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Résumé

Cette these s’intéresse aux fronts progressifs et aux phénomeénes de propagation des EDP
non linéaires (principalement les équations de réaction-diffusion) apparaissant en physique,
biologie, sciences médicales, etc. Les principaux résultats sont déclinés dans quatre parties.

Dans la premiére partie, on a considéré un modéle de lamme prémélangée avec une cinétique
a température d’ignition différente de la cinétique classique d’Arrhenius, pour laquelle ce
modéle décrit la dynamique des flammes épaisses. Lorsque le nombre de Lewis est grand
(Le > 1), des pulsations périodiques sont observées, ce que nous avons cherché a caracteriser
mathématiquement. On considére la flamme comme une interface & déterminer dans un
probléme & frontiére libre, lequel est transformé en une équation parabolique totalement non
linéaire. Nous avons démontré ’existence d’une bifurcation de Hopf.

Dans la deuxiéme partie, nous considérons des modéles de type champ-route proposés par
Berestycki et al. dans le but de décrire 'influence d’une ligne a diffusion rapide sur la prop-
agation des espéces invasives. Nous considérons d’abord ce modéle dans des environnements
spatialement périodiques et montrons I’existence d’une vitesse de propagation qui s’avére étre
la vitesse minimale des fronts pulsatories. Ensuite, nous étudions le probléme elliptique de
ce modeéle et montrons I’existence de solutions faibles non triviales dans les domaines bornés
et non bornés.

Dans la troisiéme partie, on considére des équations bistables dans des domaines de RY en
forme d’entonnoir constitué d’une partie cylindrique droite et d’une partie conique. Nous
étudions la dynamique en temps grand de solutions entiéres émanant d’un front plan dans
la partie droite et se déplagant dans la partie conique. Nous montrons une dichotomie entre
blocage et invasion. Nous montrons également que toute solution se propageant compléte-
ment est un front de transition ayant une vitesse moyenne globale, qui est I'unique vitesse des
fronts plans, et qu’elle converge en temps grand dans la partie conique vers un front courbe
dont la position est approchée par des sphéres de rayons de plus en plus grands. De plus,
nous fournissons des conditions suffisantes sur la taille R de la partie droite et sur 1'angle
d’ouverture « de la partie conique, sous lesquelles la solution émanant d’un front plan se
bloque ou se répand complétement dans la partie conique. On montre enfin que ’ensemble
des parameétres (R, «) pour lequel la propagation est compléte est un ensemble ouvert.
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Dans la derniére partie, nous considérons un modéele unidimensionnel constitué d’une succes-
sion d’équations de réaction-diffusion dans des milieux homogeénes, ot de nouvelles conditions
de couplage aux interfaces sont introduites pour refléter le mouvement des individus lorsqu’ils
passent entre deux milieux adjacents. Dans un premier temps, nous considérons ce modéle
dans un environnement spatialement périodique. Nous établissons rigoureusement le carac-
tére bien posé du probléme de Cauchy. Nous étudions en outre les propriétés d’étalement et
I’existence de fronts pulsatoires dans les directions positive et négative. Deuxiémement, nous
étudions un modeéle simplifié constitué de deux milieux homogénes dans R. Nous montrons
tout d’abord des propriétés d’étalement des solutions dans le cas KPP-KPP. Ensuite, dans
le cadre KPP-bistable, nous étudions différentes conditions dans lesquelles les solutions du
probléme de Cauchy peuvent avoir différentes dynamiques dans le milieu bistable, a savoir
le blocage, le blocage virtuel ou la propagation. En particulier, lorsque la propagation se
produit, un résultat de stabilité globale est prouvé. Les résultats dans le cadre KPP-bistable
peuvent également étre étendus au cadre bistable-bistable sous certaines hypothéses.

Mots-clés : équations aux dérivées partielles, réaction-diffusion, fronts pulsatoires,
fronts de transition, vitesse de propagation, phénoménes de propagation



Abstract

This dissertation is concerned with traveling fronts and propagation phenomena of nonlin-
ear PDEs (mainly the reaction-diffusion equations) arising in physics, biology and medical
science, etc. The main results consist of the following four parts.

In the first part, we considered a premixed flame model with an ignition temperature kinetics
different from the classical Arrhenius kinetics, for which this model describes the dynamics
of thick flames. When the Lewis number is large, pulsating instabilities are observed, which
we have sought to characterize mathematically. We consider the flame as an interface to be
determined in a free interface problem, which is transformed into a totally nonlinear parabolic
equation. We prove the existence of a Hopf bifurcation.

In the second part, we consider the so-called field-road model proposed by Berestycki et al.
for the purpose of describing the influence of a line with fast diffusion on the propagation of
invasive species. We first consider this model in spatially periodic environments and show
the existence of asymptotic spreading speed which turns out to be the minimal speed of
pulsating traveling waves. Then, we investigate the elliptic problem of this model and prove
the existence of nontrivial weak solutions in bounded and unbounded domains.

In the third part, we consider bistable equations in funnel-shaped domains of R" made up of
straight parts and conical parts. We investigate the large time dynamics of entire solutions
emanating from a planar front in the straight part and moving into the conical part. We
show a dichotomy between blocking and spreading. We also show that any spreading solution
is a transition front having a global mean speed, which is the unique speed of planar fronts,
and that it converges at large time in the conical part to a well-formed front whose position
is approximated by expanding spheres. Moreover, we provide sufficient conditions on the
size R of the straight part and on the opening angle a of the conical part, under which the
solution emanating from a planar front is blocked or spreads completely in the conical part.
We finally show the openness of the set of parameters (R, «) for which the propagation is
complete.

In the last part, we consider a one-dimensional patchy model made up of a succession reaction-
diffusion equations in homogeneous media, where novel interface matching conditions are
introduced to reflect the movement behavior of individuals when they come to the edge of a
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patch. Firstly, we consider this model in a spatially periodic environment. We establish the
well-posedness rigorously for the Cauchy problem. We then investigate the spreading prop-
erties and the existence of pulsating traveling waves in the positive and negative directions.
Secondly, we study a simplified two patchy model in R which consists of two homogeneous
habitats. We first derive the spreading properties of solutions in KPP-KPP case. Then, in
KPP-bistable framework we investigate different conditions under which the solutions of the
Cauchy problem may show different dynamics in the bistable patch, that is, blocking, virtual
blocking or propagation. In particular, when propagation occurs, a global stability result
is proved. The results in KPP-bistable frame can also be extended to the bistable-bistable
setting with certain hypotheses.

Keywords: partial differential equations, reaction-diffusion, pulsating fronts, tran-
sition fronts, spreading speeds, propagation phenomena
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Chapter 1

(zeneral introduction

This dissertation is devoted to mathematical study of some models arising in the fields of
physics, chemistry, biology and medical science, etc.

Stability analysis of free boundary problems, or equivalently free interface problems, have
been for long a challenging issue (see, e.g., [132, 71]). In combustion theory, stability of
propagating premixed flames is a complex and difficult problem. In contrast to conventional
Arrhenius kinetics where the reaction zone is infinitely thin, the reaction zone for stepwise
temperature kinetics is of order unity (thick flame). Models describing dynamics of thick
flames with stepwise ignition-temperature kinetics have recently received considerable atten-
tion (see [35]). For relatively small Lewis number (Le < 1), the traveling wave has cellular
instabilities, i.e. pattern formation, for which a paradigm for the evolution of the disturbed
flame front is the Kuramoto-Sivashinsky equation (see [126, 148], and also [38, 39, 40, 41, 44]).
However, for the case of high Lewis number (Le > 1), there is only a numerical result (see |35,
Section 3.2|) showing that large enough Lewis numbers give rise to pulsating instabilities, i.e.,
oscillatory behavior of the flame. With this motivation, we aim to give a rigorous analysis of
the stability of traveling waves in the case of Le > 1 from mathematical point of view.

Then, we turn to reaction-diffusion problems which read
uy = Au+ f(u), t > 0,7 € RY. (1.1)

This type of models arises in population dynamics and has been used to simulate, explain
and predict numerous phenomena in ecology, species survival and medical science, etc. Such
type of equations was first introduced by the parallel pioneering works of Fisher [77| and
Kolmogorov, Petrovsky and Piskunov [108] to model the spatial spread of advantageous
genetic features, where the nonlinear reaction term obeys logistic growth. It is then called
the Fisher-KPP equation or KPP equation, with the KPP assumption that f(0) = f(1) =0
and 0 < f(s) < f'(0)s in s € (0,1). Skellam in 1951 [149] used this KPP equation to
study spatial propagation of species and proposed quantitative explanations for the spread of

1



1. General introduction

muskrats throughout Europe at the beginning of the 20th century. Aronson and Weinberger
[8, 9] then gave a rigorous formalization of spreading properties.

Theorem 1.1. Let u(t,x) be the solution of (1.1) with a nonnegative, bounded, continuous
and compactly supported initial function ug # 0. Then, u(t,x) spreads with speed ¢* =
24/ f'(0) in all directions for large times, namely

{maX|x§Ct lu(t,z) —1| = 0, ast— +oo, if 0 <c < ¢

Max|g>e U(t, ) — 0, as t — +o0, if ¢ > c*.

Meanwhile, it is also well-known [108, 8, 9| that this equation has a family of planar
traveling fronts u(t,x) = U(z - e — ct) with direction e € S¥=1, U > 0, U(—o0) = 1 and
U(+o00) = 0 if and only if ¢ > ¢* = 2,/f/(0), which is unique (up to shifts in space or time
variables).

However, most landscapes are not homogeneous, therefore it is necessary to involve het-
erogeneous situations into the models. In this spirit, we take into consideration a simple but
typical case: spatial periodicity, for which standard traveling fronts do not exist in general.
Instead, the notion of traveling fronts is replaced by the more general concept of pulsating
fronts [146]. Assume that (1.1) admits a periodic positive steady state p(x), a pulsating
traveling front connecting 0 and p(x) is a solution of the type u(t,x) = U(z - e — ct, x) with
¢ # 0 representing the propagation speed and e € SV~! the direction of propagation, if the
function U : R x RY — R satisfies

U(—o0,z) = p(x), U(+oo,r) = 0 uniformly in x € RV,
Ul(s,-) is periodic in RY for all s € R.

Moreover, the spreading properties may differ with respect to different directions.

On the other hand, if f satisfies bistable hypothesis, i.e. f(0) = f(0) = f(1) = 0 for some
6 €(0,1), f'(0) <0, f'(1) <0, f(s) <0 for s €(0,0) and f(s) > 0 for s € (6,1), it is known
[76] that (1.1) has a unique (up to shifts) traveling wave solution u(t,z) = U(x - e — ct), with
direction e = S¥1, U > 0, U(—o0) = 1 and U(+o0) = 0, and with a unique propagation
speed ¢ € R depending only on f and having the sign of fol f(s)ds. The geometrical effect
of the underlying domain on propagation phenomena of the solution to bistable equations
has received much attention. For instance, it was studied in the real line R (with periodic
heterogeneities [59, 60, 66, 93, 158, 160, 164], with local defects [29, 47, 110, 127, 137, 151], or
with asymptotically distinct left and right environments [68]), as well as in straight infinite
cylinders with non-constant drifts |69, 70|, and in some periodic domains [64] or the whole
space with periodic coefficients [65, 85]. In [139], a reaction-diffusion model was considered
to analyze the effects on population persistence of simultaneous changes in the position and
shape of a climate envelope. In [118, 125], for a model of curvature-driven motion of plane

2



1.1. Stability analysis and Hopf bifurcation in a combustion model

curves in two-dimensional cylinders with undulating boundaries, various existence and non-
existence results of traveling waves were proved, as well as the phenomenon of virtual pinning,
that is, the propagation of waves with zero speed. The interaction between smooth compact
obstacles K C RY and a bistable planar front ¢(z; — ct) was studied in [20]. Recently, the
existence and characterization of the global mean speed of reaction-diffusion transition fronts
in domains with multiple cylindrical branches were investigated in [88].

The rest of the dissertation is to study the spatial dynamics and propagation phenomena
of specific problems and understand how the geometry of the “funnel-shaped” domains affect
propagation phenomena of bistable reaction-diffusion equations, based on the known results
above. Meanwhile, we will also study weak solutions of an elliptic problem. In the remainder
of this chapter, we state the main results of this dissertation.

1.1 Stability analysis and Hopf bifurcation in a combus-
tion model

This section is devoted to the stability analysis of a unique (up to translation) traveling wave
solution to a thermo-diffusive model of flame propagation with stepwise temperature kinetics
and first-order reaction (see [35]) at high Lewis numbers, namely Le > 1. The problem reads
in one spatial dimension:

2
a_@ — 8_6 + [/I/(@7 cI))’
8t 8$2 (1 2)
9 _ 1P e, m) |
ot ¢ Ox? e

Here, ©® and & are appropriately normalized temperature and concentration of deficient
reactant, x € R denotes the spatial coordinate, ¢ > 0 the time. The nonlinear term W (O, ®)
is a scaled reaction rate given by (see [35, Section 2, formula (3)]):

Ad, if ©> 6,

IWQ@:{O it ©<o, (13)

In (1.3), 0 < ©; < 1 is the reduced ignition temperature, A > 0 is a normalized factor
depending on ©; and Le, to be determined hereafter for the purpose of ensuring that the
speed of traveling wave is set at unity. Moreover, the following boundary conditions hold at
Fo0:

o) i 0, (1.4)



1. General introduction

In this first-order stepwise kinetics model, ® does not vanish except as t tends to —oc.
Thus, problem (1.2)-(1.4) belongs to the class of parabolic PDEs with discontinuous non-
linearities. Models in combustion theory and other fields (see, e.g. [2, Section 1|) involving
discontinuous reaction terms have been used by physicists and engineers for long because of
their manageability; as a result, elliptic and parabolic PDEs with discontinuous nonlinearities,
and related Free Boundary Problems, have received a close attention from the mathematical
community (see |1, Section 1] and references therein). We quote in particular the paper [48],
by K.-C. Chang, which contains a systematical study of elliptic PDEs with discontinuous
nonlinearities.

We consider the case of a free ignition interface g(t) defined by
O(t,9(t)) = 6, (1.5)

such that O(t,x) > O, for x > ¢(t) and O(t,z) < ©; for < g(t). Formula (2.4) means
that the ignition temperature ©; is reached at the ignition interface which defines the flame
front. We point out that, in contrast to conventional Arrhenius kinetics where the reaction
zone is infinitely thin, the reaction zone for stepwise temperature kinetics is of order unity
(thick flame). It is also interesting to compare the first-order stepwise kinetics with the zero-
order kinetics model (see [1, 35, 37]): in the zero-order kinetics, ®(¢, x) vanishes at a trailing
interface and does not appear explicitly in the nonlinear term (see |35, Section 2, formula

(4)))-
According to (1.5), the system for X = (O, ®) reads as follows, for t > 0 and x € R,z #
g(t):

( 2
@2@—1—/@), x < g(t),
8—®—L_182—®—A<I> < g(t) |
(ot~ a2 IR
99 _ 82—6 x> g(t)
ot N 8I27 g 7 (1 7)
0 _y -0 > g(t) |
\ ot e aZEQ’ * g .
At the free interface © = ¢(t), the following continuity conditions hold:
00 0P
6] = [®] =0, lﬁ—x] = [%} =0, (1.8)

where we denote by [f] the jump of a function f at a point xy, i.e., the difference f(zd)—f(zy).

The system above admits a unique (up to translation) traveling wave solution U =
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(0% ®%) which propagates with constant positive velocity V. In the moving frame coor-
dinate z = x — Vt, by choosing

1 ?i@i (1 * Le(f)_i @i)>’ (1.9)

to have V = 1 and, hence, z = z — ¢, the traveling wave solution is explicitly given by the

A

following formulae:

9
(1 — O)eT-6;%
00(z) = 1—(1-06;e ,  2<0,
@ie_z, z >0,
@i S,
el-© 2 <0
Al —06; ’ ’
PO(z) = ( )

O.
1 —Z_l —Lez )
+<A(1—@i) )e , 2>0

The goal of this work is the analysis of the stability of the traveling wave solution U
in the case of high Lewis numbers (Le > 1). Here, stability refers to orbital stability with
asymptotic phase, because of the translation invariance of the traveling wave. It is known
(see [35, Section 3.2|) that large enough Lewis numbers give rise to pulsating instabilities,
i.e., oscillatory behavior of the flame. This is very unlike cellular instabilities for relatively
small Lewis number (Le < 1), that is pattern formation; in the latter case, a paradigm for the
evolution of the disturbed flame front is the Kuramoto-Sivashinsky equation (see [126, 148|,
and also [38, 39, 40, 41, 44]).

The analysis is organized as follows: We first transform the free interface problem to a
system of parabolic equations on a fixed domain. Then, in the spirit of [42, 115, 116], the

perturbation u of the traveling wave U is split as u = S +v (“ansatz 1”), in which s is the

perturbation of the front g. Then we give a thorough study of the linearization at 0 of the
elliptic part of the parabolic system in a weighted space VW where its realization L is sectorial
(see Subsection 2.2.3 for further details about the use of a weighted space). Furthermore,
we determine the spectrum of L which contains (—o0, —%], a parabola and its interior, the
roots of the so-called dispersion relation, and the eigenvalue 0. Thereafter, an important
point is to get rid of the eigenvalue 0 which, as it has been already stressed, is generated by
translation invariance. In Section 2.3, we use a spectral projection P as well as “ansatz 2”
and then derive the fully nonlinear problem (see, e.g. [119]) for w:
ow

5 = (I — P)Lw + F(w).
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Next, we use the bifurcation parameter m defined by

to investigate the stability of the traveling wave. Simultaneously, as one already noted that
pulsating instability is likely to occur at large Lewis number, it is natural to introduce a small
perturbation parameter ¢ > 0 (dimensionless diffusion coefficient) defined by ¢ := Le ™, so
that (1.9) reads A = m+em?. The simplest situation arises in the asymptotic case of gasless
combustion when Le = oo, as in [79]. As it is easily seen, as ¢ — 0, problem (1.6)-(1.7)
converges formally to:

2
9P _99 as,  z<glt),
ot 0x? (1.10)
0% Ad < g(t) |
— = x
at ) g Y
% _ 82—@ x> g(t)
ot Ox?’ g (1.11)
=1, x> g(t),

. . 0 : -

with conditions [0] = [®] = 0, {8_} = 0 at the free interface © = g(t). However, the limit

T

free interface system (1.10)-(1.11) is only partly parabolic.

Our first main result is:

Theorem 1.2. Set m® = 6. The following properties are satisfied.

(i) Form € (2,m°) fized, there exists eg = g9(m) > 0 such that, fore € (0, ), the traveling
wave solution U is orbitally stable.

(ii) For m > m® fized, there exists €1 = e1(m) small enough such that, for € € (0,e;), the
traveling wave U is unstable.

Then, we prove the existence of Hopf bifurcation in a neighborhood of the critical value
m¢ = 6, see Theorem 2.10. Since the notations in the statement are quite relevant to the
technical preliminaries, we skip the statement here.

6
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1.2 The study of the field-road model

Spreading speeds and pulsating fronts for a field-road model in a
spatially periodic habitat

In this subsection, we aim to study propagation properties for a field-road model in a spatially
periodic environment. Taking into account this heterogeneity in space, we shall establish the
existence of the asymptotic spreading speed and its coincidence with the minimal wave speed
of pulsating traveling fronts in the direction of the road. In this work, the line {(z,0) : z € R}
will be referred to as the road in the plane R?. The heterogeneity is assumed to appear
in z-direction. Then by symmetry, we can consider the upper half-plane Q := {(x,y) €
R?: y > 0} as the field. Denote by u(t,x) the linear density of population on the road and
by v(t,z,y) the areal density of population in the field. Such a model can be understood
as the low-dimensional case of the “bulk-surface model” (involving volumetric densities and
surface densities) where the surface has no thickness. The population in the field is assumed
to be governed by a Fisher-KPP equation with diffusivity d and heterogeneous nonlinearity
f(x,v), whereas the population on the road is subject to a diffusion equation with diffusivity
D > 0 which is a priori different from d. Moreover, there are exchanges between the road and
the field in which the parameter 1 > 0 stands for the rate of individuals on the road going
into the field, while the parameter v > 0 represents the rate of individuals passing from the
field to the road. Therefore, we are led to the following system:

Ou — DOpu = vo(t,z,0) — pu, t>0, z€R,
O — dAv = f(z,v), t>0, (z,y) € Q, (1.12)
—doyv(t,z,0) = pu — vo(t,z,0), t>0, x€R.

We assume that the reaction term f(x,v) depends on the z variable in a periodic fashion. As
a simple example, f may be of the type f(z,v) = a(z)v(1—wv) in which the periodic coefficient
a(x) can be interpreted as an effective birth rate of the population. In models of biological
invasions, the heterogeneity may be a consequence of the presence of highly differentiated
zones such as forests, rivers, grasslands, roads, villages, etc., where the species in consideration
may tend to reproduce or die with different rates from one place to another. Therefore, it
is a fundamental problem to understand how heterogeneity influences the characteristics of
front propagation such as front speeds and front profiles.

Throughout this work, we assume that f: R x R, — R is of class C*° in (x,v) (with
0 <d < 1)and C? in v, L-periodic in z, and satisfies the KPP assumption:

f,00=0= f(-,1), 0< f(-,v) < fuo(+,0)v for v € (0,1), f(-,v) <0 for v € (1,+00).
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Define M := max ) fo(2,0) and m := minj ) fo(z,0). Then M > m > 0. We further
assume that
f(z,v)

()

VreR, v— is decreasing in v > 0.

In what follows, as far as the Cauchy problem is concerned, we always assume that the
initial condition (ug,vg) is nonnegative, bounded and continuous.

We now present our results. As a first step, we focus on the following truncated problem
with an imposed Dirichlet upper boundary condition:

Ou — DOyyu = vu(t,z,0) — pu, t>0, z €R,

atU—dAU:f(-ﬁE,U), t>07 (l’,y) EQRa (1 13)
—doyv(t,z,0) = pu — vo(t,z,0), t>0, z€R, .
v(t,z,R) =0, t>0, reR,

in which Qg := {(z,y) € R: 0 < y < R} denotes a truncated domain with width R
sufficiently large. In fact, the width R of the strip plays a crucial role in long time behavior of
the corresponding Cauchy problem (1.13) due to the zero Dirichlet upper boundary condition.
A natural explanation, from the biological point of view, is that if the width of the strip is not
sufficiently large, the species may finally extinct because of the effect of unfavorable Dirichlet
condition on the upper boundary. Therefore, we shall give a sufficient condition on R such
that the species can persist successfully. Here is our statement.

Theorem 1.3. If
- dm?
4R?’

then (1.13) admits a unique nontrivial nonnegative stationary solution (Ug,Vg), which is

m (1.14)

L-periodic in x. Moreover, let (u,v) be the solution of (1.13) with a nonnegative, bounded
and continuous initial datum (ug, vo) Z (0,0), then

tLiinoo(u(t,x),v(t,x,y)) = (Ugr(x), Vr(x,y)) locally uniformly in (z,y) € Qg. (1.15)
Remark 1.4. In particular, when the environment is homogeneous, i.e. f(x,v) = f(v),
R should satisfy 4R?f'(0) > dr?, which coincides with the condition in [152]. Let R, > 0
be such that m = %. For any R > Ry := 2R,, (1.14) is satisfied and there also holds
m = % > dR—f. Throughout the work, as far as the truncated problem is concerned, it is
not restrictive to assume that R > Ry (since our strategy is to take R — +oo to consider
(1.12)), which will be convenient to prove the positivity of the asymptotic spreading speed c5,

for problem (1.13).

Let (Ugr, Vr) be the unique nontrivial nonnegative stationary solution of (1.13) in the
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sequel. We are now in a position to investigate spreading properties of solutions to (1.13) in
Qp, which is based on dynamical system method and principal eigenvalue theory.
We first consider the following eigenvalue problem in the strip Qp:

Y

—D¢" +2Da¢’ + (—=Da? + p)é — vip(x,0) = 09, x €R,

_dAdj + 2da8:v’¢ - (da2 + fv(x’ 0))¢ = 0'77/), (I’, y) € QR;
—doy(x,0) + vip(z,0) — pep =0, r € R, (1.16)
v(x,R) =0, r € R,

[ ;¢ are L-periodic with respect to .

The compactness of the domain allows us to apply the classical Krein-Rutman theory which
provides the existence of the principal eigenvalue Ag(«) € R and the associated unique (up to
multiplication by some constant) positive principal eigenfunction pair (P, g(x), Qa.r(z,y)) €
C3(R) x C3(Qp) for each a € R.

Theorem 1.5. Let (Ug,Vg) be the unique nmontrivial nonnegative stationary solution of
(1.13) obtained in Theorem 1.3 and let (u,v) be the solution of (1.13) with a nontrivial
continuous initial datum (ug,vy) with (0,0) < (ug,v0) < (Ug, Vg) in Qr. Then there exists

cp > 0 given by An(a)
—r(a

Y

RT R @
called the asymptotic spreading speed, such that the following statements are valid:
(1) If (ug,vo) is compactly supported, then for any c > ¢, there holds

lim sup u(t,z),v(t,z,y))| =0,
R yem}l( (t,2), v(t, z,y))l

(i1) For any 0 < ¢ < ¢}, there holds

lim sup ’(u(t7x)7v(t7x7y)) - (UR<x)7 VR(x7y>>| =0.

{00 |z <ct, ye[0,R]

Before stating the result of pulsating fronts for (1.13), let us give the definition of pulsating
traveling fronts in the strip Qp for clarity.

Definition 1.6. A rightward pulsating front of (1.13) connecting (Ug(z), Vr(z,y)) to (0,0)
with effective mean speed ¢ € Ry is a time-global classical solution (u(t,z),v(t,z,y)) =
(pr(x — ct,x), Yr(x — ct,z,y)) of (1.13) such that the following periodicity property holds:

k k _
u(t—kz,x):u(t,x—k), U(t—l—z,x,y):v(t,x—k,y) Vk € LZ, ¥Vt € R, Y(z,y) € Qg.
(1.17)

9
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Moreover, the profile (¢pr(s,x),¥r(s,x,y)) satisfies

¢r(—00,x) = Ug(x), ¢r(+00,x) =0 uniformly in x € R, (1.18)
¢R(—0079€, y) = VR(xa y)a wR(_'_OOa x?l/) =0 uniformly imn (fl?, y) € ﬁRa .

with (¢r(s, ), Yr(s,z,y)) being continuous in s € R.

Similarly, a leftward pulsating front of (1.13) connecting (0,0) to (Ug(z), Vr(x,y)) with
effective mean speed ¢ € R, is a time-global classical solution (u(t,z),v(t,x,y)) = (¢r(x +
ct,x), Yr(x + ct,x,y)) of (1.13) such that the following periodicity property holds:

~ k _ _ k _ —
u(t—l—z,x):u(t,x—i-k:), v(t—i—z,x,y):v(t,x—l—k,y) Vk e LZ, V¥t € R, Y(z,y) € Q.
Moreover, the profile (¢pr(s,x),¥r(s,x,y)) satisfies

Or(—00,2) =0, ¢r(+o0,z) = Ur(x) uniformly in x € R,
Yr(—00,2,y) = 0, Yr(+o0,2,y) = Vi(x,y) uniformly in (z,y) € Qg,

with (¢r(s, ), Yr(s,x,y)) being continuous in s € R.

Theorem 1.7. Let ¢, be given as in Theorem 1.5. Then the following statements are valid:

(i) Problem (1.13) admits a rightward pulsating front connecting (Ugr(z), Vr(z,y)) to (0,0)
with wave profile (pr(s, ), Yr(s,x,y)) being continuous and decreasing in s if and only
if ¢ > cg.

(11) Problem (1.13) admits a leftward pulsating front connecting (0,0) to (Ur(x), Vr(z,y))
with wave profile (pr(s, ), Vr(s, x,y)) being continuous and increasing in s if and only
if ¢ > ch.

Having the principal eigenvalue Ag(«) for eigenvalue problem (1.16) in hand, we construct
in Section 3.5.1 the generalized principal eigenvalue A(a) by passing to the limit R — +o0
in Ag(«) for each o € R, and show that there exists a positive and L-periodic (in x) solution
(P, Q) of the following generalized eigenvalue problem in the half-plane:

—DP! +2DaP!, + (—Da? + u) P, — vQu(z,0) = M) P, =€ R,
—AAQq + 2400, Q0 — (do® + f,(,0)) Q0 = A(@)Qu, (2,9) € 2,
—d0yQu(z,0) + vQ4s(z,0) — uP, =0, r € R,

P,, Q. are L-periodic with respect to x.

(1.19)

We call (P,,Q.) the generalized principal eigenfunction pair associated with A(«).
We are now in a position to give the spreading result in the half plane.

10
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Theorem 1.8. Let (u,v) be the solution of (1.12) with a nonnegative, bounded and contin-
uous initial datum (ug,vo) Z (0,0). Then there exists ¢* > 0 defined by
* —A(Oé>

¢* = inf ,
a>0 0%

called the asymptotic spreading speed, such that the following statements are valid:
(i) If (ug,vo) is compactly supported, then for any c > c¢*, for any A > 0,

lim — sup f(u(t, z),v(t, z,y))| = 0,

=40 |z >ct, 0<y<A

(11) If (ug,vo) < (v/u, 1), then, for any 0 < ¢ < ¢*, for any A > 0,

lim sup |(u(t,z),v(t,x,y)) — (v/p,1)| = 0. (1.20)

b0 |z]<et, 0<y<A

In the proof of Theorem 1.8, the generalized principal eigenfunction pair (P,, Q) of (1.19)
associated with A(a) will play a crucial role in getting the upper bound for the spreading
result. The lower bound follows from spreading results in the truncated domain via an
asymptotic method.

Next, we state the concept of pulsating fronts for problem (1.12) in the half-plane €.

Definition 1.9. A rightward pulsating front of (1.12) connecting (v/u,1) and (0,0) with
effective mean speed ¢ € Ry is a time-global classical solution (u(t,z),v(t,z,y)) = (é(xr —
ct,x), Y(x — ct,z,y)) of (1.12) such that the following periodicity property holds:

k k
uwlt+ —x)=ult,z —k), vlt+—,z,y)=v(t,x—kyy) VkelLZ VteR, Y(z,y) €.
c c
Moreover, the profile (¢(s,x),v(s,x,y)) satisfies

¢(—o00,x) =v/p, ¢(+00,x) =0 uniformly in x € R,
(=00, z,y) = 1, ¥(+00,z,y) = 0 uniformly in x € R, locally uniformly in y € [0, +00),
(1.21)

with (¢(s,x), d(s,x,y)) being continuous in s € R.

Similarly, a leftward pulsating front of (1.12) connecting (0,0) and (v/p, 1) with effective
mean speed ¢ € Ry is a time-global classical solution (u(t, x),v(t,z,y)) = (p(x +ct, z), Y (z +
ct,x,y)) of (1.12) such that the following periodicity property holds:

- k ~ - k -
u(t—{—;x)zu(t,x%—k), v(t+z,x,y):v(t,$+k’,y) Vk € LZ, Vt € R, V(z,y) € Q.

11
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Moreover, the profile (¢(s,x),¥(s,z,y)) satisfies

p(—o0,x) = v/, ¢(+o0,x) =0 uniformly in x € R,
P(—o0,z,y) = 1, Y(+o00,z,y) = 0 uniformly in x € R, locally uniformly in y € [0, +00),

with (¢(s, ), d(s,x,y)) being continuous in s € R.
Based on Theorem 1.7 and an asymptotic method, we can show:

Theorem 1.10. Let ¢* be defined as in Theorem 1.8. Then the following statements are
valid:

(i) Problem (1.12) admits a rightward pulsating front connecting (v/u, 1) to (0,0) with wave
profile (¢(s,x), (s, x,y)) being continuous and decreasing in s if and only if ¢ > c*.

(i1) Problem (1.12) admits a leftward pulsating front connecting (0,0) to (v/u, 1) with wave
profile (¢(s,x), (s, x,y)) being continuous and increasing in s if and only if ¢ > c*.

On some model problem for the propagation of interacting species in
a special environment

In this subsection, we consider an elliptic problem where the living space of our species
consists in a field and one or several roads that we will assume to be unidimensional. We will
also assume the roads to be straight but several extensions can be addressed very easily with
our approach. On each domain -field or road- we will consider nonlinear diffusion equations
which include for instance the Fisher-KPP types.

Let Q, be the open set of R2, defined for ¢, L > 0 as

Qy=(—£,0) x (0,L).
We denote by I'g the part of the boundary of €2, located on the x;-axis i.e.
Lo =(—¢¢) x {0}
and by I'; the rest of the boundary that is to say
[y = 0Q,\I.

When convenient we will identify I'g to (—¢,¢). In this setting 2, stands for a field and I'y
for a portion of a road.

12
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Fl 1—‘1

— r, O ¢ 1

Figure 1: The domain €2, for one-road problem

Set
V={veH Q) |v=0o0nT}.

We would like to find a solution to the problem

—DAv = f(v) in Qy,

v=0onIY, Dg—Z:uu—yvonFo,
—D'u" + pu = g(u) + vv on Ty,
u=0ondl'y ={—((}.

(n denotes the outward unit normal to €2).

In the weak form we would like to find a couple (u,v) such that

(u.0) € HY(To) x V,

er DVv - Vo dr + fro vu(xy,0) dry

= Jo, F(0)p du + fy, pup day Vo €V, (1.22)
Jry DU + pup day = [, vo(y,0)¢ day

|+ Jp, 9w day Vo € HE(Ty).

Here we assume that

D, D', m, u,v are positive constants,

such that

m> - (1.23)

=X

Assume that f, g are Lipschitz continuous functions i.e. there are Ly, L, > 0 such that

|f(x) = ()| < Lyl —yl, |9(z) — g(y)| < Lylo —y| Va,y € R. (1.24)

13
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Note that this implies that for A > Ly (respectively n > L) the functions

T — Av — f(z), nz — g(z)

are nondecreasing. In addition we will assume

f(0)=f(1)=0, f>00n(0,1), f <0on (1,400).

9(0) =0, g(m) < 0.

We are interested in finding a nontrivial solution to the problem (1.22).

(1.25)

(1.26)

(1.27)

We denote by Ay = A(€y) the first eigenvalue of the Dirichlet problem in €, and by ¢,
the corresponding first eigenfunction positive and normalised. More precisely (A1, ¢1) is such

that

—Apy = A1 in €y,
1 =0 on 0€Y, .
301(0, %) =1.

We suppose that for s > 0 small enough one has

f(s)
)\1 S E

Suppose that
fls) is decreasing on (0, +00).
s

(1.28)

(1.29)

(1.30)

Theorem 1.11. Suppose that (1.23)-(1.27),(1.29),(1.30) hold, then the problem (1.22) admits

a nontrivial solution.

Next, we consider some extension in the case of a two-road problem which consists of three

coupled equations with two interaction conditions on the upper- and lower- boundaries. To

be more precise, we set

Iy = (=(,0) x {L}, Ty = 09,\{I'h UT}},

V={veH () |v=0o0nT},

14
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Fl 1—‘1

Figure 2: The domain €2, for two-road problem

We consider the problem of finding a (u, v, w) solution to

((u,v,w) € HY(Ty) x V x HI(TY),

er DVv -V dv + fro vo(xy,0)p dry + fFG vo(zy, L) dr

— er f(v)p dx + fFo pup dry + fFé wwe dry Vo €V,

Jr, DU + puyp day (1.31)
= [, vv(@1, 009 doy + [1 g(u)y day Vi € Hy(Ty),

fr6 D,/?U/¢, +M/w¢ d.fEl

| = f% V'u(xy, L)¢ doy + f% h(w)p drxy Yo € HY(T)).

Here we assume that
D,D', D", u,v, i,V are positive constants,

f, g, h are Lipschitz continuous functions with Lipschitz constants L, L,, L, respectively (Cf.
(1.24)), which implies that for A > Ly, n > L, and & > L;, the functions

T — Ar — f(ZL‘), nTr — g(l"), f:l? - h($>

are nondecreasing. We will suppose that f satisfies (1.26) and that

Since I'y and I'j, are playing exactly identical roles there is no loss of generality in assuming

for instance

By
v v

v

Then for

m >

3
I
= |
|
3

v
-, /
L v
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we will assume

Then we have:

Theorem 1.12. Under the assumptions above the problem (1.31) admits a nontrivial solu-
tion.

Finally, we address the case of an unbounded setting for the one-road problem. For
convenience we will denote by V; the space V' defined above. Similarly we will indicate the
dependence in ¢ for Ty, i.e.

Iy =T, = (—£,¢) x {0}.

When convenient we will set I, = (—¢,¢). In addition, we set
Q=R x(0,L), I'" =R x {0}, I''*=R x {L},

Voo ={v € Hjoc(m) | v=0o0n I},

where

Hpoo(Q) = {v | v € H' () VLo > 0}

Then we have

Theorem 1.13. Suppose that (1.23), (1.24), (1.26), (1.27), (1.30) hold and that

fs) (z)i

1.32
Ds L ( )

then under the assumptions above there exists (u,v) nontrivial solution to

((u,v) € HYTE) X Vi,
fQ DVv - ch dr + f[ vu(xy,0) dry
= fQ v)p dx+fI pup dry Yo € Vi, Ve,
ff D/ /W + putp day
= f[ vu(z1,0)Y dry + f[ u)p dey Vo € HY(Iy,), V.

(We identify T3 with R. Recall that I, = (—¢,1)).

16



1.3. Reaction-diffusion fronts in funnel-shaped domains

1.3 Reaction-diffusion fronts in funnel-shaped domains

This section is devoted to the study of propagation phenomena of time-global (entire) bounded
solutions u = u(t, ) of reaction-diffusion equations of the type

u = Au+ f(u), teR, z€Q,
v-Vu=0, teR, x €09,
in certain unbounded smooth domains 2 ¢ RY with N > 2. Here u; stands for %, and

v = v(z) is the outward unit normal on the boundary 0f2, that is, Neumann boundary
conditions are imposed on 0f). Equations of type (1.33) arise especially in the fields of
population dynamics, mathematical ecology, physics and also medicine and biology. The
function u typically stands for the temperature or the concentration of a species. It is
assumed to be bounded, then with no loss of generality we suppose that it takes values in
[0,1]. The reaction term f is assumed to be of class C11([0,1],R) and such that

f(0)=f(1)=0, f(0)<0, f(1)<0, (1.34)

which means that both 0 and 1 are stable zeros of f. Moreover, we assume that f is of the
bistable type with positive mass, that is, there exists § € (0, 1) such that

f<0in (0,6), f>0in(6,1), f'(8) >0, /1 f(s)ds > 0. (1.35)
0

The fact that f has a positive mass over [0, 1] means the state 1 is in some sense more stable
than 0. A typical example of a function f satisfying (1.34)—(1.35) is the cubic nonlinearity
f(u) = u(l—u)(u—0) with 8 € (0,1/2). For mathematical purposes, we extend f in R\[0, 1]
to a CV1(R, R) function as follows: f(s) = f'(0)s for s < 0, and f(s) = f'(1)(s—1) for s > 1.
One main question of interest for the solutions of (1.33) is the description of their dynam-
ical properties as t — +00. The answer to this question depends strongly on the geometry of
the underlying domain 2. In the one-dimensional real line R, a prominent role is played by
a class of particular solutions, namely the traveling fronts. More precisely, with assumptions
(1.34)—(1.35) above, (1.33) in R admits a unique planar traveling front ¢(x — ct) solving

" +cd' + f(¢) =0in R,

(1.36)

¢(—00) =1, ¢(+00) =0, 0<¢<1inR, ¢0)=09,
see, for instance, |9, 76, 106]. The profile ¢ is then a connection between the stable steady
states 1 and 0. Moreover, ¢’ < 0 in R, and ¢ is positive since f has a positive integral over
[0,1]. The traveling front ¢(x — ct) is invariant in the moving frame with speed ¢, and it
attracts as t — 400 a large class of front-like solutions of the associated Cauchy problem,
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1. General introduction

see |76]. Throughout this section, we assume that f satisfies (1.34)=(1.35) and that ¢ and
¢ > 0 are uniquely defined as in (1.36).

The domain 2 C R considered here is made up of a straight part and a conical part: we
assume that the left (say, with respect to the direction x) part of Q, namely O~ = QN {zx €
RY : x; < 0}, is a straight half-cylinder in the direction —z; with cross section of radius
R > 0, while the right part, namely Q1 = Q\Q~, is a cone-like set with respect to the z-axis
and with opening angle o > 0. More precisely, we assume that {2 is rotationally invariant
with respect to the z;-axis, that is,

Q={z=(v1,2/) eRY: 21 €R, || <h(z1)}, (1.37)

where | | denotes the Euclidean norm, and that h: R — R* is a C?#(R) (with 0 < 8 < 1)
function satistying the following properties:

0<h <tanain R, for some angle a € [0,7/2),
h =R in (—o0,0], for some radius R > 0, (1.38)

h(xy) = x; tana in [Lcos o, +00), for some L > R,

see Figure 3.

x1

Figure 3: Schematic figure of the domain Qg , for R > 0 and « € (0,7/2).

