additional steps are not wasted as we continue the iteration from the last

obtained solution in the next GMRes step).

2.5.2 Compressible flow in a homogeneous porous medium

We first consider a simplified test case with a homogeneous permeability
K = (9.869233 x 10~ “m?)I,

where I is the identity tensor, and no capillary effects, setting P, (S) = 0 for all p € P. We
consider a simulation of tp = 7 years. For a fixed time step and the first Newton iteration, we
first show in the left part of Figure [2.2] the evolution of the different estimators as a function
of the GMRes iterations at the classical resolution stopped following . We remark that
the algebraic error steadily decreases, while the other components stagnate starting from the
first iteration. For the same time step, in the right part of Figure we depict the evolution
of the spatial, temporal, and linearization error estimators as a function of the number of
Newton iterations. The spatial and temporal errors stagnate starting from the third step
while the linearization error nﬁnkj\} decreases until 1079, which is equivalent to the value 1078
for the relative linearization residual at which we satisfy the classical stopping criterion ([2.5.2)).
These results justify our stopping criteria which economize many useless iterations.

Figure shows the rate (in its left part) and the cumulated rate (in its right part) of
oil production during the simulation for the classical and adaptive resolutions. We remark
that using the adaptive algorithm does not affect the accuracy of the predicted oil production

rate, which is the crucial engineering output of the simulation. We next in Figure [2.4] show
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the evolution of the saturation in the liquid phase for both classical and adaptive resolutions
at two times during the simulation. Values without any visible difference are found in these
cases. Similarly, Figure compares the resulting reference pressures using the adaptive

algorithm and the classical one; again no loss of the precision is observed.

Figureillustrates the evolution of the spatial estimators (2.4.19a)) of the oil component.
We see that this estimator detects the error caused by the two wells, as well as the error
following the saturation front. This result pleads for a space mesh refinement/coarsening

strategy using our estimators which will be considered in the last chapter in three dimension.

We next focus on computational savings resulting from our adaptive stopping criteria. In
the left part of Figure we show the number of Newton iterations at each time step for the

entire simulation. The cumulated number of Newton iterations as a function of time is then

T T T T T T T 104 T T T T T T
5 102| | 5 P — — —— |
5 10 s
g s 102 |
§ A A Ak Ak Ak Ak § adaptive stopping (frit(‘rion‘
2 1n-1| —— . - - %
s 10 J adaptive stopping criterion o 0
+ — + 107 | ’
=1 =}
2 2
€104 =  space . 2 10-2 11— total |
g ——  time g = space
g I linearization 2 —— time
o 10 —— algebraic © 10~* {{——linearization B
- -
= classical stopping criterion-F\ S classical stopping criterion %X
10710 C 1 I | | | | | 10*6 E 1 | | | | [

0 5 10 15 20 25 30
PETSC-GMRes iteration

35

1 2 3 4 5 6

Newton iteration

Figure 2.2: Evolution of the spatial, temporal, linearization, and algebraic error estima-
tors (2.4.20)) for all components for a fixed mesh at time 1.04 - 10%s, as a function of GMRes

iterations on the first Newton iteration (left) and of Newton iterations (right)
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Figure 2.3: Rate (left) and cumulated rate (right) of oil production during the simulation,

classical resolution vs. adaptive resolution for the test case of Section W



90 Chapter 2. The multiphase compositional problem

Saturation Saturation

Saturation Saturation

Figure 2.4: Liquid saturation, classical (left) vs. adaptive (right) resolution at times 30
months and 80 months for the test case of Section [2.5.2]

presented in the right part of Figure The overall gain in terms of linearization iterations

obtained using our stopping criteria is quite significant.

Finally, similar results are obtained using the stopping criterion for the algebraic solver.
We represent in the left part of Figure 2.8 the number of GMRes iterations at each time and
Newton step. In the right part of Figure 2.8 we then depict the cumulated number of GMRes
iterations as a function of time steps, where still more interesting results can be found. We
see that during the simulation the gain in GMRes iterations reaches a factor of roughly 10

for the adaptive resolution compared with the classical one.
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Figure 2.5: Reference pressure, classical (top) vs. adaptive (bottom) resolution at time 50
months for the test case of Section [2.5.2]

2.5.3 Compressible flow in a heterogeneous porous medium

In what follows, for the phase pressures, we choose P as the reference pressure P, i.e.
P, =0, and follow the Brooks—Corey model [I§] for the gas phase capillary pressure law, i.e.,
Sg — S5

— — . m — . = S
Py =P+ P, (Ss),  Po(Se)=P.-(S)™,  S.=1 T

with P, = 8.73 x 10°Pa, m = —ﬁ, and S, 5;° are the residual saturations defined previ-

ously.

2.5.3.1 Fingering permeability

In this case we consider the heterogeneous permeability shown in Figure [2.9b| with a final
time for simulation: tp = 7 years. We compare in Figure the rate of oil production re-
sulting from both the classical and adaptive resolution and verify that our adaptive algorithm

does not have any significant effect on the accuracy of production.
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SpaceEstimator SpaceEstimator
34

iﬁﬁ 3
4

Figure 2.6: Spatial error distribution at times 30 months and 40 months for the test case of

Section @

In Figure 2.11] we show the evolution of the oil saturation at several time steps during the
simulation. The results are given for classical resolution and the adaptive resolution based
on our stopping criteria; we see also here that the precision of resolution is the same. Figure
[2.12] presents the same result for the reference pressure.

Next, we illustrate in Figure the spatial estimator evolution of the oil component at
different time steps. The spatial estimator follows the saturation front through the hetero-
geneous medium with the time evolution, it detects also an error around the injection and
production wells. Thus the heterogeneity of the medium does not prevent our estimator from

localizing the error during the simulation.
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Figure 2.7: Newton iterations at each time step (left) and cumulated number of Newton
iterations as a function of time (right) for the test case of Section Average number of

Newton iterations per time step: 4 iterations (classical), 2 iterations (adaptive)
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Figure 2.8: GMRes iterations for each time and Newton iteration step (left) and cumulated
number of GMRes iterations as a function of time (right) for the test case of Section [2.5.2]
Average number of GMRes iterations per time and Newton iteration step: 31 iterations
(classical), 6 iterations (adaptive). Average number of GMRes iterations per time step: 126

iterations (classical), 12 iterations (adaptive)

As for the previous test cases, using our adaptive algorithm based on the stopping crite-

ria (2.4.22) and ([2.4.23)), gives computational savings in terms of the number of iterations of

both Newton and GMRes methods. A comparison between the number of iterations for the
linearization method is shown in Figure The saving in the cumulated number of Newton
iterations can be deduced from the right part of this figure. The over-all gain in terms of
GMRes iterations can be observed in the right part of Figure [2.15] with a speed-up factor
reaching the value 9. In the left part of this figure we show the economy of GMRes iterations

at every time and Newton iteration step.

' o Pe;r;effi\if
Production well
15
Injection well
. 5
(a) Two-spot pattern (b) Absolute permeability
Figure 2.9: Configuration for the numerical test case of Section [2.5.3.1




94 Chapter 2. The multiphase compositional problem

2.5.3.2 Random permeability

We consider here the heterogeneous permeability field shown in Figure corresponding

to a log-normal distribution. The process is simulated for tp = 7 years.

As for the homogeneous case, we verify in Figure that the adaptive resolution does
not affect the accuracy of the predicted oil production rate by comparing it with the re-
sults obtained using the classical resolution procedure based on the stopping criteria
and for the GMRes and Newton iterations, respectively. Also, Figure compares
the liquid saturation obtained using the adaptive and classical resolutions. Again, apply-
ing the adaptive algorithm does not influence the precision. A similar comparison for the

reference pressure is shown in Figure

The evolution of the spatial estimator (2.4.19a)) of the oil component at different time
steps is shown in Figure [2.20] It again detects the error around the injection and production
wells, while, advancing in time, the error follows the saturation front. As in the homogeneous

case, we thus deem our estimators to be a good tool for adaptive mesh refinement.

The saved iterations from the linearization method at each time step can be found in the
left part of Figure In the right part of this figure we show the cumulated number of
Newton iterations during the simulation as a function of time steps; again a considerable gain

in terms of the number of Newton iterations is achieved.

Finally, in Figure [2.22) we compare our algebraic stopping criterion with the classical one.
At every time and Newton iteration step, the economy of the GMRes iterations using the
stopping criterion (2.4.22)) can be appreciated in the left part of Figure In its right part,
the overall gain is presented. Here a little better than for the homogeneous case, the speed-up

factor is roughly 10.
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Figure 2.10: Rate (left) and cumulated rate (right) of oil production during the simulation,
classical resolution vs. adaptive resolution for the test case of Section [2.5.3.1
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Figure 2.11: Liquid saturation, classical (left) and adaptive (right) resolutions at times 30

months, 50 months, and 84 months for the test case of Section




96 Chapter 2. The multiphase compositional problem

Pressure

le+0T o
L. 5a 16 -
He+db T T 1
[a] 0o 1000 1200
(a) pressure curve on a line in the domain (b) Reference pressure
e
1etiT
4.5 +)5
Be+)E T T 1
D L] 1000 100
(c) pressure curve on a line in the domain (d) Reference pressure

Figure 2.12: Reference Pressure, classical (top) and adaptive (bottom) resolution at time 70

months for the test case of Section [2.5.3.1
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Figure 2.13: Spatial error distribution at times 30 months, 50 months, 70 months, and 84

months for the test case of Section [2.5.3.1
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Figure 2.14: Newton iterations at each time step (left) and cumulated number of Newton
iterations as a function of time (right) for the test case of Section [2.5.3.1f Average number

of Newton iterations per time step: 4 iterations (classical), 2 iterations (adaptive)

2.5.4 Five-spots pattern

We consider here a five-spot pattern, see Figure with two different distributions of
a heterogeneous permeability on the spatial domain € = (0, 1500)mx (0, 1500)m.
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Figure 2.15: GMRes iterations at each time and Newton step (left) and cumulated number

of GMRes iterations as a function of time (right) for the test case of Section [2.5.3.1} Average
number of GMRes iterations per time and Newton iteration step: 31 iterations (classical),

7 iterations (adaptive). Average number of GMRes iterations per time step: 125 iterations

(classical), 15 iterations (adaptive)
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Figure 2.16: Configuration for the numerical test case of Section [2.5.3.2

2.5.4.1 Random permeability by zones

For this test case the process is simulated for tp = 15 years and the heterogeneous per-
meability field is shown in Figure For every zone in this figure we consider a random
permeability corresponding to a different log-normal distribution . We see that we have high
permeability in the first and second zones which makes the fluid passes through the medium
easily compared with the third and forth zones where the permeability is lower.

Figure[2.:24] presents the results for the rate and the cumulated rate of oil production during
the simulation for adaptive and classical resolution. We see clearly that the production of the
oil is the same for both resolutions, thus the adaptive resolution does not affect the accuracy
of the oil production rate.