Such a domain is then called “funnel-shaped”. In the particular limit case @ = 0, the
domain € amounts to a straight cylinder in RY with cross section of radius R. Notice that,
when a > 0, the cross section is unbounded as z; — 4o00. To emphasize the dependence
on R and o, we will also use the notation 2z, for convenience. The domains (g, are
not uniquely defined by (1.37)—(1.38), and they also depend on the parameter L in (1.38),
but only the parameters R > 0 and a € [0,7/2) will play an important role in our study
(except in Theorem 1.22 below). Other domains which have a globally similar shape, but
may be only asymptotically straight in the left part or asymptotically conical in the right
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1.3. Reaction-diffusion fronts in funnel-shaped domains

part could have been considered, at the expense of less precise estimates and more technical
calculations. Since the domains satisfying (1.37)—(1.38) lead to a variety of interesting and
non-trivial phenomena, we restrict ourselves to (1.37)—(1.38) throughout this work.

If the domain is a straight cylinder in the direction x; (this happens in the case a = 0),
then the planar front ¢(x1 — ct) given by (1.36) solves (1.33) (furthermore, up to translation,
any transition front connecting 0 and 1 in the sense of Definition 1.14 below is equal to that
front, see [88, 92]). Here a domain 2 = Qp, satisfying (1.37)—(1.38) is straight in its left
part only, and the standard planar front ¢(z; — ct) does not fulfill the Neumann boundary
conditions when a > 0. But it is still very natural to consider solutions of (1.33) behaving
in the past like the planar front ¢(x; — ct) coming from the left part of the domain, and to
investigate the outcome of these solutions as they move into the right part of the domain.
More precisely, we consider time-global solutions of (1.33) emanating from the planar front
¢(x1 — ct), that is,

u(t,x) — ¢(zy — ct) — 0 as t — —oo, uniformly with respect to x € Q (1.39)

(notice that, in the right part QF of €, this condition simply means that u(¢,-) — 0 as
t — —oo uniformly in Q+). We will see that such solutions exist and are unique, and the
main goal of this work is to study their behavior as ¢t — 400, in terms of the parameters R
and a.

To describe the dynamical properties of the solutions of (1.33) satisfying (1.39), we use
the unifying notions of generalized traveling fronts, called transition fronts, introduced in
[18, 19]. In order to recall these notions of transition fronts and that of global mean speed,
let us introduce some notations. Let dg be the geodesic distance in  (with respect to the
Euclidean distance d in RY). For any two subsets A and B of Q, we set

do(A, B) = inf {dq(z,y) : (z,y) € A x B},

and do(x, A) = do({x}, A) for x € Q. We also use similar definitions with d, instead of dq,
for the Euclidean distance between subsets of RY. Consider now two families (£, )icr and
(Q;)ier of open non-empty subsets of Q such that

Q, NQF =0, 95 NQ=00 NQ=T,#0, Q UT,UQ =Q,
vVt eR, (1.40)
sup {dg(x,Ft) S Qz“} = sup{dg(x,Ft) ST € Qt_} = 400

and

inf { sup{da(y,T:) : y € Qf ,da(y,z) <r}:teRzel}} — 400
as r — +oo. (1.41)
inf { sup{da(y,T:) 1y € O ,da(y,z) <r}:teRz eI} — o0
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1. General introduction

Condition (1.41) says that for any M > 0, there is rj; > 0 such that for every ¢ € R and
x € Iy, there are y* = yfx € R" such that

yt € QF do(z,y*) < ry and do(y*,T,) > M. (1.42)

In other words, any point on I'; is not too far from the centers of two large balls (in the
sense of the geodesic distance in Q) included in €, and Q;", this property being uniform with
respect to ¢ and to the point on I';. Moreover, in order to avoid interfaces with infinitely
many twists, the sets I'; are assumed to be included in finitely many graphs: there is an
integer n > 1 such that, for each ¢ € R, there are n open subsets w;; C RV~ (for 1 < i < n),
n continuous maps v;; : w;; — R and n rotations R;; of RY with

I, C U RLt({x = (2 on) €RY 12/ Cwiyp, oy = %,t(l’/)})- (1.43)

1<i<n

Definition 1.14 ([18, 19]). For problem (1.33), a transition front connecting 1 and 0 is a
classical solution u : R x Q — (0,1) for which there exist some sets (QF)er and (Ty)ier
satisfying (1.40)—(1.43) and for every e > 0 there exists M. > 0 such that

VteR, Vo € Qf, do(z,Ty) > M. = ult,z)>1—c¢, (140
VEeR, Vo € Q;, do(z,Ty) > M. = u(t,z) <e. '

Furthermore, u is said to have a global mean speed v € [0,400) if

M—Wy as |t — s| — +oo.
|t —
This definition has been shown in [18, 19, 92| to cover and unify all classical cases of
traveling fronts in various situations. Condition (1.44) means that the transition between
the steady states 1 and 0 takes place in some uniformly-bounded-in-time neighborhoods
of Ty. For a given transition front connecting 1 and 0, the families (Q);er and (I'y)ier
satisfying (1.40)—(1.44) are not unique, but the global mean speed , if any, does not depend
on the choice of the families (Qif)ier and (T'y).er, see [19].

Before giving our main results, we first give the definitions of blocking and complete
propagation below. The solution u emanating from the planar front ¢(x; — ct) in the left
half-cylinder with smaller section and going to the right one with larger section can be
blocked, in the sense that

u(t, 2) = Uso() as t — 400 locally uniformly in x € Q, with u(7) — 0 as z; — +oo.
(1.45)
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1.3. Reaction-diffusion fronts in funnel-shaped domains

The solution of (1.33) emanating from the planar front ¢(z; — ct) propagates completely in
the sense that
u(t,r) — 1 as t — +oo locally uniformly in z € Q. (1.46)

General properties for any given (R, a)

Our first result is the well-posedness of problem (1.33) with the asymptotic past condi-
tion (1.39) as t — —oo, for any given R > 0 and « € [0,7/2).

Proposition 1.15. For any R > 0 and o € [0,7/2), problem (1.33) admits a unique entire
solution u(t, x) emanating from the planar front ¢p(x; —ct), in the sense of (1.39). Moreover,
u(t,r) >0 and 0 < u(t,x) < 1 for all (t,x) € R x Q, and there exists us(x) = lim u(t, )

t——+o00
in C2 () satisfying 0 < us(z) <1 in Q and

oc

Atg + f(Uuse) =0 in Q,
v-Viue =0 on 0f).

(1.47)

Lastly, for each t € R, the function u(t,-) is azisymmetric with respect to the xi-axis, that
is, it only depends on x1 and |x'|, with ' = (29, -+, zN).

Once the well-posedness of (1.33) with the past condition (1.39) is established, we then
focus on the large time dynamics of the solution u given in Proposition 1.15. It turns out
that the complete propagation in the sense of (1.46) or the blocking in the sense of (1.45) are
the only two possible outcomes. Namely, we will show that the following dichotomy holds.

Theorem 1.16. For any R > 0 and « € [0,7/2), let u be the solution of (1.33) and (1.39)
given in Proposition 1.15. Then, either u propagates completely in the sense of (1.46), or
it is blocked in the sense of (1.45) and then the convergence of u(t,:) to us ast — +00
in (1.45) is uniform in Q.

Remark 1.17. When a = 0 in (1.37)~(1.38), 2 amounts to a straight cylinder and, by
uniqueness, the solution u given in Proposition 1.15 is nothing but the planar front ¢(x —ct),
hence the propagation is complete in this very particular case.

Theorem 1.16 means that, under the notations of Proposition 1.15, either u, = 1 in Q,
Or Uso(z) — 0 as x; — +00. Any other more complex behavior is impossible. Theorem 1.16
is a consequence of the stability of the solution u., and of some Liouville type results for the
stable solutions of some semilinear elliptic equations in the two-dimensional plane, or in a
two-dimensional half-plane, or in the whole space RY with axisymmetry. In order to give a
flavor of these properties and results, which are also of independent interest, let us state here
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1. General introduction

the definition of stability! as well as one of the typical results shown in Section 5.3.2. So, for
a non-empty open connected set w C RY, we say that a C?(w) solution U of AU + f(U) =0
in w is stable if

/\VW — f(U* >0 (1.48)

for every ¢ € C''(w) with compact support (for instance, it turns out that the solution s,
of (1.47) in €, given in Proposition 1.15, is stable, see Lemma 5.19). The following result,
concerned with stable axisymmetric solutions, is also shown in Section 5.3.2.

Proposition 1.18. Let 0 < U < 1 be a C*(RY) stable solution of AU + f(U) = 0 in RY.
Assume that U is axisymmetric with respect to the xi-axis, that is, U depends on zy and |2’
only, with ' = (x9,--+ ,xy). Then, either U=0 in RN or U =1 in RV,

Coming back to problem (1.33) in funnel-shaped domains, we then turn to the study of
the spreading properties and the behavior of the level sets of the solutions under the complete
propagation condition (1.46) when « € (0,7/2). In the sequel, we denote the level sets and
the upper level sets of u by:

) ={zeQ:u(t,z) = A}, Ur(t)={z € Q:u(t,z) > A}, for A€ (0,1) and t € R.
(1.49)

Theorem 1.19. For any R > 0 and o € (0,7/2), let u be the solution of (1.33) and (1.39)
given in Proposition 1.15. If u propagates completely in the sense of (1.46), then it is a

transition front connecting 1 and 0 with global mean speed c, and (Ty)ier, (QF )ier in Defini-
tion 1.14 can be defined by

Ft:{xeﬂlezct} fort <t,
N1 (1.50)
Ft:{xGQ:x1>Oand|x|:ct— lnt} fort >to,
and
Qf ={z€Q:x(z;—ct) <0} fort <to,
N -1
Qj:{er:xl <0, orxzy >0 and |z| < ct — lnt} fort > tg, (1.51)
N -1
Qt_:{xEQ:x1>Oand|x|>0t— lnt} fort > to,
c

with ty > 0 large enough such that ct — (N — 1)/c)Int > L for all t > ty.> Moreover, u
converges to planar fronts locally along its level sets as t — +o00: for any A € (0,1), any

!For a thorough study of stable solutions of elliptic equations, we refer to the book [67].
ZWe recall that L is given in (1.38), with L > R.

22



1.3. Reaction-diffusion fronts in funnel-shaped domains

sequence (tn)nen diverging to +o0o and any sequence (x,)nen in Q such that u(t,,z,) = A,
then

u(t+tn, x4+ x,) — ¢<a:- Tn ety gb_l()\)) — 0 in C’(lt’i);loc(R x RY) as n — +oo (1.52)

|Zn|

if d(xp,,002) — +00 as n — +o00, and the same limit holds with the additional restriction
z+z, € Q if lim SUDP,, 400 A(Tn, O) < +00. Lastly, for every A € (0,1), there exists ro > 0
such that the upper level set Uy (t) satisfies

Sr(t)—ro C U\(t) C Sr(#)+ro (1.53)

for all t large enough (see Figure 4), with S, and r(t) given by

N -1
c

S,=Q U{zeQ:|z|<r}, rt)=c-— Int.

Figure 4: Possible location of the level set £y(¢) for A € (0,1) and ¢t > 0 large.

In other words, the past condition (1.39) and the complete propagation condition (1.46)
guarantee the spreading of the solution u and the propagation with global mean speed c.
Furthermore, the width of the transition between the limit states 1 and 0 is uniformly bounded
in time in the sense of Definition 1.14 and the solution locally converges to planar fronts
as t — +o0o. The estimates of the location of the level sets as t — 400 are established by
constructing sub- and supersolutions whose level sets have roughly expanding spherical shapes
of radii ¢t — ((N —1)/¢)Int + O(1), see Lemma 5.20. The logarithmic gap ((N —1)/¢)Int
is due to the curvature of the level sets, and these estimates are similar to those obtained
in [154] for the solutions of the Cauchy problem in RY with compactly supported initial
conditions and complete propagation. In our case, at time ¢t = 0 (as at any other time), the
function x — wu(t,z) converges to 0 as x; — 400, but it then invades the right part of the
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1. General introduction

domain, a situation similar to the case of invading solutions with initial compact support in
R,

It also turns out, this time immediately from Proposition 1.15, that the solutions u that
are blocked are still transition fronts connecting 1 and 0, but they do not have any global
mean speed.

Theorem 1.20. For any R > 0 and a € (0,7/2), let u be the solution of (1.33) and (1.39)
given in Proposition 1.15. If u is blocked in the sense of (1.45), then it is a transition front
connecting 1 and 0 without any global mean speed, and (Ty)ier, (QF )icr can be defined by

{Ft:{xEQ:xlzct} and Qi:{er:i(xl—ct)<O} fort <0, (1.54)

Ft:{xEQ:xle} and Qf:{xeﬁ:j:x1<0} fort > 0.

Complete propagation for large R

From now on, we investigate the effect of the parameters R and a of the funnel-shaped
domains Q = Qpr, on the propagation phenomena of the front-like solution u of (1.33)
satisfying the past condition (1.39). We first recall that, when a = 0, u(t,z) = ¢(x1 — ct)
and the propagation is complete, whatever R > 0 may be. Our next result provides some
sufficient conditions on the size R > 0 to ensure the complete propagation condition (1.46)
when a > 0.

Theorem 1.21. There is Ry > 0 such that, if R > Ry and o > 0, then the unique solution
w of (1.33) satisfying (1.39) propagates completely in the sense of (1.46), and therefore all
the conclusions of Theorem 1.19 are valid.

This theorem shows that the invasion always occurs no matter the size of the opening
angle in the right part is, provided the left part of the domain is not too thin (see Figure 5).

30

Figure 5: Schematic figure of the domain Qp , for a € (0,7/2) and R > Ry.
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1.3. Reaction-diffusion fronts in funnel-shaped domains

Blocking for R < 1 and a not too small

The next result is concerned with blocking phenomena. We prove that the solution u of (1.33)
in Qr, with past condition (1.39) is blocked if R is sufficiently small and « is sufficiently
close to 7/2 (see Figure 6).

Figure 6: Schematic figure of the domain €2, , for R = ¢ < 1.

Theorem 1.22. Assume that N > 3 and let L, > 0 and o, € (0,7/2) be given. Then there
is Ry > 0 such that, if 0 < R < R., a. < a < 7/2 and L < L, in (1.37)—(1.38), then the
solution u of (1.33) in Q with past condition (1.39) is blocked, in the sense of (1.45).

From a biological point of view, Theorem 1.22 says that as the species goes from a very
narrow passage into a suddenly wide open space, the diffusion disperses the population to
lower density where the reaction behaves adversely. That prevents the species from rebuilding
a strong enough basis to invade the right part of the domain. This phenomenon is similar
to the problem studied in [49], although the proof given here, based on the construction of
suitable supersolutions, is completely different.

Let us now make some further remarks on the effect of the geometry of the domain on
invasion or blocking phenomena. In population dynamics, where u stands for the population
density, one can think of the invasion of fishes from mountain streams into an endless ocean,
and more generally speaking the invasion of plants or animals subject to an Allee effect and
going from an isthmus into a large area. In medical sciences, the bistable reaction-diffusion
equation is used to model the motion of depolarization waves in the brain, in which the domain
can be thought of as a portion of grey matter of the brain with different thickness: here u
represents the degree of depolarization, and the Neumann boundary condition means that
the grey matter is assumed to be isolated. Equations of the type (1.33) can also be used to
study ventricular fibrillations. Ventricular fibrillation is a state of electrical anarchy in part of
the heart that leads to rapid chaotic contractions, which are fatal unless a normal rhythm can
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be restored by defibrillation. When excitation waves enter the circular area of cardiac tissue,
they are trapped and their propagation triggers off ventricular fibrillations [10]. Therefore,
understanding how the geometrical properties of the cardiac fibres or fibre bundles affect or
even block the propagation of excitation waves is of vital importance. For more detailed
backgrounds and explanations from biological view point, we refer to [49, 11, 86| and the
references therein.

The set of parameters (R, «) with complete propagation is open in (0, +00) x (0, 7/2)

In the final main result, we show that if the front-like solution u emanating from the planar
traveling front satisfies the complete propagation property (1.46) in Qg for some R > 0 and
a € (0,7/2), then, with a slight perturbation of R and «, the solution u will still propagate
completely in the perturbed domain. For this result, we use an additional assumption on the
continuous dependence of Qp , with respect to (R, a).

Theorem 1.23. Assume that the functions h given in (1.37)-(1.38) depend continuously on
the parameters (R, a) € (0, 400) x (0,7/2) in the Clgo’f(R) sense, with 0 < 8 < 1. Then the
set of parameters (R, ) such that the solution u of (1.33) in Qg with past condition (1.39)
propagates completely, in the sense of (1.46), is open in (0,400) x (0,7/2).

The continuity of the functions h given in (1.37)—(1.38) implies the local continuity of the
domains {2p, in the sense of the Hausdorft distance. This continuity holds only in a local
sense, since actually the Hausdorft distance between Qg , and Qg . is infinite as soon as
a # . But the local continuity is sufficient to guarantee the validity of (1.46) under small
perturbations of (R,«). The proof of Theorem 1.23 is done by way of contradiction and
it uses, as that of Theorem 1.21, the existence of a compactly supported subsolution, with
maximum larger than 6, to the elliptic problem (1.47).

From Theorems 1.16 and 1.23, the next corollary follows immediately.

Corollary 1.24. Under the assumptions of Theorem 1.23, the set of parameters (R,«a) €
(0,400) x (0,7/2) such that the solution u of (1.33) in Qg with past condition (1.39) is
blocked, in the sense of (1.45), is relatively closed in (0, +o00) x (0,7/2).

1.4 Propagation phenomena in patchy landscapes with
interface conditions

Propagation phenomena in periodic patchy landscapes

We consider a patchy periodically alternating landscape consisting of two types of patches
(say, type 1 and 2); see Figure 7. Each patch is homogeneous within. We denote the length
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of patch type i (i = 1,2) by [; so that the period is | = l; + l. Accordingly, the real line is
divided into intervals of the form

I, =[nl—l,nl+1], neZ,
each consisting of two adjacent patches. Such intervals were called “tiles” in [54].

patch 1 patch 2

-1 -l 0 ly l

Figure 7: Schematic figure of the one-dimensional periodic patchy environment.

For n € Z, let I, = (nl — Iy, nl) be the patches of type 1 and I, = (nl,nl + l3) be the
patches of type 2. On each patch I;,,, we denote by v;, = v|y,, the density of the population,

by d; the constant diffusion coefficients, and by f; the corresponding reaction nonlinearities.
Our model then reads, for n € Z,

2
Ovin = dla Uin + fl(vln); t>0, ze (Tll — ll,nl),
ot 02? (1.55)
Ovon , DPuay '
U2 3, 020 4 fo (o), >0, @ € (nl,nl + ).

0x?

In (1.55), the equations for v, = v|y,, are set in the open intervals (nl—Iy,nl) and (nl, nl+1,),
but it will eventually turn out that the constructed solutions are such that the functions v;,
can be extended in (0, +00) X [nl — I3, nl] or (0,400) X [nl,nl + l5] as C’tlf functions, so that
equations (1.55) will be satisfied in the closed intervals [nl — Iy, nl] and [nl,nl + l3]. The
matching conditions for the population density and flux at the interfaces are given by

Vin(t, ") =kva, (t,21),  di(vin)e(t,27) =do(vey)u(t, zh), t >0, z=nl, (1.56)
k:vgn(t,x_):vl(n+1)(t,x+), dz(vgn)w(t,l'_):dl(vl(n+1))x(t,$+), t>0, c=nl+lo,
with parameter
« d2
k= —=. 1.57
l—« % d1 ( )

Here, a € (0, 1) denotes the probability that an individual at the interface chooses to move to
the adjacent patch of type 1, and 1 — « the probability that it moves to the patch of type 2.
Individuals cannot stay at the interfaces. These interface conditions were derived in [133]
and studied in more detail in [121]|. They reflect the movement behavior of individuals when
they come to the edge of a patch. With these interface conditions, the population density is
discontinuous across a patch interface in the presence of patch preference and/or when the
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diffusion rates in these two kinds of patches are different. Throughout this work, we assume
that the reaction terms f; (i = 1,2) have the properties:

fi € CY(R), £i(0) =0, and there is K; > 0 such that f; <0 in [Kj, +00). (1.58)

Without loss of generality, we will consider type-1 patches as more favorable than type-
2 patches, that is, f{(0) > f5(0). In some statements, we will also assume that type-1
patches are “source" patches, i.e., patches where the intrinsic growth rate of the population
is positive (f;(0) > 0), while type-2 patches may be source patches (f5(0) > 0), or “sink”
patches (f5(0) < 0), or such that f;(0) = 0. In order to investigate the long-time behavior
and spatial dynamics, we will further assume in some statements that the functions f; satisfy
the strong Fisher-KPP assumption:

i\S . . . .
fi(s) are non-increasing in s > 0 for i =1, 2,

s (1.59)

and decreasing in s > 0 for at least one 1.

the functions s —

For instance, f; satisfying hypotheses (1.58)—(1.59) can be functions of the type fi(s) =
s(p; — ).

Since the discontinuity in the densities at the interfaces makes the problem quite delicate
to study, we rescale the densities in such a way that the matching conditions become con-
tinuous in the density. More precisely, we set uy,(t, ) = v1,(¢t,z) for t > 0, x € (nl — I, nl)
and n € Z, and ug,(t,x) = kve,(t,z) for t > 0, z € (nl,nl + l3) and n € Z. Then u,,, satisfy
the same equations as vy, with ]?1(3) = fi(s), while ug, satisfy the equations of vy, with
fo replaced by fa(s) = kfa(s/k). We notice that f; (i = 1,2) satisfy the same hypotheses
as f; with K; replaced by IN(Z where l~(1 = K; and IN(Q = kK,. Thanks to the change of
variables, the interface conditions for the densities are now continuous; however, the flux

interface conditions become discontinuous, namely,

d
U (b, 27) = ugy (t, 27), dy (urn)o(t, 27) = f(wn)x(zﬁ, zt), t>0, z=nl,

d
u2n(t,x_) = Ul(n—i-l)(t; $+>, ﬁ(UQH)m(tPT_) = dl(ul(nﬂ))x(t,ﬁ), t> O, x =nl + lg.

We drop the tilde from hereon. Notice that the properties (1.58) and (1.59) are invariant
under this change. Putting it all together, we are led to the following problem:

Ouiy, uqy,
5 =g i), >0, € (nl — i), (1.60)
1.60
2
a;in — anazz;n —|—f2(u2n), t> 0’ €T € (nl’nl +l2),
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with continuous density conditions and discontinuous flux interface conditions,

Ui (t, 27) = Uy (t, 21, (uin)e(t,27) = o(ugy)L(t, 21), t>0, x=nl,
Uon (t,27) = Uy (L, 2F), 0 (U2n)e(t, 27) = (Wini1))o(t2T), >0, . =nl+ 1y,
(1.61)
in which, from (1.57), we have
d 1-—
- S} (1.62)

T kd, o«

When o =1 (that is, o« = 1/2), the model (1.60)—(1.61) is reduced to the one in [146].

From now on, we denote by

Slle

the interface points between (nl — Iy, nl) and (nl,nl + ly), and by
52:{$+ZQZSEZZ}

the interface points between (nl,nl + ls) and (nl + ly, (n + 1)I). Therefore, S = S; U S
represents all the interface points in R. For convenience of our analysis, by setting u(t,z) =
Uy (t,x) for t > 0 and = € (nl — Iy, nl), u(t,z) = ug,(t,x) for t > 0 and x € (nl,nl + ly),
u(t,x) = uin(t,27) = ugy(t, ™) fort > 0 and x = nl, and u(t, ) = ugy(t, 27) = Ur(ny1)(t, 2™)
for t > 0 and = = nl + Iy, we rewrite the above model (1.60)—(1.61) in the following form:

Uy — d(T) Uy f(z,u), t>0, z€R\S,
u(t,z”) = u(t,z), w.(t,27) = ou.(t,z™), t>0, x €S, (1.63)
u(t,z™) = wu(t,a’), ou(t,z7) = wu.(t,z™), t>0, x €5y,

where the diffusivity d and nonlinearity f are given by

d(x) =

{dl, x € (nl — 1, nl), Flz,s) = {fl(s)v z € (nl —l,nl), (1.64)

da, = € (nl,nl+1y), fa(s), € (nl,nl +1y),

and the parameter o > 0 is defined as in (1.62). Conditions (1.58) and (1.59) on f; are
equivalent to the following ones:

VieR\S, f(z,) € CA(R), f(z,0) =0,
IM =max(Ky, K3) >0, Ve € R\S, Vs> M, f(z,s) <0, (1.65)
Ve e (nl—I,nl), f(z,)=f1, Ya € (nl,nl+l), f(z,) = fo
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and

x,s . . :
fz5) are non-increasing in s > 0 in all patches,

s (1.66)
and decreasing in s > 0 in at least one type of patch.

the functions s —

From now on, we always assume that (1.65) is satisfied. Throughout this work, unless
otherwise specified, we always write I for an arbitrary patch in R of either type, i.e., either I =
(nl —1y,nl) or I = (nl,nl+1ls).

Well-posedness of the Cauchy problem (1.63)—(1.64)

Since the patch model considered here is not standard, we shall first establish the well-
posedness of the Cauchy problem (1.63)—(1.64) with hypotheses (1.65) on f and with non-
negative bounded and continuous initial conditions uy : R — R. Before proceeding with the
analysis, we present here the definition of a classical solution to (1.63)—(1.64).

Definition 1.25. For T € (0, +00], we say that a continuous function v : [0,T) xR — R is a
classical solution of the Cauchy problem (1.63)—(1.64) in [0, T) xR with an initial condition uy,
if u(0,-) = uo, if ulor)x1 € C’;f((O,T} x I) for each patch I = (nl —ly,nl) or (nl,nl + 1),
and if all identities in (1.63) are satisfied pointwise for 0 <t < T.

Theorem 1.26. Under assumption (1.65), for any nonnegative bounded continuous initial
condition ug, there is a nonnegative bounded classical solution u in [0,4+00) X R of the Cauchy
problem (1.63)—(1.64) such that, for any T > 0 and any patch I C R,

||U| [T’Jroo)XjHCtl;ga”y([‘r#oo)xf) < 07

with a positive constant C' depending on 7, lia, dia, fi2, 0 and ||ug||Lemw), and with a
universal positive constant v € (0,1). Moreover, u(t,z) > 0 for all (t,z) € (0,+00) x R if
up Z 0, and u(t,x) = u(t,z +1) for all (t,z) € [0,400) x R if up(x) = uo(z +1) for all
x € R. Lastly, the solutions depend monotonically and continuously on the initial data, in
the sense that if ug < vg then the corresponding solutions satisfy u < v in [0,+00) X R, and
for any T € (0, +00) the map ug — u is continuous from CT(R) N L>®(R) to C([0,T] x R) N
L*>([0,T] x R) equipped with the sup norms, where CT(R) denotes the set of nonnegative
continuous functions in R.

We remark that the existence and uniqueness of a global bounded periodic classical solu-
tion to such a patch model was considered in [120] for (1.55)—(1.56) with periodic and possibly
discontinuous initial data. By contrast, our result is established for general continuous and
bounded initial data. Moreover, we also discuss the continuous dependence of solutions on
intial data and give a priori estimates, which will play a critical role in the monotone semiflow
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1.4. Propagation phenomena in patchy landscapes with interface conditions

argument used in the sequel. The well-posedness proof here can also be adapted to other
non-periodic patch problems.

Existence, uniqueness and attractiveness of a positive periodic steady state

To investigate the existence and uniqueness of a positive bounded steady state as well as
the large-time behavior of solutions to the Cauchy problem, we first study the following
eigenvalue problem. From [121, 146| (see also Lemma 6.20 below), there exists a principal
eigenvalue A1, defined as the unique real number such that there exists a unique continuous
function ¢ : R — R with ¢|; € C>(I) for each patch I, that satisfies

Log = —d(z)¢" — [s(z,0)9 = Mo, z € R\S,
¢(x7) = ¢(z"), ¢'(27) = o¢/(a7), z €8,
o(z7) = o(x"), 0¢/(z7) = ¢/(z7), T € S,
¢(x) is periodic, ¢ > 0, ||@]|reom) = 1.

(1.67)

By periodic, we mean that ¢(- + 1) = ¢ in R. In the sequel we say that 0 is an unstable
steady state of (1.63) if A; < 0, otherwise the state 0 is said to be stable (i.e., Ay > 0). These
definitions will be seen to be natural in view of the results we prove here. By applying (1.67)
at minimal and maximal points of the positive continuous periodic function ¢, whether these
points be in patches or on the interfaces, it easily follows that

—f1(0) < A < = f3(0)

(remember that f{(0) > fi(0) without loss of generality). In particular, if A\; < 0, then
f1(0) > 0, that is, fs(x,0) is necessarily positive (at least) in the favorable patches.

We first state a criterion for the existence of a continuous solution p : R — R (such that
plr € C*(I) for each patch I) to the elliptic problem:

—d(x)p"(z) — f(z,p(z)) = 0, z € R\S,
p(x™) =plat), p'(xz”) =op'(zT), =€, (1.68)
p(z™) =plat), op/(z7) =p/(at), z€S.

Theorem 1.27. (i) Assume that 0 is an unstable solution of (1.68) (i.e., Ay < 0) and that
[ satisfies (1.65). Then there exists a bounded positive and periodic solution p of (1.68).

(i1) Assume that 0 is a stable solution of (1.68) (i.e., \y > 0) and that f satisfies (1.65)—-
(1.66). Then 0 is the only nonnegative bounded solution of (1.68).

Let us now provide an insight into the stability of the trivial solution of (1.68). Under
certain reasonable hypotheses on the diffusitivies, the sizes of favorable and unfavorable
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patches, as well as the nonlinearities, the principal eigenvalue \; of (1.67) can indeed be
negative. For example, when all patches support population growth, namely f;(0) > 0
and f5(0) > 0, then the zero state is unstable. When the landscape consists of source
and sink patches, i.e., when f{(0) > 0 > f}(0), the stability of the zero state depends on
the relationships between patch size, patch preference, diffusivity and growth rates. In the
case 0 = 1, Shigesada and coworkers derived such a stability criterion [146]; the case for
general o0 > 0 can be found in [121]. We here derive an even more general formula, when
we only assume that f5(0) < f](0). To do so, we first observe that the continuous functions
z— ¢(—=l; —x) and z — @(ly — x) still solve (1.67) as ¢ does, and by uniqueness we get
that ¢(—=l; — x) = ¢(la — x) = ¢(x) for all z € R, hence ¢/'(—11/2) = ¢/(I/2) = 0. Then,
as in [121, 146], by solving (1.67) in [—[;/2,0] and in [0,ly/2] with zero derivatives at —I;/2
and l5/2, and by matching the interface conditions at 0, we find that \; is the smallest root
in [—f1(0), — f4(0)] of the equation:

RS ORI A YRS Z U IETES ZUIAY
dy 2 do do 2
(1.69)
When 0 < f5(0) < f1(0) or when 0 = f5(0) < f1(0) (irrespective of the other parameters),
then the trivial solution of (1.68) is unstable (i.e., Ay < 0). When f5(0) < f/(0) < 0, then
A1 > 0. When f5(0) < 0 < f{(0), we then derive that the trivial solution of (1.68) is stable
(A1 > 0) if

1

c. _ dy - —di f3(0) —f3(0) b
I <If: =2 70) tan”! | o T{?O)taﬂh( 52 ><§> (1.70)

(notice that I{ > 0), and unstable (A\; < 0) if I; > [{. The persistence threshold I§ is
decreasing with f{(0) > 0 and increasing with d; and l,. Passing to the limit I, — 400, we

find that
dl -1 —dlfé(o)
I$ — LS: =24/ ——tan oy ———2 1.
L £i(0) ( )

Therefore, as long as I} > L, the trivial solution of (1.68) is unstable (i.e., A\; < 0), no
matter how large the size of the unfavorable patches is. Similarly, there is a critical rate

2

(730))° = =T i ([ )

such that, if 0 > f}(0) > (f5(0))¢, then the trivial solution of (1.68) is unstable (i.e., \; < 0),
no matter how large the size of the unfavorable patch is.
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It also follows from (1.69) that, provided f5(0) # f{(0), the principal eigenvalue A; is
increasing with respect to o > 0, that is, \; is decreasing with respect to « € (0,1). When
a € (0,1) increases, then the individuals at the interfaces have more propensity to go to
patches of type 1 rather than to patches of type 2. This means that the relative advantage
of the more favorable patches becomes more prominent: A\; decreases and the 0 solution has
more chances to become unstable. It is also easy to see that A\; — —f{(0) as 0 — 07 (that is,
as @ — 17), hence 0 is unstable if « ~ 1, provided the patches of type 1 support population
growth. On the other hand, A\; — min(d,7%/I3 — f{(0),—f4(0)) as ¢ — +oo (that is, as
a — 01). Therefore, if f](0) > dyn?/I?, and even if f}(0) < 0, then 0 is still unstable when
« is small (and actually whatever the value of a € (0, 1) and the other parameters may be).

Next, we state a Liouville type result for problem (1.68).

Theorem 1.28. Assume that [ satisfies (1.65)—~(1.66) and that the zero solution of (1.68)
is unstable (i.e., \y < 0). Then there exists at most one positive and bounded solution p of
(1.68). Furthermore, such a solution p, if any, is periodic and infg p = ming p > 0.

Under the assumptions of Theorem 1.27 (i) and Theorem 1.28, we now look at the global
attractiveness of the unique positive and bounded stationary solution p of (1.68) for the
solutions of the Cauchy problem (1.63)—(1.64).

Theorem 1.29. Assume that [ satisfies (1.65)—(1.66). Let u be the solution of the Cauchy
problem (1.63)—(1.64) with a nonnegative bounded and continuous initial datum uy Z 0.

(i) If 0 is an unstable solution of (1.68) (i.e., Ay < 0), then u(t,-)|; — p|; in C*(I) as
t — 400 for each patch I, where p is the unique positive bounded and periodic solution
of (1.68) given by Theorem 1.27 (i) and Theorem 1.28.3

(11) If 0 is a stable solution of (1.68) (i.e., Ay > 0), then u(t,-) — 0 uniformly in R as
t — +o00.

Spreading speeds and pulsating traveling waves

In this subsection, we assume that the zero solution of (1.68) is unstable (i.e., Ay < 0)
and that f satisfies (1.65)—(1.66). Let p be the unique positive bounded and periodic so-
lution of (1.68) obtained from Theorem 1.27 (i) and Theorem 1.28. After showing in The-
orem 1.29 (i) the attractiveness of p, we now want to describe the way the positive steady
state p invades the whole domain.

Let C be the space of all bounded and uniformly continuous functions from R to R
equipped with the compact open topology, i.e., we say that w, — u as n — 400 in C when

3This statement shows that the solution u converges as ¢t — +oo locally uniformly in space to the space-
periodic function p. For a convergence result to time-periodic solutions for time-periodic quasilinear parabolic
equations, we refer to [46].
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u, — u locally uniformly in R. For u,v € C, we write u > v when u(z) > v(z) for all x € R,
u > v when u > v and u # v, and u > v when u(z) > v(x) for all z € R. Notice that p € C
is periodic and satisfies p > 0. We define

C,={velC:0<v<p} (1.71)

Let P be the set of all continuous and periodic functions from R to R equipped with the
L>-norm, and P* = {u € P: u > 0}.

The first result of this section states the existence of a speed of invasion by the state p.

Theorem 1.30. Assume that f satisfies (1.65)—(1.66) and that the zero solution of (1.68) is
unstable (i.e., \y < 0). Then there is an asymptotic spreading speed, c¢* > 0, given explicitly
by

c¢* = inf ,
n>0 )

where () is the principal eigenvalue of the operator

L(x) = —d(@)y" (2) + 2pd(2)y (z) — (d(z)u’ + fo(2,0))1(x) for x € R\S,
acting on the set

E, = {1/1 € C(R) : |; € C*(I) for each patch I, v is periodic in R,
(1) + ) (27) = o[- + ] (27) for x € Sy,
ol—pp +¢'|(x7) = [~pp + ') (x") for x € Sa},

such that the following statements are valid:

(1) if u is the solution to problem (1.63)—(1.64) with a compactly supported initial condition
ug € Cp, then limy o SUP|, s u(t, ) = 0 for every ¢ > c*;

(ii) if ug € Cp, with ug # 0, then limy_, o Maxy<e [u(t,x) — p(x)| = 0 for every 0 < ¢ < c*.

It finally turns out that the asymptotic spreading speed ¢* is also related to some speeds
of rightward or leftward periodic (also called pulsating) traveling waves, whose definition is
recalled:

Definition 1.31. A bounded continuous solution u : R x R — R of problem (1.63)—(1.64)
is called a periodic rightward traveling wave connecting p(x) to 0 if it has the form u(t,z) =
W(x — ct,x), where ¢ € R and the function W : R x R — R has the properties: for each
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s € R the map v — W(x + s, ) is continuous* and the map x — W (s, x) is periodic, and for
each x € R the map s — W (s, x) is decreasing with W(—oo, z) = p(x) and W (+oo,z) = 0.

Similarly, a bounded continuous solution u : R xR — R of problem (1.63)—(1.64) is called
a periodic leftward traveling wave connecting 0 to p(x) if it has the form u(t, z) = W (z+ct, x),
where ¢ € R and the function W : R x R — R has the properties: for each s € R the map
x— W(x+ s,x) is continuous and the map x — W (s, x) is periodic, and for each x € R the
map s +— W (s,x) is increasing with W(—oo,x) = 0 and W (400, z) = p(x).

The following result shows that the asymptotic spreading speed ¢* given in Theorem
1.30 coincides with minimal speeds of periodic traveling waves in the positive and negative
directions.

Theorem 1.32. Assume that the zero solution of (1.68) is unstable (i.e., A\y < 0) and that
f satisfies (1.65)—(1.66). Let c* be the asymptotic spreading speed given in Theorem 1.30.
Then the following statements are valid:

(i) problem (1.63)—(1.64) has a periodic rightward traveling wave W (x — ct,x) connecting
p(z) to 0, in the sense of Definition 1.31, if and only if ¢ > c*;

(ii) problem (1.63)—(1.64) has a periodic leftward traveling wave W (x + ct,z) connecting 0
to p(x), in the sense of Definition 1.31, if and only if ¢ > c*.

Remark 1.33. It is known that for the standard spatially periodic Fisher-KPP problem u; =
V-(D(z)Vu)u+ f(z,u), (t,z) € Ry xR, the variational characterization of minimal speeds in
terms of a family of principal eigenvalues implies that the minimal wave speeds of rightward
and leftward pulsating waves are the same. Theorem 1.32 shows that this property still holds
true for our one-dimensional patchy periodic habitat, with nonstandard movement behavior
at interfaces.

Propagation and blocking in a two-patch reaction-diffusion model

In this subsection, we consider a one-dimensional infinite landscape comprised of two semi-
infinite patches. We denote (—o0,0) as patch 1 and (0,00) as patch 2. The interface that
separates the two patches occurs at x = 0. Our model consists of a reaction-diffusion equation
for the species’ density on each patch and conditions that match the density and flux across
the interface. We assume that each patch is homogeneous but the two patches may differ, so
that the diffusion coefficients and the reaction terms (i.e. net population growth rates) may
differ. Whereas most existing models for propagation and propagation failure assume that the
population dynamics outside of a bounded region are identical, we are explicitly interested in

4Notice that the continuity of x +— W (z + s,z) is automatic if ¢ # 0, since u is assumed to be continuous
itself in R x R.
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the case where the dynamics differ, qualitatively and quantitatively, between the two patches.
Hence, on each patch, the population density u = u(x,t) satisfies an equation of the form

up = ditlgy + fi(u), (1.72)

where ¢ = 1,2, depending on patch type. Since we want the interface to be neutral with
respect to reaction dynamics, (i.e. no individuals are born or die from crossing the interface),
the density flux is continuous at the interface, i.e., diu,(t,07) = dou,(¢t,0"). Individuals
at the interface may show a preference for one or the other patch type. We denote this
preference by a € (0,1), where o > 0.5 indicates a preference for patch 1 and o < 0.5 for
patch 2. Then the population density may be discontinuous at the interface with

(1 —a)dyu(t,07) = adyu(t,0"). (1.73)

The discontinuity of the density at x = 0 creates some difficulties in the analysis of
propagation phenomena in our equations. It turns out to be much easier to scale the equations
so that the density is continuous; see [94] for details. Hence, in the subsection, we study the
following two-patch problem:

U = AUy, + fr(u), t>0, x <0,

= dollyy + , t>0, z>0,
s = dytiaz + fo(u) ’ (1.74)
u(t,07) = u(t,07), t >0,

ug(t,07) = ou,(¢,07), ¢ >0.