We then show in Figure the evolution of the saturation at different time steps during

the simulation also for both adaptive and classical resolution and verify by this resulting figure
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Figure 2.17: Rate (left) and cumulated rate (right) of oil production during the simulation,
classical resolution vs. adaptive resolution for the test case of Section [2.5.3.2
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Figure 2.18: Liquid saturation, classical (left) and adaptive (right) resolutions at times 20
months, 40 months, and 60 months for the test case of Section
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that the adaptive resolution gives the same precision in the resolution. We see also in Figure
that the oil flows easily in the first and second zone of the domain (see Figure [2.23b))

while the low permeability in the other zones obscures the flow of the oil.
Similar verification is shown for the reference pressure in Figures [2.26] and [2.27] where we
show in the left part of these figures a curve of the pressure a cross dlagonal lines on the

domain to clearly compare the adaptive resolution with the classical one, and check that the
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Figure 2.22: GMRes iterations at each time and Newton step (left) and cumulated number
of GMRes iterations as a function of time (right) for the test case of Section Average
number of GMRes iterations per time and Newton iteration step: 33 iterations (classical),
6 iterations (adaptive). Average number of GMRes iterations per time step: 150 iterations

(classical), 14 iterations (adaptive)
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precision is not influenced by the savings of the adaptive algorithm.

Figure illustrates the evolution of the spatial estimator of the oil component at differ-
ent time steps where the estimator indicates errors around the injection wells, the production
well, and moving error that detects the front of oil saturation at every time step. This result
ensures the also for this configuration of a five-spot pattern with a heterogeneous permeabil-
ity, the estimator is able to locate the important error in resolution and then it can be a good
tool to an adaptive mesh refinement technique.

We still to show the economy in terms of iterations of the linearization method and
algebraic resolution. Figure [2.29] illustrates in its left part the number of Newton iterations
at every time step where we see locally that we need for the adaptive resolution half of the
iterations of the classical resolution. In the right part of Figure [2.29| we see the total saving
in Newton iterations for the whole simulation.

A similar comparison between the classical resolution and the adaptive resolution for the
GMRes iterations is given in Figure 2.30] The saved iterations from the GMRes method at
every time and Newton iteration can be observed in the left part this figure while in its right
part we found the overall gain in GMRes iteration during the whole simulation. We remark

a speed-up factor reachs to 10.

2.5.4.2 Random permeability

The simulation for this test case is done for tp = 10 years and the heterogeneous permeabil-
ity of the medium corresponds to a log-normal distribution over the domain (see Figure.

As for all previous test cases, we start with the rate and cumulated rate of oil production
to confirm that the adaptive algorithm does not affect the precision of resolution. This result
is shown in Figure [2.32] with a comparison between the classical and adaptive resolution.

Figure [2.33] shows the oil saturation for both adaptive and classical resolution at different

time steps. Also for this test case we see by comparing between these two resolutions that
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Figure 2.23: Configuration for the numerical test case of Section [2.5.4.1
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Figure 2.24: Rate (left) and cumulated rate (right) of oil production during the simulation,

classical resolution vs. adaptive resolution for the test case of Section @

the precision is the same. Similar verification is shown for the reference pressure at a chosen
time step over the domain and for a pressure curve over a diagonal in the domain (see Figure
2.34)).

The evolution of the spatial estimator of the oil component illustrated in Figure [2.35
indicates an error around the wells and an error that follows the front of oil saturation with
time evolution. As for the previous test cases we observe in Figure that the spatial
estimator seems to be an efficient tool to adapt the computational mesh.

The final results witness the computational savings obtained by the adaptive algorithm
and are given in terms of the iterations of the Newton and GMRes methods. In the left part
of Figure we show the number of Newton linearization iterations at every time step. We
already observe an important local gain in terms of the Newton iterations. The overall gain
in terms of Newton iterations can be found in the right part of Figure [2.36] The gain in
terms of GMRes iterations is finally given in Figure In the left part of this figure we
observe at each time step and Newton iteration the savings in GMRes iterations by comparing
adaptive and classical resolution. In the right part of this figure we illustrate the overall gain
for adaptive resolution with a speed-up factor of 10.

We conclude from all previous numerical results that the issuing adaptive algorithm of
Section based on the stopping criteria (2.4.22)) and (2.4.23|) for the GMRes and Newton

iterations, respectively, allows to achieve important computational savings, which typically

reach a factor of around 10 in terms of the total number of algebraic solver iterations. It
is to be noted that this happens already on fixed meshes without any observable lost in the
precision of the resolution or of the accuracy of oil production. The estimate also appears to
be a good tool to predicting the distribution of the error over the domain and consequently
to perform an adaptive mesh refinement (AMR) technique. Such an approach is presented in

the last chapter of this thesis in three space dimensions.
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Figure 2.25: Liquid saturation, classical (left) and adaptive (right) resolutions at times 7
years, 10 years, and 15 years for the test case of Section
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Figure 2.33: Liquid saturation, classical (left) and adaptive (right) resolutions at times 3
years, 6 years, and 9 years for the test case of Section @
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A posteriori error estimates for thermal
multiphase compositional flows in porous

media

This chapter consists mainly of a theoretical part of an article submitted for publication,
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Abstract
We consider in this chapter thermal multiphase multicomponent flows in porous media.
We derive fully computable a posteriori error estimates for the dual norm of the residual
supplemented by a nonconformity evaluation term. We also show how to estimate separately
the space, time, linearization, and algebraic errors giving the possibility to formulate adaptive
stopping and balancing criteria. We consider the application of the theory to an implicit cell-
centered finite volume scheme with phase-upwind and two-point discretization of diffusive
fluxes. Specification of the abstract theory to the so-called dead oil model closes the chapter.
Key words: a posteriori error analysis, stopping criteria, balancing criteria, composi-

tional Darcy flow, thermal flow, finite volume method, dead oil model.

3.1 Introduction

The model considered in the previous chapter has been developed under the condition
that the flow is isothermal. In this chapter we consider the thermal multiphase compositional
model in porous medium that describes the flow of several fluids through a subsurface under
a nonisothermal condition. This model is governed by the same equations as the isother-
mal model, supplemented by a conservation of energy equation that adds a new dependent
variable, the temperature, to the system, see [21], 22}, [17].

Thermal models are especially important for the simulation of the enhanced oil recovery
(see the discussion in the Introduction), where the increase of the temperature reduces the
oil viscosity which in turn improves mobility and makes the production easier and leading
to better recovery indices. Several methods of thermal simulation have been considered. We
can cite, e.g., the recent works [40, 20, 46| [44], 37, 43, 23, 41]. Thermal processes play also
an important role in the modeling of geothermal reservoirs, see, e.g., [45] and the references
therein.

A mathematical structure of multiphase thermal models of flow in porous media is pro-
posed in [51]. The authors give a formulation and numerical solution of equations for modeling
multicomponent, two-phase, thermal fluid flow in porous media. For this purpose they develop
an algorithm that achieves a better balance between stability and accuracy. This approach
was used previously for reservoir simulation of black-oil model [11] and also for compositional
models [10]. Recently, it has been proposed in [12, [4I] to formulate the phase transitions as
a set of local inequality constraints and to use the complementarity approach.

Many numerical methods have been proposed for the discretization of the multiphase
compositional model: finite differences and finite element methods in, e.g., [3, 8, 21, 55], mixed
finite element methods in, e.g., [28, [16], (I8, 19], finite volume methods in, e.g., [38] 42} 35 5] 1,
4], and recently vertex-centered methods on general 3D meshes in [34]. Many adaptive mesh
refinement algorithms have also already been considered, cf. [36] 32, 20] for dynamic griding
to thermal and isothermal models, and other recent works, cf. [50], 49, 44, 146, [37) [43], [47], 48].
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The discretization of the thermal multiphase multicomponent model leads to nonlinear,
strongly coupled systems of differential and algebraic equations. The resolution of these sys-
tems requires an important computational effort. Therefore, proposing an adaptive algorithm
to optimize this resolution holds a special interest in reservoir modeling. To the best of our
knowledge, this work is the first to develop a posteriori error estimates to control the error
and stopping criteria for the iterative algebraic and nonlinear solvers for the general version
of the thermal multiphase compositional model. We follow [54], 14] where a rigorous a pos-
teriori error analysis for the immiscible incompressible two-phase flow was given under the
assumption that the flow process is isothermal, and Chapter of this thesis (work corresponds
to [25]), where a generalization to arbitrary number of phases and components, still in the
isothermal case, was done. The goal of this chapter is to analyse the additional equation of
conservation of energy and to undertake the a posteriori analysis for the thermal multiphase
compositional model by developing a guaranteed upper bound for a well chosen residual error

norm, to distinguish the different error components, and to devise a fully adaptive algorithm.

3.2 Setting

We consider a nonisothermal condition for the multiphase compositional flow of the previ-
ous chapter which will be completed by an additional equation representing the conservation
of energy. This leads to an extra unknown to the system f: the temperature of
the fluids and of the porous medium, which is now not stable during the simulation. Recalling
the characterization of the isothermal multiphase compositional model of Chapter [2 Section
we will have here some additional properties representing the nonisothermal condition
and we will also consider the dependence of the temperature on other properties.

The vector of unknowns is now:

P
T

(Sp)peP
(Cp,c)pep,cecp
and for each fluid phase p € P, we consider three additional properties:
(a) the thermal conductivity \;
(b) the rock internal energy e;(P,,T);
(c) the rock molar density (.

They are all assumed constant in time for the sake of simplicity. Before proceeding to the de-
scription of the thermal model we list in Table the dependence of all the model parameters
on the unknowns.

The additional conservation of energy PDE is given by

oeg +V- @y = Qp, (3.2.1)
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VpeP varying VpeP
parameter inspace | B, T S C,
porosity ¢ X
permeability K X
Medium properties conductivity A X
rock molar density ¢ X
rock internal energy | e, X
relative permeability | k;, X X X
enthalpy H, X X X
. . molar density Cp X X X
Thermodynamic properties .
mass density Pp X X X
viscosity M X X X
mobility Vp X X X X
internal energy €p X X X

Table 3.1: Dependence of the model’s parameters

where Qg € L?((0,tr); L?(Q2)) denotes an thermal source or sink. The molar energy per unit

volume ey := ey (X) has the following expression:

enr =06y (P, T, Cpley(By, T, Cyp)Sp + (1 — $)Grexn(Py, T, Cp), (3.2.2)
peP

and the flux ® g is given by

Sy:=J+> ®u, (3.2.3)
peEP
with the Fourier flur J = J(T),
J(T) := —AVT

and the phase enthalpy fluzes are given for all p € P by

Cp(Pp7T7Cp)kr (S)
&,y =®,u(P,T,5,C,) := L H,(P,,T,C,)v,(P,,T,C,)
p p p p /Lp(PpaTa Cp) p\*p p/¥p\~p p

= (5, T,8,Cp)Hyp(Pp, T, Cp)vp(F, T', Cp).

Here, for all p € P, the average phase velocity vy, is given by Darcy’s law,
vy, =v,(P, T,Cp) = —K(VP, — pp(P,T,Cp)g) = -K(VP, + ppgV=z), (3.2.4)

where g denotes the gravity vector acting along —z and g its Euclidian norm.

For the sake of simplicity, we assume that no-flow boundary conditions are prescribed,

{)H'ng =0 on 9 x (O,tF), (325)
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where 92 denotes the boundary of Q2 and ngq its outward normal. Finally, at ¢ = 0 we enforce
the initial molar energy by setting
er(-,0) = €Y, (3.2.6)

where e(}{ is supposed piecewise constant on the mesh introduced below.

3.3 Discretization of the energy equation

We have proposed in Section a discretization of the isothermal multiphase composi-
tional model based on an implicit cell-centered finite volume scheme with phase-upwind and
two-point discretization of the diffusive fluxes. To complete the discretization of the thermal
model, we discuss here how to discretize the additional equation of conservation of energy

- We use the same notations and assumptions for the space-time mesh described in

Section [2.2.2] of Chapter 2

3.3.1 Two-point finite volume discretization

Recall the discretization of the isothermal multiphase compositional model’s unknowns
(2.2.17) in the context of finite volume method. Here we enrich the discrete vector with an
additional discretization variable, the temperature. For all 0 < n < N we let

Py
TTL
Ry = (X memn,  Xjy o= 2 VM e M",
(Sp,M)pEP
(CZQM)pEP,cECp
where T7); denotes the temperature in the cell M at the nth time step. Note that, in practice,
we complement the initial conditions (2.2.7) and (3.2.6]) be the artificial condition to initialize
the computation
Xpm(,0) = XYy, (3.3.1)

where X/(\)/t typically results from a steady-state equilibrium computation. We also suppose
that e in (3.2.6)) is piecewise constant on M and that the relation (3.2.2) between e}, and
the corresponding contributions of X/Q,l is satisfied.

The PDE is discretized by requiring, for all 0 <n < N,

|M|Oer ar + Z (FH,M,U(X}?,,) +GM,U(X]Q;I)) = M|QY ., YMeM", (332)
O'Gtngn
where QY \r := [, [, Q% /(IM|7,) and the accumulation term is given, for all 0 <n < N,
by the following discrete version of the molar energy ( -

enH,MzeH,M(XM = ¢>ZCp pM?TM’ pM)ep(PpMaTM> ;L,M)S;?,M
pEP

+(1 =) exr(Poars Tar, Cpar) - VM € M™. (3.3.3)
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The flux Fy a0 is given by the sum of the fluxes for each phase p € P, i.e.,

Frnmo(X3) ZF,HMU(XM) (3.3.4)
peEP

where, for a given phase p, any M € M", and any o € Sji\’f with o = 0M NOL,

M if Py — Pl >0

Fp7HMU(XM) - V H MTvaMaa(X/T\I;(>7 M};r - 7 ’ 7 (33'5)
L otherwise,
with H T M) and Vp()( ) = Vp(P”MT, MT’ S”MT, C;M;) denoting, respectively, the upstream

enthalpy and upstream mobility. In , we have introduced the two-point finite volume
approximation of the normal component of the average phase velocity over the face o given
as in Section by
apor
ap + ap,

Fpm0(X3y) = |o] [P — Pl +0pog (e — 20)], ok = VK € {M, L},

dKO’
(3.3.6)
whnere 1S an Imterrace mass density o € phase p obtaine Yy averaging € cell values
h Ppo ] interf density of the ph btained b, ing th 11 val

in M and L, defined by (other expressions are possible for py ),

(e P T Cpad) + X o(PR T2 Cpr) )
Ppo =
" Xpr T XL

with
1 if S". >0,
ek = pK K e {M,L}.
0 otherwise,
Finally, for all M € M™ and all o € Eji\’/? with o = OM N L, the discrete Fourier flux
G v 0 1s given by,
BumBL
By + Br

All boundary fluxes are set to zero to account for the homogeneous boundary condition (3.2.5]).

AK

CaralX30) 1= |o o

(T]\Z - T[T,L)? 5]( =

VK € {M,L}. (3.3.7)

3.3.2 Linearization and algebraic resolution

The discretization method of Section [3.3.1] requires to solve a system of nonlinear algebraic
equations at each time step, which we undertake using the Newton algorithm.

Recall the discrete conservation of energy . We define for all 1 < n < N and all
M € M" the residual R}, by

M _
Riar () = o (emar () — ity )+ 3 (Finano (R0 +Garo (X20)) ~|MIQl 1 = 0.
UE(‘J}V’?

(3.3.8)
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For 1 <n < N and XX/’IO fixed (typically, X/T\l/’lo = X/’\l/l_l), the Newton algorithm generates a
sequence (X}f/‘k) k>1 With X}\L/’lk solution to the following linear system: For all M € M",

ORYy

n
M'eMn OX3p

A (- )+ R =0 @39)

The (approximate) solution to (| - 3.3.9) is typically obtained using an iterative algebraic
solver. For 1 <n < N, a given Newton iteration £ > 1, and X 0 fived (typically, X' k0

X}&k 1), the iterative solver generates a sequence (X/T\L/’lk’ )i>1 solving the linear system up to

the residuals given, for all M € M", by (2.4.3)) and

HM = gy,

+ > > agﬁéf” v (it = (3.3.10)
M/eM™ geghn

oG — ; - _
3D g (T (A = ) + R (.
M'eEM™ geghr

gk _ 1M 9enm (A1) (b _ gkt

Thus, at time step 1 < n < N, Newton iteration k > 1, and linear solver iteration ¢ > 1, the
residual vector R'; ’Z is given for all M € M"™ by

k |M \ k-1 k k i
Ry = (eH,Mmz J et =)+ > (Fihi, + G = IMIQ
aeé'M
(3.3.11)
where (’En k4 s the linear perturbations of the energy accumulation terms defined as,

i = R (T (- ),

whereas the linearized fluxes Fj;y/  read

Fili o= iy (3.3.12)
peEP

with linearized phase fluxes

j - OF, n.m _ - _
e = Forna (X0 + D0 =2 (e (g — Ay, (3.3.13)

p n
M’'e Mn a‘)CM’
Finally, the linearized Fourier flux reads
Gn,k,i — QG Xn,k—l 8GM,U Xn,k:—l Xn,k,i Xn,k—l 3.3.14
Mo =GCGumo(Xy )+ 8xn/( o) (X =), (3.3.14)

M'eMn

and completes the linearized component fluxes (2.4.6)).
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3.4 Approximate solution and reconstructions

In this section, we first postprocess the original piecewise constant finite volume tempera-
ture approximations as we did in Section for the phase pressures. We then detail how
to obtain the energy flux reconstructions and smoothed temperature that enter the definitions
of the a posteriori estimators proposed in Section below.

We will employ, at each time step n, H(div; Q)-conforming discrete fluxes belonging to
the lowest-order Raviart—Thomas—Nédélec space RTIN(M"™) (see Brezzi and Fortin [13]):

RTN(M”) = {Uh € H(diV; Q); 'Uh|M S Qo,l(M) X @170(M) if d =2,
'Uh‘M (S QO,LI(M) X Q1,071(M) X QLL()(M) ifd= 3, VM € Mn} .

For more general meshes one can either introduce a matching simplicial submesh of M™ and

use the simplicial version of RTN (M), or use the construction proposed in [26, Appendix A].

3.4.1 Postprocessing of the temperature

The original finite volume approximation of the temperature is piecewise constant. To
evaluate its gradient inside each cell, we define piecewise quadratic, possibly discontinuous
temperature as described in the following. Let a time step 1 < n < N, a Newton linearization
iteration k& > 1, and an algebraic solver iteration ¢ > 1 be fixed. Following [33], we define the
fluxes F;il € RTN(M") such that, for all M € M™ and all o € 5}(;,

(Th mar 1o = Garo (X), (3.4.1)

with Gar, defined by (3.3.7), and I‘%’ZZnQ = 0 on 012, thereby accounting for the no-flow
boundary conditions (3.2.5)). Following [53], we introduce the piecewise quadratic temperature
reconstruction 7 : R such that, for all M € M",

— VTR = Tk and (T 1) p = TR (3.4.2)

1
| M|
From this reconstruction we finally define the space-time function T;;;k’i assuming an affine-
in-time behavior from the converged values at time ¢"~! and the (possibly not converged)
values T} kit tn. Henceforth, V is to be understood as the broken gradient operator on M"

y
when used for T}

3.4.2 Saturations, molar fractions, and molar energy

The approximations of saturations, molar fractions, and molar energy obtained using the
finite volume discretization detailed in Sections and are piecewise constant in space.
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We define for all 0 < n < N, k> 1, and ¢ > 1, the corresponing functions of space such that

( nkZ)| o nkz VpEP,
( ;Ck}:)‘ ;Lck]\} Vp € P, Ve € Cp,
(lnk2)| _ lnkz — lCM(X}\L/,lk,Z) Ve € C,

k n,k ki
(p ) = egig = emar (X,
with I, and ey defined by (2.2.21) and ( m, respectively. The space—time functions
S;:Tl, p € P, C’nckhZT, peP,ceCly, l?/;z, ceC, and e?{k}:l’ are then defined therefrom while
being continuous and piecewise affine in time.

3.4.3 H}-conforming temperature reconstruction

The temperature approximation defined in Section has sufficient regularity for the
application of the piecewise gradient operator, but is nonconforming. In order to define
our a posteriori estimators below, following [24) [6] in the model cases, we introduce space-
continuous temperature reconstruction define d by ;"™ A (T,?T’k’i), where 7,, denotes the

vertex-averaging interpolator, cf., e.g., [2].

3.4.4 H(div;Q)-conforming energy flux reconstructions

Let a time step 1 < n < N, a Newton linearization iteration £ > 1, and an algebraic
solver iteration ¢ > 1 be fixed. We define the following energy flux reconstructions for use in
the a posteriori estimates of Section

e The discretization flux @Z{i’[z’h € RTN(M") such that, for all M € M™ and all 0 € 5}\’;,

(G):ilillfhnM: ) _FHMJ(XnkZ)‘i‘GMU(Xnkl) (343&)

with Fg a0, and Gy e defined by (3.3.4), and -, respectively, while @'} dls H pMQ =
0 on 9f) coherently with -

e The linearization error fluz @ﬁf}f] n € RTN(M™) such that, for all M € M™ and all
o€ Si’n

(Op s wman Vo = Fihl o — Fuaro(XU5) + Gl — Guo(X™),  (3.4.3b)

with F}}’;\;J, and G”l“ defined by (3.3.12] m m, while Ghth ng = 0 on 9.
e The algebraic error ﬂux 9215;1}1 € RTN(M™") such that, for all M € M™ and for all
o€ S]i\’/?
(@Zlgjv_lh na, 1)8M = —R?I’%, (3430)
with R"Hk]\; defined by (3.3.11] m, and setting @alg o =0on 0.
e The total flux G)’;j,khZ € RTN(M") is then obtained from the above quantities letting

nki . on,k,i n,k,i n,k,i
GH,h = G)dis,H,h + @hn,H,h + ea]g’[—Lh' (3.4.3d)
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3.5 A posteriori error estimate

In this section we describe the weak solution for the thermal multiphase compositional

model expressed by ([2.2.1))—(2.2.7) and (3.2.1)—(3.2.6), we define an error measure composed

of the dual norm of the residual augmented by a nonconformity evaluation term, and derive

an a posteriori estimate allowing to distinguish the different components of the error.