Here, the density is continuous across the interface but its derivative is not. The diffusion
constants are assumed positive. Parameter o > 0 is related to «, the probability that an
individual at the interface chooses to move to patch 1. Please see Section 7.2.5 for more
biological background and some interpretation of our results. Throughout this work, we
shall assume that the functions f; (i = 1,2) are of class C'(R) and that

Our analysis and results will depend on a few characteristic properties of the functions f;.
We distinguish between the Fisher-KPP type (also KPP for short) and the bistable type. We
give precise definitions of these properties below.

Our goal of this work is to study spreading properties and propagation vs. blocking
phenomena for the solutions of this two-patch model for various combinations of the reaction
terms. Specifically, we shall investigate

1. the asymptotic spreading properties of the solutions to the Cauchy problem with com-
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pactly supported initial data when both reaction terms are of KPP type.

2. the conditions for the solutions to the Cauchy problem with compactly supported initial
data to be blocked or to propagate with positive or zero speed when one reaction term
is of KPP type and the other of bistable type. We shall also study the stability of the
traveling wave in the bistable patch.

3. the asymptotic dynamics when both reaction terms are of bistable type.

Throughout the work, we set
I, = (—00,0) and I, = (0,+00).

By a solution of the Cauchy problem (1.74) associated with a continuous bounded initial
condition ug, we mean a classical solution in the following sense [94].

Definition 1.34. For T € (0, +oc|, we say that a continuous function u : [0,7) x R — R is
a classical solution of the Cauchy problem (1.74) in [0,T) x R with an initial condition uy,
if u(0,-) = uo in R, if ulr)u7 € C’;f((O,T) x ;) (i =1,2), and if all identities in (1.74)
are satisfied pointwise for 0 <t <T.

Similarly, by a classical stationary solution of (1.74), we mean a continuous function
U : R — R such that Ul € C*(I;) (i = 1,2) and all identities in (1.74) are satisfied
pointwise, but without any dependence on t.

We also define super- and subsolutions as follows.

Definition 1.35. For T € (0,+400|, we say that a continuous function @ : [0,T) x R — R,
which is assumed to be bounded in [0, Ty] xR for every Ty € (0,T), is a supersolution of (1.74)
in [0,T) x R, if Ul ryu7; € C’tl;f((O,T) x L) (i =1,2), if (t,x) > ditige(t,z) + fi(U(t, )
forallt=1,2,0<t<T and x € I;, and if

Uy (t,07) > o, (t,0") for all t € (0,T).
A subsolution is defined in a similar way with all the inequality signs above reversed.

Existence results for the Cauchy problem associated with (1.74)

Proposition 1.36 (Well-posedness of the Cauchy problem associated with (1.74)). For any
nonnegative bounded continuous function uy : R — R, there is a unique nonnegative bounded
classical solution u of (1.74) in [0, +00) x R with initial condition ug such that, for any ™ >0
and A > 0,

Hu|[7'a+°0)><[_f4,0]HC’tl;’g;Q"y([T,—i-oo)><[—A,0]) + HU‘[T,+<><>)X[O,A]Hc;v,j;“([f,+oo)x[o,A}) <,
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with a positive constant C depending on 7, A, d1 2, fi2, 0 and ||ug||L~w), and with a universal
positive constant v € (0,1). Moreover, u(t,x) > 0 for all (t,z) € (0,400) X R if ug #Z 0.
Lastly, the solutions depend monotonically and continuously on the initial data, in the sense
that if ug < vy then the corresponding solutions satisfy v < v in [0,400) x R, and for
any T € (0,+00) the map uy — wu is continuous from CT(R) N L>*(R) to C([0,7] x R) N
L>([0,T] x R) equipped with the sup norms, where CT(R) denotes the set of nonnegative
continuous functions in R.

The existence in Proposition 1.36 can be proved by following the proof of [94, Theorem 2.2|
and the uniqueness is a consequence of the following comparison principle stated in [94,
Proposition A.3].

Proposition 1.37 (Comparison principle). For T' € (0, +o0], let w and u be, respectively, a
super- and a subsolution of (1.74) in [0,T) x R in the sense of Definition 6.10, and assume
that w(0,-) > w(0,-) in R. Then, uw > w in [0,T) x R and, if w(0,-) # u(0,-), then @ > u in
(0,T) x R.

Propagation in the KPP-KPP case

We here investigate the spreading properties of the solutions to the Cauchy problem (1.74)
associated with nonnegative, continuous and compactly supported initial conditions uy when
fi (i =1,2) in both patches I; satisfy, in addition to (1.75), the KPP assumptions, that is,

£:(0)=f:(K;)=0, 0 < fi(s) < f/(0)s for all s € (0, K;), fl(K;) <0, fi <0in (K;,+00).
(1.76)
We call this configuration the KPP-KPP case. Without loss of generality, we assume that
K, < K,. In particular, if each function f; satisfies (1.75) and is positive in (0, K;) and
concave in [0,+00), then (1.76) holds. An archetype is the logistic function f;(s) = s(1 —
s/ K;).
We start with a Liouville-type result for the stationary problem associated with (1.74).

Proposition 1.38. Under the assumption that
fi(0) = fi(K;) =0, f{(0) >0, fi>0in (0,K;) and f; <0 in (I, +00), (1.77)
with 0 < Ky < K, problem (1.74) admits a unique positive, bounded and classical stationary

solution V. Furthermore, V(—o0) = K1, V(+00) = Ky, and V' > 0 in (—o0,07]U[0T, +00)
if Ki < Ky,% while V=K, inR if K; = Ks.

®The notation V/ > 0 in (—o0, 0] U [0T, +00) means that V|_. o and Vo 1o0) have positive first-order
derivatives in (—o0,0] and [0, +00) respectively.

38



1.4. Propagation phenomena in patchy landscapes with interface conditions

Figure 8: The profile of the unique positive stationary solution V' in the KPP-KPP case.

The assumption (1.76) guarantees that the zero state is unstable with respect to any
nontrivial perturbation, a phenomenon known from [9] as the hair-trigger effect for the ho-
mogeneous equation, and which holds here as well, as the following result shows:

Proposition 1.39. Assume that (1.76) holds with K1 < Ks. Then, the solution u of (1.74)
with any nonnegative, bounded and continuous initial datum ug % 0 satisfies:

u(t,z) = V(z) ast— +oo, locally uniformly in x € R,

where V' is the unique bounded continuous and classical stationary solution given in Propo-
siteon 1.38.

Our next main result in the KPP-KPP case is concerned with the spreading properties
in both directions.

Theorem 1.40. Assume that (1.76) holds and let V' be as in Proposition 1.38. Then there ex-
ist leftward and rightward asymptotic spreading speeds, c; = 2+/dy f1(0) and ¢ = 2/d2 f5(0),
respectively, such that the solution of (1.74) with any nonnegative, continuous and compactly
supported initial condition ug Z 0 satisfies:

lim ( sup u(t,a:))z lim < sup u(t,x))zO, for all e > 0,
x>

t—4o00 xS—(CI‘H‘:)t t——4o00 (c;—l-s)t
. C* + c*
lim ( sup lu(t, z) — V(x)]) =0, forall0 <e < 12
t—+400 (—ci+e)t<a<(cs—e)t

This theorem says that the level sets of u(t,-) behave as 24/d; f{(0)t in patch 1 and as
24/ds f}(0)t in patch 2 at large times, which is an analogue of the standard spreading result
for the solutions to homogeneous KPP equations (see, e.g. [9]), as already mentioned in
the introduction. This demonstrates that, in the KPP-KPP case, the spreading speeds are
essentially determined by the property of the equation at infinity.
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Persistence, blocking or propagation in the KPP-bistable case

In this subsection, in addition to (1.75), we assume that f; is of KPP type, whereas fs is of
bistable type, namely:

f1<0) = fl(Kl) = 0, 0< f1(5> < f{(O)S for all s € (O,Kl), f{(Kl) < 0, f1 < 01in (K1,+OO>
(1.78)

and

{ £2(0) = £2(8) = fal2) = 0 for some 0 € (0, K), (1.79)

fé(O) < 0, fé(Kg) < 0, fg < 0in (0,9) @) (KQ,*FOO), fg >0 in (67K2)

Let ¢(x — cot) be the unique traveling wave solution connecting K5 to 0 for the equation
up = dotigy + fo(u) viewed in the whole line R, that is, ¢ : R — (0, K5) satisfies

{d2¢" +ed + fo(¢) =0, ¢ <OinR, (1.80)

$(—00) = Ky, ¢(+00) =0, $(0) = 2,

where the speed ¢, has the same sign as f0K2 fa(s)ds [76]. The normalization condition
#(0) = K5/2 uniquely determines ¢.

Persistence in the KPP patch 1

Before dealing with blocking or propagation in the bistable patch 2, we start with the follow-
ing persistence and propagation result in the KPP patch 1. This result holds independently
of the bistable profile in patch 2.

Theorem 1.41. Assume that (1.78)—(1.79) hold. Let u be the solution of (1.74) with a
nonnegative, continuous and compactly supported initial condition ug #Z 0. Then, for every
T € R,

inf (liminfu(t,x)) > 0.

x<ZT t—4o00

Moreover, u propagates to the left with speed ¢i = 2+/d;y f{(0) in the sense that

Ve>0, lim ( sup u(t,x)) =0,

=400 \ g (ci+e)t

Vee (0,c¢)), Vnp>0, 3z; € R, limsup< sup \u(t,x)—K1|> <.

t—+o00 —(cf—e)t<z<m1
In particular, sup_c,c oy [u(t,z) — Ki| — 0 ast — +oo for every 0 < ¢ < ¢ < ¢f.

Remark 1.42. For u as in Theorem 1.41, denote by w(u) the w-limit set of u in the topology
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1.4. Propagation phenomena in patchy landscapes with interface conditions

of C?

loc

(tr)ren diverging to 4+oo such that limy_, o u(ty, ) = w in C?

loc

(R). Recall that a function w belongs to w(u) if and only if there exists a sequence
(R). Proposition 1.36 implies
that w(u) is not empty and Theorem 1.41 yields w(—o0) = K, for any w € w(u). Moreover,
one can also conclude that, for each € € (0, ¢}) and each map ¢ — ((¢) such that ((t) - —o0
and |((t)] = o(t) as t — 400, it holds

lim sup lu(t,z) — K| = 0.

E=400 _(er—e)t<a<((t)

Stationary solutions connecting K; and 0, or K; and K,

The following Proposition 1.43 provides some necessary conditions for a stationary solution
connecting K7 and 0 to exist, whereas Proposition 1.44 gives some sufficient conditions for
such a solution to exist. These solutions will act as blocking barriers in the bistable patch 2
for the solutions of (1.74) with “small” initial conditions in some sense (see Theorem 1.48).

Proposition 1.43. Assume that (1.78)—(1.79) hold, and that (1.74) admits a nonnegative
classical stationary solution U such that U(—o0) = Ky and U(+o00) = 0. Then one of the
following cases holds:

(i) szo fa(s)ds <0, then U < 0 in (—o0,07| U [0, +00), 0 < U(0) < K;, and

Kl d10.2 U(O)
fi(s)ds = — / fa(s)ds > 0; (1.81)
U(0) dy Jo

(ii) if fo fa(s)ds = 0, then U’ < 0 in (—00,07] U [0T,4+00), 0 < U(0) < min(K;, Ks),
and (1.81) holds;

(iii) if fo fa(s)ds > 0 and if 0* € (0, Ks) is such that fo fa(s)ds =0, then:

(a) either U' < 0 in (—o0,07]U[0F, +00) and 0 < U(0) < min(K;, ),

(b) or U is bump-like, that is, U is nondecreasing in (—oo,x¢) and U is decreasing
in (xg,+00) for some xo > 0, with U(xzg) = maxgU = 6* and U'(zq) = 0.
Furthermore, either xo > 0, U’ > 0 in (—o0,07] U [0T, z0), K1 < U(0) < 6* and
U <0 in (xg,+00); or xg =0, K3 = 0*, U = Ky in (—00,0], and U’ < 0 in
(0, +00).

Proposition 1.44. Assume that (1.78)—(1.79) hold. Then (1.74) admits a nonnegative clas-
sical stationary solution U such that U(—o0) = K; and U(+00) = 0, provided one of the
following holds:

(i) fo fa(s)ds < 0;
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(i1) f0K2 fa(s)ds =0 and K; < Ks;
(iii) fo fa(s)ds > 0 and K; < 6*, where 0* € (0, Ks) is such that foe* fa(s)ds = 0.

Proposition 1.44 is optimal in the sense that the parameters dy 2 and o are not involved
However, when f0K2 fa(s)ds = 0 and K; > K,, or when fo fa(s)ds > 0 and K; > 6%,
turns out that the stationary solution U of (1.74) such that U(—o0) = K; and U(400) = O
may not exist, and then the parameters f; 2, dy 2 and o play crucial roles (see the comments
after the proof of Proposition 1.44 in Section 7.4.2 below for further details).

The third proposition, which will play a key-role in the large-time dynamics of the sprea-
ding solutions in patch 2, is the analogue of Proposition 1.38 in the present KPP-bistable
framework, namely it is concerned with the stationary solutions of (1.74) connecting K; and
K.

Proposition 1.45. Assume that (1.78)~(1.79) hold and that f s)ds > 0. Then prob-
lem (1.74) has a unique, nonnegative, bounded and classical statwnary solution V' such that
V(—o0) = Ky and V(+o00) = K. Moreover, V' is monotone in R.

Notice that the functions U and V' given in Propositions 1.44 and 1.45 can exist simulta-
neously, since the sufficient conditions for the existence of U and V' are not incompatible.

Blocking phenomena if patch 2 has bistable dynamics

We now turn to investigate blocking phenomena. If U is a stationary solution of (1.74) with
U(—o0) = K; and U(400) = 0 and if the nonnegative bounded continuous initial condition
ug satisfies 0 < ug < U in R, then the comparison principle Proposition 1.37 implies that the
solution u of the Cauchy problem (1.74) with initial condition wg satisfies 0 < u(t,z) < U(z)
for all (¢,z) € [0, +00) X R, hence it is blocked in patch 2, that is,

u(t,z) — 0 as x — +o00, uniformly in ¢ > 0. (1.82)

For another blocking result, we assume that f0K2 f2(s)ds < 0 and show that the traveling
front solution ¢(x — cot) of (1.80) serves as a blocking barrier in patch 2.

Theorem 1.46. Assume that (1.78)—(1.79) hold, and that fo fa(s)ds <0, or fo fa(s)ds =
0 with K1 < Ks. Let u be the solution of (1.74) with a nonnegative, continuous and compactly
supported initial condition ug Z 0. Then, u is blocked in patch 2, that is, it satisfies (1.82).

Furthermore, blocking can occur when K; and the L*(R) norm of ug are less than 6.

Theorem 1.47. Assume that (1.78)~(1.79) hold and that Ky < 6. Let u be the solution
of (1.74) with a nonnegative, continuous and compactly supported initial condition uy % 0
such that uy < 0 in R. Then, u is blocked in patch 2, that is, it satisfies (1.82).
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1.4. Propagation phenomena in patchy landscapes with interface conditions

Our last blocking result requires that the initial conditions v is small in the L'(R) norm
and that a classical stationary solution exists, connecting K and 0.

Theorem 1.48. Assume that (1.78)—(1.79) hold and that (1.74) admits a nonnegative clas-
sical stationary solution U with U(—o0) = Ky and U(4o00) = 0. Then, for any L > 0, there
is € > 0 such that the following holds: for any nonnegative continuous initial condition ug
whose support is included in [—L, L] and which is such that |uo| @) < €, the solution u
of (1.74) with initial condition ug is blocked in patch 2, that is, it satisfies (1.82).

Notice that, in contrast with Theorem 1.46 which is concerned with the case fOK2 fa(s)ds <
0, Theorems 1.47-1.48 show that blocking can also occur when f0K2 fa(s)ds > 0 (in particular,

the existence of U in Theorem 1.48 can be fulfilled when f0K2 fa(s)ds > 0, as follows from
Proposition 1.44).

Propagation with positive or zero speed when patch 2 has bistable dynamics

Finally, we turn to propagation results in patch 2. Our first result is motivated by the
one-dimensional propagation result of Fife and McLeod [76]. They showed that solutions
of the homogeneous Cauchy problem (1.74) with bistable nonlinearity (1.79) and compactly
supported initial conditions spread with positive speed in both directions if (i) the initial
conditions exceed 6 on a large enough set and (ii) fOK2 fa(s)ds > 0.

Theorem 1.49. Assume that (1.78)—(1.79) hold and that fOK2 fa(s)ds > 0. Let u be the
solution of (1.74) with a nonnegative, continuous and compactly supported initial datum
ug Z 0. Then, for anyn > 0, there is L > 0 such that, if ug > 0 +n on an interval of size L

included in patch 2, then u propagates to the right with speed co and, more precisely, there is
& € R such that

sup |u(t,x) — p(x —cat + &) =0 as A — +o0, (1.83)
t>A, x> A

where ¢ is the traveling front profile given by (1.80).

The result in the preceding theorem assumes some conditions on f; and ug. The following
result shows that propagation can also occur independently of ug and under some slightly
weaker assumptions on f,, provided no stationary solution connecting K; and 0 exists.

Theorem 1.50. Assume that (1.78)—(1.79) hold and that f0K2 fa(s)ds > 0. If (1.74) has no
nonnegative classical stationary solution U such that U(—o0) = K; and U(400) = 0, then
the solution w of (1.74) with any nonnegative, continuous and compactly supported initial
condition ug Z 0 propagates completely, namely,

u(t,z) — V() ast — 400, locally uniformly in x € R, (1.84)
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where V' is the unique nonnegative classical stationary solution of (1.74) such that V(—o0) =
Ky and V(+00) = Ks, given in Proposition 1.45. Furthermore,

(i) if fDK2 fa(s)ds > 0, then u propagates to the right with speed ca > 0 in patch 2, and
more precisely (1.83) holds for some & € R;

(i) if f0K2 fa(s)ds = 0, then u propagates to the right with speed zero in patch 2, in the
sense that (1.84) holds and sup,, u(t,z) — 0 ast — +oo for every ¢ > 0.

Remark 1.51. In the balanced case

Ko
fa(s)ds =0, (1.85)
0

blocking in patch 2 can occur, as follows from Theorems 1.46-1.48. However, in contrast to
the case fOK2 fa(s)ds < 0 (see Theorem 1.46), blocking is not guaranteed. Indeed, if (1.85)
holds, Proposition 1.43 (ii) and Theorem 1.50 (ii) provide some sufficient conditions for the
solution w of (1.74) to propagate to the right with speed zero. These conditions are fulfilled,
for instance, when we replace f; in (1.79) with fa, where fa(s) = fa(s/e) and choose € > 0
small enough while all other parameters are fixed. We give a heuristic explanation for this
phenomenon. First, it follows from Proposition 1.44 that K; > K, under the assumptions
of Theorem 1.50 (ii). Then, since u(t,z) converges as t — +oo locally uniformly in x € R
to the stationary solution V' connecting K; and K5, the KPP patch provides exterior energy
through the interface and forces the solution u to persist in patch 2 and then propagate
with zero speed. A similar phenomenon, called “virtual blocking” or “virtual pinning”, was
previously investigated in a one-dimensional heterogeneous bistable equation [124] and in the
mean curvature equation in two-dimensional sawtooth cylinders [118]. It is also well known
that for the homogeneous bistable equation, the solution u to the Cauchy problem with any
nonnegative bounded compactly supported initial condition is blocked at large times and
extinction occurs when (1.85) holds. In contrast, Theorem 1.50 states that, when (1.85) is
fulfilled, the solution to the patch problem (1.74) with a compactly supported initial condition
can still propagate into the bistable patch 2, but its level sets then move to the right with
speed zero.

Remark 1.52. When the initial condition of the scalar homogeneous bistable equation is
small in the L*(R) norm, then [lu(1,-)|r~®) can be bounded from above by a constant
less than 6. Hence, extinction occurs and the blocking property (1.82) holds if the initial
condition is compactly supported. In our work, due to the presence of the KPP patch 1
in (1.74), a small L'(R) norm of the initial condition is not sufficient to cause blocking for
equations (1.74) in general, as follows from Theorems 1.49-1.50.
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1.4. Propagation phenomena in patchy landscapes with interface conditions

Blocking or propagation in the bistable-bistable case

In this subsection, we briefly show some extension of the results for the KPP-bistable case
to the bistable-bistable case.
Assume that f; (i = 1,2) are of bistable type:

{jmnzf()Zﬁ(JZOEHWMGfWQm% (1.86)

f1(0) <0, fi(K;) <0, fi<0in (0,6;), f; > 0in (6;, K;).

Let ¢;(—x - ¢; — ¢;t) with e; = £1 (i = 1,2) be the unique traveling waves connecting K; to
0 for the equation u; = d;ju,, + fi;(u) viewed in the whole line R, that is, ¢; : R — (0, K;)
satisfies

{ZW+@%+ﬁ@DZQ ¢ <0inR, (1.87)

((—00) = Kj, ¢i(+00) =0, ¢:(0) = 0;,

where the speeds ¢; have the sign of fo fi(s)ds [76] (the normalization condition ¢(0) = K;/2
uniquely determine ¢;).

Stationary solutions connecting K; and 0, or K; and K,

First of all, in the spirit of Proposition 1.43, we provide some necessary conditions such that
a stationary solution connecting K3 and 0 exists. Namely,

Proposition 1.53. Assume that (1.86) holds and fOKl fi(s)ds > 0, and that (1.74) admits a
nonnegative classical stationary solution U such that U(—o0) = K; and U(400) = 0. Then
one of the following cases holds true:

(i) Iff s)ds < 0, then U’ < 0 in (—o00,07 ] U [0F, +00) and 0 < U(0) < K, and
fi(s)ds = — 22 / faos)ds > 0; (1.88)
U(0) da Jo

(i1) ]ffo fa(s)ds =0, then U’ < 0 in (—o0,07]U[0F,4+00) and 0 < U(0) < min(K;, Ks),
and (1.88) holds;

(i) If fo fa(s)ds > 0 and let 05 € (02, K3) be such that fo% fa(s)ds = 0, then:

(a) either U' <0 in (—o0,07] U [0, +00) and 0 < U(0) < min(K;,65),

(b) or U is bump-like, that is, U is nondecreasing in (—oo,x¢) and U is decreasing
in (xg,+00) for some xog > 0, with U(xzg) = maxgU = 05 and U'(zq) = 0.
Furthermore, either xo > 0, U’ > 0 in (—o0,07] U [0T, z0), K1 < U(0) < 65 and
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U <0 in (xg,+00); orxg =0, K1 =05, U = Ky in (—00,0], and U’ < 0 in
(0, +00).

By a slight modification of the proof of Proposition 1.44, some sufficient conditions such
that a stationary solution connecting K; and 0 exists are obtained as follows.

Proposition 1.54. Assume that (1.86) holds and that fo fi(s)ds > 0. Then (1.74) admits
a nonnegative classical stationary solution U such that U(—o0) = K; and U(+o0) = 0,
provided one of the following holds:

(i) fo f2(s)ds < 0;
(1) f s)ds =0 and K; < Ky;

(i1i) fo fa(s)ds > 0 and Ky < 05, where 05 € (05, K3) is such that fo fa(s)ds = 0.
Similar to Proposition 1.45, we also have:

Proposition 1.55. Assume that (1.86) holds and that fo fi(s)ds > 0 fori =1,2. Then
problem (1.74) has a unique, nonnegative, bounded and classical stationary solution V' such
that V(—o0) = Ky and V(+00) = K. Moreover, V is monotone in R.

The strategy of the proof of Proposition 1.55 is very similar to that of Proposition 1.45,
however, the argument in Step 2.1 this time should follow the idea of Step 2.2 due to the
bistable assumption on fi.

Blocking phenomena

Following the lines as that of Theorem 1.46, one has:

Theorem 1.56. Assume that (1.86) holds and let u be the solution of (1.74) with nonnega-
tive, continuous and compactly supported initial function ug Z 0. Then,
(i) if there isi € {1,2} such that fo fi(s)ds < 0, then w will be blocked in patch i, that is,

u(t,z) — 0 as |x| — +o0 in patch i, uniformly int > 0;

(i) if fo fi(s)ds > 0 and fo fa(s)ds = 0 with Ky < Ks, then u is blocked in patch 2, that
18, it satzsﬁes (1.82). Furthermore, if for any n > 0, there is L > 0 such that ug > 0+n
on an interval of size L included in patch 1, then u propagates to the left with speed cy
and, more precisely, there is & € R such that

sup  |u(t,z) —p1(—x —cit + &) — 0 as A — 400, (1.89)

t>A,x<—A

where ¢y is the traveling front profile given by (1.87).
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Finally, similar to Theorem 1.47, one has

Theorem 1.57. Assume that (1.86) holds, fo fi(s)ds > 0 and K; < 0y. Let u be the
solution of (1.74) with nonnegative, continuous and compactly supported initial value uy Z 0
such that ug < 6y in R. Then w is blocked in patch 2, that is, it satisfies (1.82).

From Theorem 1.48, it follows that

Theorem 1.58. Assume that (1.86) holds and fo fi(s)ds > 0, and that (1.74) admits a
nonnegative classical stationary solution U such that U(—o0) = Ky and U(+o00) = 0. Then,
for any L > 0, there is € > 0 such that the following holds: for any nonnegative continuous
and compactly supported initial condition ug whose support is included in [—L, L] and which
is such that ||uol|pi ) < €, the solution w of (1.74) with initial condition ug is blocked in
patch 2, that is, it satisfies (1.82).

Propagation with positive or zero speed

The following theorems are concerned with propagation results. From Theorem 1.49, it is
easy to see that:

Theorem 1.59. Assume that (1.86) holds and that there isi € {1,2} such that fo fi(s)ds >
0. Letu be the solution of (1.74) with nonnegative, continuous and compactly supported zmtml
function ug Z 0. Then, for any n > 0, there is L > 0 such that, if ug > 6; +n on an interval
of size L included in patch i, then u propagates in patch i with speed c; and more precisely,
there is & € R such that

sup  |u(t,x) — ¢i(—x-e; —cit + &) — 0 as A — +o0, (1.90)

t>A, —x-e; > A
where ¢; is the traveling front profile given by (1.87).

Inspired from Theorem 1.50, we have

Theorem 1.60. Assume that (1.86) holds and that f s)ds > 0 and fo fa(s)ds > 0.
If (1.74) has no nonnegative classical stationary solutzon U such that U(—o0) = K; and
U(4+o00) = 0. Let u be the solution of (1.74) with nonnegative continuous and compactly
supported initial datum ug Z 0. Then, for any n > 0, there is L > 0 such that, if ug > 61 +n
on an interval of size L included in patch 1, then u propagates completely, namely,

u(t,z) = V(z) ast — 400, locally uniformly in v € R, (1.91)

where V' is the unique nonnegative classical stationary solution of (1.74) such that V(—o0) =
Ky and V(+00) = Ks, given in Proposition 1.55. Furthermore, u propagates to the left with
speed ¢y and (1.90) with i = 1 holds true in patch 1, and the following holds true in patch 2:
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(i) if fo fa(s)ds > 0, then u propagates to the right with speed co > 0, and more pre-
cisely (1. 90) with i = 2 holds for some £ € R;

(i1) szo fa(s)ds = 0, then u propagates to the right with speed zero, in the sense that (1.84)
holds and sup,~., u(t,r) = 0 as t — 400 for every c > 0.

Biological interpretation and explanation

We briefly discuss our results from an ecological point of view here. We envision a landscape
of two different characteristics, say a large wooded area and an adjacent open grassland area.
We assume that the movement rates of individuals are small relative to landscape scale so
that we can essentially consider each landscape type as infinitely large. In the first scenario
(KPP-KPP), the population has its highest growth rate at low density in both patches. While
the low-density growth rates and carrying capacities may differ between the two landscape
types, the population will grow in each type from low densities to the carrying capacity.
When introduced locally, the population will spread in both directions, and the speed of
spread will approach the famous Fisher speed 24/d; f/(0) in each patch. The interface will
not stop the population advance unless it is completely impermeable. This would be the
special case (that we excluded from our analysis) where an individual at the interface will
choose one of the two habitat types with probability one, i.e., a =0 or a = 1.

The second scenario (KPP-bistable) is more interesting. This time, the population dy-
namics change qualitatively from the highest growth rate being at low density to being at
intermediate density. In ecological terms, this corresponds to a strong Allee effect and the
threshold value 6 is known as the Allee threshold. In this case, the interface can prevent a
population that is spreading in the one habitat type (without Allee dynamic) from continuing
to spread in the other type (with Allee dynamics). At first glance, it seems surprising that
the conditions for propagation failure do not include parameter o that reflects the movement
behavior at the interface. To understand the reasons, we need to understand the scaling that
led to system (1.74). The scaled reaction function f, and its unscaled counterpart, say J?;,

are related via
« dg

fQ(S):ka(S/k)> k= 1—C¥d_1’

see [94]. In partlcular if Kg and 0 are the unscaled carrying capacity and Allee threshold,
then Ky = k:Kg and 0 = k0 are the corresponding scaled quantities. The sign of the integral
that determines the sign of the speed of propagation in the homogeneous bistable equation
does not change under this scaling. Hence, by choosing k large enough, one can satisfy the
condition K; < 6 in Theorem 1.47. A population that starts on a bounded set inside the
KPP patch will be bounded by K7 and therefore unable to spread in the Allee patch. Large
values of k arise when the preference for patch 1 is high (o &~ 1) or when the diffusion rate in
the Allee patch is much larger than in the KPP patch. The mechanisms in this last scenario
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is similar to that when a population spreads from an narrow into a wide region in two or
three dimensions [49]. As individuals diffuse broadly, their density drops below the Allee
threshold and the population cannot reproduce and spread.

A change in population dynamics from KPP to Allee effect need not be triggered by
landscape properties, it can also be induced by management measures. For example, when
male sterile insects are released in large enough densities, the probability of a female insect
to meet a non-sterile male decreases substantially so that a mate-finding Allee effect may
arise. The use of this technique to create barrier zones for insect pest spread has recently
been explored by related but different means [3].

1.5 Open problems and perspectives

In this section, we would like to list several open problems and future research directions
related to our work.

Problem 1. For the field-road model, we considered spatially periodic case. What about
the spatial dynamics of this model under more general heterogeneity setting”? For instance,
in spatially and temporally periodic setting; in spatially and/or temporally almost-periodic
setting, etc.

Problem 2. For the study of the funnel-shaped domains, we gave the propagation
properties of the spreading solution in Theorem 1.19. Particularly, we showed that the level
sets of spreading solution u is well approximated by the expanding spherical surface of radius
ct — ((N —=1)/¢)Int + O(1) as t — +oo. Then, we wonder whether there exists a further
precise characterization of the level sets of u. Would the shape of any level set of u be exactly
a spherical surface for large times?

Problem 3. In funnel-shaped domains €2z ,, we conjecture that, under the assumptions
of Theorem 1.23, the set of parameters (R, ) for which the solution w of (1.33) in Qg , with
past condition (1.39) propagates completely is actually convex in both variables R and «,
and that this property is stable by making a decrease or R increase. This conjecture can be
formulated as follows.

Assume that the functions h given in (1.37)—(1.38) depend continuously on the parameters
(R,a) € (0,+00) x (0,7/2) in the C7(R) sense, with 0 < 8 < 1. We say that complete
propagation (resp. blocking) holds in Qg if the solution u of (1.33) in Qg with past
condition (1.39) satisfies (1.46) (resp. (1.45)). Then,

e for every R > 0, there is ar € (0,7/2] such that complete propagation holds in Qg

for all a € (0, ag), and blocking holds for all « € [ag, 7/2) if ar < 7/2;
o for every a € [0,7/2), there is po, € [0,+00) such that complete propagation holds in
Qg for all R > p,, and blocking holds for all R € (0, pa] if pa > 0;
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We give some observation here. Theorem 1.21 gives that ap exists and ag = 7/2 when
R > Ry (with the notations of Theorem 1.21). Furthemore, p, exists and py = 0. On the
other hand, Theorem 1.22 implies that, in dimension N > 3, for any given «a, € (0,7/2)
and L, > 0, the angle ag, if any, satisfies agr < o, when R € (0, R.] (with the notations of
Theorem 1.22), and that p,, if any, satisfies p, > R, when « € |a,, 7/2).

Problem 4. In the periodic patchy landscape, we wonder whether the spreading speed
c* derived in Theorem 1.30 has certain dependence on parameter ¢, or even monotonicity, if
possible, with respect to parameter o (then with respect to parameter «).

Problem 5. In the periodic patchy landscape, the homogenization issues of (1.60)-
(1.61) with rapidly oscillating coefficients and in slowly varying media, respectively, are open
questions.

Problem 6. We wonder whether a sharp criterion of the initial condition for extinction
vs. propagation holds ture for the two-patch model (1.74).

This type of issue has drawn lots of attention from mathematicians in the past decades.
We introduce the relevant references and give some comments below. Consider the homoge-
neous reaction-diffusion equation

U = Uge + fu), t > 0,2 € R. (1.92)

Kanel’ [107] considered the combustion nonlinearity (i.e., f =01in [0,0] U {1} and f > 0 in
(0,1) for some 0 < 6 < 1) and showed that, for the particular family of initial conditions
being characteristic functions of intervals (namely, uwy = x[—z,r), with L > 0), there exist
0 < Ly < L; such that extinction occurs for L < Lg, while propagation occurs for L > L;.
This result was then extended by Aronson and Weinberger [8] to the bistable case (i.e.
f(0) = f(0) = f(1) =0 for some 6 € (0,1), f/(0) <0, f'(1) <0, f <0in (0,6), f >0
in (0,1)) with fol f(s)ds > 0 (so-called bistable unbalanced case). Zlatos [162] improved
these results in combustion and unbalanced bistable cases by showing that Ly = L;. Du and
Matano [61] generalized this sharp transition result for a wider class of one-parameter families
of initial data. Moreover, they showed that the solutions to the Cauchy problem (1.92)
with nonnegative bounded and compactly supported initial conditions always converge to a
stationary solution of (1.92) as t — +oo locally uniformly in 2 € R, and this limit turns out
to be either a constant or a symmetrically decreasing stationary solution of (1.92). However,
problem (1.74) has no translation invariance anymore due to the interface conditions at z = 0
and the reaction terms f; and diffusion coefficients d; which are different in general.
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Chapter 2

Stability analysis and Hopf bifurcation

at high Lewis number in a combustion

model with free interface!

2.1 Introduction

This paper is devoted to the stability analysis of a unique (up to translation) traveling wave
solution to a thermo-diffusive model of flame propagation with stepwise temperature kinetics
and first-order reaction (see [35]) at high Lewis numbers, namely Le > 1. The problem reads
in one spatial dimension:

2
8_@ — 8_9 + W(@’ Q)),
8t E)x? (2 1)
0 _ 11T ye,0) |
o " o e

Here, © and ® are appropriately normalized temperature and concentration of deficient
reactant, z € R denotes the spatial coordinate, ¢ > 0 the time. The nonlinear term W (©, ®)
is a scaled reaction rate given by (see [35, Section 2, formula (3)]):

Ad, if ©> 06,

Iwg@:{o if ©<6, 22)

In (2.2), 0 < ©; < 1 is the reduced ignition temperature, A > 0 is a normalized factor
depending on ©; and Le, to be determined hereafter for the purpose of ensuring that the
speed of traveling wave is set at unity. Moreover, the following boundary conditions hold at

IThis is a joint work with Claude-Michel Brauner and Luca Lorenzi, published in Ann. Inst. H. Poincaré
Anal. Non linéaire 37 (2020), 581-604.
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2. Stability analysis and Hopf bifurcation in a combustion model

+o0:

(2.3)

In this first-order stepwise kinetics model, ® does not vanish except as t tends to —oo.
Thus, problem (2.1)-(2.3) belongs to the class of parabolic Partial Differential Equations
with discontinuous nonlinearities. Models in combustion theory and other fields (see, e.g. |2,
Section 1]) involving discontinuous reaction terms have been used by physicists and engineers
for long because of their manageability; as a result, elliptic and parabolic PDEs with discon-
tinuous nonlinearities, and related Free Boundary Problems, have received a close attention
from the mathematical community (see [1, Section 1| and references therein). We quote in
particular the paper [48], by K.-C. Chang, which contains a systematical study of elliptic
PDEs with discontinuous nonlinearities (DNDE).

In this paper, we consider the case of a free ignition interface g(t) defined by
O(t. g(t)) = O, (2.4)

such that O(t,x) > O, for x > ¢(t) and O(t,z) < ©; for © < g(t). Formula (2.4) means
that the ignition temperature ©; is reached at the ignition interface which defines the flame
front. We point out that, in contrast to conventional Arrhenius kinetics where the reaction
zone is infinitely thin, the reaction zone for stepwise temperature kinetics is of order unity
(thick flame). It is also interesting to compare the first-order stepwise kinetics with the zero-
order kinetics model (see [1, 35, 37]): in the zero-order kinetics, ®(¢, ) vanishes at a trailing
interface and does not appear explicitly in the nonlinear term (see [35, Section 2, formula

(4)])-

According to (2.4), the system for X = (O, @) reads as follows, for t > 0 and x € R,z #
g(t):

( 2

%Z%—I—A@, xr < g(t),

0B 0 (2:5)
\EZLG @—A(P, l’<g(t),
(00 9?0

o 9 x> g(t),

o6 0% (26)
\E:Le ?, $>g(t>
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2.1. Introduction

At the free interface x = ¢(t), the following continuity conditions hold:

S[22] -0 -

where we denote by [f] the jump of a function f at a point xy, i.e., the difference f(zd)—f(zy).

ORCETN

The system above admits a unique (up to translation) traveling wave solution U =
(6% ®°%) which propagates with constant positive velocity V. In the moving frame coor-
dinate z = x — Vt, by choosing

O, O,
= 2.

to have V = 1 and, hence, z = = — ¢, the traveling wave solution is explicitly given by the

following formulae:

9
— —O.)e1-6;%
(=) —{; (1= Oer Y
i€ z 9

@i 61?é.z

A1-9,)

G)i —Lez
1+<m—1>6 , z > 0.

The goal of this paper is the analysis of the stability of the traveling wave solution U

z <0,
(z) =

in the case of high Lewis numbers (Le > 1). Here, stability refers to orbital stability with
asymptotic phase, because of the translation invariance of the traveling wave. It is known
(see [35, Section 3.2|) that large enough Lewis numbers give rise to pulsating instabilities,
i.e., oscillatory behavior of the flame. This is very unlike cellular instabilities for relatively
small Lewis number (Le < 1), that is pattern formation; in the latter case, a paradigm for the
evolution of the disturbed flame front is the Kuramoto-Sivashinsky equation (see [126, 148],
and also [38, 39, 40, 41, 44]).

The paper is organized as follows: In Section 2.2, we first transform the free interface
problem to a system of parabolic equations on a fixed domain. Then, in the spirit of [42,
115, 116], the perturbation u of the traveling wave U is split as u = sd— + v (“ansatz 17),

in which s is the perturbation of the front g. The largest part of the section is devoted to
a thorough study of the linearization at 0 of the elliptic part of the parabolic system in a
weighted space YW where its realization L is sectorial (see Subsection 2.2.3 for further details
about the use of a weighted space). Furthermore, we determine the spectrum of L which
contains (—oo, —i], a parabola and its interior, the roots of the so-called dispersion relation,
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2. Stability analysis and Hopf bifurcation in a combustion model

and the eigenvalue 0. Thereafter, an important point is to get rid of the eigenvalue 0 which,
as it has been already stressed, is generated by translation invariance. In Section 2.3, we use
a spectral projection P as well as “ansatz 2” and then derive the fully nonlinear problem (see,
e.g. [119]) for w:

ow
—=(I-P)L F(w).
22— (1 P) L+ Fluw)
Next, in Sections 2.4 and 2.5 we use the bifurcation parameter m defined by
m = ©:
T 1-6

to investigate the stability of the traveling wave. Simultaneously, as one already noted that
pulsating instability is likely to occur at large Lewis number, it is natural to introduce a small
perturbation parameter ¢ > 0 (dimensionless diffusion coefficient) defined by ¢ := Le !, so
that (2.8) reads A = m +em?. The simplest situation arises in the asymptotic case of gasless
combustion when Le = oo, as in [79]. As it is easily seen, as ¢ — 0, problem (2.5)-(2.6)
converges formally to:

2
@:@_'_A@, x < g(t),
0P '
— =—-Ad
96 _ 00 x> g(t)
ot~ 0a?’ g (2.10)
o =1, x> g(t),
. - 00 : o
with conditions [O] = [®] =0, | =—| = 0 at the free interface x = ¢g(t). However, the limit
x

free interface system (2.9)-(2.10) is only partly parabolic.

At the outset, we fix m in Section 2.4 and let € tend to 0, which allows to apply the
classical Hurwitz Theorem in complex analysis to the dispersion relation D.(A,m). Our first
main result, Theorem 2.6, states that, for 2 < m < m®=6 and 0 < £ < g9(m), the traveling
wave U is orbitally stable with asymptotic phase and, for m > m¢ = 6, it is unstable. To
give a broad picture, we take advantage of the regular convergence of the point spectrum as
e —0.