3.5.1 Weak solution

We proceed in the same spirit as for the isothermal case considered in Chapter [2 (work
corresponding to [25]). In the following, (-, -)p stands for the L?-scalar product on D C € and
|-|» for the associated norm; the same notation is used for both scalar and vector arguments,

and the subscript is dropped whenever D = ). We define
X = L*((0,tp); HY(Q)), Y :=HY(0,tr); L*(Q)). (3.5.1)

Let € > 0 be a (small) parameter which only needs to satisfy ¢ < 1. We equip the space X

with the following norm:

1
N 2
lelx == {Z/I > H90||§<,Mdt} ]
n=1

n MeMn

o= el el +1Vely . (35.2)

This choice is motivated by the homogeneous Neumann boundary condition (3.2.5). Taking
e = 0 is possible and classical when Dirichlet (pressure and temperature) boundary conditions
are prescribed at least on a part of the boundary, cf. [30, 54, [14].

We suppose sufficient regularity to satisfy:

Assumption 3.5.1 (Regularity of the exact solution). The weak solution of the multiphase

compositional thermal problem can be characterized as follows:

leeY Ve e C, (3.5.3a)
en €Y, (3.5.3b)
P(P,S)eX WpeP, (3.5.3¢)
T e X, (3.5.3d)
&, c [L2((0,tp); L2 Q)]  Veeld, (3.5.3¢)
@y € [L2((0,tr); L*(2))), (3.5.3f)

0 {(Oer @) (1) — (@0, Vo)1) dt = /0 e o)Bdt  Vpe X, VeeC, (3.5.3¢)

0 " {@rem 0)() — (B, Vo)1) dt = /0 "Quedt  VeeX, (3.5.3h)

the initial conditions (2.2.7) and (3.2.6) hold,
the algebraic closure equations (2.2.8)—(2.2.9)) and the (in)equalities of fugacities (2.2.10) hold,
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where Py, l., eq, ®c, and ®y are defined, respectively, by (2.2.1), (2.2.5)), (3.2.2), (2.2.3)),

and (3.2.3).

We mention that existence and uniqueness of a weak solution has to our knowledge not

been established for the general thermal multiphase compositional model.

Remark 3.5.2 (PDEs ﬂuxes) It follows from (3.5.3al) ~(3.5.3b)), the assumptions q. € L?((0,tg);

L2(Q)), Qu € L*((0, ty); ), (:5:3¢)-(35.31), and (3:53g)(3-5.3h) that actually
®., Py c L?((0,tp); H(div; Q)), (3.5.4a)
V-®,.=q.— Al Ve e C, (3.5.4b)
V®y =Qy — Oieq, (3.5.4¢)
®.ng=0 on 02 x (0,tr) Veel, (3.5.4d)
Py ng=0 on 09 x (0,tp). (3.5.4e)

Thus, the component fluxes ®. and the energy flur ®r have continuous normal trace in
a proper weak sense, the governing equations and are satisfied with a weak
divergence, and the boundary conditions and hold in the normal trace sense.
This in particular motivates the flux reconstructions (2.4.14d)) and (3.4.3d)).

3.5.2 Error measure

Consider the approximate solution as specified in Sections [2.4.2] and [3.4.1H3.4.2] defined

on the whole space-time slab © x (0,tr) (we omit here the indices n,k,¢ for simplicity).
The error measure from Section in Chapter [2] for the isothermal multiphase com-
positional model consists here of the quantities N, ¢ € C, and N,,p € P, depending on
Py, Thr, Shr, (Cp pr)pep, defined as, respectively by,

tp
Ne.i= sup / {(Bdle = Olenr, 0)(t) = (e — @ ppr, Vi) (1)} dt, (3.5.5)
weX, || x=170
with the exact component fluxes ®. defined by (2.2.3) and ® ehr 8lven by
= Z q)p@hr: (I)p,c,hT = Vp(Pp’hTa Th‘l‘) Sh‘r, Cp,hT)Cp,C,hT’Up(PpJLT) Th‘r’ Cp,hT)7

PEP
(3.5.6)

and

N

= 5“%&{ Z/ |, e(P, 1) \Ilp,c(ap)(t)yfdt} : (3.5.7)

where, for a space-time function ¢ € L2((0,tg); H'(M)) (piecewise regular in space with

respect to the partitions M™), we have let

‘I’p,c(@) = Vp(Pp,hrv Thry Shrs Cp,hT)Cp,c,hTKvSO- (358)
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As we consider a nonisothermal flow, we need to add some other contributions to define

an error measure taking into account the energy equation. We define

Nu = Nu(Pur, Thr, Shr, (Cpohr)pep)

(= sup {(Orerr — Oremnr, @) (t) — (P — s, Vo) (8)} 2,
pEX, || x=170

with ® g defined by (3.2.3) and ® g 5, given by

P pr = Jpr (The) + Z P, 1 s (3.5.10)
pEP

where
@y, 107 = Vp(Bp prs Thrs Shrs Cp e ) Hp(By s Thr, Cp e )p (B s Thr, Cpoir ), (3.5.11)
and for a space-time function ¢ € L2((0,tp); H(M)), we have let
Ji () 1= —\Vg. (3.5.12)

Note here that the definition (3.5.9) corresponds to the dual norm of the residual for the weak
formulation (3.5.3hl) related to the energy equation. We supplement this term by defining a

nonconformity measure for the temperature,
1
. tr 2 :
N1 = N1 (Phr, Tiir, Shrs (CpirJpep) 1= jnf { / [T (Thr ) (8) — Inr (0)(2)[” dt
0
(3.5.13)

Collecting all the previous contributions, we define the error measure for the multiphase

thermal compositional model as

Ne = Ne(Ph’TvThﬂ'? Shr (Cp,hT)pe'P) = { Zch +NH2} + { ZNpQ +NT2} . (3514)

ceC peEP

A localized version of this error measure can be obtained as follows: For each approxima-
tion as defined in Sections [2.4.2.1| and [3.4.1H3.4.2] we let

=

1 1
) . ) 2 . ]
Nen,k,z — {ZNC?L,k,ﬂ +N}}7k72 } + { ZN;J%# +‘Aﬁ7}7k71 } , (3515)

ceC peEP

with A% ¢ e, N;’k’i, peP, /\G’}m, and /\/';f]“ localized versions of respectively (3.5.5)),
, , and , where the time integration is performed on I,, instead of (0,tr).

The error measure for the exact solution satisfying Assumption [3.5.1}is zero. Conversely,
shall the approximate solution satisfy exactly the initial condition and the algebraic con-

straints and relations and have the error measure zero, then it satisfies Assumption [3.5.1]
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3.5.3 An a posteriori error estimate distinguishing the space, time, lin-
earization, and algebraic errors

In this section we propose an a posteriori estimate for the time-localized error mea-

sure (3.5.15)) that we subsequently adapt to distinguish the different components of the error.

3.5.3.1 A basic time-localized a posteriori error estimate

For 1 < n < N, we define the piecewise constant space functions qgh, c € C, and Q"H’h,
such that g, |v = [} [y ¢e/(IM|70), ¢ € C, and QY lv = [} [3; Qu/(|M|7y), respectively.
For further use we also define the piecewise constant space-time functions g pr, Qg nr, such
that gcnrlr, = qgh, Qunrl, = Q?{,hv respectively, for all 1 <n < N.

Let 1 <n < N, a Newton linearization iteration k£ > 1, and an algebraic solver iteration

i > 1 be fixed. It follows from , m the definitions (2.4.14d)) and ( of the

flux reconstructions ©, ,lf ‘ ceC, and (-)?{T, and Green’s theorem that there holds,

lc o Xn,k—l + EZ ki l?_l '
(qgh - (X )T" Y M V-@Z’,]:’Z, 1] =0 VYMeM" (3.5.16a)
M

n,k—1 n,k,i n—1

(Q” e (Xpy ) + €M — €M
Hh — -
-

- v, 1) =0 VYMeM" (3.5.16b)
M

Let Cp := min{Cp, M,Efé}hM. Then as in the previous chapter we define the following

estimators:
e = Cor [ — (7") " e (X011) + L4 = 1037) — V-© Lo Veed
(3.5.17a)
77%’;\411{ =Cu HQch ™) l(eH,M(X}\L/’lkfl) + @ij - ’}{7]\1/1) - VG)?I]ZZ o (3.5.17b)
77; ?\/Izc(t) = 62’}]:72 QZFILC”: H Vit € In? Ve € Ca (35170)
i) = |Ons e . veer, (3.5.17d)
A rpel) = | Coc LD = U)W E L VeeC e P, (35.17¢)
n,k,i n,k,i  m,k,i n,k,i ki
MG (t) = [T @@ - B @ 0| vee b, (3.5.171)
5T -1 n\— n,k,i n.k— n.k.i
M = e B () 7 lear () — tear () — | L veec,
(3.5.17g)
n,k,i 1 n,k,i n,k—1 n,k,i
INAMH =€ 2hM( ") ‘GH,M(XM ) —emn (Xy )_QEC,M u’ (3.5.17h)

where the functions ¥, ., p € P, c € C,, are defined by (3.5.8), and i’n}]fl and @ h ' respec-

tively as in and ( m
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The proof of the following result is a straightforward generalization of that of Corollary
2.4.4] in the previous chapter / reference [25, Theorem 3.3] and is omitted for the sake of
brevity:

Corollary 3.5.3 (Time-localized a posteriori error estimate). Consider a time step 1 <n <
N, a Newton linearization iteration k > 1, and an algebraic solver iteration i > 1. Under
Assumption there holds, with the estimators given by (3.5.17)),

2
NP < {/ (g 707 () + A o) dt} ceC, (3:5.182)
In pemn

[NIES

k.0 n,k,i 2
Nt < {ZC/I > (e pe(t) dt} peP, (3.5.18b)
ce

'rLMEMn

N |=

n,kz n,k,i n,k,i n,k,i
NH {/ nRMH+77FMH( )+77NAMH> dt} , (3.5.18¢)
In premn

2 2
Nk < {/l (&) dt} . (3.5.18)

nMeMn

3.5.3.2 Distinguishing the different error components

Foralll<n<N,k>1,i>1,and M € M"™, we define the spatial estimators evaluating

the error related to the spatial mesh choice,

=

u { > (s Mo (t))2} tel,,

n:p,l\z o(t) = 77173‘1 Mlc + Hegis,;h - ‘I’Zhrz(tn)

PEPe
(3.5.19a)
n,k,i n,k,i n,k,i n,k,i /,m n,k,i
Nep,nt, 1 (0) 7= MR g + H@diS,H,h =@y, (t") v TN, w7 (t) t € In, (3.5.19b)
the temporal estimators evaluating the error related to the size of the time step,
n,k,i o n,k,i/,m n,k,i
Mt = |enien — el - ter, (3.5.19c)
e () = H@’;,’;; - ehiw| - red (3.5.19d)

the linearization estimators measuring the error in the linearization of the nonlinear sys-

tem (£220). (532

n,k,i - n,k,i
77hn M, * lin,c,h

k i k
nl?;bn J\ZJH = Hgﬁnlfth + 771T\L1A3\4Ha (3.5.19f)