Section 2.5 is devoted to the proof of Hopf bifurcation in a neighborhood of the critical
value m® = 6. The difficulty is twofold: first, the framework is that of a fully nonlinear
problem; second, m is not fixed in the sequence of parameterized analytic functions D.(\, m)
which prevents us from using Hurwitz Theorem directly. The trick is to find a proper approach
to combining m with e: to this end we construct a sequence of critical values m®(e) such that
m¢(0) = m® and apply Hurwitz Theorem to D.(\,m¢(¢)). Proposition 2.7 and Theorem 2.9
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2.2. The linearized operator

are crucial to prove Hopf bifurcation at m¢(e) for € small enough. Finally, in three appendices,
we collect some formulae and results that we use to prove our main results.

2.2 The linearized operator

In this section, we first derive the governing equations for the perturbations of the traveling
wave solution. As usual, it is convenient to transform the free interface problem to a system
on a fixed domain. More specifically, we use the general method of [42] that converts free in-
terface problems to fully nonlinear problems with transmission conditions at a fixed interface
(see [1]). Then, we are going to focus on the linearized system.

2.2.1 The system with fixed interface

To begin with, we rewrite problem (2.5)-(2.7) in a new system of coordinates that fixes the
position of the ignition interface at the origin:

T=t {=z—g(T).

Hereafter, we are going to use, whenever it is convenient, the superdot to denote differentia-
tion with respect to time and the prime to denote partial differentiation with respect to the
space variable.

Then, the system for X = (0, ®) and g reads:

(00 .00 0?0

E_gﬁ_é :a—£2+A<I>, £ <0, o)
) :
\g—f—g‘z—? :Le‘lg%—fl@, £<0,
(00 .00 0°0
or o oer ol (2.12)
o _ ga—q) :Le—laQ—q) £€>0. |
 OT o€ 02’

Moreover, ©, ® and their first-order space derivatives are continuous at the fixed interface
& =0, thus
0P

- %] o (213

o0 =6, ll=@-0 |2

In addition, at £ = +o0, © and & satisfy (2.3).

Next, we introduce the small perturbations w = (u1, ug) and s, respectively of the traveling
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2. Stability analysis and Hopf bifurcation in a combustion model

wave U and of the front g, more precisely,

It then follows that the perturbations u and s verify the system

( 6u1 82’&1 8 d@O 8u1
= + = Aug + §—— + G <0,
or 02 ¢ ST T ¢ (2.14)
81@ o 1 62’&2 8U2 d(I)O . 6u2 )
\E—Le ae2 § AU2+Sd§ +88_§’ £ <0,
( 8u1 821,61 8u1 . d@O . 3u1
= + +s +S5——, > 0,
or 0€? o dg o 3 (2.15)
e B L B SLL £€>0 |
Lor — 7 o¢ T og T de T og ’
and the corresponding interface conditions obtained from (2.13) are:
0 0
w0 =0 ful=lul = | 52] = | 52] <o (2.16)
2.2.2 Ansatz 1
In the spirit of [42, 115], we introduce the following splitting or ansatz:
d 0
(7,9 =s(r) GO + (7, 6).
(2.17)
dP°
(7, ) =5(r) G (O) + (. 6)

in which vy, vy are new unknown functions. In a more abstract setting, the ansatz reads

w(r,€) = s(r % To(rE),  v=(ow).
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2.2. The linearized operator

Substituting (2.17) into (2.14)-(2.15), we get the system for u and s:

( (%1 821]1 81)1 . d2@0 81}1
el il | et}
o 8§2+8£+ vy + 8 Sd§2 +8§ , £ <0, os)
%—Le_la%2+%—flv + s Sd2q)0+% £E<O0 |

L or ez ¢ 2 ez oc ) ’

( (%1 821]1 81)1 . d2®o 81}1
il i — 0
o 8§2+8£+S Sd§2 +8§ , &> 0, 210)
Oz _ o100 O (dO O £€>0 |

L O 0¢? o€ dg? oc )’ '

At £ =0, it is easy to see that the new interface conditions are:

. . 81)1 . d2@0 81}2 o dQ(I)O . 8@0
pi=t=o RG] |F]-olE]  weo--Fo
Taking advantage of the conditions

e’ d*e° ; d*®° LeO;
O 0y =_e, [T 9O __ Lo
d§ dg? 1-6; dg? 1—-6;
where we used (2.8) to derive the last condition, it follows that
v1(7,0) vy v1(7,0) Ovy v1(,0)Le
— 2 == — | == 2.2
(N="e {ag} -6, 26|~ T1-e, (2:20)

Summarizing, the free interface problem (2.5)-(2.6) has been converted to (2.14)-(2.15),
which constitutes a nonlinear system for vy, vo and s, with transmission conditions (2.20) at
¢ = 0. The next subsections are devoted to the study of the linearized problem (at zero) in
an abstract setting, with simplified notation u = (u, v) for convenience.
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2. Stability analysis and Hopf bifurcation in a combustion model

2.2.3 The linearized problem

Now, we consider the linearization at 0 of the system (2.18)-(2.20), which reads as follows:

(Ou  O*u  Ou
—=—+—+A
o 6§2+6§+ v, ¢ <0, o)
W _pendv v £<0 |
lor ~ ¢ ez T e Y ’
(Ou  O*u  Ou
or = o e o (2.22)
w20 L £>0 |
\ or - 8§2 85’ ’
with the interface conditions
o ou|l  u(r,0) ov|  u(r,0)Le
[u] = [v] = 0, {ag} —o, L%] =16 (2.23)
Problem (2.21)-(2.22) can be written in the more compact form g_u = Lu, where u =
T
(u,v),
02 0
8_52 + (9_5 AX_
£ N
O L 8_52 —|- 8—5 - AX_

and y_ denotes the characteristic function of the set (—oo,0).

We now introduce the weighted space W where we analyze the system (2.21)-(2.23). As
a matter of fact, the introduction of exponentially weighted spaces for proving stability of
traveling waves has been a standard tool since the pioneering work of Sattinger (see [142]),
its role being to shift the continuous spectrum to the left and, thus, creating a gap with the
imaginary axis which simplifies the analysis.

Definition 2.1. The exponentially weighted Banach space W is defined by

W = {u : e%gu,eégv € Cp((—00,0);C), e%fme%&v € Cp((0,00); C), lim u(&), lim v(§) € R},

£—0% £—0+

equipped with the norm:

[ullyy = sup [e2¢u(€)] + sup [e2¢u(€)] + sup [e2¢v(€)] + sup e v (€)].
£<0 £>0 £<0 £>0

In the above definition, Cy(I; C) denotes the space of bounded and continuous functions
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2.2. The linearized operator

from I to C, I being either the interval (—oo, 0) or (0, 00). We finally introduce the realization
L of the operator £ in VW defined by

ou O*u Ou u(0)  [dv Le u(0)
D(L) = =, — = =0 |—|=-— | =
Lu = Lu, uew.
) . dU de’ do° )
Remark 2.2. We observe that, for any Lewis number, the pair — = | ——, —— | verifies
dg dg = dg
d

System (2.21), (2.22), and it belongs to the space W. In other words, v is an eigenfunction

of the operator L associated with the eigenvalue 0. “

The above remark gives a first justification for the choice of the exponential weights in
the definition of WW. We also stress that, following the same strategy as in the proof of
the forthcoming Theorem 2.3 it can be easily checked that the spectrum of the realization
of the operator £ in the nonweighted space of pairs (u,v) such that u, v are bounded and
continuous in (—oo,0) U (0, 00), contains a parabola which is tangent at 0 to the imaginary
axis.

2.2.4 Analysis of the operator L

Next theorem is devoted to a deep study of the operator L. For simplicity of notation, for
7 =1,2 we set

Hyy = V1+4), Hy )y = \/Le2 +4Le(A + N), Hzy = VLe* +4Le\  (2.24)

and

—1+ (=1)/"'Hy»
2 7

—Le + (—1)j+1H27)\

—Le + (—1)j+1H37)\
2 ’ ‘

2

kjx = kayjn = kayjn =

(2.25)

Theorem 2.3. The operator L is sectorial and therefore generates an analytic semigroup.
Moreover, its spectrum has components:

(1) (—o00,—1/4]UP, where P ={X € C:aReX+b(ImA)*+ ¢ <0} with

1—— c

B 1\? y_ L _ 2441 84-5 144 1
“= Le) T e -2 iLe | Le&?  4LS

aU
(2) the simple isolated eigenvalue 0, the kernel of L being spanned by d—g;
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2. Stability analysis and Hopf bifurcation in a combustion model

(3) additional eigenvalues given by the solution of the dispersion relation
D(/\, @u Le) = <k6,>\ - k’37)\)(k33’>\ - k27)\) [1 - (1 - @i)\/ 1+ 4)\] + ALG, (226)

where A is given by (2.8).

Proof. Since the proof is rather lengthy, we split it into four steps. In the first two steps, we
prove properties (1) and (3). Step 3 is devoted to the proof of property (2). Finally, in Step
4, we prove that the operator L is sectorial in W.

For notational convenience, throughout the proof, we set

o) 0 0
I, ::/ fl(s)e_klsds, T ::/ fl(s)e_kQSds, I3 ::/ fQ(S)G_kQSdS,
0 oo oo
0 o)
J4 ::/ fa(s)e M5ds, Js ::/ fa(s)e " 5ds,
—0o0 0

for any fixed f = (fi, fo) € W, where, here and Step 1 to 3, we simply write k; instead of
k; » to enlighten the notation.

Step 1. To begin with, we prove that the interval (—oo,—1/4] belongs to the point
spectrum of L. We first assume that A < —Le/4 (recall that Le > 1). In such a case,
Re(k1) = Re(ka) = —1/2, Re(ks) = Re(ks) = —Le/2 and the function u defined by

u() = { RN SR { . o (2.27)

cseME + cgef2t, € >0, crefst + cgefel € >0,

belongs to YW and solves the equation Au — Lu = 0 for any choice of the complex parameters
1, ¢, Cs, Cg, ¢7 and cg. Since there are only four boundary conditions to impose to guarantee
that w € D(L), the resolvent equation Au — Lu = 0 is not uniquely solvable in WW. Thus, A
belongs to the point spectrum of L.

Next, we consider the case when A € (—Le/4, —1/4]. In this situation, Re(k;) = Re(ky) =
—1/2, however, Re(ks) 4+ Le/2 > 0, Re(kg) + Le/2 < 0. Thanks to the fact that e v (¢)
should be bounded in (0,00), the constant ¢; in (2.27) is zero, whereas the constants ¢,
Ca, C5, Cg Cg are arbitrary. As above, the resolvent equation Au — Lu = 0 cannot be solved
uniquely. Consequently, we conclude that (—oo, —1/4] belongs to the point spectrum of the
operator L.

From now on, we consider the case when A\ ¢ (—oo,—1/4]. Then, Re(ky) + 1/2 > 0,
Re(k2) +1/2 < 0, Re(ks) + Le/2 > 0 and Re(ks) + Le/2 < 0. Similarly to the previous
procedure, using the formulae (2.58), (2.59) and (2.56) as well as the fact that the functions
€ — exfu(€) and € — e %v(€) should be bounded in R and in (0,00) respectively, the
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2.2. The linearized operator

constants co, c5, ¢; can be determined explicitly and they are given by

1

0
[ A 7k725d — _J —
o= 7= /_Oo( A e T

Le
Hs )

s

We now consider formula (2.57). Since Le > 1, it follows that Re(k4)+1/2 < 0. Moreover,
we observe that the inequality Re(k3) 4+ 1/2 < 0 is satisfied if and only if A € P. Indeed, fix

any A 67%, the interior of P, so that Re(ks) + 1/2 < 0, and take

_%5
fl(f):{g ’ gig’ f>=0in R.

In such a case, the more general solution, u € W, to the equation \u — Lu = f is given
by u(€) = cge? and v(€) = cgefot for € > 0, whereas v = 0 in (—o0,0) and u(§) =
cref1e + 2H£§(2€_% — M) for € < 0. Note that k; # ks for A ep. Imposing the boundary
conditions, we deduce that c¢g = cg =0, ¢; = —2H1_j and kicp = 2Hi§k2, which is clearly a
contradiction. We conclude that the domain 703 and, consequently, its closure belong to the

continuous spectrum of L. Summarizing, property (1) in the statement of the theorem is
established.

Step 2. Here, we consider the equation \u — Lu = f for f € W and values of A\ which
are not in (—oo, —1/4] UP. For such A’s and j = 1,2 it holds that

Re(kaj—1) + = > 0, Re(ky;) + = < 0, Re(ks) + — > 0, Re(ks) + ?e <o

2 2 2
(2.28)
We first assume that &y # k3. Imposing that the function u defined by (2.58)-(2.57) belongs
to W, we can uniquely determine the constants cs, ¢4, ¢5 and c; and we get

- ek1€ N ekaé e
— 1 - lsd 23d
e e tds + 55 [ e

A €k3§ kd§_€k1§ kl{_e k3§ , 4
_ 38
A {(kg—k2 e )C“HQ,AK k:g—k:l )/f2 ’
k1§ _ k4$
—kis € 6 —kas
15 45
kg—kl/fz ”( o k4—k2>/ fals ’

—kas —k1s (k4 B k?’ kot —kgs
+ k:4—k:1 /{ fa(s)(e7™* —e )d8+(k‘3—k‘2 / fa(s ds]}7
(2.29)

Le ek4é
/f2 k35d8)6k35+ °e / fa(s)e ™ 5ds, (2.30)
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2. Stability analysis and Hopf bifurcation in a combustion model

for £ < 0. Note that ko — k3 # 0 (see Appendix 2.6.1). For & > 0, we get

ek1€
Hl,\/ fi(s e k15 ds + (06+_H1,\/ fi(s k28d5)6k2§, (2.31)

Le @k5f / f k5sd 4 + / f kgsd ke& (2 32)
= S C -_— S e . .
Hs \ ? * T Hs,y ?

Imposing the boundary conditions, we obtain the following linear system for the unknowns
c1, c3, ¢ and cg:

m -1 0 1 Fy
0 1 0 —1 s F,
= = , (2.33)
kl (k3_k2)2H1,/\ ®i1—1 - kQ 0 Ce Fg
0 s 1E_g —ke C8 Fy
where
AL 1 1 ALe(ks — k
Fl —_ — € j4 . 52 + jl . e( 4 3) 33’
(kg — ko) Hy xH Hi Hiy (k3 — ko) (kg — ko) Hy xHa o\
Le Le
’ H3/\ o Hg)\
ALekQ k2 1 ( 1 ) ALekQ
By =— - Jo+ ki+—— 171+ Ty:
ST (k= k) HiaHon 't HE T H N\ 1=0,) 7 (ks — ko) (ks — ko) Hin
Lek5 Lek4 Le
Fy=p—0s = 704 — 5.
! H3v>\ ° HQ,)\ : (1—@7;)H47>\ 1

This system is uniquely solvable if and only if D()\; ©;, Le) = [Le(ky — k3)] "' D(); ©;, Le), the
determinant of the matrix in left-hand side of (2.33), does not vanish, where D(\; ©;, Le)
is defined in (2.26). Hence, the solutions to the equation D(A;©;,Le) = 0 are elements of
the point spectrum of L. Property (3) is proved. On the other hand, as it is easily seen, if
A ¢ (—o0,—1/4] UP is not a root of the dispersion relation, then it is easy to check that the
function u given by (2.29)-(2.33) belongs to D(L), so that A is an element of the resolvent
set of operator L.

Finally, we consider the case when k3 = ki, which gives A = \y = L’iLel + v ALL: IIe D
(see Appendices 2.6.1 and 2.6.2). It is easy to check that this pair of conjugate complex

numbers does not belong to P. It thus follows that u for & > 0 and v for £ € R are still given
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2.2. The linearized operator

by (2.30), (2.31) and (2.32). On the other hand, for £ < 0, u is given by

_ k1§ _ A kilf klf —k1s k2£ —kos
u(€) =cye e f1 ds + f1 ds

Hi ) H1,\ Hi
ALe ef1€ / ALe ef18
+ — s — sds——/ s)e M3 s
H]_AHQ)\ ( g)f?( ) Hl)\H22>\ f2( )
AL k1€ ALe ek
ee / fo(s)eb5ds + ee2 / Fols)e*15ds
Hl /\H2,\ H, AHQ,\

Le o~k ok
sd 154
H1,,\{k1 — k2 H2/\ |:k4 — ko / fals o kl ko / fals i

(k‘4 — ky)ett / ok
23d
T — )b — k) )20 °

Notice that sup,_ e%5|u(§)| < 00; therefore, u belongs to WW. Imposing the boundary con-

ditions, we get a linear system for the unknowns (cy, cs, cg, cs), whose matrix is the same as
n (2.33). Since the determinant is not zero when A = AL (see Appendix 2.6.2) and the first-
and second-order derivatives of 4 belong to W, we conclude that Ay are in the resolvent set
of operator L.

Step 3. Now, we proceed to show that 0 is an isolated simple eigenvalue of the operator
L. In view of the previous steps, in a neighborhood of A = 0 the solution w = R(\, L) f of
the equation Au — Lu = f is given by (2.29)-(2.32) for any f € W, where

Le(k'g—k‘?,) (kﬁ_k3)(1 — 61) B A j kG_k?) j A(kf@,—k’g)
D()\, @i,Le) Le (k’3—k2>HL)\ ! 2

Js

C1 =

_|__ —
LeH; (k3 —Fko)(ks—ko)Hi »

N A <k6—k3_k6—k4)34_ A J}
HyzHop \ky—ky ks — ky (ks — ko) Hy ) f
Le(kg—k'g) ALe
— M) Jg g, -
ST Do) U 2T e — F) (s — o)

Js

AL
[(/%—/@1) [1— Hi (1-6)]+ ° }Jﬁ [1— Hix(1- @0}35},
HQ)\ k4 - k2
T DX\ 6y, Le) | Hyia \ ks — ks Le ! Le 2 (ks—ko)(ka—ks) °
Hyy \ki—ky ks—ko )" ha—ky J
Le(kg—kg) { ALe |: ALe :|
g =2 3 Jg g, Js+ [1—H \(1—6;)+ J
*TDNO,LLe) U (ky—ke)(ka—ko) " 1A ) (ks —ka) (ky— ko) |

ALe kﬁ - k'g):| }
|4+ 1-H,\(1-0)]1+ Js 5.
[(k:s — ko) Hj \ : 1 )]( Hs °
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2. Stability analysis and Hopf bifurcation in a combustion model

As it is immediately seen, the function D(-;©;, Le) is analytic in a neighborhood of A = 0,
which is simple zero of such a function, and the other functions appearing in (2.29)-(2.32)
are holomorphic in a neighborhood of A\ = 0. Hence, we conclude that zero is a simple pole

au
of the resolvent operator R(\, L). Since ra belongs to the kernel of L (see Remark 2.2) and

the matrix in (2.33) has rank three at A = 0, this function generates the kernel, so that the
geometric multiplicity of the eigenvalue A = 0 is one. This is enough to conclude that A =0
is a simple eigenvalue of L. Property (2) is established and the spectrum of L is completely
characterized.

Step 4. In order to prove that L is sectorial, it is sufficient to show that there exist two
positive constants C' and M such that

1RO D) llzomy < CIAI™Y, Red > M. (2.34)

Without loss of generality, we can assume that ky , # ks and the conditions in (2.28) are
all satisfied if Re A > M. Throughout this step, C; denotes a positive constant, independent
of Aand f e W.

We begin by estimating the terms H, (j = 1,2,3). As it is easily seen,

Le? 4+ 4Le(A + \)| + Le? 4+ 4Le(A + Re A
|H2,A|2Re(H27A)=\/’ o +dle(d+ )‘2 c Hale(A+Red) o AL (235)

for any A € C with positive real part. Since H; ) and Hs ) can be obtained from Hs ,, by
taking, (Le, A) = (1,0) and (Le, A) = (Le, 0) respectively, we also deduce that

|Hi x| > Re(Hix) > /2| |Hs x| > Re(Hs ) > +/2Le|A| (2.36)

for the same values of A. Thanks to (2.35) and (2.36), we can easily estimate the terms J;
(7 =1,...,5). Indeed, since Re(ky) + 1/2 > 0, we obtain

Amﬁ( M s

The other terms J; can be treated likewise and we get 235':2 195 < Col A" 2| ]l for every
f €W and )\ € C with positive real part.

01| =

<supeHA(©)] [ eI < A .

Next, we turn to the function D(-;©;, Le). We observe that
‘D()\, @z,Le)| > [(1 — @i)\/ |1 + 4>\| — 1]|k67)\ — k37/\Hk'3’)\ — k2’A| — ALe
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2.3. The fully nonlinear problem

for any A € C. Taking (2.35) and (2.36) into account, we can show that

CsvV A < |ksx — kx| + |ksy — kx| < Ca/|A| (2.37)

for A € C with sufficiently large positive real part. Hence, for such values of \'s we can
continue the previous inequality and get

[D(X;0;,Le)| > C5|Al:. (2.38)
Similarly, |ksx — kaa| < Cs/|A| for any A with positive real part and

Le

1 1 -1 /Le|A [|A]  Le—1
[kax — kon| > §|H2,)\| - §‘H1,>\’ T > 2| _ % B > Cr/A, (2.39)

if Re \ is sufficiently large. From (2.35)-(2.39) we infer that |ci| + |c3] + |cg| + |cs| < Cg|A|™
for any A € C with Re(\) > M and a suitable positive constant M. Further, observing that

\ksx — kx| + |kay — kx| > Co/|Al |kax — k3x| < CroV/| Al

we are now able to estimate the functions u and v in (2.29)-(2.32) and show that (2.34) holds
true. The proof is complete. O

Remark 2.4. It is worth pointing out that, as Le — oo, the set P degenerates into a vertical
line ReA = —0,;(1 — ©;)"! — 1/2. In the limit case, the system is partly parabolic and the
semigroup is not analytic, see, e.g., |80, Section 1, p. 2435].

2.3 The fully nonlinear problem

Our goal in this section is to get rid of the eigenvalue 0 and then derive a new fully nonlinear
problem. We recall that the eigenvalue 0 is related to the translation invariance of the
traveling wave. In a first step, we use here a method similar to that of [45] or [119, p. 358].

2.3.1 Ansatz revisited: elimination of the eigenvalue 0

It is convenient to write System (2.14)-(2.15) with notation u = (uy,up), U = (0%, @), see
Section 2.2.1, in an abstract form:

w=Lu+sU +su. (2.40)

Note that, in view of (2.16), u(7, ) belongs to D(L) for each 7. Since 0 is an isolated simple
eigenvalue of L, we can introduce the spectral projection P onto the kernel of L, defined by
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2. Stability analysis and Hopf bifurcation in a combustion model

Pf = (f,e*)U’ for every f € W and a unique e* € W, the dual space of W, such that
(U',e*) = 1. For further use, we recall that P commutes with L on D(L). We are going to
apply the projections P and @) = I — P to System (2.40) to remove the eigenvalue 0.

Ansatz 2 We split u into u(7,-) = Pu(T,-) + Qu(r,-) = p(1)U’ +w(r,-), i.e.,

w(,€) =p<7>%<s> Fwn(n,€), (2.41)
un(r, €) =p<f>ddi;<fs> T wn(r €),

where p(7) = (u(7),e*) and w = (wy, wy). Clearly, w(7,-) € Q(D(L)) for each 7. It follows
from (2.40) that
p=5+ s e), w = Lw + sQu’, (2.42)

a Lyapunov-Schmidt-like reduction of the problem. We point out that the above procedure
generates a new ansatz slightly different from ansatz 1 (see (2.17)) that helps us determine
the functional framework.

Thanks to new ansatz 2, we are going to derive an equation for w in the space WW. Now,
the spectrum of the part of L in Q(WW) does not contain the eigenvalue 0.

2.3.2 Derivation of the fully nonlinear equation

To get a self-contained equation for w, we need to eliminate $ from the right-hand side of
the second equation in (2.42). For this purpose, we begin by evaluating the first component
of (2.42) at £ = 07 to get

a'wl + + . / +

5, (5 07) =(Lw)i (-, 07) + 5(Qu)u (- 07)

0
—(Law) (-, 07) + s'aig(-, 0%) + s(u/,e")O;. (2.43)
Next, we observe that the function w; is continuous (but not differentiable) at £ = 0, since
both u and U’ are continuous at £ = 0. Therefore, evaluating (2.41) at £ = 0 and recalling
that uy(7,0) = 0 (see (2.16)), we infer that w(7,0) = O;p(7). Differentiating this formula
yields
8w1

T
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2.4. Stability of the traveling wave solution

From (2.43) and (2.44), it follows that
$0; = (Lw)1(-,0") + s——(-,0%). (2.45)

To get rid of the spatial derivatives of u; from the right-hand side of (2.45), we use (2.41) to
write

0 d?e°
T 007 =P (07) 4wl (. 07) = wn(,0) + wi (-, 07). (2.46)

Plugging (2.46) into (2.45), we finally obtain the formula

(Lw) (-, 07)

6 —wn(-0) — wi(-.07)’ (247)

S =

which can be regarded as a underlying second-order Stefan condition, see [43]. Hence, re-
placing it in (2.42), we get

_ ) )

5 =Lw + O — wi(-0) w{(-,0+)QU
_ (Lw)l('70+) wl(',O) " !
_Lw+@i—w1(',0)—w'1(‘,0+)Q( o, U +w>,

which is a fully nonlinear parabolic equation in the space VW written in a more abstract form:

ow

5 = Lw+ F(w), we Q(D(L)). (2.48)
and is going to be the subject of our attention. Note that Equation (2.48) is fully nonlinear
since the function F' depends on w also through the limit at 0" of Lw. Moreover, the operator
L is sectorial in Q(W). Hence, we can take advantage of the theory of analytic semigroups

to solve Equation (2.48). We refer the reader to [119, Chapter 4] for further details.

2.4 Stability of the traveling wave solution

This section is devoted to the analysis of the stability of the traveling wave solution U. Here,
stability refers to orbital stability with asymptotic phase so,. From now on, we focus on the
asymptotic situation where the Lewis number, Le, is large and, in this respect, we use the
notation ¢ = 1/Le to stand for a small perturbation parameter. Simultaneously, we assume
that ©; is close to the burning temperature normalized at unity, which is physically relevant
(see [35, Section 3.2, Fig. 5]). More specifically, we restrict ©; to the domain % <0, <1.
In what follows, we introduce m := ©;/(1 — ©;) as the bifurcation parameter which runs
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2. Stability analysis and Hopf bifurcation in a combustion model

in the interval (2,00), due to the choice of ©;. With the above notation, A = m + em? and
the dispersion relation D(X; ©;,Le) (see (2.26)) in Section 2 reads:

1
D.(A\;m) :—Z(\/1+45(m+5m2+)\)+\/1—1—46)\)

1 V1+4x
X (g[\/l+45(m—|—€m2+)\) - 1]+1+\/1+4)\>(1_L) mtem?.

1+m

(2.49)

This section is split into two parts. First, we study the stability of the null solution of the
fully nonlinear equation (2.48). Second, we turn our attention to the stability of the traveling
wave.

2.4.1 Stability of the null solution of (2.48)
To begin with, we recall that the spectrum of the part of L in Wy := Q(W) is the set
(o0, —3] UPU{X € C\ {0} : D.(\;m) = 0}.

As we will show, the roots of the dispersion relation D.(-;m) are finitely many. As a con-
sequence, there is a gap between the spectrum of this operator and the imaginary axis (at
least for ¢ small enough). In view of the principle of linearized stability, the main step in
the analysis of the stability of the null solution of Equation (2.48) is a deep insight in the
solutions of the dispersion relation. More precisely, we need to determine when they are all
contained in the left halfplane and when some of them lie in the right halfplane.

The limit critical value m¢ = 6 will play an important role in the analysis hereafter.
Theorem 2.5. The following properties are satisfied.

(i) Letm € (2,m°) be fized. Then, there exists eg = €9(m) > 0 such that, fore € (0,&y), the
null solution of the fully nonlinear problem (2.48) is stable with respect to perturbations
belonging to Q(D(L)).

(ii) Let m > m€ be fived. Then, there exists €1 = e1(m) small enough such that, for
e € (0,e1), the null solution of (2.48) is unstable with respect to perturbations belonging

to Q(D(L)).

Proof. To begin with, we observe that the functions D, (-, m) are holomorphic in C\ (—oo0, —1/4]
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2.4. Stability of the traveling wave solution

and therein they locally converge to the limit dispersion relation Dy(-, m) defined by

\/1+4>\>
l———— | +m
1+m

Do(X;m) = — %[2(m+)\) + 14 VTFaN (

VAL VIT I m+ 2,
4(1+m)

as ¢ — 07. The solutions of the equation Dy(A\;m) = 0 are A = 0, for all m, and the
roots of the second-order polynomial 4)\? + (6m — m?)\ + 2m, whose real part is not less
than —(m + 2)/4. This polynomial admits conjugate solutions A » = a(m) £ ib(m), where
a(m) = $(m* — 6m) and b(m) = £(m — 2)/[8m —m?|, if m € (2,8) and real solutions
A2 = a(m) £ b(m) otherwise. The coefficient a(m) is negative whenever 2 < m < 6 and
positive for m > 6. It can be easily checked that Re(\;2) > —(m+2)/4 for each m € (2, 00),
so that A; o solve the equation Dy(A;m) = 0. In particular, there are two conjugate purely
imaginary roots \; o = ++/3i at m = 6.

We can now prove properties (i) and (ii).

(i) Fix p > 0 such that the closure of the disks of center A, 5 and radius p is contained in
{Rez < 0}\(—o0, —1]. Hurwitz Theorem (see, e.g., [55, Chapter 7, Section 2|) and the above
results show that there exists €y > 0 such that, for ¢ € (0,¢9), D.(\;m) admits exactly two
conjugate complex roots A 2(¢) in the disk |A — \;| < p and \;(e) converges to \;, as € — 0,
for © = 1,2. Therefore, all the elements of the spectrum of the part of operator L in Wg
have negative real parts, which implies that the operator norm of the restriction to Wy, of
the analytic semigroup e™” generated by L, decays to zero with exponential rate as t — oo.
Now, the nonlinear stability follows from applying a standard machinery: the solution of
Equation (2.48), with initial datum wy in a small (enough) ball of Q(D(L)) centered at zero,
is given by the variation-of-constants-formula

w(r,-) = e wy +/ T F(w (s, -))ds, 7> 0.
0
Applying the Banach fixed point theorem in the space

ij:{wEC’([O,oo);WQ) :osup 0|l wl|ca(o1);pL)) < 001 T = eTw(T, -)EC“([l,oo);D(L))},

c€(0,1)

endowed with the natural norm, where « is fixed in (0, 1) and w is any positive number less
than the real part of A;(¢), allows us to prove the existence and uniqueness of a solution w of
(2.48), defined in (0, 00) such that ||w(7,-)|[|w+ ||[Lw(7,-)|lw < Ce 7 ||lwo|| pry for 7 € (0, 00)
and some positive constant C, which yields the claim. For further details see [119, Chapter
9.

(ii) For m > m¢, we use again Hurwitz Theorem to show that there exists e; = &1(m) > 0
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2. Stability analysis and Hopf bifurcation in a combustion model

such that the equation D.(\,m) = 0 admits a solution with positive real part if ¢ € (0,&1).
More precisely, it admits a couple of conjugate complex roots with positive real parts, if
m < 8, a positive root, if m = 8, and two real solutions if m > 8. For these values of ¢,
the restriction of the semigroup e™ to Wy exhibits an exponential dichotomy, i.e., there
exists a spectral projection P, which allows to split Wg = Py(Wq) ® (I — P;)(Wg). The
semigroup e’ decays to zero with exponential rate when restricted to (I — P)(Wg), whereas
the restriction of €™ to P, (W) extends to a group which decays to zero with exponential
rate as 7 — —oo. Again with a fixed point technique, we can prove the existence of a
nontrivial backward solution z of the nonlinear equation (2.48), defined in (—o0, 0) such that
|lz(7, )lw + || Lz(T, ) ||lw < Ce¥” for 7 € (—o0,0) and any w positive and smaller than the
minimum of the positive real parts of the roots of the dispersion relation. The sequence
(2,,) defined by z,, = z(—n,-) vanishes in D(L) as n — +oo and the solution w,, to (2.48)
subject to the initial condition w,,(0,-) = z,, exists at least in the time domain [0, n], where
it coincides with the function 2(- —n,-). Thus, the norm of ||{w,||¢(jo,n:w,) is positive and far
way from zero, uniformly with respect to n € N, whence the instability of the trivial solution
of (2.48) follows. Again, we refer the reader to [119, Chapter 9] for further results. O]

2.4.2 Stability of the traveling wave

We can now rewrite the results in Theorem 2.5 in terms of problem (2.11)-(2.13).
Theorem 2.6. The following properties are satisfied.

(i) Form € (2, m°) fized, there exists eg = eo(m) > 0 such that, fore € (0,eq), the traveling
wave solution U is orbitally stable with asymptotic phase s« (see (2.50)), with respect
to perturbations belonging to the weighted space D(L).

(ii) For m > m€ fized, there exists €1 = e1(m) small enough such that, for € € (0,ey), the

traveling wave U is unstable. with respect to perturbations belonging to the weighted
space D(L).

Proof. (i) Let us fix wy € Q(D(L)) with |Jwol|p(zy small enough, so that Theorem 2.5(i) can
be applied. Denote by w the classical solution to Equation (2.48) which satisfies the initial
condition w(0,-) = wy = (wg1,wpz). Observe that, since p = ©; w;(-,0) (see Subsection
2.3.1) it follows that the problem (2.40), subject to the initial condition u(0, -) = ©; 'w, U’ +
wy, admits a unique classical solution (u,s), where u decreases to zero as 7 — oo, with
exponential rate. Moreover, using (2.47) it is immediate to check that s(7) converges to

[ (Lw);(7,07")
S0 = /0 O —wn(r.0) —w (7. 0+)d7', (2.50)
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2.5. Hopf bifurcation

as 7 — oo (assuming for simplicity that g vanishes at 7 = 0). We point out that s., depends
on the initial condition.

Coming back to problem (2.11)-(2.13) with initial condition X (0) = uo+U and ¢(0) = 0,
we easily see that the solution X = (O, ®) is defined by

X=pU +w+U=0;"w(,00U +w+U,
- T (Lw)1(0,0™)
9(7) _T+/O 0; — wy(0,0) — wi(o,07)

do, T > 0.

From this formula and the above result, the claim follows at once.

(ii) The proof is similar to that of property (i) and, hence, it is left to the reader. ]

2.5 Hopf bifurcation

This section is devoted to investigating the dynamics of the perturbation of the traveling
wave in a neighborhood, say (6 —d,6 4 ), of the limit critical value m® = 6 (see Section 2.4).
As regards parameter m, the situation is more complicated than in Section 4 when it was
fixed. Now, the dispersion relation D.(\;m) can be seen as a sequence of analytic functions
parameterized by m. The main difficulty here is that Hurwitz Theorem does not a priori
apply, particularly because of the lack of uniformity of D.(A\;m) with respect to € and m.
We especially find a proper approach to combining m with €: we construct in Proposition
2.7 a sequence of critical values m¢(¢) such that m°(0) = m® and apply Hurwitz Theorem
to the sequence D.(A,m¢(g)). This proposition will be crucial for proving the existence of a
Hopf bifurcation (see Theorem 2.9).

2.5.1 Local analysis of the dispersion relation

We look for the roots of the dispersion relation, see (2.49), in a neighborhood of m® = 6 and
of A = +iv/3, for € > 0 small enough. A natural idea is to turn the dispersion relation into a
polynomial by squaring, however the price to pay is double: the polynomial will be of high
order without algebraic solution, and spurious roots therefore appear.

For convenience, we rewrite the equation D.(A;m) = 0 into a much more useful form.
Replacing /1 + 4e(m +em? + X) + 1 +4eX by 4e(m + em?)(y/1+4e(m +em? + \) —
\/HT&E)\)_I with some straightforward algebra we obtain the equivalent equation

1 1+em 144X
1+4e)d— ——/1+4 21 V1 4+4M 14+4)\ =
V1+4e 1—|—m\/ +de(m +em? + A\)V1 4+ 4\ + Tm + €1+m

+1—-e.
(2.51)
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2. Stability analysis and Hopf bifurcation in a combustion model

If we denote by (¢ the right-hand side of (2.51) and set

2 + 6em + 5e?m? + e

Y1 =1+4+4el 144X

1 + 4eA + (1 + m)2 ( + )7

LA T Gem o 5etm? 4 4en)(1 4 den) ¢ LE AR emT F DI+ em)®
o (1+mp (1+m)? ’
[1 4 4e(m +em? + N)](1 + em)? 5

Y3 = 14 4eX)(1 4 4N)°.

3 (1 i m)4 ( +4e )( + )
Squaring both sides of (2.51) and rearranging terms we get the equation

2/ 1+ 4\
CZ—El = H—+m{\/l+4€)\[1—|—€m— \/1—|—4€(m+5m2+)\)]
1
= 1167: VI+ /T 1 de(m + em? + )\)}. (2.52)

Squaring both sides of (2.52) and rearranging terms gives

(C2 - 21)2 - 422 —

ST T AEN(L + 4)) [[1 +de(m +em® + V(1 +em) —nr

(1+m)? 1+m
(1+em)?

— (1 +em)V1+4dedy/1 +4de(m +em? + \)|.
(2.53)

Finally, squaring both sides of (2.53) and using (2.52), we conclude that [((* —¥;)? —43,]? —
6433¢? = 0 or, equivalently, P;(\;m,e) = 0, where P;(-;m, ) is a seventh-order polynomial
(see Appendix 2.6.3 for the expression of the coefficients of the polynomial).

Finding the eigenvalues of P;(-;m,¢) is quite challenging. The Routh-Hurwitz criterion
(see, e.g., |78, Chapter XV]) gives relevant information on the eigenvalues without computing
them explicitly, in particular whether the eigenvalues lie in the left halfplane Re\ < 0, by
computing the Hurwitz determinants A; (j = 1,...,6) associated with P;(\;m,¢). Unfor-
tunately, our double-squaring method produces spurious eigenvalues which render Routh-
Hurwitz criterion inefficient. However, Orlando’s formula (see |78, Chapter XV, 7]), a gen-
eralization of the well-known property for the sum of the roots of a quadratic equation,
establishes a relation between the leading Hurwitz determinant Ag and the sums of all differ-
ent pairs of roots of P;(\;m,¢). In particular, Ag = 0 in the case when either 0 is a double
eigenvalue (i.e., 0 is an eigenvalue with algebraic multiplicity two) or two eigenvalues are
purely imaginary and conjugate.
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2.5. Hopf bifurcation

The following one is the main result of this subsection.

Proposition 2.7. There exist ¢g > 0 and 6 > 0, and a unique function m¢ : (0,e0) —
(6 — 0,6+ 8) with m*(0) = 6, such that the polynomial P;(\;e) :== P;(A\;m°(€),€) has ezactly
one pair of purely imaginary roots +iw(e), with w(e) > 0. Moreover, w(e) converges to v/3
as € tends to 0.

We first need a preliminary technical lemma:

Lemma 2.8. There exist vy > 0 and €, > 0 such that, for all m in the interval [3,7] (to fix
ideas), € € (0,e,) and any purely imaginary root iv of P;(-;m,¢€), with v > 0, it holds that
O<v< Vo-

Proof. We observe that, if iv is a root of P;(-;m,¢), then, in particular, the imaginary part

5

of P;(iv;m,¢), i.e., the term —agu” + apv® — ayv3 + agv vanishes.

A straightforward computation (see Appendix 2.6.3) reveals that

Im P, (i¢;m, ) = — 2048(s — 1)**¢" — 8e(m? + 3m + 2)¢° + O(e*)¢°
—128(2m* — Tm? — 3m — 1) + O(e)¢® + aeC,

for every ¢ > 0, where we denote by O(g*) terms depending only on e such that the ratio
O(g¥)/e* stays bounded and far away from zero for € in a neighborhood of zero. Since
m? + 3m + 2 and 2m* — 7m?* — 3m — 1 are both positive for m € [3,00), we can estimate

| Im Py (i¢;m, €)| >[8(m? 4 3m + 2) — O(e)]eC®+[128(2m* — Tm? — 3m — 1) — O()]¢* — K|,

where K := max{|ag(m,e)| : m € [3,7],e € (0,1]}. Hence, we can determine ¢, > 0 such
that

| Im P;(iC;m, €)| >64(2m* — Tm? — 3m — 1)¢® — K|(|, m € [3,7], €€ (0,&,). (2.54)

The right-hand side of (2.54) diverges to oo as ( — +oo. From this it follows that there
exists vg > 0 such that | Im P;(i(;m,e)| > 0 for every ( > vy and this clearly implies that
v < vp. ]

Proof of Proposition 2.7. We split the proof into two steps.

Step 1. First, we prove the existence of a function m® with the properties listed in the
statement of the proposition. For this purpose, we consider the sixth-order Hurwitz deter-
minant Ag(m, ) associated with the polynomial P;(\;m,¢e). It turns out that Ag(m,e) =

e2m2C Ag(m, ) for some positive constant C. As e — 0, Ag(+,€) converges to the function
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2. Stability analysis and Hopf bifurcation in a combustion model

Ao, which is defined by

Ag(m) = — m™® +8m' + 97m'® + 42m" — 2129m™* — 9376m** — 16811m!?
— 7866m™ + 19913m™ + 31292m° — 4309m® — 55466m" — 66363m°
— 35480m° — 4729m* + 4666m> + 2628m? + 500m + 24.

Noticing that Ag(6) = 0 and -2Ay(6) > 0, it then follows from the Implicit Function
Theorem that there exist €9 € (0,e,), with e, given by Lemma 2.8, 6 > 0 and a unique
mapping m¢ : (0,69) — (6 — 8,6 + 8) with m(0) = 6, such that Ag(me(¢),) = 0 and
8%86(7710(6), g) > 0 for € € (0, @). Then, upon an application of Orlando formula, it follows
that either 0 is a double root of P;(\; ) or there exists at least one pair fw(e)i (with w(e) > 0)
of purely imaginary roots of E()\; e) for every € € (0,e0). The first case is ruled out, since 0
is not a root of Py(X;¢). Indeed, az(m,e) converges to a positive limit as & tends to 0.

Step 2. Next, we prove that +w(e)i is the unique pair of purely imaginary roots of the
polynomial ]37()\;6) for every ¢ € (0,e9). For this purpose, we begin by observing that
]57(-;5) converges, locally uniformly in C as ¢ — 0, to the fourth-order polynomial }34,
defined by Py(A) = —6272(4\ 4 1)(A — 12)(A2 + 3) for every A € C. By Hurwitz Theorem,
four roots of ﬁ7()\;5), say A1(€), A2(e), As(e) and Ay(e) converge respectively to A(0) =
—1.2(0) = 12,23(0) = v/3i and A\4(0) = —+/3i. More precisely, for r; > 0 small enough,
Ai(e) (i =1,...,4) is simple in the ball B();(0),71) for € € (0,g9) (up to replacing ey with
a smaller value if needed). Assume by contradiction that there exists a positive infinitesimal
sequence {e,} such that, for any n € N, (As5(e,,), A¢(£,,)) is another pair of purely imaginary
and conjugate roots of Pr(\;e,), different from +w(e,)i. By Lemma 2.8, v(e,) = |As(e,)] <
vy for every n € N. Take a subsequence {e,, } such that v(e,,) converges as k — oo.
The local uniform convergence in C of Py(-;¢,) to P, implies that v(e,, ) tends to /3 as
k — oo. Since the limit is independent of the choice of subsequence {e,, }, we conclude
that v(e,) converges to v/3 as n — oo. Next, thanks to Hurwitz Theorem and the fact that
A3(g), A\i(g) converge to v/3i, —/3i respectively, the pair (\s(,, ), As(€n,)) coincides with
(As(eny ), Malen,)) in B(v/3i,71) x B(—+/3i,71). This contradicts the fact that Az(e,, ), Aa(€n,)
are both simple. Up to replacing ¢y, with a smaller value if needed, we have proved that
(w(e)i, —w(e)i) is the unique pair of conjugate eigenvalues of Py(-;¢) and Ag(e) = w(e)i for
every ¢ € (0,e9). The proof is now complete. O

2.5.2 Hopf bifurcation theorem

For fixed 0 < € < €, g9 and ¢ given by Proposition 2.7, let us consider the fully nonlinear
problem (2.48), where now we find it convenient to write F'(w;m) instead of F'(w) to make
much more explicit the dependence of the nonlinear term F' on the bifurcation parameter
m. According to Proposition 2.7, the bifurcation parameter m has a critical value m¢(e) €
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(6 — 6,6+ d). We intend to prove that a Hopf bifurcation occurs at m = m¢(¢g) if ¢ is small
enough. For m close to m¢(e), we are going to locally parameterize m and w by a parameter
o € (—09,00). To emphasize this dependence, we will write m(o) and w(-, ;o).

Theorem 2.9. For any fized o € (0,1), there exists €9 € (0,e0), such that whenever ¢ €
(0,€0) is fized, the following properties are satisfied.

(i) There exist o9 > 0 and smooth functions m, p : (—og,00) — R, w : (—09,00) —
CIH R W) N C*(R; Q(D(L))), satisfying the conditions m(0) = m¢, p(0) = 1 and
w(-,+;0) = 0. In addition, w(-,-;0) is not a constant if o # 0, and w(-,-;0) is a
T'(o)-periodic solution of the equation

w, (-, 0) = QLw(,;0)+ F(w(,0);m(o)), T ER,

1

where T(o) = 2mp(o)w™" and w = w(e) is defined in Proposition 2.7.

(i) There exists ny such that if m € (6 — 8,6 + &), p € R and w € C'*(R; W) N
C(R; Q(D(L))) is a 2mpw~t-periodic solution of the equation W, = QLw + F(w;m)
such that

[@llcre@m) + [[@]lca@owy) + M| + 1 = pl < no,

then there exist o € (—oo,00) and 79 € R such that m = m(o), p = p(o) and w =
w(-+70,0).

Proof. We split the proof into two steps.

Step 1. Here, we prove that there exists €; > 0 such that +w(e)i are simple eigenvalues
of L (and, hence, of the part of L in Wy = Q(W)) for every € € (0,¢;] and there are no
other eigenvalues on the imaginary axis, i.e., we prove that this operator satisfies the so-called
resonance condition.

To begin with, let us prove that +w(e)i are eigenvalues of L. In view of Theorem 2.3,
we need to show that they are roots of the dispersion relation (2.49). For this purpose, we
observe that the function D, := D.(-;m(¢)) converges to Dy locally uniformly in the strip
{A € C:|Re)| </} (for ¢ small enough), where

lN)O(/\):—/\—H— ”;W+%[(13+2A)\/1+4A+1+4A], AecC.
The function 150 has just one pair of purely imaginary conjugate roots ++v/3i. Hurwitz
theorem shows that there exists > 0 such that the ball B(v/3i,7) contains exactly one root
A(e) of 55 for each € small enough. By the proof of Proposition 2.7, we know that there
exists 1 > 0 such that w(e)i is the unique root of P; in the ball B(v/3i,r1). Clearly, A(¢)
is a root of the polynomial P and, Hurwitz theorem also shows that A(¢) converges to v/3i
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as ¢ — 0. Therefore, for ¢ small enough, both A\(¢) and w(e)i belong to B(v/3i,71) and,
hence, they do coincide. The same argument shows that —w(e)i is also a root of D.. We
have proved that there exists €; < gy such that w(e): and —w(e)i are both eigenvalues of L
of every € € (0,&;]. In particular, w(e)i are simple roots of the function D. and there are
no other eigenvalues of L on the imaginary axis.

To conclude that +w(e)i are simple eigenvalues of L for each € € (0, 1], we just need to
check that their geometric multiplicity is one. For this purpose, we observe that the proof of

Theorem 2.3 shows that the eigenfunctions associated with the eigenvalues +w(e)i are given
by

u(€) = ceM€ +

A eksé ksl _ oki1€
Hl R </{;3 — ]{;2 — ]{;3 — ]{;1 )Cg, ’U(f) = 636k3§7 f < 0,
u(€) = cge™, v(€) = cgeMt, £>0

with k; = kj 44 and the constants ¢y, c3, ¢g and cg are determined through the equation
(2.33) (with A = w(e)i) where F; = ... = F; = 0. Since the rank of the matrix in (2.33) is
three at A = £w(e)i, it follows at once that the geometric multiplicity of tw(e)i is one.

Step 2: Now, we check the nontransversality condition. We begin by observing that, for
every ¢ € (0, 1], the function D, is analytic with respect to A and continuously differentiable
with respect to m in B(v/3i,7) x (6 — 6,6 + §), where r is such that the ball B(v/3i,r) does
not intersect the half line (—oo, —1/4]. We intend to apply the Implicit Function Theorem
at (w(e)i,m(e)) for € small enough. In this respect, we need to show that the A-partial
derivative of D, does not vanish at (A3(¢), m¢(g)). To this aim, we observe that

lim ——(w(e)i,m(e)) = %(\/gi,(i) = E)\/i#

Therefore, there exists e < &1 such that, if ¢ € (0,e5], the A-partial derivative of D. at
(w(e)i,m(e)) does not vanish. Then, it follows from the Implicit Function Theorem that for
each € € (0, &y], there exist §. > 0, r. < r and a C'-mapping \. : (m(¢) — d., m(e) + d.) —
B(v/3i,r.), such that D.(\.(m),m) = 0 for all m € (m®(e)—d., m(e)+6.) and \.(6) = w(e)i.

As a consequence, there are two branches of conjugate isolated and simple eigenvalues,
Ae(m) and A.(m), which cross the imaginary axis respectively at +w(e)i for m = m®(e).

It remains to determine the sign of the real part of the derivative of \. at m = m°(e).
Since

there exists €3 < g9 such that the real part of the derivative of ). is positive at m¢(e) for any
e € (0,e3]. which completes the proof of Step 2.
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2.5. Hopf bifurcation

Applying [119, Theorem 9.3.3|, the claims follow with &5 = e3. ]

2.5.3 Bifurcation from the traveling wave

As in Subsection 2.6, we rewrite the results in Theorem 2.9 in terms of problem (2.11)-(2.13).
As above, ¢ is fixed in (0, £y); therefore, the traveling wave U depends only on m, which itself
is parameterized by o € (—0g, 09). Accordingly, the traveling wave reads U (.;;0).

The following theorem expresses that there exists a bifurcated branch bifurcating from
the traveling wave at the bifurcation point m¢(¢). The proof can be obtained arguing as in
the proof of Theorem 2.6. Hence, the details are skipped.

Theorem 2.10. For each o € (—09,09), the problem (2.11)-(2.13) admit a non trivial solu-

tion (X (-,+;0),q(-;0)) defined by:
X(30) = 07 @1 (- 0:0)0 (0) + @ 30) + U(-0),
T /T(”) (Lw(r,-;0))1(co,07)
.6

9(m0) =7+ Ty i —wi(r,0;0) —wy(r,0%; o)

T(o)

dr + h(r;0), T€R.

where )?(-,~;0) = 17(.;0), w is defined by Theorem 2.9. The function %(';U) belongs to

C'+(R). Moreover, X(-,;0) and h(+; o) are periodic with period T(c) = 2mp(c)w=. At the
bifurcation point, the “virtual period” is T(0) = 27w ™!,

We refer to, e.g., [129, 117] for solutions which are periodic modulo a linear growth.
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2. Stability analysis and Hopf bifurcation in a combustion model

2.6 Appendix

2.6.1 General solution to the equation \u — Lu = f

Here, we collect the expression of the more general classical solution to the equation Au—Lu =
f when f = (fi, f2) is a continuous function and A € C. We preliminarily note that, since
Le > 1, the equation k; y = k4 » has no complex solutions A\. The equation k; y = k3 \ admits
two complex conjugate solutions

3o —ALe + (—1)7iy/ALe(Le — 1)
i Le -1 ’

j=1,2, (2.55)

whose real part is negative. Moreover, the equation ks y = k4 » admits no complex solutions.
Also the equation k; ) = k4, admits no solutions. Indeed, squaring twice the equation
Hy )+ Hyn = Le — 1 we get A\] and A} as solutions, which would imply that k;y = kg .
Obviously, this can not be the case.

Setting w = (u,v), it turns out that, for any f = (f1, f2) € W and X # {\], A5}, the
general classical solution to the equation Au — Lu = f is given by

u(§) :(cl— Hlm /Oé(Av(s)—l—fl(s))eklv”ds) eF1aé 4 (02—|—H11’)\ /ng(A’U(S)—i-fl(S))ekQ'ASdS) eF2a8

{ A {e(ks,ka)i -1 elkax—k1 )€ _ 1 }
=qC1 — c3 + c
! Hix| Fksx—Fkiy ’ ko — ki !
ALe k3 A=k A€ / (k4 r—k1 )\
+ fa(s)e Fsrsds — / fa(s)e Farsds
HMHu{mA—mA ? Fap—kix Jo 77

ks — Kax / ok }
+ 128
(kax — k1x)(ksx — k10) Jals

fl kl’ASdS}ekl’Ag
)

elksa—k22)€ _ 1 elkax—ka )€ _ q
+ < co+ cs + c
{2 Hu{ ks — Koy o kan— ko 4
ALe kax—ka,x / i, (k3 x—ka,2)é
+ 4235ds — / e ka3
Hl,/\HQA|:k4/\_k2>\ fals kSA_k2)\ fals
k3 — kax / iy }
- 23ds
(kap — ko) (kap — ko) fals
1 13
+ = fl(s)e_kzv*sds}ekwg, (2.56)
Hix Jo
Le §

v(§) =|c3— fos)e™Fasds | ekand 4 C4+—/ fa(s)e Farsds | ek (2.57)
Hax Jo Ha
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for £ < 0 and

1 3
u(é) = (05 — Hm/ fl(s)e_kl’*sds) eh1at (06 + E/ fi(s k"’“sds) M8 (2.58)

U(g) = ( H3 R / fg _k5 )‘st) Bks A8 + (Cg + E / f2 kG’)‘st) 6k6‘)‘£, (259)

for € > 0. Here, H; ) (i =1,2,3) and k; (j =1,...,6) are defined by (2.24)-(2.25).
If X € {A}, A5}, then ky y = k3 \. Hence, in the definition of u for £ < 0, the term

A(ek&/\*kl,)\ _ 1)
Hi)(ksx— k1))

AL (k3 x—F1,2)¢ kay — k
+ = { / fols)e Fsx3ds 4 A A / fals ’ﬁwds}
Hy\Hox | kax — ki (ksx — ki) (kax — Kix)

C3

should be replaced by

A ALe /5 L ALe ekta—ki)8 / Lk
— € — s — s)e A ds — 425,
Hy \ € Hy \Hs \ J (s = €)fals) Hy yHy\(kyy — k1n) fals

2.6.2 On the equality ki) = ks )

Here, we show that the solutions of the equation ki) = ks, i.e., the complex numbers
given by (2.55), are not solutions of the dispersion relation. Since (Le® + 4Le(A + A%))Y? =
Le — 1+ (14412, it is easy to see that D(A},©;,Le) = 0 if and only if

AL 4AL AL
VLe + 4\Le {112¢—e+(@i—1)(1— ¢ L4 ¢ )}

v0Le—1 Le—1 vLe—1
Ale ALe 4ALe ALe
=2Ale— (Le4+2l———x | |1 £ 20—+ (O, — 1) 1 — + 44 )
¢ (e Z\/Le—1>[ Z\/Le—l ( )( Le -1 Z\/Le—l)]
(2.60)

Squaring both sides of (2.60) and identifying real and imaginary parts of the so obtained
equation, after some long but straightforward computation we get the following system for
Le and ©;:

A%Le? ALe ALe?

24 ALe+16(0;—1)? — (0;—1 —1)—0,Le+4(0;—1 =
©; +ALe+16(0; >(Le—1)2 8Le—161(@l )(30,—1)—0,Le+4(0; )Le_1 0,
4ALe(0;—1)(40;—3) + (Le—1)(30;—40%—Le + 20,Le) = 0.

(2.61)

First, we consider the second equation in (2.61). Replacing A with its value given by (2.8)
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2. Stability analysis and Hopf bifurcation in a combustion model

and solving the so obtained equation with respect to Le, we obtain that there are no positive
solutions if ©; = 1/2 and, when 0, € (0,1) \ {1/2}, then the equation has two real solutions

2002 — 130; — 1 + (4000* — 55203 + 16902 + 140; + 1)2
20, — 1 ‘

Lei =

A straightforward computation reveals that Le_ > 1 if and only if ©; < 1/2, whereas Le, > 1
if and only if ©; € (6;,1), where the value ©; = (44 1/22)/12 ~ 0.724 will play a significant
role hereafter.

Now, we go back to the first equation in (2.61). Replacing A by its value, given by (2.8),
and taking Le = Le,, we get the following equation

p(©)) = (signum(1 —26,))(1 — ©,)g(6,),/4000? — 55207 + 16967 + 146, + 1 (2.62)
for ©; € (0,1/2) U (6;,1), where

p(©;) = — 3840007 + 29689607 — 8008960 + 104146805 — 69865807 + 2184920} — 147186
— 389407 — 2980; — 8,

q(0;) =192000 — 1160007 + 1916407 — 1203807 + 217467 + 2510; + 8.

It follows from the next lemma that (2.62) admits no solutions in the set (0,1/2)U(©;,1)
and, consequently, the solutions of k; = k3 \ are not zeros of the dispersion relation.

Lemma 2.11. Function q is positive in (0,1/2) and negative in (©;,1). On the contrary, p
is negative in (0,1/2) and positive in (©;,1).

Proof. Since the proof is easy but rather technical, we sketch it. In what follows, we denote
by ¢ positive constants which may vary from line to line. Similarly, by p; and ¢x we denote
polynomials of degree k, which may vary from estimate to estimate.

We begin by considering the function ¢. For ©; € (0,1/2), we can estimate the sum of the
first three terms in the definition of ¢ by 1336407, so that ¢(0,) > ©,;(133640? — 12038027 +
21740, +251) + 8 and the right-hand side of the previous inequality is not less than —20,; 48,
so that ¢ is positive in (0,1/2).

For ©; € (@i, 1) things are a bit trickier. Obviously, it suffices to prove that ¢ is negative
in (7/10,1). For this purpose, we observe that, since ¢(7/10) < 0, we can estimate ¢ <
q —q(7/10) =: g5 in such an interval and

45(0;) <cO;(100; — 7)(1200000; — 64100007 + 74905007 — 2280400; — 23753)

=c0,;(100; — 7)[(100; — 7)(240000? — 11140002 + 718300; + 4673) — 73975].
(2.63)
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Computing the maximum value of the above third-order polynomial in the interval (7/10, 1),
we conclude that ¢(©;) < ¢0;(100; — 7)[17217(10@ — 7) — 73975], whose right-hand side
is negative if ©; € (7/10,0;), where ©; = 67657/86085 ~ 0.786. On the other hand, if
©; € [0;,1), we can subtract from the fourth-order polynomial on the first line of (2.63) its
value at ©; (which is negative) and, thus, estimate ¢(8;) < ¢©;(100; — 7)(0; — 6,)¢3(0;),
and g3 is negative in the interval [@Z, 1), as it is easily seen. Thus, ¢ is negative in (@i, 1) as
claimed.

Next, we consider function p, first addressing the case when ©; € (0,1/2). Note that
p(©i) < p(©;) — p(0) = Oips(0;) < Oi(ps(O;) — ps(1/2)) = cOi(1 — 20;)p7(6;) for every
0; € (0,1/2). Tterating this procedure, in the end we deduce that p(0;) < cO2(1—20;)%p4(6;)
for each ©; € (0,1/2). Since ps(0;) < pa(0;) — pa(1/2) = ¢(1 — 20;)ps(0;) for every
©; € (0,1/2) and p3 is negative in (0,1/2), p(©;) is negative for each ©; € (0,1/2).

Let us now assume that ©; € (@i, 1). Since ©; > 18/25 =: (:)i, we can limit ourselves to
proving that p is negative in (0;,1). For this purpose, we observe that
p(©i) <P(@') —P(@ ) = C(@ — 0:)ps(0;) < C(éz — 0;)[ps(0;) — Pg(éi)] = _C(éi - @i>2p7(@i>
— ¢(6; = 0,)°[pr(0:) — pr(1)] = c(6; — ©:)*(1 — ©,)ps(6:).
If ©; € [0.745,0.75] then we estimate ©F < 751072 for k = 4,6, ©F > 745 . 1073 for
k =1,2,3,5, and conclude that ps and, hence, p is negative in [0.745,0.75]. For ©; € (0.75,1),
we estimate pg(0;) < pe(©;) — pe(3/4) = c(40; — 3)p5(0;). Iterating this procedure, we

conclude that ps(©;) < (40; — 3)’p3(©;) and the polynomial ps is negative in (0.75,1).
Finally, if ©; € (0.72,0.745) then we set ©; = 0.745, estimate

Dp5(0) < ¢(©; — 6,)(p5(0;) — ps(6:))

p6(0:) <(ps(©:) — p6(@ ) < c(O; — =)
0:)%(p1(©:) — pa(61)) = c(©; — 6,)(0; — ©,)*p3(6;)

<
=c(0; — 0:)*pa(0;) < (6, —

and observe that ps is negative in [0.72,0.745). Thus, p is negative in this interval as well.
Summing up, we have proved that p is negative in (0;,1) as claimed. This concludes the
proof. n

2.6.3 The coefficients of the polynomial P;(-;m,e)

We collect here the expression of the coefficients a; = a;(m,e) (i = 0,1,...,7) of the poly-
nomial Pr(\;m,e) = ap\” + a1 \® + ao\® + azA\? + as\3 + as\? + ag\ + a7, which appears in
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Subsection 2.5.1. They are given by

ap = 211(8 — 1)452
ay = =21 (e? — 2)?[(5e® — 2e + 1)m? + 2(e + 1)*m + 4];

az = (% — ¢)[e(59e® — 9% + 17e — 3)m* + 4e(15e° + 15> + 17e + 1)m®
+4(e +2)(* + 9% + 5e + 1)m>—8(2e® — 3e® — 4e — 3)m — 8(c — 1) (e + 2)];

az=2"[—*(5e — 1)(9e® + % + 7= — 1)m® — 2°(59¢* — 8e® + T4e” + 8¢ — 5)m”
—4e(4e° 427" +246* 4+ 37 +6c — 2)m* +4e(4e” + 20! —31® —236* — 33 — 1)m?
+4(9e°4+27e* — 156> —24e* — 12 — 1)m>+4(e* +17% — 76 =92 — 2)m—4(e—1)*(2e+1)];

ag = 2°[£°(92 — 1)*(e — 1)*m® + 827 (e — 1)(45¢” + 5e* — 21e + 3)m”
+82(21€° —58e® — 843 — 3262427 — 2)mb —16¢ (34 +42e* +113® + 81— Te —T)m°
—16(7¢%4-96¢° +755 +176£3 44222 —10e —2)m* 416 (6e* — 75e® — 65> — 117 — 5)m?

+16(29e* — 7® — 482” — 31e — T)m® + 32(e — 1)(7e” + 14e + 3)m — 16(s — 1)*];

(

as = 2°m[e*(e — 1)*(9* + € — 2)m" + (€ — £)(38e* + 46¢” — 39¢” + 3)m°
+ (36 4 33¢° — 123 — 95¢° 4 54e? — 1)m°
— (8% — 8 + 169" + 233” + 25¢% — 41e — 2)
— (60 + 110e* + 320® + 1292 — 22¢ — 21)m?
— 4(16e*+37% +41°+ Te —5)m*+2(4e” — 37e* — 10 —5)m~+4(5e” — 2 — 3] ;
ag = 2°m[2%(e — 1)*(e + 1)(2e — 1)m" + (£* — €)(16¢™ + 58=® — 19e* — 10 + 3)m°
+ (1665 + 726 — 39¢* — 17163 4 42% 4+ 17e — 1)m”®
+2(208° — 12e* — 113 — 692 + 41 + 5)m* — (2¢ + 1)(18¢® + 81&® + 80e — 51)m?
— 4(282° + 31* + 20e — 15)m* — 4(11e — 3)(e + 1)m — 8(1 — €)];
ar =2 (m* + m?)[e*(e* — 1)(2e — I)m* + (2 — 1)(3e® — 3 — 2)m?
+ (2" — 136 + 4e + 1)m® — 3(2e — 1) (e + 1)m + 2(1 — 2¢)].
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Chapter 3

Spreading speeds and pulsating fronts for

a field-road model in a spatially periodic
habitat!

3.1 Introduction

The goal of this paper is to investigate propagation properties for a field-road model in
a spatially periodic environment. Taking into account this heterogeneity in space, we shall
establish the existence of the asymptotic spreading speed and its coincidence with the minimal
wave speed of pulsating traveling fronts in the direction of the road. In this paper, the line
{(x,0) : x € R} will be referred to as the road in the plane R?. The heterogeneity is
assumed to appear in z-direction. Then by symmetry, we can consider the upper half-plane
Q= {(x,y) € R?: y > 0} as the field. Denote by u(t,z) the linear density of population
on the road and by v(t, z,y) the areal density of population in the field. Such a model can
be understood as the low-dimensional case of the “bulk-surface model” (involving volumetric
densities and surface densities) where the surface has no thickness. The population in the field
is assumed to be governed by a Fisher-KPP equation with diffusivity d and heterogeneous
nonlinearity f(z,v), whereas the population on the road is subject to a diffusion equation
with diffusivity D > 0 which is a priori different from d. Moreover, there are exchanges of
populations between the road and the field in which the parameter p > 0 stands for the
rate of individuals on the road going into the field, while the parameter v > 0 represents the
rate of individuals passing from the field to the road. Therefore, we are led to the following

1This work is submitted.
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system:
Oyu — DOpu = vo(t,z,0) — pu, t>0, z €R,
O — dAv = f(z,v), t>0, (x,y) € Q, (3.1)
—doyv(t,x,0) = pu — vo(t,z,0), t>0, ze€R.

We assume that the reaction term f(x,v) depends on the x variable in a periodic fashion. As
a simple example, f may be of the type f(x,v) = a(z)v(1—wv) in which the periodic coefficient
a(x) can be interpreted as an effective birth rate of the population. In models of biological
invasions, the heterogeneity may be a consequence of the presence of highly differentiated
zones such as forests, rivers, grasslands, roads, villages, etc., where the species in consideration
may tend to reproduce or die with different rates from one place to another. Therefore, it
is a fundamental problem to understand how heterogeneity influences the characteristics of
front propagation such as front speeds and front profiles.

Let us recall the origin of this model and relevant results. The field-road model was first
introduced by Berestycki, Roquejoffre and Rossi [30] in 2013 where all parameters are homo-
geneous. The authors proved that a strong diffusion on the road enhances global invasion in
the field. More precisely, denote by w* the asymptotic spreading speed in the direction of the
road for the homogeneous field-road model and by cxpp := 24/df’(0) the spreading speed for
the scalar KPP equation u; — du,, = f(u), they proved that: if D < 2d, then w* = cxpp; if
D > 2d, then w* > cgpp. Moreover, they showed that the propagation velocity on the road
increases indefinitely as D grows to infinity. As a sequel, the same authors introduced in [31]
transport and mortality on the road to understand the resulting new effects. Let us point
out that the original model was considered in a homogeneous frame, which means that every
place in the field is equivalently suitable for the survival of species, whereas this homogeneity
assumption is hardly satisfied in natural environments. Therefore, it is of the essence to take
into account the heterogeneity of the medium. Later on, it was proved in [13, 32| that the
road enhances the asymptotic speed of propagation in a cone of directions. The paper [33]
established the existence of standard traveling fronts for this homogeneous system for ¢ > w*.
Giletti, Monsaingeon and Zhou [84] considered this model with spatially periodic exchange
coefficients:

0w — DOppu = v(z)v(t,z,0) — p(x)u, t>0, z eR,
o — dAv = f(v), t>0, (z,y) € Q,
—doyv(t,z,0) = p(x)u(t,z) — v(x)v(t,z,0), t>0, z€R,

where p(x),v(z) are L-periodic in x in CY"(R), and p(z),v(z) ># 0. They recovered the
same diffusion threshold D = 2d in [30]. In 2016, Tellini [152] studied the homogeneous field-
road model in a strip with an imposed Dirichlet boundary condition on the other side of the
strip. It is noticed that traveling fronts were just studied in [33] for the original homogeneous
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model and in [57| for a truncated problem with ignition-type nonlinearity.

Related results were also obtained in various frameworks. The case of a fractional dif-
fusion on the road was treated in [13, 14]. Nonlocal exchanges were studied in [134, 135].
Models with an ignition-type nonlinearity were considered in [57, 58|. The field-road model
set in an infinite cylinder with fast diffusion on the surface was investigated in [140]. The
case where the field is a cone was studied in [63]. The authors in [16] discussed the effect of
the road on a population in an ecological niche facing climate change based on the notion
of generalized principal eigenvalues for heterogeneous road-field systems developed in [15].
Propagation phenomena for heterogeneous KPP bulk-surface systems in a cylindrical domain
was investigated recently in [34]. The existence of weak solutions to an elliptic problem in
bounded and unbounded strips motivated by the field-road model was discussed in [52]. An
interesting but different field-road model where the road is with very thin width was intro-
duced in [111] using the so-called effective boundary conditions to study speed enhancement
and the asymptotic spreading speed.

By contrast with standard periodic reaction-diffusion equations, the mathematical study
of (3.1) contains the following difficulties: firstly, the periodic assumption only set on z
variable but not on y leads to the noncompactness of the domain, therefore the existence
of pulsating fronts cannot be obtained by PDE’s methods easily. Secondly, due to the het-
erogeneous hypothesis on f, the situation is much more involved so that we are not able to
derive precise threshold result of speed enhancement with respect to different diffusivities on
the road and in the field. Thirdly, in terms of the generalized eigenvalue problem in the half-
plane, one of main technical difficulties is to get some estimates for the generalized principal
eigenfunction pair. To the best of our knowledge, there has been no known result about the
existence of generalized traveling fronts for the field-road model in heterogeneous media up
to now.

The aim of this work is to prove the existence of the asymptotic spreading speed c¢* as
well as its coincidence with the minimal speed of pulsating traveling fronts along the road for
(3.1) in a spatially periodic habitat. Our strategy is to study a truncated problem with an
imposed zero Dirichlet upper boundary condition as a first step. Specifically, by application
of principal eigenvalue theory and of dynamical system method, we show the existence of the
asymptotic spreading speed c}, as well as its coincidence with the minimal speed of pulsating
traveling fronts along the road. We further give a variational formula for ¢ by using the
principal eigenvalue of certain linear elliptic problem. Based on the study of the truncated
problem, we eventually go back to the analysis of the original problem in the half-plane by
combining generalized principal eigenvalue approach with an asymptotic method. Let us
mention that the results in this paper can also be adapted to the case of periodic exchange
coefficients treated in [84].

For general reaction-diffusion problems, there have been lots of remarkable works on
spreading properties and pulsating traveling fronts. We refer to [155, 17, 22, 113, 114, 23,
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3. Spreading speeds and pulsating fronts for a field-road model in a periodic habitat

25, 98] and references therein.

3.2 Hypotheses and main results

Throughout this paper, we assume that f: R x R, — R is of class C'? in (z,v) (with
0<d < 1)and C? in v, L-periodic in z, and satisfies the KPP assumption:

f(,00=0= f(-,1), 0< f(,v) < fu(+,0)v for v € (0,1), f(-,v) <0 for v € (1,+00).

Define M := maxjy ) f,(2,0) and m := ming ) f,(2,0). Then M > m > 0. We further
assume that
fz,v)

()

Ve eR, vi— is decreasing in v > 0.

In what follows, as far as the Cauchy problem is concerned, we always assume that the
initial condition (ug,vg) is nonnegative, bounded and continuous.

We now present our results in this paper. As a first step, we focus on the following
truncated problem with an imposed Dirichlet upper boundary condition:

Ou — DOppu = vou(t,z,0) — pu, t>0, z €R,

atv—dAU:f(l',U), t>07 (x,y)EQR, (3 2)
—do,v(t,z,0) = pu — vu(t,z,0), t>0, z€R, '
v(t,z,R) =0, t>0, reR,

in which Qg := {(z,y) € R: 0 < y < R} denotes a truncated domain with width R
sufficiently large. In fact, the width R of the strip plays a crucial role in long time behavior of
the corresponding Cauchy problem (3.2) due to the zero Dirichlet upper boundary condition.
A natural explanation, from the biological point of view, is that if the width of the strip
is not sufficiently large, the species may finally extinct because of the effect of unfavorable
Dirichlet condition on the upper boundary. Therefore, we shall give a sufficient condition on
R such that the species can persist successfully. Here is our statement.

Theorem 3.1. If
dm?

> —_
4R?’

then (3.2) admits a unique nontrivial nonnegative stationary solution (Ug, Vg), which is L-

m (3.3)

periodic in x. Moreover, let (u,v) be the solution of (3.2) with a nonnegative, bounded and
continuous initial datum (ug,vo) Z (0,0), then

lim (u(t,x),v(t,z,y)) = (Ur(x), Vr(x,y)) locally uniformly in (z,y) € Q. (3.4)

t——+o0
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Remark 3.2. In particular, when the environment is homogeneous, i.e. f(x,v) = f(v),
R should satisfy 4R?f’(0) > dr?, which coincides with the condition in [152]. Let R, > 0
be such that m = %. For any R > Ry := 2R., (3.3) is satisfied and there also holds

m = dRig > ‘g—;. Throughout the paper, as far as the truncated problem is concerned, it is

not restrictive to assume that R > Ry (since our concern is to take R — +oo to consider
(3.1) ), which will be convenient to prove the positivity of the asymptotic spreading speed cf
for problem (3.2).

Let (Ug,Vg) be the unique nontrivial nonnegative stationary solution of (3.2) in the
sequel. We are now in a position to investigate spreading properties of solutions to (3.2) in
Qpr, which is based on dynamical system method and principal eigenvalue theory.

We first consider the following eigenvalue problem in the strip Qp:

(_D¢" +2Dag¢’ + (—Da® + p)é — vib(z,0) = 0, z € R,

—dAY + 2dadp — (do? + fo(z,0))Y = o), (x,y) € Qr,
—doy(x,0) + vip(z,0) — pep =0, reR, (3.5)
v(x,R) =0, reR,

[ ;¢ are L-periodic with respect to .

The compactness of the domain allows us to apply the classical Krein-Rutman theory which
provides the existence of the principal eigenvalue Ag(«) € R and the associated unique (up to
multiplication by some constant) positive principal eigenfunction pair (P, (), Qa,r(z,v)) €

C3(R) x C3(QR) for each a € R.

Theorem 3.3. Let (Ug, V) be the unique nontrivial nonnegative stationary solution of (3.2)
obtained in Theorem 3.1 and let (u,v) be the solution of (3.2) with a nontrivial continuous
initial datum (ug,vo) with (0,0) < (ug,vo) < (Ur, Vr) in Qr. Then there exists ¢y > 0 given
by

—Ar(@)

Y

BT a
called the asymptotic spreading speed, such that the following statements are valid:

(1) If (ug,vo) is compactly supported, then for any ¢ > ¢}, there holds

lim sup u(t,x),v(t,z,y))| = 0.
dm, s |(u(t, ), v( |

(ii) For any 0 < ¢ < ¢}, there holds

lim sup  |(u(t, z),v(t, z,y)) — (Ur(x), Vr(z,y))| = 0.
t=400 |z <et, ye[0,R]
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3. Spreading speeds and pulsating fronts for a field-road model in a periodic habitat

Before stating the result of pulsating fronts for (3.2), let us give the definition of pulsating
traveling fronts in the strip Qp for clarity.

Definition 3.4. A rightward pulsating front of (3.2) connecting (Ug(z), Vr(z,y)) to (0,0)
with effective mean speed ¢ € Ry is a time-global classical solution (u(t,z),v(t,z,y)) =
(pr(z — ct,x),Yr(x — ct,z,y)) of (3.2) such that the following periodicity property holds:

k k —
ult+ —x)=ult,z —k), vit+—,z,y)=v(t,x—k,y) VkeLZ VteR, V(zr,y) € Qg.
c ¢

(3.6)
Moreover, the profile (¢pr(s,x),¥r(s,x,y)) satisfies
Or(—00,x) = Ur(x), ¢r(+00,z) =0 uniformly in x € R, (3.7)
¢R(_m7$a y) = VR(‘T’ y)7 wR(_’_OOv Iay) =0 umformly in (‘Ta y) S ﬁR) .

with (¢r(s,x),Yr(s,x,y)) being continuous in s € R.

Similarly, a leftward pulsating front of (3.2) connecting (0,0) to (Ug(z), Vr(z,y)) with
effective mean speed ¢ € Ry is a time-global classical solution (u(t,z),v(t,z,y)) = (pr(z +
ct,x), Yr(x + ct,z,y)) of (3.2) such that the following periodicity property holds:

u(t + %,x) =u(t,x+k), o+ %,x,y) =0(t,x+k,y) Vk€LZ VtcR, V(x,y) € Qg.
Moreover, the profile (pr(s,z),Vr(s,x,y)) satisfies
¢r(—00,x) =0, ¢r(+00,z) = Ur(x) uniformly in x € R,
{wR(—oo,a:,y) =0, Yr(+oo,z,y) = Vr(z,y) uniformly in (x,y) € Qg,
with (¢r(s, ), Vr(s,x,y)) being continuous in s € R.

Theorem 3.5. Let c}; be given as in Theorem 3.3. Then the following statements are valid:

(i) Problem (3.2) admits a rightward pulsating front connecting (Ugr(z), Vr(z,y)) to (0,0)
with wave profile (pr(s, ), Yr(s,,y)) being continuous and decreasing in s if and only
if ¢ > ckg.

(ii) Problem (3.2) admits a leftward pulsating front connecting (0,0) to (Ur(x),Vr(x,y))
with wave profile (pr(s, ), Vr(s,z,y)) being continuous and increasing in s if and only
if ¢ > ch.

Theorems 3.3 and 3.5 are proved simultaneously. It is worth mentioning that, compared
with the homogeneous field-road model [30] where there exists a unique minimal speed w*
along the road in the left and right directions, here we get a striking resemblance. That is,

38



3.2. Hypotheses and main results

with the spatially periodic assumption and one-dimentional setting on the road, the KPP
minimal wave speeds in the right and left directions are still the same, even if there is no
homogeneity in z-direction anymore. However, the asymptotic spreading speeds may differ
in general, according to the direction in heterogeneous media and/or in higher dimension.

Having the principal eigenvalue Ag(«) for eigenvalue problem (3.5) in hand, we construct
in Section 3.5.1 the generalized principal eigenvalue () by passing to the limit R — 400
in Ag(«) for each o € R, and show that there exists a positive and L-periodic (in z) solution
(P., Q) of the following generalized eigenvalue problem in the half-plane:

—DP! +2DaP, + (—=Da? + u) P, — vQ4(z,0) = Ma)P,, x€R,
—dAQ, + 2dad,Qu — (da* + f,(7,0))Qa = M) Qa, (x,y) € Q,
—d0yQa(,0) + vQu(x,0) — pP, =0, z € R,

P.,, Q. are L-periodic with respect to z.

(3.8)

We call (P,,Q.) the generalized principal eigenfunction pair associated with A(«).
We are now in a position to give the spreading result in the half-plane.

Theorem 3.6. Let (u,v) be the solution of (3.1) with a nonnegative, bounded and continuous
initial datum (ug,vo) Z (0,0). Then there exists ¢* > 0 defined by

¢ = inf —A(a)’
a>0 0%

called the asymptotic spreading speed, such that the following statements are valid:
(i) If (ug,vo) is compactly supported, then for any c > c¢*, for any A > 0,

lim  swp |(ult), vt 7)) = 0.

=40 2| >ct, 0<y<A

(11) If (ug,vo) < (v/u, 1), then, for any 0 < ¢ < ¢*, for any A > 0,

lim sup  |(u(t,z),v(t,z,y)) — (v/p,1)| = 0. (3.9)
=00 jg|<et, 0<y<A
In the proof of Theorem 3.6, the generalized principal eigenfunction pair (P,, Q) of (3.8)
associated with A(a) will play a crucial role in getting the upper bound for the spreading
result. The lower bound follows from spreading results in the truncated domain via an
asymptotic method.
Next, we state the concept of pulsating fronts for problem (3.1) in the half-plane €.

Definition 3.7. A rightward pulsating front of (3.1) connecting (v/u,1) and (0,0) with
effective mean speed ¢ € Ry is a time-global classical solution (u(t,z),v(t,z,y)) = (¢p(z —
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ct,x), (x — ct,x,y)) of (3.1) such that the following periodicity property holds:
k k _
wlt+ —x) =ult,z —k), vlt+—,z,y)=v(t,x—kyy) VkeLZ VteR, Y(zr,y) € N.
c c
Moreover, the profile (¢(s,x),v(s,x,y)) satisfies

(=00, z,y) = 1, Y(+00,z,y) = 0 uniformly in x € R, locally uniformly in y € [0, +00),
(3.10)

{gzﬁ(—oo, x) =v/u, ¢(+o00,x) =0 uniformly in x € R,

with (¢(s,x), ¢(s,x,y)) being continuous in s € R.