’ T (3.5.19)
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and the algebraic estimators that quantify the error in the algebraic iterative resolution of the

linear system (2.4.2), (3.3.9),

k, k,
77:1g,11\4c = H Z]chhH (3.5.19g)

k k,
77:1&;41{ - H Zlg,;{,h”M‘ (3.5.19h)

Global versions of these estimators are given by

N|=

W = 4/} > (ngpﬁ&c(t))zdt} : (3.5.20a)

nMEMn
1
ki n,k,i 2 :
Mo = 2/ ST (b m) e (3.5.20b)
In ppepn
1
2
kst k, 2
Mine =4 27" (Minerr,e) } ) (3.5.20c)

Wi ::{27” (nZlg'f]QC)g} (3.5.20d)

MeMn
and
1
2
k k 2
ngp,f; = 4/ Z (n:p]\ZH(t)) dt} ; (3.5.21a)
In MeMn
1
2
k k 2
Mo b1 = 2/ > (o ®) dt} , (3.5.21D)
In prepmn
1
2
k k 2
Mo =320 > () } : (3.5.21¢)

MemMn

1
2
Matg 11 ::{QT" > (775541{)2} : (3.5.21d)

MeMn
Using the triangle and Cauchy—Schwarz inequalities and Corollary [3.5.3] we can estimate
the time-localized norm N’ ki of (13.5.15)) for the complete multiphase compositional thermal

model of the present chapter as follows:

Corollary 3.5.4 (Distinguishing the space, time, linearization, and algebraic errors). Under
the assumptions of C’orollary there holds, with the estimators given by (3.5.20)—(3.5.21)),

ki k n,k, n,k,i n,k,i
Nen ‘ S{ Z (ng, 3 +ntmcz +77hnc +nalg c)
ceC

[N

k k k k
+ (it + Mot + iz + Mg 1) } . (3.5.22)
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3.5.4 Balancing and stopping criteria

Criteria can be proposed in the same spirit as for the isothermal case considered in Sec-
tion of the previous chapter / reference [25] for stopping the iterative algebraic solver
and the iterative linearization solver when the corresponding error components do not affect
significantly the overall error.

Let two user-given parameters Iy, I'alg € (0,1) be given. Following [9, [7, 15, 139, 29] [31],

we propose to stop the iterative algebraic solver whenever

Maige < Lalg (né};f? + Nine + 771?;1,&’) ,  cec, (3.5.23a)
’k" 7k7. 7k7' ,kyl
Mg 11 < Lalg (’fpﬁ + N + M, ﬁ;) : (3.5.23b)

Similarly, the iterative linearization solver is stopped whenever

M < T (3 4 mintl) . cec (3.5.23¢)
k ) k?‘ 7k7‘
Min < Tlin (né};, i T Mo, ﬁ;) : (3.5.23d)

Adaptive spatial-temporal mesh refinement can also be proposed in the spirit of [52], 30, 27]
and of the adaptive algorithm of Section of the previous chapter. Let 'ty > ~tm > 0 be
again two user-given parameters, typically close to 1. We propose to balance the space-time

error by selecting the time step 7" and adjusting the spatial meshes M"™ so that

o |
Yemnht < it < Donnlhi,  celd, (3.5.23¢)
Vemlg 11 < Mt < Lom?ep - (3.5.23f)

Remark 3.5.5. Let1 <n < N, k>1,7>1. The stopping and balancing criteria (3.5.23al)—
(13.5.231) imply

ki n,k,i n,k,i n,k,i ki
77’gp,cZ =+ Ntm,c + nlin,c + nalg,c < C?];lp7cz, cEc C, (3524)

n,k,i n,k,i n,k,i n,k,i n,k,i
nsp,H + ntm,H + nlin,H + nalg,H < Cnsp,H’ (3525)

with C' a generic constant only dependent on I'ag, I'in, and Tiy.

3.A Application to the thermal dead oil model

We consider here the application of the above analysis to a specific example involving
three phases in a nonisothermal flow condition: the oil phase, the water phase and the steam
phase, represented by lowercase letters w, o, s as indices, respectively, and two components:
water and oil, with the uppercase letters W, O as indices. This configuration corresponds to
a model called the dead oil model which will be also discussed in the next chapter from an

industrial view-point and illustrated by detailed numerical results.
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3.A.1 Dead o0il model

The system of governing equations of the thermal dead oil model consists of the mass

conservation equation of the water component

at (¢(CWSW + CSSS)) + v'(Vw'vw + VSUS) = qw,

of the oil component

at(QbCoSo) + v'(Vo'vo) = qo,

and of the energy conservation equation

Brer + V-(u — AVT) = Qy,

with

en = ge+ (1 —@)Grer; e:= Z Splpep, U= Z CpHpvp.

pe{w,o0,s} pe{w,0,s}

The system is complemented by the volume conservation equation
Sw+ S +8s =1,
by the conservation of the quantity of matter equalities
Cww =0Co0=Csw =1,
and by the thermodynamic liquid—steam equilibrium relation

SsSw(T—Tsat(P)) = 0,

(3.A.1a)

(3.A.1Db)

(3.A.1c)
(3.A.1d)

(3.A.1e)

(3.A.1f)

(3.A.1g)

with Tsq¢ the temperature of saturation at which the steam is in equilibrium with its liquid

(water) phase. No-flow boundary conditions are prescribed for the component fluxes,

(VwUw + Vs0s) - g = 0, on 99 x (0,tp),

(Voo) - M =0, on 9Q x (0,tp),
and also a condition of no-flow for the total energy flux,
(=AVT +u) -ng =0, on 90 x (0,tp).
Finally the initial conditions are given by

6H(" O) = 69{,
(G S + Gs9s) = Ly,
(bCoSo = l%'
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Remark 3.A.1 (Liquid-Steam equilibrium). With the equation we have three pos-
sibilities:
e [f the temperature is below the temperature of saturation (T — Ty (P)) < 0, then we
obtain the water, i.e. (S > 0), and the steam saturation is zero;
e When the temperature equals the temperature of saturation T' = Tyt (P), then we have
equilibrium between the steam and water phases with typically Sy > 0,55 > 0;
e [f the temperature exceeds the temperature of saturation (T — Tsat(P)) > 0, then there

is evaporation and we obtain the steam, i.e. (Ss > 0), and the water saturation is zero.

3.A.2 A posteriori error estimate for the thermal dead oil model

In this section we give the precise form of the a posteriori error estimate for the thermal

dead oil model.

3.A.2.1 Local-in-time residual error norm

Let 1 <n < N, a Newton linearization iteration k£ > 1, and an algebraic solver iteration
1 > 1 be fixed. Using the definition of the local-in-time norm of the thermal multiphase
compositional model given in Section m equation (3.5.15)), the local-in-time residual error

norm for the thermal dead oil reads

1

+{ > N;”“’i2+/\/}"’“*"2} . (3.A2)

pe{w,0,s}

D=

n,k,d . K,i2 n,k,i2 kyi2
N {Ngv +ANDRE A
with two residual error norms: one for the water component conservation equation,

) " ~ N )
Ny = sup /t {([at<¢<cwsw+<sss>)—6f(¢<<wsv’3ﬁi+<sS;f;ff>)],so)<t)

peX, ol x=1Jtn—1

- ( [ + 1605) — Buol bt 4 D), w) (t)}dt,

and the other for the oil component conservation equation,

N s [ (005 - 0 G0 - (fvme -] ve) 0

pEX Jolx=1/tn1

with

thTZ = ’Up(Pprth, T;]:LT Z)’ Vp € {Wa 0, S}a (3A3)

ki ki ~ ki ki ki
G = Gy T, Vp € {w,o,s}; Up = vp(By i Ty Sy, Vp € {w,o,s}.
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The residual error norm for the energy conservation equation is

. tn
NR— sup / {([3t€H — O] ‘P> (t)
t

peX ol x=1/tn~1

~(Iw=AD) = (@ - AVIEE], V)0 b,

with
nki n,ki mkyiy = 17 ki, 7 n,k,i m,k,i
uhT U(Ph‘r ’ThT ) - Z ngpvp,hT’ HP H (Pp ht 7T ) (3A4)
pE{w,0,8}
and
n,k,i . n,k,i nkz,_ ki nkl n,k,i
eHhT _¢ ah7+(1_¢)CTeT7 ahT T Z SphTCPP phT’ThT )

pe{w,o0,s}

The nonconformity error norm for the pressures simplifies to

n >
NPk = inf {/t (VP;h’“j()—vap(t))Hth} . pe{w,os},

(S eX n—1

and finally the nonconformity error norm for the temperature becomes

tn
/\G’f’k’Z = inf
feX tn—1

3.A.2.2 Space-time local error indicators and a posteriori estimate for the ther-

M(VTR (1) — Vo)) HQ dt}2.

mal dead oil model

Let 1 < n < N, a Newton linearization iteration k£ > 1, and an algebraic solver iteration

i > 1 be fixed. Following Section [3.5.3] we consider the residual estimators

k k k
Uﬁz\}wﬂ?ﬁ]\joﬂ?ﬁﬂjm (3.A.5a)

as defined in (3.5.17a))—(3.5.17b|), the nonlinear accumulation estimators:

k n,k,i k
nﬁAhw,nNA%o,nﬁA%H, (3.A.5D)

as defined in (3.5.17g)—(3.5.17h), the flux estimators following (3.5.17¢)—(3.5.17d):

Mt () = H(a”’“ — (Dot +ﬁsv;f;ff)(t)HM, vt € I, (3.A.5¢)
s o() -W@“Z(%ﬁﬁwwM, vt e I, (3.A.50)

() —H@"’“ (" — WT:;’“‘)(t)HM, Vi€ I, (3.A.5¢)
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and the nonconformity estimators following (3.5.17¢)—(3.5.17f):

n,k,i nkz nkz n,k,i

INC Mpw () Hl’p W KV ( o (0 = VB (t)> HM Vt € I, Vp € {w,s}, (3.A.5f)
n,k,i ~ ~m,k,i n,k,i n,k,i

INCM,0,0(t) = [TeCo 5y, K (VPO e (8) = VB (t)) HM, vt € In, (3.A.5g)
Mt = VIR @ - A o e b (3.A.5h)

where, for all p € {w,o,s}; P;hkj, ‘,BZ}’:TZ, T:T’k’i, and ‘ZZ’Tk’i, are specified in Sections [2.4.2.1

2.4.3, 13.4.1 and [3.4.3l The reconstructed fluxes @Z’,’f’i,c e {W,0}, and @ZT are given

following Sections [2.4.4] and [3.4.4] With these estimators, we can bound the local-in-time

d

residual error norm defined in (3.A.2) for the thermal dead oil model following Corollary
9.9, 9l

Corollary 3.A.2 (Local-in-time a posteriori error estimate). Consider a time step 1 < n <
N, a Newton linearization iteration k > 1, and an algebraic solver iteration i > 1. Consider

the residual error norm defined by (3.A.2)) and the approximate solutions and reconstructions

described in Sections and[3.4, With the estimators given by (3.A.F), there holds

1
2 2
M = {/ > (hiw + i () + 2w (1) dt} : (3.A.6a)
In prepmn
k k i s )2
A / 2 (”ﬁf\;OJF”FMo( )+77§AZMo(t)) dt o, (3.A.6b)
In prepmn
A / (nRMH + 1t (1) + IR MH(t)) dt o, (3.A.6¢)
In premn
1
2
AR < {/ (n;(’;;WT t ) dt} : (3.A.6d)
In pemn

and, for all p € {w,o0,s},

N[

2
Nnkl< {/[ ngé&pﬁp(t}) dt} , (3A66)

n MeMn

with ¢, =W for p € {w,s} and ¢, = O forp=o.