Similarly, a leftward pulsating front of (3.1) connecting (0,0) and (v/u, 1) with effective
mean speed ¢ € Ry is a time-global classical solution (u(t,z),v(t,z,y)) = (p(z +ct,z),Y(x +
ct,x,y)) of (3.1) such that the following periodicity property holds:

- k ~ .k ~ _
u(t+z,x) =u(t,z + k), v(t—irz,:v,y) =v(t,x + k,y) VkeLZ VteR, V(z,y) €.
Moreover, the profile (¢(s,x),¥(s,z,y)) satisfies

¢(—00,x) =v/u, ¢(+oo,x) =0 uniformly in x € R,
P(—o0,z,y) =1, Y(+o0,z,y) = 0 uniformly in x € R, locally uniformly in y € [0, +00),

with (¢(s, ), d(s,x,y)) being continuous in s € R.
Based on Theorem 3.5 and an asymptotic method, we can show:
Theorem 3.8. Let ¢* be defined as in Theorem 3.6. Then the following statements are valid:

(i) Problem (3.1) admits a rightward pulsating front connecting (v/u, 1) to (0,0) with wave
profile (¢(s,x),v(s,x,y)) being continuous and decreasing in s if and only if ¢ > c*.
(

(i1) Problem (3.1) admits a leftward pulsating front connecting (0,0) to (v/p, 1) with wave
profile (¢(s, ), (s, z,y)) being continuous and increasing in s if and only if ¢ > c*.

Outline of the paper. The remaining part of this paper is organized as follows. In
Section 3.3, we state some preliminary results for problem (3.1) in the half-plane and for
problem (3.2) in the strip, respectively. We prove Liouville-type results and investigate
large time behaviors for problem (3.1) in Section 3.1 and for problem (3.2) in Section 3.2,
respectively. Section 3.4 is dedicated to the proofs of Theorems 3.3 and 3.5. Particularly,
the principal eigenvalue problem in Qp is investigated, see Proposition 3.18. In Section 3.5,
we give the proofs of Theorems 3.6 and 3.8, based on the study of the generalized principal
eigenvalue problem and the results derived for truncated problems.
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3.3 Preliminaries

In this section, we state some auxiliary results in the half-plane and in the truncated domain,
respectively. Specifically, two versions of comparison principles that will be diffusely used
throughout this paper and the well-posedness of the Cauchy problems for problem (3.1) in
the half-line and for problem (3.2) in the strip will be given below, respectively. Since the
results can be proved by slight modifications of the arguments in [30], we omit the proofs
here. We also prove Liouville-type results and large time behavior of solutions to Cauchy
problems (3.1) and (3.2), respectively. Finally, we investigate the limiting property of the
stationary solution in the strip when the width of the strip goes to infinity.

In the sequel, a subsolution (resp. supersolution) is a couple satisfying the system in the
classical sense with = replaced by < (resp. >) which is continuous up to time 0. We say
that a function is a generalized supersolution (resp. subsolution) if it is the minimum (resp.
maximum) of a finite number of supersolutions (resp. subsolutions).

3.3.1 Preliminary results in the half-plane

Proposition 3.9. Let (u,v) and (u,v) be respectively a subsolution bounded from above and
a supersolution bounded from below of (3.1) satisfyingu < andv < T in Q at t = 0. Then,
either u < U and v < U in 0 for all t > 0, or there exists T > 0 such that (u,v) = (4, ) in
Qfort<T.

Proposition 3.10. Let E C (0,+00) X R and F C (0,400) x Q be two open sets and let
(u1,v1) and (ug,va) be two subsolutions of (3.1) bounded from above, satisfying

up < ug on (OF) N ((0,+00) x R), vy < vy on (OF) N ((0,4+00) x Q).

If the functions u, v defined by

u(t,z) :==
us(t, x) otherwise

{max{ul(t, x),us(t,v)} if (t,x) € E

- {max{m(t,x,y),vz(t,x,y)} if (toy) € F
u(t,z,y) =

va(t, x,y) otherwise
satisfy

u(t,z) > us(t,x) = v(t,z,0) > vy(t, z,0),
v(t,x,0) > va(t,x,0) = u(t,x) > uy(t, z),

then, any supersolution (u,v) of (3.1) bounded from below and such that u <@ and v < 7T in
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Q att =0, satisfiesu < and v < T in Q for all t > 0.

Proposition 3.11. The Cauchy problem (3.1) with nonnegative, bounded and continuous
initial datum (ug,vo) Z (0,0) admits a unique nonnegative classical bounded solution (u,v)
fort >0 and (z,y) € Q.

Now we prove a Liouville-type result for the stationary problem corresponding to (3.1)
as well as the long time behavior of solutions for the Cauchy problem (3.1).

Theorem 3.12. Problem (3.1) has a unique positive bounded stationary solution (U, V) =
(v/p,1). Moreover, let (u,v) be the solution of (3.1) with a nonnegative, bounded and con-
tinuous nitial datum (ug,ve) Z (0,0), then

tiiinoo(u(t,x), v(t,z,y)) = (v/u,1) locally uniformly for (z,y) € Q. (3.11)
Proof. Let (u,v) be the solution, given in Proposition 3.11, of the Cauchy problem (3.1)
starting from a nonnegative, bounded and continuous initial datum (ug,v9) # (0,0). We
first show the existence of the nontrivial nonnegative and bounded stationary solution of
(3.1), by using a sub- and supersolution argument. Take p > 0 large enough such that
the principal eigenvalue of —A in B, C R? with Dirichlet boundary condition is less than
m/(2d) (recall that m = ming 1) f,(x,0) > 0). Then, the associated principal eigenfunction
¢, satisfies —dAy, < my,/2 in B,. Hence, there exists g > 0 such that the function ey,
satisfies —dA(ep,) < f(x,ep,) in B, for all € € (0,&9]. Define V(z,y) = ep,(z,y —p — 1)
in B,(0,p+ 1) and extend it by 0 outside. The function pair (0, V) is nonnegative, bounded
and continuous. On the other hand, Proposition 6.25 implies that (u,v) is positive for
t > 0 and (z,y) € Q. Hence, up to decreasing ¢ if necessary, we have that (0,V) is below
(u(1,-),v(1,-,-)) in Q. Let (u,v) be the unique bounded classical solution of (3.1) with
initial condition (0,V’). It then follows from Proposition 3.10 that (u,v) is increasing in ¢
and (u(t, ), v(t,z,9)) < (u(t+ 1,7),v(t + 1,2,y)) for t > 0 and (z,y) € Q. By parabolic
estimates, (u,v) converges locally uniformly in Q as t — 400 to a stationary solution (U3, V;)
of (3.1) satisfying

0 < Up < liminfu(t, z), V<V < l}mjnfu(t,w,y). (3.12)
—400

t——4o00

On the other hand, define

(3.13)

(U,V) = max{” 0”5 (R), ” OHL,u(Q) }(MM).

Obviously, (U, V) is a supersolution of (3.1) and satisfies (U, V) > (ug,v0). Let (u,v) be
the solution of (3.

3. U,
1) with initial datum (U, V), then Proposition 6.25 implies that (u, ) is
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non-increasing in ¢. From parabolic estimates, (%,7) converges locally uniformly in Q as
t — +00 to a stationary solution (Us, V) of (3.1) satisfying

limsupu(t,z) < Uy < U, limsupv(t,z,y) < Vo < V. (3.14)
t——+o0 t——+o0
Therefore, the existence of nontrivial nonnegative and bounded stationary solutions of (3.1)
is proved.

Let (U,V) be an arbitrary nontrivial nonnegative and bounded stationary solution of
(3.1). In the spirit of [30, Proposition 4.1] and [84, Lemma 2.5, one can further conclude
that infg V' > 0 and then infgr U > 0, by using the hypothesis m := minp 1) f,(x,0) > 0.

Next, we show the uniqueness. Assume that (U, V1) and (Us, V3) are two distinct positive
bounded stationary solutions of (3.1). Then, there is € > 0 such that U; > ein Rand V; > ¢
in Q for i = 1,2. Therefore, we can define

0* :=sup {6 >0: (U;,V1) > 0(Us,V3) in Q} > 0.

Assume that 8 < 1. Set P .= U; — 09Uy > 0in R and Q := V;, — 0"V, > 0 in Q.
From the definition of 6*, there exists a sequence (2, ¥, )nen in Q such that P(z,) — 0, or
Q(Tn,yn) — 0 as n — +o0.

Assume that the second case occurs, we claim that (y,)nen is bounded. Assume by
contradiction that y, — +o00 as n — 400, then, up to extraction of a subsequence, the
functions V; ,,(z,y) := Vi(x,y + y») (i = 1,2) converge locally uniformly to positive bounded
functions V; o, solving —dAV; o, = f(x,V; ) in R?, which implies that V; o, = 1 in R? because
of the KPP hypothesis on f. Then, it follows that Q(z,,y,) — 1 —6* > 0 as n — 400,
which is a contradiction. Thus, the sequence (y,,)n,eny must be bounded. We then distinguish
two subcases.

Assume that, up to a subsequence, z, — T € R and y,, = 7 € [0,4+00) as n — +oo. By
continuity, one has Q > 0 in Q and Q(Z,7) = 0. Suppose that 7 > 0. Notice that @ satisfies

— dAQ = f(z, V1) — 0" f(z,V3) in Q, (3.15)

Since f(x,v)/v is decreasing in v > 0 for all x € R and since §* < 1, it follows that
—dAQ > f(x, V1) — f(x,0*V,) in Q. Since f is locally Lipschitz continuous in the second
variable, there exists a bounded function b(x,y) defined in €2 such that

— dAQ +bQ > 0 in Q. (3.16)

Since @ > 0 in Q and Q(Z,7) = 0, it follows from the strong maximum principle that Q = 0
in €, which contradicts the strict inequality in (3.16). Hence, > 0 in . Suppose now
that § = 0, then Q(7,0) = 0. The Hopf lemma implies that 0,Q(z,0) > 0. Using the
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boundary condition, one gets 0 > —do,Q(7,0) = uP(z) — vQ(7,0) = pP(T) > 0. This is a
contradiction. Therefore, Q > 0 in Q.

In the general case, let 7,, € [0, L] be such that x, — T, € LZ, then up to extraction of a
subsequence, T,, — Too € [0, L] as n — o0o. Since y,, are bounded, up to extraction of a further
subsequence, one gets y, — Y, € [0,400) as n — +oo. Let us set U; ,,(z) := U;(z + x,,) and
Vin(z,y) == Vi(x + 2,y + y,) for i = 1,2. Then, (U, ,,V,,) satisfies

_DUZ/,/TL = V‘/;,n(‘ra O) - #Uz,n n R,
—dAV; = f(2 +Tn, Vin) in Q, (3.17)
—doyV; (2,0) = pU; ,, — vV (2,0) in R.

From standard elliptic estimates, it follows that, up to a subsequence, (U, V;,) converges
locally uniformly as n — 400 to a classical solution (U; o, V; o) of

_DUz,,/oo = V‘/i,oo(xa O) - MUz,m in R,
_dA‘/i,oo = f($ + Toos ‘/i,oo) n Qv (318>
—d0yVio(2,0) = plUj o — Vi oo(x,0) in R.

Moreover, there is € > 0 such that U; .o > e in R and V, o > € in Q.
Set Poo 1= Ui oo — Uz in R, and Qo 1= Vi oo — Vo in Q. Then, P, > 0 in R,
Qoo > 0in Q and Quo (T, ¥,) = 0. Suppose that 7 > 0. Notice that Q. satisfies

—dAQu = f(Z + Too, Vios) — 0" (2 4 Too, Varoo) in Q2.

By analogy with the analysis for problem (3.15), one eventually obtains that (o, > 0 in €.
One can exclude the case that 7, = 0, by using again the Hopf lemma and the boundary
condition. Therefore, Qo > 0 in Q. Thus, the case that Q(z,,,) — 0 is ruled out.

It is left to discuss the first case that P(x,) — 0 as n — +o00. Assume first that, up
to a subsequence, x, — T as n — +o0o. By continuity, one has P > 0 in R and P(z) = 0.
Moreover, P satisfies —DP” + pP = vQ(-,0) > 0 in R. The strong maximum principle
implies that P = 0 in R, which is a contradiction. In the general case, let T, € [0, L] be
such that z, — 7, € LZ, then up to a subsequence, T, — To € [0,L] as n — o0o0. Set
Uin(z) == U(x + 2,) in R and V; (2, y) := Vi(z + x,,,y) in Q, for i = 1,2. Then (U;,, Vin)
satisfies (3.17) in Q. From standard elliptic estimates, it follows that, up to a subsequence,
Ui, and V;,, converge as n — 400 in C?. to Ui and V; o, respectively, which satisfy (3.18).
Set Py 1= Ui oo — 0"Us o in R and Q 1= Vi oo — 0"Vo o in Q. Then, P, > 0 in R and
Py (0) =0, Qs > 0 in . Moreover, it holds

—DP. + 1Py = vQus0(+,0) > 0 in R.
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The strong maximum principle then implies that P,, = 0 in R, which is a contradiction.
Hence, the case that P(x,) — 0 is also impossible.
Consequently, §* > 1, whence (U, Vi) > (U, V5) in Q. By interchanging the roles of

(U1, V1) and (Uy, Va), one can show that (Us, V) > (U, Vi) in Q. The uniqueness is achieved.

Furthermore, if (U, V) is a positive bounded stationary solution of (3.1), it is easy to check
that any L-lattice translation in x of (U, V') is still a positive bounded stationary solution of
(3.1). Thus, (U,V) is L-periodic in z. It is straightforward to check that (v/u, 1) satisfies
the stationary problem of (3.1). Therefore, (v/u,1) is the unique positive and bounded
stationary solution of (3.1). The large time behavior (3.11) of the solution to the Cauchy
problem (3.1) then follows immediately from (3.12) and (3.14). The proof of Theorem 3.12
is thereby complete. O

3.3.2 Preliminary results in the strip

Proposition 3.13. Let (u,v) and (©,v) be respectively a subsolution bounded from above
and a supersolution bounded from below of (3.2) satisfying u <7 and v < T in Qg at t = 0.
Then, either u < W and v < v in R x [0, R) and 0,0(t,z, R) < dyv(t,x, R) on R for allt > 0,
or there exists T > 0 such that (u,v) = (u,v) in Qg fort <T.

Proposition 3.14. Let E C (0,400) X R and F C (0,+00) x Qg be two open sets and let
(u1,v1) and (uz,vs) be two subsolutions of (3.2) bounded from above, satisfying

uy < ug on (OE) N ((0,400) x R), v1 < wg on (OF) N ((0,400) X Q).
If the functions u, v defined by

u(t,z) = {maX{ul(t’x%“Q(W)} if (t,x) € B

us(t, x) otherwise

(to.y) max{v(t,z,y), va(t, ,9)} if (t,x,y) € F
v\, x,Y) =
va(t, x,y) otherwise

satisfy
u(t,x) > us(t,x) = v(t,z,0) > vi(t, z,0),
v(t,x,0) > va(t,x,0) = u(t,x) > uy(t, z),

then, any supersolution (@, v) of (3.2) bounded from below and such that u <@ and v < 7T in
Qp att =0, satisfies u <7 and v < T in Qg for all t > 0.

Proposition 3.15. The Cauchy problem (3.2) with nonnegative, bounded and continuous
initial datum (ug,ve) Z (0,0) admits a unique bounded classical solution (u,v) for allt >0
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and (z,y) € Qr. Moreover, for any 0 < 7 < T and for any compact subsets I C R and
H C Qp with HN {y =0} =1,

ult, @)l g1 20y + 100 T 9 e 200 ey < Cs
where C' is a positive constant depending on 7,T, f, |[uollzm®) and |[vollpe @y -

The existence of the solution to the Cauchy problem (3.2) follows from an approximation
argument by constructing a sequence of approximate solutions in [—n,n] x [0, R| for n large
enough, which satisfy?

(O — DO,u = vo(t,z,0) — pu, t>0, z € [—n,n],

O — dAv = f(z,v), t>0, (z,y) € (—n,n) x (0, R),
—doyv(t,z,0) = pu — vo(t,z,0), t>0, x € [—n,n|, (3.19)
v(t,z,R) =0, t>0, x € |—n,nl,

L v(t, £n,y) =0, t>0, yel0,R],

and then passing to the limit n — 400 via the Arzela-Ascoli theorem. Uniqueness comes
from the comparison principle Proposition 3.13. The estimate can be derived by standard
parabolic L” theory (see, e.g., [112, page 168, Proposition 7.14]) and then the Schauder
theory.

In the following, we show the continuous dependence of the solutions to the Cauchy
problem (3.2) on initial data.

Proposition 3.16. The solutions of the Cauchy problem (3.2) depend continuously on the
imnitial data.

Proof. Let (u,v) be the solution, given in Proposition 3.15, of (3.2) with nonnegative,
bounded and continuous initial datum (ug,vg) # (0,0). We shall prove that for any ¢ > 0,
T > 0, there is 0 > 0, depending on ¢, T and (ug, vp), such that for any nonnegative, bounded
and continuous function pair (U, vg) satisfying

~ v ~
sup |ug(z) —up(x)| < =9, sup |vo(z,y) — vo(z,y)| <9, (3.20)
z€R 'U/ (x7y)e§R

the solution to (3.2) with initial value (g, vy) satisfies

sup |U(t,$) o ﬂ(t,x)\ < Z87 sSup ’U(tv SL’,Z/) o @/(ta x7y)‘ <Eé. (321)

(t.2)€[0,T] xR o (t2,y)€0,T]x0p

2Problem (3.19) with a nonnegative, continuous and bounded initial function has a unique bounded
classical solution defined for all ¢ > 0, which can be obtained in the spirit of Appendix A in [30] and the
strong maximum principle.
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Recall that M = maxq 1) f,(2,0). Define (w, z) := (u,v)e ", then (w, z) satisfies

Oyw — DOpyw = vz(t,x,0) — (u+ M)w, t>0, z€R,

8tZ—dAZ:g(t,ZE,Z), t>0’ (:E,y) GQRa (3 22)
—d0yz(t,x,0) = pw — vz(t, x,0), t>0, r €R, '
2(t,z, R) =0, t>0, zeR,

where the function g(¢,z,2) = f(x,eM2)e ! — Mz is non-increasing in z. We observe

that (u,v)e ™" and (w,v)e " are the solutions of (3.22) with initial functions (ug,vo) and

(ug, Vo), respectively.

Define
u(t, z) == max (0, w(t,z) — - (£ +1)),
u(t, z,y) == max (0, 2(t, z,y) = 6(£ + 1)),
and
u(t, ) := min (HJFLMA, w(t,x) + ﬁé(% +1)),
o(t, 2, y) = min (4, 2(t, 2,y) + 3(F + 1)),
where A := max (1, o]l Lo ®)y + I1voll poo @y + 6 “E (luoll o) + lvoll oo ey + 55)) It

can be checked that (u,v) and (@, v) are, respectively, a generalized sub- and a generalized
supersolution of (3.22). Notice that

(0, z) = max (O,uo(m) - %5) <up(x) < up(x) + 25 =u(0,z), Vz € R,

v(0,7,y) = max (0, v0(w,y) = 0) <vo(w,) < volz,y) +8 =50, 2,y), Y(w,y) € D
From (6.44), one infers that

(0, z) = max (O,uo(x) - %5) <up(x) < up(x) + 25 =u(0,z), Vx € R,
v(0,x,y) = max (0,vo(x,y) — 5) <Vo(z,y) < vo(z,y) + 0 =0(0,2,9), Y(z,y) € Q.
By a comparison argument, it follows that
(u,0) < (u,v)e™" < (@,0), (w,v) < (@)™ < (T,70),

for all t € [0, T] and (,y) € Qx. Thus,

~ t
sup [u(t,z) — (t,z)| < M7 sup [a(t,z) — u(t,x)| < 2eM7 L5 sup(— + 1) < 4eMT 25,
[0,T]xR [0,T]xR (0,17 T W
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- t
sup |u(t, z,y)=0(t, x,y)| <M sup  [o(t,2,y)—u(t, 2, y)] < 2eMTEsup(=+1) < 4eMT5.
[0,T]xQr 0,T]xQr 0,77

By choosing § > 0 so small that 4eM7§ < ¢, (3.21) is therefore achieved. O

Next, we prove a Liouville-type result in the strip, provided that the width R is suffi-
ciently large. Namely, for all R large, problem (3.2) admits a unique nonnegative nontrivial
stationary solution (Ug, Vg), which is L-periodic in . Moreover, we show that (Ug, Vi) is
the global attractor for solutions of the Cauchy problem in the strip.

Proof of Theorem 3.1. The strategy of this proof is similar in spirit to that of Theorem 3.12.
We only sketch the proof of the existence and positivity property of stationary solutions, for
which the construction of subsolutions is inspired by [152, Proposition 3.4].

Let (u,v) be the solution to the Cauchy problem (3.2) with nonnegative, bounded and
continuous initial value (ug,vo) Z (0,0). Set

sin(B(R— T
cos(wn) (1, griabgietilns ) for (w,y) € (=55, ) x [0, R)

(0,0) otherwise,

(u,v) =

where w and  are parameters to be chosen later so that (u,v) satisfies

—Du" < vu(z,0) — pu, z eR,
—dAv < (m — d)v, (z,y) € Qr, (3.23)
—doyv(z,0) = pu — vu(z,0), xR,
v(z, R) =0, r € R,

where 0 > 0 is small enough such that 0 < 0 < m = ming ) f,(2,0). A lengthy but
straightforward calculation reveals, from the first two relations of (3.23), that w and /3 should
verify

dpB cos(BR)+vsin(BR)’

Du? < — —_ ndBcos(5R)
dw? +dp* <m — 6.

Because of (3.3), 0 > 0 can be chosen sufficiently small such that d(;—R)Q < m —9. Then,

B can be chosen very closely to 5%, say  ~ 55 and 55 < 8 < %, such that
: pdp cos(BR) m—4
K:=min{ — . )
D(dB cos(SR) + vsin(BR))" d

—52} > 0.

Therefore, (u,v) satisfies (3.23), provided w? < k. On the other hand, u(t,z) > 0 and
v(t,z,y) > 0 for all t > 0 and (x,y) € R x [0, R), and Jyv(t,z,R) < 0 for all t > 0 and
x € R, which is a direct consequence of Proposition 3.13 and the Hopf lemma. Hence, there
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is €9 > 0 such that e(u,v) < (u(1,-),v(1,-,-)) in Qg for all € € (0,50]. It then follows from
the same lines as in Theorem 3.12 that there is a nontrivial steady state (U, V7) of (3.2) such
that

eu < Uy < liminfu(t, x), ev <V < lggljgofv(t, z,y), (3.24)

t——+o0

locally uniformly in Qp, thanks to Proposition 3.14. On the other hand, by choosing (U, V)
as in (3.13) and by using the same argument as in Theorem 3.12, it comes that there is a
stationary solution (Us, V3) of (3.2) satisfying

limsupu(t,z) < Uy < U, limsupv(t,z,y) < Vo <V, (3.25)

t—+00 t—+00

locally uniformly in Qz. Therefore, the existence part is proved.

Moreover, let (U, V') be a nonnegative bounded stationary solution of (3.2). From the
analysis above and from the elliptic strong maximum principle, one also deduces that, for
any given = € R, for V(z,y) € ( — 55,7+ 55) x [0, R),

T 2w

psin(B(R —y))

U(z) > ecos(w(z—7)) >0, V(x,y) > 5cos(w(1‘—/x\))d5 cos(AR) + v sin(AR)

> 0, for alle € (0, &),

which implies infg U > 0 and infry g,z V > 0. Then, by repeating the uniqueness argument
in the proof of Theorem 3.12 and by (3.24)—(3.25), the conclusion in Theorem 3.1 follows. [

In the sequel, we show the limiting behavior of the steady state (Ug, Vg) of (3.2) as R
goes to infinity, which will play a crucial role in obtaining the existence of pulsating fronts
in the half-plane €2 in Section 3.5.

Proposition 3.17. The stationary solution (Ug, Vgr) of (3.2) satisfies the following proper-
ties:

(i) 0 <Ugp<v/pinR,0<Vg<1linRx|[0,R),

(11) the limiting property holds:

(Ugr(x), Vg(z,y)) = (v/u,1) as R — +o0 (3.26)

uniformly in x € R and locally uniformly in y € [0, +00).

Proof. (i) From the proof of Theorem 3.1, it is seen that Ugx > 0 in R and Vg > 0 in
R x [0, R). Notice also that (v/u,1) is obviously a strict stationary supersolution of (3.2).
Let (@, 7) be the unique bounded classical solution of (3.2) with initial condition (v/u,1). It
follows from Proposition 3.13 that (@, v) is decreasing in ¢. Since (u(t,-),o(t,-,+)) converges
to (Ug,Vg) as t — +oo locally uniformly in Qz by Theorem 3.1, one has %(t,z) > Ug(z)
and o(t,z,y) > Vg(z,y) for all t > 0 and (x,y) € R x [0,400). Therefore, Up < v/p in R
and Vg < 1in R x [0,4+00). The statement (i) is then proved.
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(ii) Now, let us turn to show the limiting property. First, we claim that (Ug, Vg) is
increasing in R. To prove this, we fix Ry < Ry. Denote by €; := Qg, (i = 1,2) and
by (U;, Vi) := (Ugr,, Vg,)(i = 1,2) the unique nontrivial stationary solutions of (3.2) in &,
(i = 1,2), respectively. One can prove that U; < Us in R and V; < V5 in R x [0, Ry),
by noticing that (U, V2) is a strict stationary supersolution of (3.2) in ©; and by a similar
argument as in (i). Our claim is thereby proved. Due to the boundedness of (Ug, Vi) in
(i), it follows from the monotone convergence theorem and standard elliptic estimates that
(Ug, Vg) converges as R — +oo locally uniformly in  to a classical solution (U, V) of the
following stationary problem:

—D0,,.U = vV (z,0) — uU, xr € R,
_dAV:f<I7V>7 (xvy) S Qa
—do,V (z,0) = pU(z) — vV (2,0), zeR.

Owing to Theorem 3.12, it follows that (U, V) = (v/u, 1). Thus, (3.26) is proved. O

3.4 Propagation properties in the strip: Proofs of Theo-
rems 3.3 and 3.5

This section is dedicated to the existence of the asymptotic spreading speed c}, and its
coincidence with the minimal wave speed for pulsating fronts for truncated problem (3.2)
along the road. In particular, we will give a variational formula for ¢}, by using the principal
eigenvalue for certain linear eigenvalue problem. As will be shown below, the discussion

combines the dynamical system approach for monostable evolution problems developed in
[114] with PDE’s method.

Let D := [0, L] x [0, R] and define the Banach spaces
X ={(u,v) € C([0,L]) x C(D) :v(-,R) =01in [0, L]}

with the norm ||(u,v)||x = ||ullc(o,L)) + [|lv]lc(py, then (X, X ") is an ordered Banach space
and the cone X has empty interior. Let Y be a closed subspace of X given by

Y = {(u,v) € CY([0,L]) x CY(D) : v(-, R) =0 in [0, L]}

with the norm [|(u,v)|ly = |lullc1(o,0)) + [[v]|c1(py- It is seen that the inclusion map ¥ — X
is a continuous linear map. Moreover, the cone Y™ has nonempty interior Int(Y ™), see e.g.
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[150, Corollary 4.2, given by
Int(Y") = {(u,v) € Y : (u,v) > (0,0) in [0, L] x [0, R), dyv(-, R) < 0 in [0, L]}.

We write (uy,v1) < (ug,ve) if (u1,v1), (ug,v2) € Y and (ug,v2) — (u1,v1) € Int(YT).

Set H := LZ. We use C to denote the set of all bounded and continuous function pairs
from H to X, and D to denote the set of all bounded and continuous function pairs from H
to Y. Moreover, any element in X (Y') can be regarded as a constant function in C (D).

For any u,v € C, we write u > v provided u(z) > v(x) for all x € H, u > v provided
u > v but u # v. For u,v € D, we write u > v provided u(z) > v(z) for all z € H. We
equip C (D) with the compact open topology, i.e., (u,,v,) = (u,v) in C (D) means that
un(x) — u(zx) locally uniformly for x € H and v,(x) — v(z) locally uniformly for = € H.

Define

Co = {(u,v) € C(R) x C(Qg) : v(-, R) =0 in R},
Ch = {(u,v) € C*(R) x C'(Qr) : v(-, R) = 0 in R}.

Any continuous and bounded function pair (u,v) in Cy can be regarded as a function pair
(u(z),v(2)) in the space C in the sense that (u(z)(x),v(2)(z,y)) = (u(z+ 2),v(z +2,y)) for
all z € H and (z,y) € D. In this sense, (Ug, Vi) € C and the set

K :={(u,v) € C(R) x C(Qg) : (0,0) < (u,v) < (Ug, Vg) in Qg}

is a closed subset of Ciyy vy = {(v,v) € C:(0,0) < (u,v) < (Ug, Vg)} and satisfies (K1)-
(K5) in [114].
Define a family of operators {Q:}:>0 on K by

Q[ (ug, vo)] := (ult, - ug),v(t, -, ;v0)) for (ug,ve) € K,

where (u(t,-;up),v(t, -, -;vp)) is the solution of system (3.2) with initial datum (ug,vy) € K.
It is easily seen that Qo[(uo,v0)] = (ug,vo) for all (ug,v9) € K, and @Q; o Qs[(ug,vo)] =
Q15[ (g, vo)] for any ¢, s > 0 and (ug,vg) € K. For any given (ug,vy) € K, it can be deduced
from Proposition 3.15 that Q¢[(ug,vo)] is continuous in ¢t € [0, 4+00) with respect to the
compact open topology.

Assume that (ug, vg) and (u, v) are the unique solutions to (3.2) with initial data (uo, vox)
and (ug,vg) in K, respectively. Suppose that (ugg,vor) — (uo,v0) as k — 400 locally uni-
formly in Qg, we claim that (ug,vr) — (u,v) as k — +oo in C.22([0, +00) x Qg), which will
imply that Q:[(uo,v0)] is continuous in (ug,vy) € K uniformly in ¢ € [0,7] for any T" > 0.
To prove this, we define a smooth cut-off function x" : R + [0, 1] such that x"(-) = 1
in [-n+ 1,n — 1] and x"(-) = 0 in R\[-n,n]. Then, (xX"uox, X" vor) — (X" w0, X vo) as
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k — 400 uniformly in [—n,n]. Let (u},v}) and (u",v™) be the solutions to (3.19) in Dy :=
[—n, n] x [0, R] with initial data (x™uok, X"vor) and (x™ug, X" Vo), respectively. One can choose
two positive bounded and monotone function sequences (ugy, v(,) and (ag,, () in the space
{(u,v) € C®([-n,n]) x C*(Dy) : u(£n) = 0,v(-, R) = 0 in [-n,n],v(£n,-) = 0 in [0, R}, such
that

(070) S (ﬂgkaygk) S (Xnu0k7XnU0k) S (ﬂgk7@gk>7
(wor, vor) (X0, X" o), (Ugy, Tor) v (X", X" vo) uniformly in Dy as k — +oo.
By a comparison argument, it follows that
(up, vg) < (QZH&ZH) < (UZH’UIZH) < (GZH:@ZH) < (uy,vy) for all t > 0 and (x,y) € Dy,

where (u},v}) and (a}, v}) are the classical solutions to (3.19) with initial data (ugy, vf,.) and
(agy, U3, respectively. From standard parabolic estimates, the functions (u}, v}) and (a}, o7)
/220, +00) x Dy), respectively.

converge to (u",v") and (u",v") as k — 400 in C)_
Moreover, (u™,v") and (u™,0") are classical solutions to (3.19). Since

l‘ ’I’Lt ’I’Lt — 1 7nt_7nt.‘ — n n
t—>0,kr£+oo(gk( ) )’Qk< (] )) t—>0,£1>l+oo(uk( ) )7Uk:( ) )) (X Ug, X UU)?

uniformly in (z,y) € D, therefore

lim (uZ(t’ ')7 Ul?(tv ) )) - (Xnum XnUO) = lg%(un(t ')7 Un(t> R ))v

t—0,k——+o00

uniformly in (z,y) € Dy, and by the uniqueness of the solutions to (3.19), it follows that
(u",v") = (a",0") = (u",v") for t > 0 and (z,y) € D;.

Hence, (u},v}) — (u™,v") as k — 400 in C1F*/22+2([0, T x D,) for any T > 0. By the
approximation argument and parabolic estimates, (u}, v}) and (u™,v") converge, respectively,
to (ug, vg) and (u,v) as n — +oo (at least) in CL2([0, +00) x Qr). Consequently, (uy, vy) —
(u,v) as k — +oo in CL2([0, +00) x Qp).

From the observation that for any ¢, s > 0 and for (ug, vg), (g, Vo) € K,

Y

| Q[ (1o, v0)] — Qs[(To, T0)]| < |Qel(w0, vo)] — Qul(Tho, T0)]| + |Qu[(To, To)] — Qs[(o, To)]

it comes that Q:[(uo, vo)] is continuous in (¢, (ug, vg)) € [0, 7] x K. Note that for any ¢ > 0,
it can be expressed as t = mT + t' for some m € Z, and ¢’ € [0,T). Hence, Q¢[(uo,v0)] =
(Qr)™ Qv [(ug, vo)]. Thus, Q[(uo, vo)] is continuous in (¢, (ug, vg)) € [0, +00) x K. Therefore, it
follows that {Q:}+>0 is a continuous-time semiflow. We claim that {Q; }+>¢ is subhomogeneous
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on K in the sense that Q;[r(ug,vo)] > KQ¢[(ug, vo)] for all k € [0, 1] and for all (ug,vg) € K.
The case that k = 0,1 is trivial. Suppose now that x € (0, 1). Define

(w,v) = (u(t, -; kKug), v(t, -, ; Kg)), (uw,v) = K(u(t, ;up),v(t, -, ;v0)).

From Proposition 3.13, it follows that (w,v) and (u,v) belong to K. Moreover, (u,v) and
(u, v) satisfy, respectively,

(@E — DO, u = vo(t,z,0) — pu, t>0,zeR,

0,v — dAT = f(z,7), t>0,(z,y) € Qp,
—do,v(t,z,0) = pu — vo(t,z,0), t>0,z€eR,
o(t,z, R) =0, t>0,z€R,

| (@0, Vo) = £ (ug, vo),

and
Ou — DOpu = vu(t,x,0) —pu, t>0,z€R,

8ty—dAy<f(:C,y), t>0><l’,y) eQRv
—do,u(t,z,0) = pu — vu(t,z,0), t>0,z€eR,
v(t,z, R) =0, t>0,x€eR,

k(ﬂmﬂo) = H(U07 Uo)7

by using the assumption that f(z,v)/v is decreasing in v > 0 for all x € R. Proposition 3.13
then yields that @(t, z) > w(t,z) and (¢, 2,y) > v(t,z,y) for all t > 0 and (z,y) € Qg. This
proves our claim. By classical parabolic theory, together with Propositions 3.13-3.15 and
Theorem 3.1, for each ¢ > 0, the solution map @Q); : K — K satisfies the following properties:

(A1) Qi[Tu[(uo,v0)]] = TolQ¢[(uo,vo)]] for all (ug,v9) € K and a € H, where T, is a shift
operator defined by T,[(u(t, x),v(t, z,y))] = (u(t,x — a),v(t,z — a,y)).

(A2) @[K] is uniformly bounded and @, : L — D is continuous with respect to the compact
open topology, due to the analysis above.

(A3) Q;: K — D is compact with respect to the compact open topology, which follows from
Proposition 3.15.

(A4) @Q;: K — K is monotone (order-preserving) in the sense that if (uo1,vo1) and (w2, voz)
belong to K satisfying ug; < ugy in R and vy < g in Qp, then u(t, z;upr) < u(t, 2;up)
and v(t,z,y;v01) < v(t,x,y;v9) for all £ > 0 and (z,y) € Qr. This follows from
Proposition 3.13.

(A5) @ admits exactly two fixed points (0,0) and (Ug, Vg) in Y. Let (u(t, z;ug), v(t, z,y;v0))
be the solution of (3.2) with L-periodic (in x) initial value (ug,vo) € K NY satisfying
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(0,0) < (ug,vo) < (Ug, Vg), it comes that

thin (u(t7 €, uO)a U(tu T, Y; UO)) = (UR(‘T>’ VR(xv y)) uniformly in (l’, y) € ﬁR' (327)
—+00

Indeed, Theorem 3.1 implies that (Ug, V) is the unique L-periodic positive steady state
of (3.2). Moreover, (3.27) can be achieved by a similar argument to that of Theorem
3.1.

Therefore, @); is a subhomogeneous semiflow on I and satisfies hypotheses (A1)—(A5)
in [114] for any ¢t > 0. Moreover, it is straightforward to check that assumption (A6) in
[114] is also satisfied. In particular, @) satisfies (A1)—(A6) in [114]. By Theorem 3.1 and
Proposition 3.2 in [114], it then follows that the solution map @; admits rightward and
leftward spreading speeds cp ,. Furthermore, Theorems 4.1-4.2 in [114] imply that @Q; has
a rightward periodic traveling wave (¢r(x — ¢, z),¥r(x — ¢,x,y)) connecting (Ug, Vg) and
(0,0) such that (¢r(s,z),1¥r(s,z,y)) is non-increasing in s if and only if ¢ > ¢j ,. Similar
results holds for leftward periodic traveling waves with minimal wave speed cp .

To obtain the variational formulas for ¢} ,, we use the linear operators approach. Let us
consider the linearization of the truncated problem (3.2) at its zero solution:

Ou — DOppu = vou(t,z,0) — pu, t>0, z €R,

atv —dAv = fv(xv 0)U7 t> 07 (Jf7y) € QR; (3 28)
—do,v(t,z,0) = pu —vu(t,z,0), t>0, ze€R, .
v(t,z,R) =0, t>0, zeR.

Let {L(t)}+>0 be the linear solution semigroup generated by (3.28), that is, L(¢)[(uo,vo)] =

(ut(ug), ve(vo)), where (uz(ug), ve(vo)) == (u(t, -;up),v(t, -, ;vp)) is the solution of (3.28) with

initial value (ug, vo) € D. For any given a € R, substituting (u(t, z),v(t, x,y)) = e~ **(u(t, x), v(t, z,y))
in (3.28) yields

Oyt — DOyt + 2Dad, it — Dot = vo(t, x,0) — pu, t>0, v €R,

00 — dAV + 2dad,v — da*v = f,(z,0), t>0, (x,y) € Qg (3.29)
—do,v(t,x,0) = pu — vo(t,z,0), t>0, xr €R, .
U(t,z, R) =0, t>0, z€R.

Let { L, (t) }+>0 be the linear solution semigroup generated by (3.29), then one has L, (t)[(tg, Uo)] =

(u(ug), v¢(vo)), where (u; (o), v¢(vo)) := (u(t, -;up),v(t, -, -;0p)) is the solution of (3.29) with

initial value (g, V) = (ug, vo)e**. It then follows that, for any (ug,vg) € D,
L(t)[e=** (tg, )] = €~ ** Lo (t)[ (1o, 0o)] for t > 0 and (x,y) € Qg.
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Substituting (u(t, z),v(t,z,y)) = e 7 (p(x),q(z,y)), with p,q periodic (in z), into (3.29)
leads to the following periodic eigenvalue problem:

(L10(p.q) = —Dp" +2Dap + (—Da® + p)p — vq(x,0) = op, xR,

Loa(p, q) = —dAq + 2dad.q — (do® + f,(x,0))q = og, (z,y) € Qg
§ B(p, q) == —do,q(z,0) + vq(z,0) — up = 0, z € R, (3.30)
q(z, R) =0, x € R,

| P, q are L-periodic with respect to x.

Recall that M := maxp 1) f,(x,0) and m := minj 1) f,(2,0). We have:

Proposition 3.18. Set ((z) := f,(x,0). For all « € R, the periodic eigenvalue problem
(3.30) admits the principal eigenvalue Ag () € R with a unique (up to multiplication by
some constant) positive periodic (in x) eigenfunction pair (p,q) belonging to C3(R) x C3(Qg).
Moreover, Ag(a) has the following properties:

(1) For all « € R, the principal eigenvalue A (o) is equal to

Arc(®) = max min{jnfM inf M}’

: (3.31)
(p,q)eX R p Rx[0,R) q

where

Y :={(p,q) € C*(R) x C*(Qr): p>0inR,¢>0inRx [0,R),
p,q are L-periodic in x, B(p,q) =0 in R, 9,q(-,R) <0=gq(-,R) in ]R}.

(i1) For fized R and for all o € R, ( — Ar¢(a) is non-increasing in the sense that, if
G(x) < G(z) for all z € R, then Ape (o) > Are,(a). Moreover, Ag () is continuous
with respect to ¢ in the sense that, if ¢, — (, then A, () = Ag ().

(11i) For all @ € R, Ag () is decreasing with respect to R.