Now we can distinguish the different error components.

3.A.2.3 Distinguishing the different error components

n,k,i n,k,i n,k,i n,k,i n,k,i
Let the reconstructed fluxes ©4;" ;. Oy, Oy, ¢ € {W, 0}, and © 47y, Oy,

and G)Zl’g ;{ , be defined as in Sections [2.4.4] and [3.4.4] respectively. Based on the estimate
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given by (3.A.6) we define, for all M € M™, the water component spatial estimators

n,k,i n,k,i n,k,i ~ nk:z
Nsp, M, wit) = Ramw T Hedis,w,h - (Vw’v ! 4 Dy sh )

N

k, 2 k, 2
+ {(7717310 2w )+ (55w (D)) } t € I, (3.A.7a)
the o0il component spatial estimators

ut Mereot) eI, (3.A.7b)

n,k,i n,k,i n,k,i ~ n,ki
Nepar.ot) ==nr3 o+ H@dis,o,h — Vol
the energy spatial estimators
n,k,i n,k,i n,k,i n,k,i n,k,i
Nepoar.zr (L) =N\ nr g + Hedis,H,h (u,™ = AVT,"™)

the water component temporal estimators

ARG () tE L, (BATC)

Mt () = |Gl + Bl (1) = Guoph 4+ 0| el (BATA)
the oil component temporal estimators
D OR (R IO RG] Iy (3.A.7)
the energy temporal estimators
Mok = @i = AT @) — i - avTpkh)| e, AT
the linearization estimators
Mitie = |OhL| k. ce (w0}, (3.A.7)
nﬁnk]\ZJH = H ﬁnklehH +77173L§1MH’ (3.A.7h)
and the algebraic estimators
Mikee = @i e twiol, (3.A.7)
:lg,JZ\JH = H Zl:,}{hH (3.A.7j)

The global versions of these estimators are given by: For ¢ € {W,0}

ik ;:{4 /I Z (n;f;f“]\zc( ))th} , (3.A.8a)

nMEMn
1
2
Mos ::{2 / > (nﬁ;ﬁﬁc(t))th} : (3.A.8b)
In prepmn
%
! :={2T” > (n{fn’“ﬂyc)z} , (3.A.8¢)
MeMmn
%
nglgk,l':{%n Z (?721;340)2} (3.A.8d)

MeMnr
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and
1
n,k,i n,k,i 2 2
Mep,H ° { / nspMH(t)) dt} ) (3.A.8¢e)
In prepmn
%
n,k,i n,k,i 2
ntmkH {2/ mmkMH(t)) dt} ) (3.A.8f)
In MeMn
1
2
n,k,i n n,k,i 2
771mH ::{27— Z (nhnMH) } ) (3A8g)
MGM‘IL

1
2

k ki 22

Taig it {27” > (igarn) } : (3.A.8h)

MeMn
The following is the version of Corollary in the dead oil setting:
Corollary 3.A.3 (An a posteriori error bound for the residual error norm distinguishing the

space, time, linearization, and algebraic errors). Let the assumptions of Corollary be
satisfied. Let the estimators be given by (3.A.8)). Then

ki k F g ;
N:’ * < { Z (W;Lp cZ + 77tnmcl + anlln cZ + nglgal)
ce{W,0}

[un

2
k k k k
+ (it s+ Minrr + Mo 1) } : (3.A.9)

In the next chapter, we develop a simplified formula for computing the different estimators

which can be easily applied in practice.
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Abstract

In this chapter we consider the Steam-Assisted Gravity Drainage (SAGD) process, a ther-
mal oil-recovery technique of steam injection designed to increase the oil mobility. We apply
the a posteriori analysis of the isothermal model of Chapter [2] and of nonisothermal condi-
tion of Chapter 3] Moreover, in order to implement these a posteriori estimators in industrial
codes we simplify their computation. Then we propose an adaptive mesh refinement algorithm
combined with a balancing criterion on the choice of the time step. Numerical results for a
real-life reservoir engineering example for the dead oil model in three dimension is discussed.
Using the adaptive refinement strategy, we obtain a significant gain in terms of the number
of mesh cells compared to a fine mesh resolution, and this without affecting the accuracy of
the predicted oil production.

Key words: a posteriori error analysis, adaptive mesh refinement, steam-assisted gravity

drainage, dead oil model, quadrature formula, simplified evaluation, finite volume method.

4.1 Introduction

The steam-assisted gravity drainage, see the description in the Introduction, is a technique
for producing heavy oil that otherwise is not easily recovered due to its high viscosity and
low mobility cf. Butler [I]. The process typically includes two horizontal wells, an injection
one above a production one, see Figure left. The upper well injects steam which forms a
steam chamber, see Figure right, in which the oil is heated thereby reducing its viscosity.
This raises the oil mobility and then gravity forces the oil downward (cf. Butler [2] or Farouq
[4]). The production well at the bottom of the steam chamber then receives the oil and leads

it to the surface.

Figure 4.1: SAGD process: wells (left) and steam chamber (right).

Some previous works proposed adaptive mesh refinement (AMR) techniques for SAGD
processes. In Lacroix et al. [6], an AMR method is developed based on the displacement

of a thermal front by proposing a dynamic subgridding technique; this approach leads to
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significant gains in computation times. A similar application of dynamic gridding to thermal
simulations is considered in Christensen et al. [3]. Large gradients of specific quantities such
as temperatures, fluid saturations, and compositions are used to locate the position of the
front and trigger a corresponding refinement of the grid. In Wang et al. [I0] a detailed
analysis of the implementation of the AMR technique to one-dimensional three-phase flows
in heterogeneous porous media, including phase change, is presented. The authors consider
discontinuous saturations across interfaces between different rock types, and propose a specific
refining procedure and refinement criterion to deal with this discontinuity.

Recently, Mamaghani et al. [7] have designed a new refinement criterion that focuses more
on the oil saturation discontinuities for better locating the front position; the criterion is based
on local a posteriori error estimators for finite volume schemes for hyperbolic equations, see
Kroner and Ohlberger [5]. As the estimators are not constant-free, some threshold values
need to be specified. These only depend on the initial data of the problem, but computing
them requires some preliminary runs on the fine grid.

In this chapter we propose an efficient adaptive method for the resolution of the SAGD
problem, based on the a posteriori error analysis of the previous chapter. In particular, as
the estimators are fully computable no threshold values need to be set. First, we present
a simple way to compute the different estimators for the thermal dead oil model described
in Section of Chapter Then, we propose a space-time adaptive mesh refinement
algorithm based on these estimators. We consider the application of the theory to an implicit
cell-centered finite volume scheme with phase-upwind and two-point discretization of diffu-
sive fluxes. Numerical results on an example of real-life thermal oil-recovery in a reservoir
simulation illustrate the performance of the refinement strategy and in particular show that

a significant gain in terms of the number of necessary mesh cells can be achieved.

4.2 SAGD characterization and modeling

We present in this section some characteristics of the SAGD process and quote some of
types of SAGD [8] currently used in practice. We will also describe the most popular reservoir

models for this process.

4.2.1 Common characteristics

The SAGD process has many characteristics based on the steam chamber and on the
different wells. The most important ones are:

e In the steam chamber, the pressure does not vary.

e The steam injection rate does not have an important impact on the oil production rate.

e The oil motion is driven only by gravitational drainage.

e The vertical production is technically useless because the flows are relatively slow.
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4.2.2 Types of SAGD

There are many types of SAGD in terms of the number and location of wells, the types
of wells (vertical and horizontal), the method of drilling and steam injection, and other
parameters, see [8]. Some common types of SAGD are:

Shaft and Tunnel Access (SATAC);

Access and Drilling from Surface (SAC-SAGD);
Multi-drain SAGD;

Single Well SAGD (SW-SAGD);

Vertical /Horizontal wells combination;

Fast-SAGD;

Enhanced Steam Assisted Gravity Drainage (ESAGD).

4.2.3 SAGD modeling

We now briefly describe the most popular reservoir models for the SAGD process: The
black oil model and the dead o0il model. The two models represent a three-phase flow (oil,
gas, water). The gas could be a steam of water or hydrocarbon such as methane or ethane.
In the development of these models we consider a nonisothermal flow, so the equation of the

conservation of energy will always be present.

4.2.3.1 Black oil model

In this model we have three phases constituted by water, oil, and gas. The oil phase
contains two types of components: nonvolatile oil and volatile oil which we call here oil
component and gas component respectively. This is due to the fact that in this model the
hydrocarbon components are divided into light and heavy components. The light component
can dissolve into the liquid oil phase or volatilize in the gas phase according to the pressure

and temperature. The water phase contains only the water component.

4.2.3.2 Dead oil model

The dead oil is an oil that has lost all its light components (gas components). Therefore
it differs from the black oil model in that the oil phase in the dead oil model contains only
the heavy component (nonvolatile oil component). For the water phase, it contains only the
water component as in the black oil model. Finally, the gas phase is in fact a steam phase

and contains only the water component.

Remark 4.2.1. In SAGD processes, the reservoirs are not very deep. Thus the absolute
permeability and porosity are high, and consequently the capillary pressures are relatively

small, which allows us to neglect them.
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4.2.4 Mathematical model of the thermal dead oil system

The system of governing equations of the thermal dead oil model is given by in
Section of Chapter In practice, in the dead oil model the capillary pressures are
neglected because of their relatively low values, see Remark Thus we only consider
one pressure P for all phases: P, = P, = Ps = P, whereas we keep three different phase
saturations: Sy, Sy, Ss. The temperature T is an unknown of the problem, since we consider

the nonisothermal condition. Thus we define the vector of unknowns by setting

P
X = T . (4.2.1)
(Sp)pe{w,o,s}

The discretization and the resolution of the thermal dead oil model is given in the
previous chapters as the dead oil model is a special case of the general thermal multiphase
compositional model. We can thus directly apply the a posteriori analysis described in details
in Section of Chapter

In order to implement the different estimators in a reservoir simulation code, we propose
here to simplify them. Our simplification is based on the following observations:

e Our estimators are expressed in terms of norms of various discrete quantities; therefore

we only need to compute these norms and not necessarily the quantities themselves.

e All these norms are integrals; therefore they can be computed/approximated on each

adequate quadrature formulas by mesh element.

e We thus only need to know the values of the various quantities at the quadrature points.

e The implementation of RTN spaces and the physical construction of the flux recon-

structions can be consequently avoided.