() For fized R, o — Ap¢(a) is concave in R and satisfies

7T2

RZ

max{Doﬂ—,u, do* +m —d e

d
(3.32)

Proof of Proposition 3.18. The proof is divided into six steps.
Step 1. Solving the eigenvalue problem (3.30). Set Aq() := max{DOz2 +v— -+
pv/d,d(a® + 1) + M}. We introduce a Banach space F of periodic (in ) function pairs
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(u,v) belonging to C*(R) x C*(Qg) such that v(-, R) = 0 in R, equipped with ||(u,v)|r =
ull 1o,y + Jwllero,ryxo,ry- For any (g1,92) € F and A > Ac(a), let us consider the
modified problem:

(L1a(p,q) +Ap = g1, v ER,
Loa(p,q) + Mg = g2, (z,y) € Qg,

§ B(p,q) =0, x € R, (3.33)
q(z, R) =0, r € R,

| ;¢ are L-periodic with respect to .

First, we construct ordered super- and subsolutions for problem (3.33). Set (p,q) = K(1,1+
Le™). Choosing K > 0 large enough (depending only on |g1[|z=~®) and ||g2(| 1@, if 91,
g2 are positive), it follows that (p,q) is indeed a strict supersolution of (3.33). By linearity
of (3.33), up to increasing K (depending only on ||g1[|r~®) and [|g2|lp @, if 91, g2 are
negative), (p, q) := —(p,q) is a negative strict subsolution of (3.33). By monotone iteration
method, it is known that the associated evolution problem of (3.33) with initial datum (P, q)
is uniquely solvable and its solution (@, 7) is decreasing in time and is bounded from below by
(p, q) and from above by (p, g), respectively. From the monotone convergence theorem as well
as elliptic regularity theory up to the boundary, it follows that (@, ) converges as t — +o00
locally uniformly in Qp to a classical periodic (in z) solution (p,q) € C3(R) x C3(Qp) of
problem (3.33). To prove uniqueness of the solution to (3.33), we first claim that ¢g; > 0 in
R, g2 > 0in Qp implies that p > 0in R, ¢ > 0in Rx [0, R). Indeed, for any fixed nonnegative
function pair (g1, g2) € F, let (p,q) be the unique solution to (3.33). One can easily check
that, for any K > 0, (p, q) defined as above is a strict subsolution of (3.33). Assume that p
or ¢ attains a negative value somewhere in their respective domains. Define

0* :=min {0 >0: (p,q) >0(p,q) in Qr}.

Then, 6* € (0,+0c0). The function pair (p — 6*p,q — 6*q) is nonnegative and at least one
component attains zero somewhere in R x [0, R) by noticing (¢ — 6*¢)(-, R) > 0 in R. Set
(w, z) :== (p — 0*p,q — 0"q), then it satisfies

(—Duw” + 2Daw’ + (A — Da? + p)w — vz(x,0) >0, zeR,

—dAz + 2dad,z + (A — da? — ((z))z > 0, (x,y) € Qr,
—d0yz(z,0) + vz(x,0) — pw > 0, r R, (3.34)
z(z, R) > 0, r € R,

| w, z are L-periodic with respect to .
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Assume first that there is (zo,70) € R x [0, R) such that z(zg,yy) = 0. There are two
subcases. Suppose that (xg,y0) € (g, then the strong maximum principle implies that z = 0
in Qg. This contradicts the strict inequality of z in (3.34), whence z > 0 in g. Suppose
now that yo = 0 and z(zo,0) = 0, it follows that J,2(x,0) > 0. One then deduces from
—d0yz(xg, 0)+vz(z9,0) — pw(xg) > 0 that w(xg) < —(d/p)dyz(xo,0) < 0, which is impossible
since w > 0 in R. Therefore, z > 0 in Q. It is seen from the first inequality of (3.34) that

— Dw" +2Daw’ + (A = Do + p)w > v2(-,0) > 0 in R. (3.35)

Finally, assume that there is xy € R such that w(xy) = 0, then the strong maximum principle
implies that w = 0 in R. This contradicts the strict inequality in (3.35). Consequently, p > 0
on R and ¢ > 0 in Qg. If we further assume that g; Z 0 in R or g, # 0 in R x [0, R), then
p>0in R and ¢ > 0 in R x [0, R). This can be proved by the strong maximum principle
and by a similar argument as above.

To prove uniqueness, we assume that (p1,¢1) and (ps,q2) are two distinct solutions of
(3.33), then (p1 — p2, ¢1 — q2) satisfies (3.33) with g; = 0 and g = 0. Using the result derived
from above, we conclude that p; = ps in R, ¢; = ¢ in Qp.

According to (3.33), one defines an operator T : F — F, (g1,92) — (p,q) = T(g1,92).
Obviously, the mapping T is linear. Moreover, we notice that the solution (p, ¢) of (3.33) has
a global bound which depends only on [|gi[[r~®) and [|g2|/;(,). By regularity estimates,
(p,q) = T(g1, g2) belongs to C3(R) x C3(Qg), whence (p,q) € F. Therefore, T' is compact.

Let K be the cone K = {(u,v) eF:u>0inR,v>0in QR}. Its interior K° =
{(u,v) e F:u>0inR,o>0inRx[0,R)} # 0 (for instance, (u,v(y)) = (1,1 — y/R)
belongs to K°) and KN(—K) = (0,0). By the analysis above, T'(K°) C K° and T is strongly
positive in the sense that, if (g1, g2) € K\{(0,0)}, then p > 0in R and ¢ > 0 in R x [0, R).

From the classical Krein-Rutman theory, there exists a unique positive real number
Akc(@) and a unique (up to multiplication by constants) function pair (p,q) € K° such
that A\; (a)T(p,q) = (p,q). The principal eigenvalue A% (o) depends on R, o and (. Set
Arc(@) := A (@) — A, then the function Ag¢(a) takes value in R. For each a € R, (p,q) is

the unique (up to multiplication by constants) positive eigenfunction pair of (3.30) associated
with )\R7c<a).

Step 2. Proof of formula (3.31). We notice from Step 1 that (p,q) € X. It then follows

that . )
Arela) < sup min{infM, inf M}_
(p.a)eX R P Rx[0,R) q

To show the reverse inequality, assume by contradiction that there exists (p1,q1) € X such

that . .
Ar¢(a) < min { inf M7 inf M}
R P1 Rx[0,R) ¢
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Define
0 :=min {0 >0: O(p1,q:) > (p,q) in Rx [0, R)}.

Then, 0* > 0 and (0*p; — p,0*q1 — q) is nonnegative and two cases may occur, namely, either
at least one component attains zero somewhere in R x [0, R), or 0*p;—p > 0in R, 6*¢;—q > 0
in [0, R) and 0,(0*q1 — q)(xo, R) = 0 for some xy € R. Set (w, 2) := (6*p1 — p, 0*¢1 — q), then
(w, z) satisfies

(—Duw” + 2Dow’ + (=Da? + p— Apc(a)w —vz(z,0) >0, z€R,

—dAz 4+ 2dad,z — (da? + ((x) + Arc(a))z > 0, (z,y) € Qg,
—d0yz(x,0) + vz(x,0) — pw =0, z € R, (3.36)
z(xz, R) =0, r € R,

| w, z are L-periodic with respect to z.

For the first case, assume first that there is (zg,y9) € R x [0, R) such that z(xg,yo) = 0. We
divide into two subcases. Suppose that (xg,y0) € Qg, then the strong maximum principle
implies that z = 0 in Qg. This contradicts the strict inequality of z in (3.36), whence z > 0
in Qp. Suppose now that yo = 0 and z(x,0) = 0, it follows that J,z(xo,0) > 0. One then
deduces from —dd,z(x¢,0) 4+ vz(x0,0) — pw(ze) = 0 that w(zy) = —(d/p)0yz(x0,0) < 0,
which is impossible since w > 0 in R. Therefore, z > 0 in R x [0, R). It is seen from the first
inequality of (3.36) that

—Duw" +2Dow’ + (—DO[2 +u— )\Ryg(a))w > l/Z(', 0) > (0 in R.

Finally, assume that there is zy € R such that w(xy) = 0, then the strong maximum principle
implies that w = 0 in R, contradicting the strict inequality above. Consequently, one has
w>0in Rand z > 0 in R x [0, R). On the other hand, by Hopf lemma it follows that
0yz(-,R) < 0 in R, whence the second case is ruled out. Therefore,

)\R,C(Oé) > sup min{infw inf M}

(p.g)EY R p  Rx[0,R) ¢

Therefore, formula (3.31) is proven and the supremum is indeed the maximum since (3.31)
is reached by the function pair (p, q) € 3,. Therefore, (i) is proved.

Step 3. Monotonicity and continuity of the function ( — Ag () for all « € R. For any
fixed R, if (1(z) < (2(z) in R, formula (3.31) together with the definition of the operator Ly,
immediately implies that A\, (o) > A, () for all a € R.

Assume now that ¢, — ( as n — 400, we have to show that Ag¢, () = Agc(a) as
n — +oo. Let (Agrc¢,(); (pn, gn)) be the principal eigenpair of (3.30) with ¢ replaced by ¢,
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satisfying the normalization ||p,||z®) = 1. From Step 1, it is seen that (p,,¢,) belongs to
C3(R) x C3(Qg). By elliptic estimates, up to extraction of some subsequence, (p,, g,) con-
verges as n — oo uniformly in Qz to a positive function pair (p,q) € C3(R) x C3(Qpg)
which satisfies (3.30) associated with Ap(a) with normalization ||p|| e = 1. By the
uniqueness of the principal eigenpair of (3.30), it follows that A)\VR’C(Q) = Ap¢(a). Namely,
Arc, (@) = Ar¢(a) as n — +o00. This completes the proof of (ii).

Step 4. Monotonicity of the function R — Ag¢(a) for all @ € R. Fix ao € R and choose
Ry > Ry. Set A\ = /\Rl_,g(Oé) and Ay = ARy (@) and let (Aq; (p1,¢1)) and (Ag; (p2, g2)) be the
eigenpairs of (3.30) in Qg, and in Qg,, respectively. Define

0" ;= min{0 > 0: O(p1,q1) > (p2,q2) in Qg }-

Then, 0* > 0 is well-defined. The function pair (w, z) := (6*p; — p2,0*q1 — ¢2) is nonnegative
and at least one component attains zero somewhere in R x [0, Ry) by noticing that ¢;|,—r, >
¢2ly=r, = 0. Moreover, (w, z) satisfies

[ Dw” + 2Daw’ + (—Da? + p)w — vz(z,0) = 0*A\ipy — Aopa, w €R,

—dAz + 2dad,z — (da® + ((x))z = 0*\iq1 — Nago, (x,y) € Qr,,
—d0yz(x,0) + vz(x,0) — pw = 0, xr € R, (3.37)
z(x, Ry) > 0, r € R,

| w, z are L-periodic with respect to .

Assume that there is 2o € R such that w(zg) = 0, it follows from the first equation in (3.37)
that

—Duw"(x0) + 2Daw' (zo) + (=D + p)w (o) — vz(x0,0) = (A — A2)pa(z0),

Since the function w attains its minimum at o, one has w'(z) = 0 and w”(zy) > 0, whence
(A — Ao)pa(zo) < —vz(w0,0) < 0, therefore A\ < Ao, Assume now that there is (z9,y0) €
R X [0, R) such that z(zg,yo) = 0, we distinguish two subcases. Suppose that y, € (0, R), a
similar analysis of the second equation in (3.37) as above implies that A\; < Ay. Otherwise,
z > 01in Qg and z(zo,0) = 0, which leads to w(zg) = —(d/p)9y,2(xo,0) < 0. This contradicts
w > 0 in R. To sum up, one obtains \; < Ay. Moreover, A\; = Ay is impossible, otherwise
(p1,¢1) would be a positive multiple of (ps, g2), which contradicts ¢i1|,—r, > ¢2|y=r, = 0. As
a consequence, A\; < A, namely, the function R +— Ap is decreasing. The proof of (iii) is
complete.

Step 5. The concavity of the function a — A (). Let (Agc(@); (p,q)) be the principal
eigenpair of (3.30). With the change of functions (p,q) = €**(®, ¥) in formula (3.31), one
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has
L1.(p, —D®" — v¥(x,0 Lo o(p, —dAWY
La(P @) _ (z,0) P} (P, qa) _ ().
p o q v
Then, it is immediate to see that
—D®" — v¥(z,0) —dAV
A = in 4§ inf ’ inf —
o) = o win { i 0D 22— o

where ¥/, := {(®, ¥) € C*(R) x C*(Qp) : e**(®,V) € 8, } . Let a1, aa be real numbers and
t € [0,1]. Set o = ta; + (1 —t)az. One has to show that Ag () > tAgc(ar)+(1—t)Agc(az).
Let (1, V) and (®4, ¥5) be two arbitrarily chosen function pairs in 3, and X, respectively.
Set (wy,21) = (In @1, InWy), (we, 29) = (In Py, In Wy), w = twy + (1 — t)ws, 2 =tz; + (1 —t)2y
and (@, V) = (e¥, e?). It follows that (@, V) € X/ . Then, it is obvious to see that

inf
W) +'U’RXH[%),R) LG

A&da)znﬁn{%f_DQH_”W@*D _dAW——d@}.

After some calculations, one has

—D®" — v¥(z,0)
o

—dav = —dAz —dVz -Vz.

= —Duw" — Dw'* — per@0~v@),

Noticing that z — €” is convex, v > 0 and t(1 —¢) > 0, it follows that

—Dd®" — vV
(Dl/ ($7 0) + m Z t( . lell o Dw112 _ Vezl(z,())—wl)
+ (1 —t)(— Dwl — Dw — ve=@07w2) 4y
— DD — v _DP — v
>t (@0 ) sy 2~ v¥a(.0)
@1 CI)2
Similarly,
—dAWY —dAW, dAT,
- - 1t -
Gz (T ) )+ -0 T - o)
Therefore,
_ " __ _
Arc() >tmin  inf DOy — v¥(x, 0) ft, inf dAY, — ()
’ D, Uy
—DoY — vV —dAV
+ (1 —t)min ¢ inf 2~ V¥3(2,0) + 1, inf 2 ((x) }.
Dy v,
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Since (®1, ¥;) and (Pq, ¥5) were arbitrarily chosen, one concludes that A\g () > tAg¢(a1) +
(1 —t)Arc(ag). That is, a — Ag () is concave in R and then continuous in R.

Step 6. The upper and lower bounds (3.32) of Ag¢(a). From Step 1, it follows that
Ak () is positive, whence it is immediate to see that Ag¢(a) = A, (@) — Ac(a) > —A¢(a),
namely,

—Ar¢(a) <max{Do*+v—p+pv/d,d(e®+ 1)+ M}.
It suffices to show that

2
—Arc(@) > max {Da2 — pyda® +m — d%}

From Step 3 we have that —Ag () is non-decreasing with respect to ¢ for all @ € R, it then
follows that —Ag¢(a) > —Agm(a) for all @ € R. We claim that

2
—Arm(@) > max {Da2 — p,da® +m — d%} (3.38)

Inspired from [84, Proposition 3.4], we assume by contradiction that —Da? 4+ p — Ag.n(a) <
0. Denote by ()\Rm(a), (ﬁ,?ﬁ) the principal eigenpair of eigenvalue problem (3.30) with ¢
replaced by m, then (A (), (D, q)) satisfies

(—Dp" + 2Dap + (—Da? + p)p — v(2,0) = Agm()p, z €R,

—dA§ + 2dad,q — (do® + m)q = Apm(a)q, (z,y) € Qr,
—ddyq(z,0) + vq(z,0) — up = 0, z €R, (3.39)
a(va):Oa Z'ER,

| P, ¢ are L-periodic with respect to .
Since p satisfies
— Dﬁ/ + QDCYﬁ + ( — DO(2 —+ om— /\R,m(a))f;: VZ]V('a 0) >0 in Rv (340)

one infers that any positive constant is a subsolution of (3.40). Since p is L-periodic in z,
one gets that p is identically equal to its minimum and thus p is a positive constant in R.
Then, 0 < vq(-,0) = (=Da* 4+ p — Agm(@))p < 0 in R. This is a contradiction. Therefore,
—Da? 4+ p— Ap () > 0.

Next, we assume that Ag,,(a) > —da? —m + d;—z. We denote wgr = %, then

> wpg > 0.

\/da2 +m + Agm(@)
w = g
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Integrating the second equation in (3.39) with respect to = over [0, L], then ¥(y fo z,y)dx
satisfies U”(y) + w?¥(y) = 0, with ¥(y) > 0 in [0, R), ¥(R) = 0. One gets that U(-) =
C'sin(w(R —-)) in [0, R] for some constant C' > 0. Since w > wg, it is easy to see that [0, R)
contains at least a half period of ¥, namely, ¥ must attain a non-positive value in [0, R),
which is impossible. Therefore, Ag,, (o) < —da? —m + d % RQ, namely, (3.38) is proved. This
completes the proof of (iv). O

In what follows, we shall give the variational formulas for ¢y , by linear operators ap-
proach. For simplicity of the notation, we write Ag(c) := Ag () in the sequel. We have:

Proposition 3.19. Let ¢, , and ¢y _ be the rightward and leftward asymptotic spreading
speeds of Q1. Then,

Y\ “An(—
Cr4 = inf R(a), Cp_ = inf M.
’ a>0 o ’ a>0 (e

Proof. Since f(x,v) < fo(z,0)v for all (z,y) € Qr and v > 0, it follows that, for any
(uo, v9) € K, the solution (u(t, -;ug), v(t,-, -;vo)) of (3.2) is a strict subsolution of (3.28) for all
t > 0and (z,y) € Qr. By a comparison argument, it implies that Q,[(uo, vo)] < L(#)[(uo,vo)]
for all ¢ > 0 and (ug,vy) € K. Letting t = 1, we have Q1 ((ug,vo)) < L(1)[(ug, vo)] for every
(uo, v9) € K.

Define a linear operator L, on P = {(u,v) € C{ : (ug,vo) is L-periodic in z} associated
with L(1) by

Lo [(ug,v0)] : = € - L(1)[e”*"(ug, vo)]
= €™+ 7" Lo (1)[(uo, vo)]
= Lo(1)[(uo, v0)] for every (ug,vo) € P and (z,y) € Qg.

It then follows that L, = Lo(1), and hence, e *#(®) is the principal eigenvalue of L. Since the
function o+ In(e &) = —\(a) is convex, using similar arguments as in [155, Theorem
2.5] and [113, Theorem 3.10(i)], we obtain that

—Ar(a) _
4+ < inf M = inf )\R(a).

a>0 [0 a>0 6]

(3.41)

On the other hand, for any given € € (0, 1), there exists § > 0 such that f(z,v) > (1 —
€)fs(x,0)v for all v € [0,8] and (z,y) € Qr. By the continuity of the solutions of (3.2) with
respect to the initial conditions given in Proposition 3.16, there exists a L-periodic (in z)
positive function pair (u1,v;) € Int(IP*) satisfying u; < Ug in R and v; < Vi in Qp such that
u(t, x;uy) < vd/p,v(t, o, y;v;) < 8 forall t € [0,1] and (z,y) € Qr. By Proposition 3.13, one
infers that, for all (ug, vy) € Ky := {(u,v) € C(R) x C(Qr) : (0,0) < (u,v) < (ug,v;) in Qg},

u(t, ;uo) < ult,;uy) <wvd/pforallt €[0,1] and x € R,
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v(t, -, 5 v) <v(t,-,;v) <dforallt €0,1] and (x,y) € Qr.

Thus, for any (ug,v) € Ky, the solution (u(t,-;ug),v(t, -, -;v0)) of (3.2) satisfies

u — Dug, = vo(t,z,0) — pu, te[0,1], x € R,
v —dAv > (1 —¢) f,(z,0)v, te|0,1], (z,y) € Qg,
—doyv(t,x,0) = pu — vo(t,z,0), tel0,1], z €R,
v(t,z, R) =0, te[0,1], z € R.

Let {IL*(¢) };+>0 be the solution semigroup generated by the following linear system:

uy — Dug, = vo(t,z,0) — pu, t>0, reR,
v — dAv = (1 —¢€) f,(x,0)v, t>0, (z,y) € Qp,
—doyv(t,z,0) = pu — vo(t,z,0), t>0, ze€R,
v(t,z,R) =0, t>0, reR.

Then, Proposition 3.13 implies that 1% (¢)[(uo, vo)] < Q¢[(uo, vo)] for all ¢t € [0, 1] and (ug, vy) €
KC1. In particular, L5(1)[(uo, vo)] < Q1[(uo, vo)] for all (ug,vy) € K;.

Let A\%(«) be the principal eigenvalue of the eigenvalue problem (3.30) with f,(z,0) re-
placed by (1 —¢)f,(z,0). As argued above, the concavity of A3 («) and similar arguments as
in [155, Theorem 2.4] and [113, Theorem 3.10(ii)] give rise to

In(e =) o —Ag(e)

N .
c > inf ——2% = inf
R4+ = a>0 8% a>0 o

for all € € (0,1). (3.42)

Combining (6.83) and (6.85), we obtain

inf —AR(®) < cp, < inf M

for all € € (0,1).
a>0 T a0«

Letting ¢ — 0, thanks to the continuity of the function ¢ — A () in Proposition 3.18 (ii),
we then have

By change of variables u(t, r) := u(t, —r) and v(t, z,y) := v(t, —,y), it follows that cj _
is the rightward asymptotic spreading speed of the resulting system for (u,v). From the lines
as above, it can be derived that

N )
¢y = inf
R, a>0 [0

The proposition is therefore proved. [
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3. Spreading speeds and pulsating fronts for a field-road model in a periodic habitat

Lemma 3.20. ¢, , = _ > 0.

Proof. We first prove that ¢ , = ¢ . By virtue of the variational formulas obtained above,
it is enough to show Ag(a) = Agr(—a). Let (Ar(«); (p,q)) be the principal eigenpair of the
eigenvalue problem (3.30), namely,

(—Dp" +2Dap/ + (=Da? + p)p — vg(z,0) = Ap(@)p, = € R,

_qu + Qdaaxq - (dO‘2 + fv(:Ea O))q = )\R(Oé)% (1‘, y) € QRa
—ddyq(x,0) + vq(z,0) — pp =0, zeR, (3.43)
Q(.CE,R):O, xER,

| P, q are L-periodic with respect to z,

and let (Ag(—a); (¢,1)) be the principal eigenpair of the eigenvalue problem (3.30), that is,

(—D¢" — 2Dad! + (—Do? + p)¢ — vib(w,0) = Ap(—a)¢, o € R,

—dAY — 2dad,p — (da? + fu(z,0)) = Ap(—a)p, (z,y) € Qr,
—doy(x,0) + vip(z,0) — pugp = 0, z € R, (3.44)
U(z, R) =0, z €R,

| ¢, ¢ are L-periodic with respect to .

We multiply the first equations in (3.43) and in (3.44) by ¢ and p, repectively, then we
integrate the two resulting equations over (0, L). By subtraction, it follows that

nle) = An(=a)] [ pote == [ (a(2. 006 = w(a. 0p)d.

Similarly, we multiply the second equations in (3.43) and in (3.44) by ¥ and ¢, respectively.
By subtracting the integration of the two resulting equations over S = (0, L) x (0, R), one
gets

Anfe) = An(=a)] [ qudedy =g [ (aa,0)6 = va.0)p)a

Therefore, by using the positivity of (p,q) and (¢, ), one has

san () A=) = sn( [ (e, 00060, 0)w) = —sen( [ (atw,006-v(z00)c),

which implies that Ag(a) = Ar(—a). Consequently, ¢j, , = cj .

From Ag(a) = Ag(—a) and from Proposition 3.18 (iv), it is seen that the function a —
—Agr(a@) is convex and even in R and —Ag(0) > m — dn?/(R?) > 0. Thus, —Ag(a) > 0 for
all & € R, whence ¢ | =cp_ >0, [
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Proofs of Theorems 3.3 and 3.5. By Theorems 3.4, 4.3 and 4.4 in [114], as well as Lemma
3.20 above, one derives the conclusion of Theorem 3.3 with spreading speed c}, as well as
the existence of the non-increasing in s rightward and non-decreasing in s leftward periodic
traveling waves for problem (3.2) with minimal wave speed c¢. To complete the proof of
Theorem 3.5, it remains to show that these periodic traveling fronts are strictly monotone
in s. For ¢ > ¢}, consider a periodic rightward traveling front of (3.2) (the case of leftward

waves can be dealt with similarly), written as (¢r(s, ), Yr(s, 2, y)) = (u(**, 1), v(**, 7,y))
for all s € R and (z,y) € Qg. Notice that (u(t,z),v(t,z,y)) satisfies (3.2) and (3.6), and
is defined for all t+ € R and (r,y) € Q. Since ¢ > ¢ > 0, the function pair (u,v) is non-
decreasing in ¢ € R. Then, for any 7 > 0, w(t,z) = u(t + 7,2) — u(t,z) > 0, 2(t,z,y) =
v(t+7,2,y)—v(t,z,y) > 0forallt € Rand (x,y) € Q. The function pair (w, ) is a classical
solution to a linear problem in R x Q5. The strong parabolic maximum principle and the
Hopf lemma, as well as the uniqueness of the corresponding Cauchy problem then imply that
either (w, z) is indentically (0, 0) or positive everywhere in R x [0, R). If (w, z) = (0,0), then
(6r(s —cr,2),r(s — e, 2,9)) = (dr(s,2),Yr(s,2,y)) for all s € R and (x,%) € Qg, which
contradicts the limit condition (3.7) as s — +oo due to ¢7 > 0. Therefore, w > 0 in R and
z > 01in R x [0, R) for any 7 > 0. Hence, (¢r(s,z),¥r(s,z,y)) is decreasing in s. This
completes the proof. O

3.5 Propagation properties in the half-plane: Proofs of
Theorems 3.6 and 3.8

This section is devoted to propagation properties for problem (3.1) in the half-plane. We
only sketch the detailed proof in the right direction along the road, since the discussion in
the left direction can be handled similarly.

3.5.1 The generalized eigenvalue problem in the half-plane

Recall from Proposition 3.18 that

2

max{DaQ—,u,doz2+m—d7r—} < —Ag(a) < max{DonqLV—,u—l—

uv
R2 PRk

-, (a2+1)+M}, (3.45)

and the function R — —Ag(«) is increasing. For any fixed o € R, we can take the limit as
follows:
AMa) = lim Ag(a). (3.46)

R—+o00
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3. Spreading speeds and pulsating fronts for a field-road model in a periodic habitat

It can be deduced from (3.45) that

max {Da2 — p, de® + m} < —A(a) < max {Da2 +v—p+ %, d(e® +1) + M} (3.47)

Since the function o — —Ag(a) is convex and continuous in R and since the pointwise limit
of a convex function is still convex, it follows that the function o — —A(«) is convex and
continuous in R. Furthermore, we have:

Theorem 3.21. For any o € R, let A(«) be defined by (3.46). Then there exists a positive
L-periodic (in x) function pair (P, (z), Qa(x,y)) associated with A = \(«) satisfying

—DP! +2DaP! + (—=Da? + u)P, — vQ4(z,0) = AP,, x €R,
—dAQ, + 2dad,Qu — (da® + f4(2,0))Qq = AQ., (z,y) € Q,
—d0yQa(z,0) + vQu(x,0) — pP, =0, z € R,

P., Q. are positive and L-periodic with respect to x,

(3.48)

and such that, up to some normalization,
P, <1inR, Q. is locally bounded in Q.

We call MN(«) the generalized principal eigenvalue of (3.48) and (P, Q,) the generalized prin-
cipal eigenfunction pair associated with \(«). Moreover, problem (3.48) admits no positive
and L-periodic (in x) eigenfunction pair for any A > A(«).

Remark 3.22. We point out here that the classical Krein-Rutman theorem cannot be applied
anymore due to the noncompactness of the domain. We denote by (Pg, Qr) := (Pa.r, Qu.r)
the principal eigenfunction pair of (3.5) in Qz associated with the principal eigenvalue Az (o)
for simplicity. As will be shown later, with the technical Lemmas 3.23-3.25, we can show that,
up to normalization, limg_, o (Pr, @) turns out to be the generalized principal eigenfunction
pair (P,, Q) of (3.48) in Q corresponding to the generalized principal eigenvalue (). The
statements of Lemmas 3.23-3.25 are similar to Lemmas 3.5-3.7 in [84], however, our case is
much more involved, since the heterogeneous assumption is now set on f, this does not allow
us to get the nice upper estimate as in Lemma 3.6 of [84]. For the sake of completeness, we
give the details below.

Lemma 3.23. For any R > Ry, normalizing with ||Pg(-)||r~®) = 1, there exists C; > 0
(independent of R) such that

1Qr(+,0)[| Loy > Ch.

Proof. If the conclusion is not true, we assume that there exists a sequence ( Ry )ren satisfying
Ry — +oo such that ||Qg,(-,0)||Le®) — 0 and ||Pg,|re® = 1. Since (Pg,,Qr,) is L-
periodic in x, we assume with no loss of generality that z; € [0, L] such that P(z;) = 1.
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Since (Pr, )reny and (Qg, (-, 0))ken are uniformly bounded, by the Arzela-Ascoli Theorem, up
to extraction of a subsequence, one has Pr, — P», > 0 and Qg (-,0) — 0 as k — +oo.
Moreover, there exists zo, € [0, L] such that, up to a subsequence, xy — =, as k — +00.
Passing to the limit & — 400 in the first equation of eigenvalue problem (3.5) satisfied by

(PRk, QRk) in ﬁRk implies
—DP! +2DaP. + (=Da® + 1) Py, = A(a) Py, in R.

Moreover, P, is L-periodic in x and P, (zs) = 1. The strong maximum principle implies
P, > 0 in R. Thus, P, is a positive constant. Hence, A(a) = —Da? + p. This implies
Ar(a) > Ma) = —Da? + u, which contradicts (3.45). Consequently, Lemma 3.23 is proved.

[

Lemma 3.24. For any R > Ry, assume that ||Qr(:,0)||pem = 1, then Qgr(x,y) is locally
bounded as R — +oo by some positive constant (independent of R).

Proof. For convenience, let us introduce some new notations. For n > R, large enough,
we denote by (A.(a); (P,,@,)) the principal eigenpair of (3.5) in Q, = R x [0,n] with
normalization ||Q,(+,0)||=®) = 1. Then, one has to show that, for any compact set K C (2,
there holds

sup(max Qn(z, y)) < +oo. (3.49)

To prove this, we first claim that || P,||z~m®) < Cp for some constant Cp > 0. Assume by
contradiction that ||P,||z~(®) is unbounded, then we choose a sequence (F,),en such that
| Pallzoo®) — +00 as n — 4o00. By renormalization, it follows that ||P,|/z~®) = 1 while
1@ (-, 0)|| L) — 0. This contradicts the conclusion of Lemma 3.23. Our claim is thereby
achieved. It then follows from the boundary condition —d9,Q,(-,0) = puP,(-) — vQu(-,0)
that [|0,Qn(-,0)||re®) < (uCo + v)/d. Assume now that (3.49) is not true. Then, there
exist a compact subset K C Q and a sequence (,, Y )ney in K N Q, so that Qn(z,,yn) =
max g @n > n. Then we are able to find a larger compact set containing K such that this
assumption is still satisfied. Therefore, without loss of generality we take K = B ((0,0))
with radius p large. Therefore, up to extraction of some subsequence, =, — o € [—p, pl,
Un — Yoo € [0,400) as n — 400, thanks to the boundedness of (y,)en. It follows that either
Yoo > 0 or yo = 0. By setting

wy(x,y) = _@nlzy) in K NQ,,

 Qu(Tn, )

one has 0 < w, < 1in KNQ, and w,(-,0) < + in [—p, p] for all n large enough. In particular,
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Wy (T, yn) = 1. It can be deduced that the function w, satisfies

{—dAwn + 2dad,w, — (do? + f,(z,0) + A\, (a))w, =0, in KNQ,,

—daywn(fﬂ,()) = M#&x’;n) - an(l', 0)7 n [_p7 p]

From standard elliptic estimates up to the boundary, the positive function w,, converges, up
to extraction of some subsequence, to a classical solution w., € [0, 1] of

—dAwy, + 2dad,we — (do? + fo(2,0) + Aa))ws =0, in KNQ,
—dOywoo(,0) + vws(x,0) = 0, in [—p, pl.

Moreover, wy(+,0) = 0 in [—p, p|] and Weo(Too, Yoo) = 1. Therefore, the case that yo, = 0 is
impossible. Assume now that y,, > 0. By using the Harnack inequality up to the boundary,
there exists a point (2’,y') in the neighborhood of (24, ¥s) belonging to (K N Q)° such that
Wso(2',y') > 5. Then, the strong maximum principle implies that w. > 0 in (K NQ)°. Since
Weo(+,0) = 01in [—p, p|, one infers from the boundary condition that d,ws(-,0) = 0in [—p, p|.
This is a contradiction with the Hopf lemma. This completes the proof of Lemma 3.24. [J

Lemma 3.25. For any R > Ry, normalizing with || Pg(-)||r~®) = 1, there is Cy > 0 (inde-
pendent of R) such that
1Qr(, 0)[[ o) < Co
Proof. If the statement is not true, by suitable renormalization we assume that there is
a sequence (R, )qen satisfying R, — +oo such that [|Qg,(-,0)||z~®) = 1 and such that
| Pr, (-)||Leemy — 0. Without loss of generality, we assume that z, € [0, L] for all n € N,
such that Qg, (x,,0) = 1. Therefore, there is 2, € [0, L] such that, up to some subsequence,
Ty — Too a8 N — +00. Since (Pr, )neny and (Qgr, (+,0))nen are uniformly bounded in L>*(R),
it follows from Lemma 3.24 and from standard elliptic estimates up to the boundary that the
function pair (Pg,, Qr,) converges as n — +00, up to extraction of some subsequence, locally
uniformly in Q to (Ps, Qo). In particular, P, = 0 in R and Qo (7o, 0) = 1. Moreover, Ps,
satisfies
—DP! +2DaP! + (—=Da® + 1) Py — vQuo(+,0) = A(a) P in R.

Then, it is easily derived from above equation that Q«(-,0) = 0 in R, which contradicts
Qoo (Zoo,0) = 1. The proof of this lemma is thereby complete. ]

Proof of Theorem 3.21. By elliptic estimates and Lemmas 3.23-3.25, the eigenfunction pair
(Pgr,Qr) converges locally uniformly in Q as R — 400 to a nonnegative and L-periodic (in
z) function pair (P,, Q,)) solving the generalized eigenvalue problem (3.48) in the half-plane
Q) associated with the generalized principal eigenvalue A(«). Moreover, up to normalization,
it follows that P, < 1in R and @Q,, is locally bounded in Q. By the strong maximum principle
and the Hopf Lemma, we further derive that (P,, Q,) is positive in Q.
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Assume that A corresponds to a positive and L-periodic (in x) eigenfunction pair (P, Q)
such that the generalized eigenvalue problem (3.48) is satisfied. By reasoning as in the proof
of Proposition 3.18 (iii), it follows that A < Ag(«) for any R > Ry, which reveals 4 < A\(«)
by taking R — 4o00. O]

3.5.2 Spreading speeds and pulsating fronts in the half-plane

This subsection is devoted to the proofs of Theorems 3.6 and 3.8. We start with variational
characterization of the rightward and leftward asymptotic spreading speeds ¢’ by using the
generalized principal eigenvalue constructed in the preceding subsection. Define

. —Aa) —A(=)

¢y = inf , ¢ = inf ——=,
a>0 o a>0 o

Thanks to (3.47), it is noticed that ¢’ € [2v/dm, +00) is well-defined. Moreover, we point out
that, from the definitions of A(£«) and of ¢ and from the property that Ag(a) = Ag(—«)
for all @ € R (for any R > Ry) shown in the proof of Lemma 3.20, it is obvious to see that
¢t = c¢*. In what follows, we denote ¢* := ¢!, = inf,~o —A(a)/a > 0.

Lemma 3.26. There holds cj, < ¢* and cj; — ¢* as R — +o00.

Proof. Since the function R — —Ag(«) is increasing for all @ € R, one has —Ag(a) < —A(«)
for all « € R. This implies

“Ar(@) ZAMA) p e s
o o
Furthermore,
a>0 (0% a>0 (%
which implies
0<chp<c. (3.50)

It remains to prove that ¢j, — ¢* as R — +o0. Since the functions a — —Ag(a) and
a — —A(a) are convex and continuous in R, one has o« — —Ag(a)/a and a — —A(«a)/«a
are continuous for all o € (0, +00). Since —Ag(«)/a increasingly converges to —A(«a)/a as
R — 400 for each o € (0, +00), the Dini’s Theorem (see, e.g., [141, Theorem 7.13]) implies
that

—-A —-A

wo) _ M)
a a

On the other hand, it is seen from (3.45) and (3.47) that both —Ag(a)/a and —A(«)/a tend

as R — 400 uniformly in a € (0, +00).
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to infinity as a — 0% and as a — +oo. One then concludes that

inf —Ar(@) — inf —Me)

a>0 [0 a>0 [0

as R — +oo.

That is, ¢, = ¢* as R — +o00. The proof is thereby complete. O

Proof of Theorem 3.6. (i) We first construct the upper bound in the rightward propagation.
Let (u,v) be the solution of (3.1) with nonnegative, bounded, continuous and compactly
supported initial condition (ug,vo) #Z (0,0). We need to show

lim sup  |(u(t,z),v(t,z,y))| =0 for all ¢ > ¢*, (3.51)

=400 p>ct, 0<y<A

For any ¢ > ¢*, choose ¢ € [c¢*,¢) and a > 0 such that —A(a) = ac. Let (AM«); (P, Qa))
be the generalized principal eigenpair of (3.48) derived in Theorem 3.21. Since (ug,vo)
is compactly supported, one infers that, for some v > 0, ve *@=D(P,(z), Qulx,y)) lies
above (ug,vg) at time ¢ = 0. Thanks to the KPP assumption, one further deduces that
e~ *#=¢ (P (x), Qu(z,)) is an exponential supersolution of the Cauchy problem (3.1) and
ye~ @ (P(x), Qu(z,y)) > (u(t,z),v(t,z,y)) for all t > 0 and (x,y) € Q by Proposition
6.25. It follows that, for any A > 0,

sup  (u(t,z),v(t,z,y) < sup  ve TPy (x), Qalz,y)),
rz>ct,0<y<A x>ct,0<y<A

whence, by Theorem 3.21 and by passing to the limit ¢ — +o0, the formula (3.51) is proved.

(i) Let us prove the lower bound (3.9). Choose any ¢ € (0, c¢*). Let (u,v) be the solution
of (3.1) with nonnegative, nontrivial, bounded and continuous initial condition (ug,vy) <
(v/p, 1). Thanks to (3.26), we know that (Ug(x), Vp(z,y)) increasingly converges to (v/u, 1)
as B — +oo uniformly in 2 and locally uniformly in y. Since (ug,ve) < (v/u, 1) in Q, for
B > Ry sufficiently large, there is a smooth cut-off function x? : [0, +00) — [0, 1] satisfying
xZ()=11in [0, B — 1] and xZ(-) = 0 in [B, +00), such that (0,0) < (ug, xPve) < (Ug, Vp)
in Qp. Let (ug,vp) be the solution to the Cauchy problem (3.2) in Qp with initial datum
(ug, xPvp) and let (U, V) be the associated unique nontrivial stationary solution of (3.2).
By Lemma 3.26, up to increasing B, the asymptotic spreading speed cj of the solution
(up,vp) to (3.2) in Qp can be very close to ¢*, say ¢j ~ ¢, such that ¢ < ¢j; < ¢*. From
Theorem 3.3, one derives

lim inf (up(t,x),vp(t,z,y)) = (Ug(z), Va(z,v)),

t—+o00 0<z<ct, y€[0,B]

due to 0 < ¢ < ¢}. Notice that (u,v) is a strict supersolution to problem (3.2) with initial
datum (ug, xPvg) in Qp, Proposition 3.13 yields (u(t, ), v(t, z,y)) > (up(t,x),vp(t, z,y)) for
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all t > 0 and (z,y) € Qp. Thus, for all 0 < A < B, it follows that

(Up(z), Vp(z,y)) < lim inf  (u(t,x),v(t,z,y)) < (v/p,1).

T t—=+oo0 0<z<ct,y€[0,A]

Passing to the limit B — +o00 together with Proposition 3.17 (ii) implies that, for any A > 0,

lim inf (u(t,x),v(t,z,y)) = (v/u, 1).

S LV ST >

The proof of Theorem 3.6 is thereby complete. O

Finally, we prove Theorem 3.8 in the right direction, that is, problem (3.1) admits right-
ward pulsating fronts if and only if ¢ > ¢*. The proof is based on an asymptotic method.