Let us now describe our simplification process in all details.

4.3 Evaluation of the estimators using a practical simplified

formula

The a posteriori estimates of Section use the reconstruction of the different fluxes
n,k,i n,k,i n,k,i n,k,i n,k,i n,k,i .
Ouisens Olnen Oalgens ¢ € {W,0}, and Oy, Oy, and O, in the space
RTN(M") (see Sections and [3.4.4)). Furthermore, the pressure and temperature recon-
structions P;f }ff, p € {w,0,s}, and T;:T’k’l also involve RTIN(M™) spaces (see Sections [2.4.2.1

and [3.4.1) in a way that for all M € M",

- (Kvpg;f;i) i € RIN(M™),  pe{w,ost and - <AVT,’:T’k’i)M € RTN(M™).

Hence, a priori, implementing these estimators requires operations with RTIN spaces as seen

in the previous chapter. Unfortunately, so far RTIN spaces are not implemented in industrial
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codes. Therefore we look for a simplification of these estimators that avoids the use of RTN
spaces.

4.3.1 A general simplification formula

Let a mesh cell M be given and let Ay, € RTN(M). Then Ay can be expressed by

A=Y coAo, (4.3.1)

0'651%

where ¢, are the degrees of freedom on the face o, i.e., the face fluxes (A - nar, 1), and A,
are the lowest-order Raviart—Thomas-Nédélec basis functions, given by (for parallelepiped
meshes such as the ones used in the tests cases of Section below)

1
Aa = MEO',U’ : (m - QZU/),

where @, = (4, Y7, 2o/ ) 18 the barycenter of the face o’ opposite to the face o, and

T — 1
CHRES Loy, 0

0
_ _ 1 if w# W,
o,0’! = 11/07?/(7/ 0 ) 1w:w/ -

0 otherwise.
0 e

(4.3.2)
Consider now the following quadrature formula exact for polynomials of total degree three,

on a cubic domain K = (—1,1)3:

o0’ ZoyRZg!

L orlo el 2 2 2
/1/1/1g(x’y’z)dxdydzz|K‘Zzzwiijlg(aiaﬂjﬁl).

i=1 j=1 I=1
Here wy = wy = %, ar =01 =7 = \_/—1, and ag = B = 12 = % We can also rewrite this
formula with vector symbols by
8
| st@ye =~ |11 Y Wigmh), (133)
k=1

with Wy = %,k‘ €{1,2,..,8}, and IT* = (HQ,H’;,H{;) as given in Table

k 1 2 3 4 5 6 7 8
me | L | L | L | 1L | =1} =1]=1}]—1
TV VB VB VB VB VB V3| VB
e | qpF | L | L | =L | =1 | =L] 1 | 1L | -1
YIVB VB VB V3] V3| VB VB VB
me| L | =L | =L | L | L | 1 | =1}—1
131 V31 V31 V31 V31 V31 V31 V3

Table 4.1: Integration points
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To apply the formula (4.3.3) to the integration of a function over a cell M := (x1,x3) X
(y1,y2) X (21, 22) of our parallelepiped mesh, we consider the transformation k= ( ff, 5, ff)
such that,

To + X1

ro — &
fh=22 5 Lk + = (4.3.4a)
- +
f=2 . kg 22 ; = (4.3.4¢)

Now we can evaluate the [L?(M)]? norm of the function A; € RTN(M) given by (4.3.1),
using the quadrature formula (4.3.3) and the transformations in (4.3.4)), as follows

8 2
M 1
”Ah”%Q(M) = | 8 ’ Z |: Z CU’M‘EU,O'/ : (fk _xa'/):| bl

k=1 “o€&py
1 ° k x ? k Y ?
= WZ |: z CU(fa: _mﬂ')eo,o’:| + |: Z CU(fy _yo")eo,o’:|
k=1 o€\ o€€
2
+[ > ca(ff—zg,)e;c,,] } (4.3.5)
oc€€EMm

As a conclusion, to compute an [L?]3> norm of reconstructed flux functions in the space
RTN(M™), we just need to obtain the degrees of freedom c,, represented by the face normal
fluxes. These can be obtained directly without any flux reconstruction. In what follows we

use these simplifications to evaluate the estimators for the thermal dead oil model.

4.3.2 FEvaluation of the estimators

We begin with the spatial estimators. Recall the reconstructions of the conservative fluxes
@@k;f, @8,12,17 and @7}{’%2 given by (2.4.14d)) and (3.4.3d)). For @Z’,’f’z, c € {W, 0}, one has

n,k,i n,k,i n,k,i n,k,i
<®ch )’M - <®dlsch+@hnch+®algch) ‘M

Owing to the reconstruction of (-)glfc’h in (2.4.14al), @)ﬁf’éh in (2.4.14b)), and @:fg’;h ([2.4.14d),
we satisfy (3.5.16a] m, cf. section 3.5.3.1L up to a neglected maladjustment from the practical
construction of 921§ é , (Corollary |4.3.4] and Remark [2.4.3). Then, the residual estimators
nglj\/}w, and nR glven by (3.5. 175]) will be neglected. Note that, however if we Construct
the algebraic flux @ alg H Y
zero. A similar result is obtained for the other residual estimator nR M 7 given by (3.5.17bj m

Therefore, it takes very small values and will be neglected in what follows.

following|2.4.14c|then the residual estimators 77R M w» and nR M o are
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~ lel)

Consider now the contribution H@Zi’f’é n— (Dov]) n which represents the second

L2 (M)
term of the oil component spatial estimator (3.A.7bf). Following (3.A.3] , the velocity 'vn i i
given by, for p =o

vt = —K(VP = pp (P T g). (4.3.6)

Then by the post-processing of the oil pressure Pn: ot given by (12.4.11)) and by the definition
([2.4.144) of the reconstructed flux ©'} dls o ,» we conclude that

~ ki ~ ki ki ki
(ovii ) 1as = (=PI (V P = po( P T4 )g) ) s
_ (/V\Ol-‘n Ky z) ’M

n,k,i
(®dis,0,h) g

%

so that

~ 0, (4.3.7)

H n,k,i — (@ nkz') v

dis,0,n — (WoUqu p

and we neglect this term in the simplified evaluation.

Similarly, considering the postprocessings of the water and steam pressures P ’hT’ ,D €
{w, s}, given by , the velocity formula , and the reconstructed flux Qgi:\liv,h
given by , we obtain

(@gi’f”év’o WES (ywvnl,zz + v :}Z“> s H@g{ié\/,h (yw'v”l;l + v ;L,i”) ~ 0.
(4.3.8)
Finally, the postprocessing of the phase pressures given by m the formula , the
temperature postprocessing , and the reconstructed flux " dls H , given by (3.4.3a)) give

L2(M)

n,k,i n,k,i n,k,i
H ®dis,H,h ( AVT )

~ 0. (4.3.9)

L2(M)
As a conclusion we can remark that the first two terms of each of the estimators U:I;k]{jfw,
n,k,i

Nep.ar,00 and nsp M > given by (3.A.7a))—(3.A.7c]), can be neglected. Then, the evaluation of

the spatial estimators will concern just the estimators of nonconformity.

As all non conformity estimators are evaluated in the same way, we will only discuss one of
them, for example nﬁé?wT This estimator involves the difference of two terms: ()\VT;LLT’]“’Z) |m
and ()\V‘Iz;k’z) |az- In order to apply formula (4.3.5), these two terms must be expressed in the
RTN(M") space. This is the case of the first contribution (AVT}2"")[5 (by construction,
see (13.4.2)), but not the case of the second contribution ()\VTZ’Tk’i)] M- Therefore, we lift this
contribution ()\V‘Zz;k’z) |as into the RTIN(M™) space by preserving the corresponding normal
fluxes over the faces: Let {gof” }16{1,27“,8} be the piecewise linear nodal basis functions of Q1
on the three-dimensional element M. Then for all M € M™ the continuous temperature

hy
T can be expressed as

‘Inkz

Z nkz (m)

VieVy
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To alleviate the industrial implementation, we then approximate the value of the temperature

in the nodes by

1 . )
- Mooyt =Tt (4.3.10)

Tn,k,i(v) _
ht
NMV MeMy,

where Npqp, stands for the cardinality of the set My, of the cells from M™ sharing the node
V; it is equal to 8 for interior vertices in the three-dimensional case. But the values of T;T’k’z
are preferable since they are more precise. The normal fluxes of ()\V‘Iz;k’l)\ M over the faces

of M can then be expressed explicitly by: for all o € Sji\’/",l,

AV ng, 1o = > TPM(AVeM - ng, 1),. (4.3.11)
Vievy,

Then using formula (4.3.5)) with relation (3.4.2]) and formula (4.3.11]) we evaluate the noncon-
formity estimators 7717\117573\4% given by (3.A.5h)), as

8

n,k,i 2 1 n,k,i

(UNC,M,T) %78\ | Z <GM,0(XM )
k=1

o€
2
-y T‘Z’k’z()\Vgoﬁw~nQ,1)g)Emaz-(fk—a:(,/) L (4.3.12)
Vievy,

A similar technique is used to compute the other nonconformity estimators: Define for all

V € V" the approximate value of the phase pressures at the node V,

. 1 )
Byt = s Py Wpe{w,o,s), (4.3.13)

Then for all p € {w,o,s},

+ s
N y ,
(RE3n,)" = g [ 3 (Fomelait
o 8|M‘ k=1“0€&\
i 2
— 3 Pk, V] .nQ,1)U)EM, (f*—z)| ., (4.3.14)
vievy,
where
7k7. aMaL 7k7‘ 7k" KU
Foato(Xig ") = WW [P;,MZ - Py Z} , ok = d}if VK € {M,L}.

This leads to a simple evaluation of the local spatial estimators 77:1; ](/f,w, 77;; ](20, 77:1; 1\2 y for

all M € M™. Note that a more precise formula could be obtained by replacing the piecewise
linear nodal basis functions of Q1 by the piecewise quadratic basis functions of Q.

Summarizing the above developments, we have:
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Corollary 4.3.1 (Simple formula to evaluate the local spatial estimators). Following (4.3.12))—
(4.3.14)), we can approximate the spatial estimators (3.A.7a)—(3.A.7¢) as

8
7k7' 1 7k74
= { g | T (6ot
k=1

ge€\y

SIS

2
- Z T&vkvl()\v(py ' nQ, 1)U)Ea,a’ . (.fk - 930/):| } 5

Vievy,
(4.3.15)

N

2
— Z P:::‘Zﬂ( ?wv@fw ng, 1)0-)E0-70./ . (fk o CBO-/):| } ,

Vievy,
(4.3.16)

. 8 .
wine{ £ B[ (e

pe{w,s} k=1 ~o€€m

SIS

2
- Z P;ti];l,l( %Vﬁﬁfw 'nﬁvl)U)EU,U’ . (fk —wgl):| } ,

vievy
(4.3.17)

with Tg’k’i,Pgﬁ’i given by ([E3.10), ({3.13), respectively, and f*, E,, given by (4.3.4),
(4.3.2)), respectively.

Finally to evaluate the global spatial estimators (3.A.8al), (3.A.8¢) we approximate the

time integral by a one-dimensional integration formula.

Now for the temporal estimators, recall that for all M € M™, the reconstructions of the
M, D € {w,o,s}, are such that KVP;;ff um are in the RTN(M") space.

Also the reconstruction of the temperatures T;?T’k’i| M are such that )\VT:T’k’i| M are in the

.k,
phase pressures Pp’ 4

RTN(M™) space. Thus, the evaluation of the local temporal estimators can be again done

using formula (4.3.5). More precisely, using the relations (4.3.7)—(4.3.9) in the global temporal
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estimators [3.A.7dH3.A.7f, we approximate the integrals in time by

nki n,k,i n—
Mo, W &) T3 Z Ouis,w,n — Cdiswin von [ (4.3.18)
MeMmn
1
27" , 2 2
ki ks -1
n?m(}) {3 Z G)gis,(z),h - @gis,o,h‘ 2() } ) (4.3.19)
MeMmn
1
N i 1|2 ’
Tosn it {3 > |®Gcin — O o [ (4.3.20)
MeMmn

Then we can evaluate the global temporal estimators as proposed in the following corollary:

Corollary 4.3.2 (Simple formula to evaluate the temporal estimators). By applying formula
(4.3.5) to equation (4.3.18) and using the reconstructions formulations (2.4.14a))—(3.4.3a), we

can approximate the temporal estimators as
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with fk,Eaja/ given by , , respectively.

For the linearization estimators, the error in the linearization of the accumulation terms in
and is numerically very small and will be neglected. Then for the other local
linearization estimators in and ( m, we remark that the fluxes which compose
the estimators are the reconstructed fluxes in the RTN(M™) space: @ﬁnkczh,c € {W, 0},
given by (2.4.14b]) and 617:171 ;I , given by (3.4.3D). Thus evaluating of these local estimators

is stralghtforward using formula (4.3.5)):



162 Chapter 4. SAGD problems with simplified evaluation and adaptive mesh refinement

Corollary 4.3.3 (Simple formula to evaluate the linearization estimators). By applying for-

mula (4.3.5)) in equations (3.A.7g)) and (3.A.7h) and using the reconstructions formulations
(2.4.14b)) and (3.4.3b), we can approximate the global linearization estimators as
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with fk,E(,,U/ given by (4.3.4), (4.3.2), respectively.

Finally, for the algebraic estimators (3.A.71) and (3.A.7j), the evaluation of the local
[L?]? norms is also straightforward using formula (4.3.5)), as by construction all contributions

involved in these norms are in the RTN(M") space by construction: @Z’;’;h,c € {W, 0},

given by (2.4.14c) and @ZI’:’Z , given by (3.4.3c). Following Remark [2.4.3| we arrive at the

following approximation formula:

Corollary 4.3.4 (Computing practically the algebraic error). Following Remark m

Chapter[3 to compute approzimately the algebraic error, we perform j additional iterations of

the algebraic solver from the stage (2.4.8)), (3.3.11), with j a user-defined fixed number. Then,
the global algebraic error estimators can be evaluated using formula (4.3.5) as follow:
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with fk,EU,a/ given by (4.3.4)), (4.3.2), respectively.

As a conclusion, the evaluation of the different estimators for the thermal dead oil model
(3.A.1)) can be carried out while avoiding the physical reconstructions of fluxes in the RTN(M™)
space. The key is the use of a quadrature formula for computing the [L?(M)]*, M € M",
norms by , knowing the normal fluxes over all faces of any cell M € M". Using this
technique greatly simplifies the implementation of the estimators (in particular into indus-
trial codes) and yields an important computational saving compared to the previous technique

where we need to build the RTN flux reconstructions.

4.4 SAGD test case

In this section we present numerical simulations of the SAGD dead oil model.

4.4.1 Model description

The reservoir considered in this test case is a 3-dimensional parallelepiped (100m x 1400m
x 55m) discretized by a nonuniform Cartesian grid, see Figure right. We consider a
homogeneous anisotropic reservoir with 35% porosity, 1.94-10712 m? horizontal permeability,
and 0.97 - 1072 m? vertical permeability. Two horizontal wells, injection and production well
(in the Y direction) perforate the reservoir, see Figure left.

Injection well
[ ]

O
Production well

Figure 4.2: Reservoir mesh

The fluid is a heavy, viscous oil. Its viscosity range is tabulated as a function of temper-
ature, from 1.68 - 103Pa-s (at 23.89°C) to 0.741 - 10~3Pa-s (at 455.44°C). The initial water
saturation is equal to 0.15 so that the initial oil saturation is equal to 0.85.

The mass density of the oil for this test case is given by the following formula

po(P,T) = po,o(P,T) = pit[1 + co(P — P + do (T — T™")],
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with a constant compressibility of the oil component co = 72.5-10""'Pa~!, a constant thermal
expansion of the oil component do = 8.5 - 107K~!, and a constant reference mass density

pff = 1014.035 kg-m 3. The water mass density is given by
pw(T) = a1 + 2T + a3T?,

with a; = 7.81-10%, ap = 1.63 - 10°, and a3 = —3.06 - 1073. Water viscosity is given as for
standard water following [9], (1.002 - 10~3Pa-s at 20°C).

The capillary pressure is set to zero and the relative permeability is shown in Figure
The thermal conductivity A(f) of the rock is constant equal to 2.38W /(m-°C). We mention
that the thermal properties of the rock are those of the so-called saturated rock. The com-
pressibility of the rock is constant equal to 43.5-1071Pa~"! and the loss in heat at the foot-wall

is not simulated.
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Figure 4.3: Relative permeability.

4.4.2 Initialization and production scheme

The SAGD process is simulated for tp = 10 years. The reservoir is initially assumed at
hydrostatic equilibrium with a constant temperature equaling 11°C. The initial pressure is
7.27 - 10°Pa at —400m. To start the production of the reservoir, we begin with a heating
phase of the surrounding region of production and injection wells in a period of 90 days.
Then, the production well is put into production for one day with a high rate of liquid
flow without injection to bring down the pressure in the injection zone. Finally a period
of injection/production (until 10 years) is held during the simulation. In the model, the
injection and production rates are controlled by the pressure (24.81 - 10°Pa for the producer
and 25.36 - 10°Pa for the injector).
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Figure 4.4: Initial saturation of water (left) and oil (right).

4.4.3 Model simulation

In the simulation of the thermal dead oil model we can distinguish four different steps:

e Heating: The wells heating period (90 days) is necessary to promote the injection, see
Figure Without heating, steam injection is not possible.

N_Temperature
300 400 500 600

“HI\‘II\HI\H‘HIIHH
284.15 657.115

Figure 4.5: Temperature of reservoir at 90 days.

e Forming the steam chamber: A steam chamber is formed at the opening of the
injection well. In a first phase the steam chamber grows and takes an ovoid shape until
the steam has reached the top of the reservoir, see Figure

¢ Expanding the steam chamber: The steam chamber expands along the top of the
reservoir to the side boundaries of the domain, see Figure [4.7]

e Drainage: Steam invades the lower part of the reservoir; the production mechanism
is further a displacement mechanism of oil forced by steam more than a mechanism for

gravity drainage, see Figure [£.8
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Figure 4.6: Forming the steam chamber: steam saturation (left) and temperature of the

reservoir (right) at 600 days.

4.4.4 Approximate solution and a posteriori estimate

We show here the behaviour of the approximate solution and of the corresponding a
posteriori error estimate during the simulation on a fine fixed grid.

Figure[4.9]shows the evolution of the oil saturation and the corresponding spatial estimator
of the oil component Nap,M.O at different time steps. We see an error detected by
the estimator around the wells; importantly, this estimator detects the error that follows the
movement of the oil front in the reservoir. This result demonstrates that we have a good
indicator of the corresponding error and suggests its use in an algorithm of mesh adaptivity.

The results of the evolution of temperature and the temperature spatial estimator Tap M, H
are summarized in Figure Remark that the prediction error points out an
important error in the zone that follows the diffusion of the temperature during the simulation,
which shall help us refine wisely the mesh in order to equilibrate the distribution of the error

over the domain and then reduce the size of the system for resolution.

4.4.5 Adaptive mesh refinement

In this section we numerically assess an adaptive mesh refinement (AMR) strategy based
on the space error indicators derived in Section with the simplification of Section [4.3.2
by comparing the results with a reference solution obtained on a fine grid. As the flow of
the fluid (see Figure , as well as the temperature diffusion (see Figure are both

symmetric in the domain, we present the results in what follows on the half of the domain
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Figure 4.7: Expansion of the steam chamber: steam saturation (left) and temperature of the

reservoir (right) at 2000 days.
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Figure 4.8: steam saturation (left) and temperature of the reservoir (right) at 4000 days.
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only. To refine the mesh adaptively we use the space criterion based on the spatial estimator
of the oil component Nep.ar,0 (4:3.16). The algorithm that describes the adaptive strategy can

be sketched as follows:

Algorithm 4.4.1 (Adaptive algorithm).

Fix the fractions of cells to refine, (ief, and to derefine, (geref

while " < tp do {Time loop}
Solve the system , .
Compute 7y, 1705 Nep Mo
Refine the cells M' € M™ such that ng, 1/ o > Cref maxzepmn {ngp’Lp}.
Derefine the cells M € M™ such that Nip. Mo < Cderef MAXLeMn {n§p7L7O}.
Adapt the time step if necessary.

end while

Figure shows the evolution of the approximate oil saturation at different simulation
times. We remark that the refinement follows the saturation front as time evolves, and then
the derefinement process is effected in the zones abandoned by the front of oil saturation.

Similar results can be appreciated in Figure where we present the evolution of the
temperature at several chosen time steps. A refinement that follows the diffusion of temper-
ature can be observed, as well as a derefinement in the non-exposed zones.

The efficiency of the adaptive algorithm based on the spatial a posteriori estimator can
be appreciated in Figure Figure in particular illustrates the cumulated rate of oil
production during the simulation; we compare here the result on the fine grid and the result
with adaptive mesh refinement. We observe that applying the refinement strategy does not
affect the accuracy of the predicted oil production, which is industrially the most important
quantity.

The cumulative number of cells during the simulation is finally shown in Figure We
remark an important reduction in the number of cells using the adaptive refinement strategy
compared with the resolution on the fine grid. On average, the number of cells is reduced by
75%, see Figure which is a very important gain.
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Figure 4.9: Approximate oil saturation (left) and spatial estimator of the oil component
(right) at 400, 1100, and 2800 days.
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Temperature NCErrorTemperature
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Figure 4.10: Approximate temperature (left) and temperature spatial estimator (right) at
400, 1100, and 2800 days.
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Figure 4.11: Approximate oil saturation at 2, 4, 8, and 10 years (adaptively refined mesh)



172 Chapter 4. SAGD problems with simplified evaluation and adaptive mesh refinement
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Figure 4.12: Approximate temperature at 2, 4, 8, and 10 years (adaptively refined mesh)
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Figure 4.13: Fine grid vs. adaptive mesh refinement for the rate of oil production.
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Figure 4.14: Fine grid vs. adaptive mesh refinement.
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