Proof of Theorem 3.8. Fix ¢ > ¢*, one infers from (3.50) that ¢ > ¢}, for any R > Ry. It
follows from Theorem 3.5 that the truncated problem (3.2) admits a rightward pulsating
traveling front (ug(t,x),vgr(t,z,y)) = (¢r(x — ct, ), Yr(x — ct,z,y)) with wave speed ¢ in
the strip Qr connecting (Ug, Vz) and (0,0). Moreover, the profile (¢r(s,x),v¥r(s,x,y)) is
decreasing in s and L-periodic in z. Consider a sequence (R,)nen such that R, — +oo
as n — +oo. Denote by (¢r,(s,x),¥r, (s,2,y)) the sequence of the rightward pulsating
traveling fronts of (3.2) with speed ¢ and by (Ug,, Vr,) the corresponding nontrivial steady
states of (3.2) in the strips Qg,. One has

QSRn(_OO’x) = UR7L(:E)v gbRn(—f-OO,ZE) =0,
an(_Oovxvy) = VRn(*T?y)v an(—i-OO,JI,y) = 07

uniformly in (z,y) € Qg,. Moreover, it follows from Proposition 3.17 that 0 < Ug, < v/u
inR,0< Vg, <1inR x[0,R). By the limiting property in Proposition 3.17 (ii), one can
assume, without loss of generality, that g—Z < Ug,(-) < o inR for each n € N. Then due to
the monotonicity and continuity of the function s — ¢g, (s, ), there is a unique s,, € R such
that

1%
A O (s ) = o O (o) =

Set (¢n(s,2),¥n(s,7,y)) = (PR, (s + 50, 7), YR, (5 + Sn, 2, y)). Since

r— S r— S

(un(Tv l‘), Un(Tu xz, y)) - (¢n<87 .T), 1/)n(87 xz, y))7

by standard parabolic estimates, the sequence ((un,v,))nen converges, up to extraction of a

subsequence, locally uniformly to a classical solution (u("‘“;s, r), (%, x, y)) = (¢(s,2),¥(s,z,y))
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3. Spreading speeds and pulsating fronts for a field-road model in a periodic habitat

of (3.1) satisfying the normalization condition

O- fry 0' = —.
max ¢(0, -) xg3§]¢(,) 2

Moreover, the profile (¢(s, x), ¥ (s, x,y)) is non-increasing in s and L-periodic in x such that

d)(—OO,.T) = V/:u7 ¢(+OO,3?) = 07
¢(_m7m7y) = 17 @D(—FOO,Z‘,Q) = 07

uniformly in z € R and locally uniformly in y € [0, +00).

Now, let us show the monotonicity of (¢(s,x),v(s,x,y)) in s. Since the pulsating front
(u(t,x),v(t,z,y)) = (p(x —ct, z), ¥ (x — ct, x,y)) propagates with speed ¢ > ¢* > 0, it follows
that u, > 0 fort € Rand 2 € R, v, > 0 for t € R and (z,y) € Q. Notice also that
(u(t,z),v(t,z,y)) is a global classical solution of problem (3.1), whence z = v; is a global
classical solution of z; = dAz + f,(z,v)z for t € R and (z,y) € Q with z > 0. From the
strong parabolic maximum principle, it follows that z > 0 or 2 =0 for t € R and (z,y) € Q.
That is, v; > 0 or v; = 0 for t € R and (z,y) € Q. The latter case is impossible, otherwise
one would derive from v; = 0 that either v =0 or v =1 for t € R and (z,y) € 2. This is a
contradiction with the limiting behavior of the pulsating fronts. Therefore, v; > 0 for t € R
and (z,7) € Q and by continuity v; > 0 for t € R and (z,y) € Q. Likewise, one infers that
ug > 0 for t € R and = € R. Hence, the rightward traveling fronts (¢(s,x), (s, z,y)) are
decreasing in s.

Assume that there exists a rightward pulsating traveling front (¢(x —ct, z), ¥(z —ct, z,y))
of (3.1) with speed ¢ > 0. Then, one infers from Theorem 3.6 that, for any ¢ € [0, ¢*) and
for any B > 0,

lim sup |(¢(z — ct, ), Y(z — ct,z,y)) — (v/p,1)| = 0.

t=400 </t ye [0,B]

In particular, for any ¢ € [0, ¢*) and for any B > 0, taking x = 't and y € [0, B], there holds

lim ¢((Cl - C)t, Clt> = V/M? tl}+m ¢(<Cl B C)t7 Clta y) =1

t——+o00

From the limiting condition (3.10), it follows that ¢ < ¢ for all ¢ € [0,c¢*). Consequently,
one gets ¢* < ¢. This implies the non-existence of rightward pulsating traveling fronts with
speed 0 < ¢ < c*. O
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Chapter 4

On some model problem for the
propagation of interacting species in a
special environment!

4.1 Introduction and notation

It has been observed in diffusion or propagation problems that the topography of the en-
vironment is playing a crucial role. A new evolution model of biological invasions in two
dimensional environment was introduced in [30] in 2013 where the plane is divided in a line
“the road” and its complement “the field”. It is assumed that the population in the field is
governed by a logistic growth which leads to a KPP type reaction term f(v) in the field
while a more general reaction g(u) is set on the road. Moreover, exchange of population
is assumed to take place between the road and the field. Let us remark that this model is
motivated by empirical observations that the roads are not only essential for human beings
but also can be useful for other species. One can easily imagine that mosquitoes could be
interested in socialising with human beings along a road but many other situations seem
to have occurred due to this element of civilisation. Later, new features, such as transport
and reaction terms on the road, were taken into consideration in [31] and traveling waves,
spreading and extinction was studied in [33]. Afterwards, the original model in a strip with
Dirichlet homogeneous boundary condition on the other part of the boundary of the field was
analyzed in [152]. The model was recently generalized to higher dimension in [140]. Specif-
ically, the Fisher-KPP type reaction-diffusion equation is set in an unbounded cylinder in
RN+ coupled with a diffusion equation on the boundary of the cylinder where the exchanges
of populations occur as well and particularly, when N = 1, this situation models two parallel
roads bounding a field described as a strip. The interest of the references above is the pop-

IThis is a joint work with Michel Chipot, published in Discrete & Continuous Dynamical Systems.
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4. Elliptic problem of the field-road model

ulation dynamics and propagation phenomena with respect to different diffusion assumption
a priori from an evolutional point of view, especially, to understand the effect of the road
with fast diffusion on the spreading of species in a homogeneous environment. In this note,
we consider an elliptic problem where the living space of our species consists in a field and
one or several roads that we will assume to be unidimensional. We will also assume the
roads to be straight but several extensions can be addressed very easily with our approach.
On each domain -field or road- we will consider nonlinear diffusion equations which include
for instance the Fisher-KPP types. The interaction with the populations is modeled by a
particular flux condition ( see for instance 30, 31, 140, 152] and the set of equation below).

Let Q, be the open set of R2, defined for ¢, L > 0 as
Q= (—¢,0) x (0,L).
We denote by I'y the part of the boundary of €2, located on the x;-axis i.e.
[o=(—¢1¢) x {0}
and by I'; the rest of the boundary that is to say
[y = 0Q\I.

When convenient we will identify I'g to (—¢,¢). In this setting 2, stands for a field and I’y
for a portion of a road.

T2

I L

Q
I, Iy

—t Ty 0 ¢ N

Figure 9: The domain €2, for one-road problem

Set
V={veH () |v=0o0nT}
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4.1. Introduction and notation

We would like to find a solution to the problem

—DAv = f(v) in Qy,

v=0onIY, Dg—Z:uu—VvonFo,
—D'v" + pu = g(u) + vv on Iy,
u=0ondl'y={—-(1}.

(n denotes the outward unit normal to €2).
In the weak form we would like to find a couple (u,v) such that

(u,v) € HY(To) % V.,
ng DVv -V dz + fro vu(xy,0)p day
- sz f(o)ep da + fro pup dry Vo €'V, (4.1)
Jr, DU + puyp day = [ vo(e, 0)y da

|+ Jr, 9w dxy Vb € Hy(To).

Here we assume that
D, D', m, u,v are positive constants,

such that

m 2> —. (4.2)

TR

f,g are Lipschitz continuous functions i.e. such that for some positive constants Ly, L,
it holds

[f(@) = F)l < Lyl —yl, |o(@) = 9(y)| < Lolw —y| Va,y € R. (4.3)
Note that this implies that for A > Ly (respectively n > L) the functions

= Az — f(2), e — g(x) (1.4)
are nondecreasing. In addition we will assume
f(0)=f(1)=0, f>0o0n(0,1), f <0on (1,+00). (4.5)

9(0) =0, g(m) <0. (4.6)

One should remark that under the assumptions above, (0,0) is a solution to (4.1). We are
interested in finding a nontrivial solution to the problem (4.1). For the notation and the
usual properties on Sobolev spaces we refer to [53], [50], [56], [73], [83]. We will also consider
some extension in the case of a two-road problem which consists of three coupled equations
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4. Elliptic problem of the field-road model

with two interaction conditions on the upper- and lower- boundaries. Finally, we will address
the case of an unbounded setting for the one-road problem.

4.2 Preliminary results

Lemma 4.1. Suppose that w is a measurable function on I'y such that
0<w<m.
Then under the assumptions above the problem

v eV,
Jo, PVv -V dv + [i vv(z,0)p(r1,0) dr (4.7)
= fQZ f(v)(ﬂ dx + fro pwep dx; VQO € ‘/a

possesses a minimal and a mazximal solution with values in [0, Em].

Proof. Let us remark first that any nonnegative solution to (4.7) takes its values in [0, £m)].
Indeed, if v is solution to (4.7) taking as test function ¢ = (v — k)*, k = £m > 1 one gets

DIV(w—k) P de= | DV(w—k) - Vw—k)tdr= [ DVv-V(v—k)" dv

Q Q Qp

=/ f) (v =k de+ [ {pw—rvo(z,0) v —k)" dr,

o

< | {pw —vv(x,0)} (v — k)" dz; <0,
o
since on the set where v > k one has v > £m and pw — vv(z1,0) < pw — pm < 0.

Next let us note that 0 is a subsolution to (4.7). Indeed this follows trivially from

DVO-Vgodx+/

1)

V0 dx; < f(0)p dx +/ pwe dry Yo € V,p > 0.
Qp Qp To

On the other hand, for ¢ € V, ¢ > 0, one has also for k = Zm, since k > 1

DVk-Vgadx—l—/

To

vko dx; > f(k)p dx +/ pwep dry
Qg 1)

Q,

and the function constant equal to & = £m is a supersolution to (4.7).
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4.2. Preliminary results

For z € L?*()) we denote by y = S(z) the solution to

yeV,
sz DVy -V dz + fm Ay dx + fro vy(zy1,0)p dry (4.8)
= Jo, [(2)p da + [ Az da + [i pwyp doy Vo €V,

where we have chosen A > L. Note that the existence of a unique solution y to the problem
above is an immediate consequence of the Lax-Milgram theorem.

First we claim that the mapping S is continuous from L?(€),) into itself. Indeed setting
y' = S(2’) one has by subtraction of the equations satisfied by y and ¢/

DV(y—1) -V dx+/

g My —y' ) doe + / v(y —y)e dxy
l

Fo (4.9)
= [ {f(z) = f(ZN}e dm—i—/ Mz =2 deVp e V.
Q Qg

Q

Taking ¢ = y — / one derives easily

M o ly—yPde< | [fGe)=fEy—y]de+ X[ |z2=2ly—y]|da
Qp Qp Qp

<@+ [ 2=y -y do
14

By the Cauchy-Schwarz inequality we obtain then

Ly+ A

15(2) = 5(z)]20, <

|Z - Z,|27Qz

which shows the continuity of the mapping S (| |2.q, denotes the usual L?(€)-norm).

We show now that the mapping S is monotone. Indeed suppose that z > 2’ and as above
denote by ' the function S(z’). Taking ¢ = —(y — 3/)~ in (4.9) we get

DIV(y —y) > dz + /

Qg

Ay — o)) do + / vy — o)) da

Qg To

_ / Az — =)+ {f(2) = F(y — )~ de <0,

since —{f(z)— f(2")} < L¢|lz—2'| < XM(z—2') (see (4.3), (4.4)). This shows that (y—y')~ =0
and the monotonicity of the mapping S.
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4. Elliptic problem of the field-road model

We consider now the following sequences (Cf. [6]) :

o
@207 yoz—m:k,
14

(4.10)
Yn = S(Yn-1), Un = S(Un-1), n > 1.
One has
w=0<y < <yp<T< - <TH<To=m=Fr (4.11)
= = = v
Indeed since y1 = S(yo) = S(0) one has for Vo € V, ¢ > 0,
DVy, -V dz —i—/ Ay1p dx +/ vyp(x1,0) dry
Qp _ Qp _ To _
= f(yo)yp dx —|—/ Ayop dx +/ pwe dry
Q Q To

> DVyo -V dx +/ Aoy d +/ vyo(z1,0)p day,
Q

Qy To

since y is a subsolution to (4.7). Using this inequality with ¢ = (y1 — o)~ one derives easily

DV (y1 — o) - V(y1 — yo)~ dx +/ Ay — Yo) (Y1 — o)~ dx

Qy o Q

+/ v(y1 — Yo) (Y1 — Yo)~ da1 > 0.
o

Thus it follows that y; > yo. With a similar proof one gets that gy < 7. Applying S to
these inequalilties leads to

S Myo) = Y1 S Yo =S5" 1), SN =TVt =T = 5" (W)

Furthermore from yo < 7o one derives by applying 5" to both sides of the inequality
Yn < Yn-
This completes the proof of (4.11). Then for some functions v, v in L?*(€),) one has
Yn = U, Yo — U in L*(Q).

Clearly v and v are fixed point for S and thus (see (4.8)) solutions to (4.7). This completes
the proof of the lemma. O

We denote by Ay = A(€) the first eigenvalue of the Dirichlet problem in €, and by ¢,
the corresponding first eigenfunction positive and normalised. More precisely (A1, ¢1) is such
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4.2. Preliminary results

that

—Apy = A1 in §y,
1 =0 on 08, .
g01(0, %) = 1.

We suppose that for s > 0 small enough one has

f(s)
/\1 S E

(4.12)

(4.13)

Let us mention that both the normalization for the principal engenfunction ¢, and the

condition for the principal eigenvalue \; are essential and will play crucial roles in the sequel

to derive the main results in the present paper. Indeed, the normalization ¢ (0, %) =1 can

ensure that the subsolution will be bounded away from 0 when passing to the limit ¢ — 0.

Therefore, as will be seen in (4.25), the component v, of the nontrivial solution (u,,v,) is

bounded from below by a positive constant in a subdomain of €2, uniformly in ¢, which further

implies the nontrivial property of the solution in the unbounded strip as the limit of (uy, vy)
as { — +oo. We do not know if the condition (4.13) could be relaxed.

Then one has :

Lemma 4.2. Under the assumptions of the preceding lemma and (4.13), for e > 0 small

enough, the mazimal solution T to (4.7) satisfies
QY1 <7.

In particular T is bounded away from 0.

Proof. Due to (4.13) one has for € > 0 small enough

D)\1€g01 S f(EQOl)

This allows us to show that ey, is a subsolution to (4.7). Indeed, for ¢ € V', ¢ > 0 it holds

after integration by parts

DV (ep1)-V dx —|—/ vep:(z1,0)p day

Qy To

= [ DV(ep1) -Vodr= [ V-(DV(cp1)p) — DA(epr)p dx

Q Q

= Do, (ep1)pdo + DX (epq)y dx
BQZ QZ

< flepr)p dx +/ pwe dry.
Qg o
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4. Elliptic problem of the field-road model

(n denotes the outward unit normal to £, note that 9,(cp1) < 0). Thus ey, is a positive
subsolution to (4.7).

Then one argues as in the preceding lemma introducing the sequence defined for e small

by :

g p
—m, Yo = —1m,
1%

y_?’b = S(yn—l)a y_’fl = S<yn—1)7 n Z 1.

One has with the same proof as above

Yo = €1 <

y—ns---smg%zgm.

IN

<

n

The result follows from the fact that 7, — ©. This completes the proof of the lemma. n

One has also :

Lemma 4.3. Suppose that

@ s decreasing on (0, +00). (4.14)

If vy, v9 are positive solutions to (4.7) corresponding to wy,ws respectively then
wy < wy tmplies v1 < vg.

In particular (4.7) has a unique positive solution.

Proof. Denote by 6 a smooth function such that
O(t) =0Vt <0, 6(t)=1Vt>1, §(t) >0.

Set 0-(t) = 6(%). Clearly
0103(1)1 — ?)2), U295(U1 — UQ) ev.

From the equations satisfied by vy, vy one gets, setting 0. = 6.(v; — vy),

DVv; - V(veb.) dx —i—/ vuy(xy,0)(v20;) dxy

Q, To

= | [f(vi)(v2b:) da +/ pwy (vefe) day,
Qp o
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4.2. Preliminary results

DVvy - V(v10;) dx +/ vug(z1,0)(v16:) dxy

Qg To

= f(UQ)(U195> dz ‘|‘/ ,UQUQ(U195> dl‘l.
To

Q
By subtraction we obtain
D{Vuvy - V(v10.) — Vv - V(v20.)} dx
Q

= [ #0160 ~ F0)(0:0.) do+ [z = wefon — va) don.
Qp o

Clearly the last integral above is nonnegative so that one has
D{Vuvy - V(v10.) — Vi - V(vab:)} dx > | f(ve)(v10:) — f(v1)(v20:) da.
Q[ Ql

By a simple computation writing 0. for ¢.(v; — vy) one derives

f(va)(v18:) — f(v1)(v2be) dx
< [ D{Vuvy-V(v10.) — Vuvy - V(v20.)} dx
= [ D{Vuy-V(v; —v3)0v; — Vv - V(v — v2)0lue} dx
Qy

= [ D{viVuy — Vo1 } - V(v1 — v2)0. dz

Q

= D{v1Vvg — 15V vy + 13Vy — 13Vu1 } - V(v — 02)0. dx
Qg

= DVuy - V(v — vg) (v — v9)0L. do — Duy |V (vy — v2) |20 dx
Qp Q

< [ DVuy-V(v; —vq)(v; — v9)0. du.

Qg

Let us set 7.(t) = fot s0.(s)ds in such a way that the inequality above reads

/Q F(02) (020.) — F(0)(00.) do < [ DYy Vro(or — v) dor

Qp
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4. Elliptic problem of the field-road model

From the equation satisfied by v, since v.(v; — vg) € V and v9, 7. are nonnegative one has

DYy - V7. (v1 — v9) do < fw)ve(vy — vg) dx +/ pwoYe(v1 — vo) dxy.
Q Q To

Since for some constant C' E .
Ve (t) < / s@’(f)—ds < Ce
0

IS

the right hand side of the above inequality goes to 0 when € — 0. Since when € — 0 one has
0:(v1 — V2) = X{u>vs} the characteristic function of the set {v; > vy} = {z € Q| vi(z) >
ve(z)} one gets

/{ }f(Ug)Ul — f(v1)vy dx < 0.

But on the set of integration thanks to (4.14) one has f(vq)v; — f(v1)vy > 0 hence the set
of integration is necessarily of measure 0, i.e. v; < vy. This completes the proof of the
lemma. O

4.3 The main result

Theorem 4.4. Suppose that (4.2)-(4.6),(4.13),(4.14) hold, then the problem (4.1) admits a
nontrivial solution.

Proof. As mentioned above it is of course clear that (0,0) is solution to (4.1). Set
K={vel*Ty) |0<v<m}

For u € K, let T be the unique positive solution to (4.7) associated with w = u. For n > L,
let U = T'(u) the solution to

U e H}(Ty),
Joo DU + pU% + Uy day (4.15)
= fFo vo(z1,0)Y + g(u) + nui doy, Vi € HE(Ty).

The existence of U is a consequence of the Lax-Milgram theorem.
We claim that T is continuous on K C L*(T). Indeed suppose that u, — u in K. Denote
by U, the solution to (4.7) associated with u, i.e. satisfying

DV, -V dx +/ VU (21, 0)@ dry

Q o

(4.16)
= f(Un)p dx +/ punp dry Yo € V.
Qg Ty
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4.3. The main result

Since v,, and u,, are bounded, taking ¢ = v,, in the equality above one gets easily

D|V7©,|* dx —i—/ v, (21,0)? doy < C,

Q, o

where C' is a constant independent of n. Thus, up to a subsequence, there exists v € V' such
that
T, — v in H'(Q), 0, — v in L*(Q), T,(.,0) = v(.,0) in L*(Ty).

Passing to the limit in (4.16) it follows from Lemma 4.3 that v = ¥ the solution to (4.7)
corresponding to w = wu. By uniqueness of the limit one has convergence of the whole

sequence and in particular
Un(.,0) = o(.,0) in L*(Ty).

Passing to the limit in (4.15) written for « = u,, one derives T'(u,) — T'(u) in L?(Ty).

We can show also that 7" is monotone. Indeed, suppose that u; > up and set U; = T'(w;),
i =1,2. One has, for Vi € H}(Ty),

DU + ulh) + U day = / VB (21, 0)0 + g ()b + munt) e,

To o

DU + pUst) + nUsy day = / v02(21,0)¢) + g(u2)y) + nuatp dy.

FO F0

By subtraction it comes, for Vi € H}(Ty),

D'(Uy = U2)"¢' + p(Ur — Ua)yp +n(Ur — Uz)¢ das

1)

- / p(@1(21,0) — Ta(1, 0)) + (9(ur) — glua))b + s — up)tp iy,

Choosing ¢ = —(U;—U,)~ and taking into account that, by Lemma 4.3, Uy (21, 0) =02 (21,0) >
0 and that for n > L, (g(u1) — g(u2)) +n(ug —uz) > 0 (Cf. (4.3), (4.4)), one gets

A D'{(Uy = Ua)"Y? + p{(Ur = Ua)™ 2 + n{(Uy — Ua) ™ }* day < 0.
Thus (U; —Us)™ =0 and T'(uy) > T'(uz).

Next we assert that 7" maps K into itself. Indeed, if Uy = T'(0) one has, with an obvious
notation for vy

D/U6¢/ + ,UU(ﬂ/) + T]U(ﬂ/) del = / 1/50(.%'1,0)1# dl’l v1/1 S H&(Fo)

Fo 1—‘O
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4. Elliptic problem of the field-road model

Taking 1) = —U,; one deduces easily since 7y > 0 that Uy = T7'(0) > 0. Similarly if U, = T'(m)
one has, with an obvious notation for v,

DU + pUnth + Unts day = / VO (201, 0)8 + g(m)ep + b diry Yop € HA(T).

o o

Thus choosing ¢ = (U,, —m)* it comes since g(m) <0, v, < £m

A D' (U —m) VI + (1 + ) { (U — m) "} dy

= / (V0 — pm) (U, — m)Tdxy < 0.
To

From this it follows that U,, < m. By the monotonicity of T' it results that 7" maps the
convex K into itself. But clearly T(K) C C2(T) is relatively compact in L%(Iy). Thus, by
the Schauder fixed point theorem (see [50], [73], [83]), 7" has a fixed point in K which leads
to a nontrivial solution to (4.1). This completes the proof of the theorem. ]

If it is clear at this point that the solution we constructed is non degenerate in v it is not
clear that the same holds for u. In fact we have :

Proposition 4.5. Let (u,v) be the solution constructed in Theorem 4.4. One has

u Z 0.

Proof. Suppose that u = 0. Due to the second equation of (4.1) one has v(z1,0) = 0 and
from the first equation of (4.1) we get

DVv-Vodr= [ f(v)pdxVeeV. (4.17)
Qy Qg

Consider then a small ball B = B,,, centered at xy € I'g. Set

" vin Q,NB,
V=
0 in the rest of the ball.

Let ¢ € D(B). One has by (4.17),

/DV@V-Vgod:B: DVU-Vgpd:v:/
B

QyNB

f(0)p d = /B (@) dz, ¥ € D(B).

Q,NB

Thus
—DAv = f(v) in B.
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It is clear that v and thus f(v) are bounded and one has f(v) € L>°(B) C L*(B) Vp. From
the usual regularity theory it follows that v € W*P(B) C C**(B). Since f(v) >0, f(v) £ 0
it follows that ¥ > 0 in B (see [83]). Hence a contradiction. This shows the impossibility for
u to be identical to 0 and this completes the proof of the proposition. O

Remark 4.6. One can easily show (see [51], [50]) that

v = (3)'+ (5

Thus for a smooth function f it is clear that (4.13) is satisfied if

/'(0)
o

)\1 == )\1(9() <

i.e. for £ and L large enough.
Note that (4.14) (see also (4.5)) is satisfied in the case of the Fisher equation i.e. for

fw) =v(l =)

the Lipschitz character of f being used only on a finite interval.

4.4 Some extension

In this section, we would like to extend our results in the case of a so called two-road
elliptic problem, for which the corresponding evolution problem was studied in [140] in high
dimensional unbounded cylinders. To be more precise, we set

Iy= (=40 x {L}, Ty =0Q,\{ToUTy},

V={veH Q) |v=0onT},

T2

Fl F1

Figure 10: The domain €2, for two-road problem
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4. Elliptic problem of the field-road model

We consider the problem of finding a (u, v, w) solution to

((u,v,w) € HY(Ty) x V x HI(TY),

Jo, PVv -V dr + [i vv(z:,0)p doy + fFé vo(zy, L) dr

= Jo, fW)¢ dx + [ pue doy+ [p, plwg day Vo €V,

Jr, DU+ puyp day (4.18)
= Jp, vo(@1,0)¢ doy + [i, g(w)y day Vi € Hy(Ty),

f% D'"w'¢' + pfwe dxy

| = f% vV'o(xy, L)¢ doy + frg) h(w)p dxy Yo € HY(T)).

Here we assume that
D,D' D", u,v, ),V are positive constants,

f, g, h are Lipschitz continuous functions with Lipschitz constants L, Ly, L, respectively (Cf.
(4.3)), which implies that for A > L, n > L, and £ > L, the functions

x— Ax — f(z), nz —g(z), {&x— h(z)

are nondecreasing. We will suppose that f satisfies (4.5) and that

Since I'y and I'{, are playing exactly identical roles there is no loss of generality in assuming
for instance

ES B
v v
Then for
v , vV
mz>—, m=—=m,
I 7
we will assume
g(m) <0, h(m') <. (4.19)
One should notice the following properties
/
Lo > 1, u—/m’ =
v v v
/ /
m=2En>2L
wvo T

Then with small variants we can reproduce the results we had in the preceding sections. First
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4.4. Some extension

we have

Lemma 4.7. Suppose that u,w are measurable functions on I'y and I'yy respectively such that
0<u<m, 0<w<m
Then under the assumptions above the problem

(v eV,
Jo, DV -V do + [ vv xl,O)go(xl,O) da,
+ng v'v(zy, L)(z1, L) doy = fQ v)p dx
\ +fF0 pup(xy,0) dry + f% ,uwcp(xl, L) dxy Vo €V,

(4.20)

possesses a minimal and a mazimal solution with values in [0, Zm)].

Proof. Let us remark first that any nonnegative solution to (4.20) takes its values in [0, £m)].
Indeed if v is solution to (4.20) taking as test function ¢ = (v — k)*, k = £m > 1 one gets

DIV(v—k)")? dx

QZ DV(o—k) V(o —k)" do= | DVe-V(o—k)" dr
f( Jv—k)" dz+ Fo{uﬂ—vv(%l,o)}(v—k)+ dx
+ F{){M'w — Vu(zy, D)} — k)T dy
| {u = vo(an, 001w k)t dry + Fg{mv — Vu(zy, D)Mo — k)T day

<0

J

since on the set where v > k = &m = ’V‘—:m’ one has {uu — vv(z1,0)} < {pu — pm} <0 and
{p'w —v'v(z, L)} < {p'w—p'm'} <0.
Next let us note that 0 is a subsolution to (4.20). Indeed Yo € V, ¢ > 0, one has

/ DVO0 -V dx —|—/ V0 dxy —|—/ V'0p dry
Qp To 6

sz(())cp dx+/

o

/

L dry +/ wwe dr.
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4. Elliptic problem of the field-road model

On the other hand, & = £m is a supersolution since for ¢ € V, ¢ >0,

/ DVk -V dz +/ vke dx; —i—/ V'kp dry
Q I I,

0
> [ f(k)p dx +/ pup dry +/ wwe dr.
Qg o ¢

Ty

For 2 € L?*()) we denote by y = S(z) the solution to

yev,
er DVy -V dr + er Ay dz + fro vy(z1,0)p dry + fFé V'y(zy, L)y dxy
= fﬂz f(2)p dx + sz Az dx + fFo pup dry + fré wwp dry Vo €V,
where A > L. The existence of a unique solution y to the problem above follows from the
Lax-Milgram theorem. Then reproducing the arguments of Lemma 4.1 it is easy to show that

S is continuous and monotone. Introducing the sequence defined in (4.10) one concludes as
in the Lemma 4.1 to the existence of a minimal and a maximal solution v and v. O

Then one has :

Lemma 4.8. Under the assumptions of the preceding lemma and (4.13), for € > 0 small
enough, the mazimal solution T to (4.20) satisfies

ep1 <.
In particular v is bounded away from 0.

Proof. Due to (4.13) one has for £ > 0 small enough

D/\1€g01 S f(ég&l)

Then for ¢ € V', ¢ > 0 it holds after integration by parts

DV (ep1)-Vy dx +/

o

vep:(21,0)p dr +/ V'ep(x1, L) dxy

Q I

= | DV(ep1) -Vodr= [ V-(DV(ep1)p) — DA(ep1)p dx

Qg Ql

= Do, (ep1)pdo + DX (ep1)p dx
BQg QZ

< [ flep)p det / i iy + / [T duy.
Q I )

138



4.4. Some extension

(n denotes the outward unit normal to §, note that 0,(cp;) < 0). Thus ¢y is a positive

subsolution to (4.20) and one concludes as in the proof of Lemma 4.2.

By analogy to Lemma 4.3 one has :

O

Lemma 4.9. Suppose that [ satisfies (4.14). If vy, ve are positive solutions to (4.20) corre-

sponding to (uy,wy1) and (ug,wsy) respectively then
ur < ug and wy < wy tmplies v1 < vg.
In particular (4.20) has a unique positive solution.
Proof. Denote by 6 a smooth function such that
O() =0Vt <0, 0(t) =1Vt >1, ¢(t) > 0.

Set 0-(t) = 0(L). Clearly
12108(1}1 — ’UQ), 1)26)8(1)1 - UQ) eV.

From the equations satisfied by vy, vy one gets, setting 6. = 0.(v; — vs),

DVUl . V(Ugea) dx +/

To

vui(r1,0)(vab;) dy +/ V'vi (21, L) (veb,) day

I

= f(v1)(veb,) dx +/ pug (ve0,) dq —i—/ W wy(ve6.) day,
Qg To F6

Q

DVUQ . V(Uleg) dx + /

To

I/UQ(ZL’l,O)(UlQE) dl‘l +/ V,UQ(.Tl,L)(U195> dlEl

Q Ty

= f(v2)(v10.) dx +/ pug(v16:) dry —i—/ pws(v16.) day.
Qe To F6

By subtraction we obtain
D{Vuvy - V(v10.) — Vv, - V(020.)} de = [ f(va)(v16:) — f(v1)(veb:) dx
Qp Q

+/ p(ugvy — ugv2)0.(vy — v9) day +/ 1 (wavy — wyv2)0: (v — vg) day.
To r

/
0

Clearly the last two integrals above are nonnegative so that one has

D{Vuvy - V(v10.) — Vv, - V(vab:)} dx > | f(ve)(v10:) — f(v1)(v20:) da.

Qy Qg
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4. Elliptic problem of the field-road model

Then the rest of the proof is like in Lemma 4.3. O

Then we can show :

Theorem 4.10. Under the assumptions above the problem (4.18) admits a nontrivial solu-
tion.

Proof. 1t is of course clear that (0,0, 0) is solution to (4.18). Set
K={uelL*Ty) |0<u<m}, K'={weL*T})|0<w<m}.

For (u,w) € K x K’, let ¥ be the unique positive solution to (4.20) associated with (u,w) =
(u,w). For n > L,, £ > Ly, let (U, W) =T (u,w) be the solution to

(

(U, W) € H(To) x HY(T),

fFo DU + pUy + Uy dry = fFo vo(z1,0)Y + g(u) + nui dry Vb € H(Ty),
Joy D"W' + p'Wep + EW ¢ dary

| = fFé Vo(xy, LYo + h(w)p + Ewe dzy Vo € H(T}).

The existence of (U, W) is a consequence of the Lax-Milgram theorem.

We show as in Theorem 4.4 that T is continuous on K x K’ C L*(T) x L*(T). Indeed
suppose that u, — v in K and w, — w in K’. Denote by ,, the solution to (4.20) associated
with (u,,w,) i.e. satisfying

DV, -V dz +/

To

VU, (21,0)p dry +/ V', (x1, L) dry

Q Ty

(4.21)
= [ fW.)p dz +/ pupp dxy +/ wWwnp dry Vo € V.
Qg o

o

Since v, u, and w, are bounded, taking ¢ = 7, in the equality above one gets easily

D|Vv,|? dv + /

o

Vo, (21,0)? dry +/ V', (21, L)* dxy < O,

Q I

where C' is a constant independent of n. Thus, up to a subsequence, there exists v € V' such

that
T, — v in H'(Q), v, — v in L*(Q),

Tn(.,0) = v(.,0) in L*(Ty), Un(., L) — v(., L) in L*(T}).
Passing to the limit in (4.21) one derives as in Theorem 4.4 that T'(u,,w,) — T(u,w) in
L*(Ty) x LA(T}).
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4.4. Some extension

We can show also that 7" is monotone. Indeed, suppose that (uy,w;) > (uz,ws) in the
sense that u; > uy and wy > we and set (U;, W;) = T'(u;, w;), @ = 1,2. First, for U; one has

/F DU + plp-tnUntp day
= /r v (21,00 + g(ur)Y + nuyty day Vi € Hy(Ty),
/F DU + pUp-tnUsh day
= /r v, (21, 0)0 + g(ug)th + nuath dxy Voo € Hy(Ty).
By subtraction it comes
D'(Uy = U2)'¥" + p(Ur = Uz)th + Uy — U2)¢ dy

To

:/F v(U1(21,0) — Da(1,0))0 4 (9(u1) — g(u2))¥ 4+ n(uy — up)yp day Vip € Hy(To).

Choosing ¢ = —(U;—U,)~ and taking into account that, by Lemma 4.9, vy (21, 0) =02 (21, 0) >
0 and that for n > L, (g(u1) — g(u2)) +n(ur —uz) > 0 (Cf. (4.3), (4.4)), one gets

D'{(Uy = Us)"Y? + p{(Ur — Us) ™} + n{ (U — Us) ™ }? day < 0.

To

Thus (U; — Us)™ = 0 and U; > Us. Similarly one shows that Wy > Ws.

Next we assert that 7" maps K x K’ into itself. Indeed, if (Uy, Wy) = T'(0,0) one has,
with an obvious notation for 7,

D/U6¢/ + ,UUow + T]U(ﬂ/J del = / Vﬂo(.%'l,(])w dl’l v1/1 & H&(Fo)

Fo 1—‘O

D”W(;’QZ)/ + [JJW()Qb + €W0¢ dr, = / I/Uo(l‘l, L)gb dxq qu € H&(FB)

I I'o

Taking ¢ = —U;, ¢ = —W, ", one deduces easily since vp(z1,0) > 0 and Tg(x1, L) > 0 that
Up > 0 and Wy > 0. Similarly, if (U, W;) = T'(m, m’) one has, with an obvious notation for

U1

D/U{1/J/ + /JJUl'(ﬁ + 77U1¢ de’l = / Vﬂl<l’1, 0)1/1 + g(m)¢ + nm¢ dl’l, Vw c H&(Fo),

Fo FD

141



4. Elliptic problem of the field-road model

/%

Thus choosing ¥ = (Uy —m)" and ¢ = (W1 —m/)*, due to (4.19) and 7, < Em = L’ it

l//

D'W{§ + Wi + EW16 dary = / VT (21, L) + h(m') + Em'e day, Yo € HL(T)).

o

comes

DU = m) Y + (n+ ) {(Ur —m) "} dy

To

< / (v01(21,0) — pum)(Uy — m)Tdz, < 0.
1)

| DW= YR G (0 = )Y d
I
< / (V1 (2, L) — p'm) (Wi — m/) dzy <0.
I

From this it follows that U; < m, W; < m’. By the monotonicity of T it results that T
maps the convex K x K’ into itself. But clearly T(K x K') C C2(Iy) x C2 (L)) is relatively
compact in L?(Ty) x L*(T). Thus, by the Schauder fixed point theorem (see [50], [73], [83]),
T has a fixed point in K x K’ which leads to a nontrivial solution (u,v,w) to (4.18). This
completes the proof of the theorem. O

Remark 4.11. One can show as in Proposition 4.5 that u, w are also non degenerate in the
sense that

uzz0, w#0.

4.5 The case of an unbounded domain

The goal of this section is to show that when ¢ = 400 it remains possible to define and
find a nontrivial solution to problem (4.1), for which we refer to [31] and [152] for relevant
study of the evolution problem in half space and in an unbounded strip, respectively. Let
us introduce some notation. For convenience we will denote by V, the space V' defined in
Section 1. Similarly we will indicate the dependence in ¢ for Ty, i.e.

Iy =T, = (—¢,¢) x {0}.
When convenient we will set I, = (—¢,¢). In addition, we set
Q=R x(0,L), I'" =R x {0}, I''*=R x {L},

Voo ={v € H),(Qs) | v =0 on T},

where

H},.(Qx) = {v | ve H (Qy) Y > 0}.
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4.5. The case of an unbounded domain

Then we have

Theorem 4.12. Suppose that (4.2), (4.3), (4.5), (4.6), (4.14) hold and that

% > (%)2 (4.22)

then under the assumptions above there exists (u,v) nontrivial solution to

((u,v) € HHIS) x Ve,
erO DV - Vo dr + f]eo vu(z1,0)p da
§ = fg,_,o f(v)p dz + f% pup dxy Yo € Vi, Vi, (4.23)
fIZ D/ulwl + ,UU'QD dl'l
0
| = i, volen, 0)¢ doy + [}, g(u)y) dey Vo € Hy(Iyy), Vho.

(We identify T with R. Recall that I, = (—¢,()).

Proof. Let (ug,vs) be a solution to (4.1). We can find such a solution for every ¢ sufficiently
large such that (4.13), i.e., A(£) < %‘? holds, thanks to Theorem 4.4 and (4.22). Note that

M) = (214)2 + (%)2 (see [51]). One notices that for ¢ > ¢ there holds

Qp C Qp, H&(Qg) - H&(Qg/),
. 1 . .o, . o
: L=
(we suppose the functions of H;(€2) extended by 0 outside §2y). By definition of A\ = A;(£2)
one has

Y

Jo, IVv|dz
A(Q) = inf 2 T
w0y [, vidz

and thus clearly
A(Qe) S M (Q) VI >0

Let us assume for some ¢; > 0 (Cf. (4.13))

A () < % for s > 0 small enough. (4.24)

Then for any ¢ > /1 one has for s > 0 small enough

)\1(90 < %?

Moreover, since it is easy to see that ¢; defined in (4.12) is given by

. 7T( —|-€) . T
= S1n — 1mn —
©1 =S5 BY; T S L932,

143



4. Elliptic problem of the field-road model

one has 0 < p; < 1 and if (4.24) holds one has

DX (Q)epr < f(epr)

for € > 0 small enough independently of ¢ > ¢;. We suppose from now on that this ¢ is fixed
such that if (us, ve) is a solution to (4.1) constructed as in Theorem 4.4 one has

g1 < g
and in particular for every ¢ > ¢,
¢/ L 3L
5(sin%)2 <epr v ae v (—55)x (7,7 (4.25)
One should also notice that independently of ¢ one has
0<up<m, ep; <wvy < Lapey (4.26)
v

We assume from now on ¢ > ¢ and for ¢y < ¢ — 1 we define p by

1 on Igo,
T+ e() +1on (_KO - 1a _60)7
—x + 60 4+ 1 on (go,go + 1),

0 outside Iy,1,

p=p(r) =

whose graph is depicted below.

1 p(r1)

/ AN

—ly — 1 —ly 0 lo lo+1 T

Figure 11: The graph of the function p(z;)
Clearly p*v, = p?(x1)vy € V; and from the first equation of (4.1) one gets

DV, - V(p*vy) dx —i—/ vp*vi(xy,0) do;
fo (4.27)

= [ flv)p*ve da +/ pttep*ve(1,0) day.
Qg 1—‘0

Qp
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4.5. The case of an unbounded domain

One should notice that in the integrals over €, one integrates only on €2y,,1 and for the ones
over I'y on Iy,+1. Then remark that

/ Ve - V(p*vy) do = (Vue|*p? + 2pv, Vg - Vp de,
Qy Q

and

IV(pv)|? dov = [ |pVue+vVp|? do = | |Vu*p* + 2pv,Vvp - Vp + 07 |Vpl|* dx.
Qp Qy Q

From this it follows that

Vo - V(pv) dz = [ [V(pw)? dz — / V2|V pl? da.
Q Qg Qg

Thus, since the second integral of (4.27) is nonnegative, it comes

D IV (pve)|? do

Qeg+1

<D v |Vpl? dx +/

Qog+1

f(ve)p*ve da +/ pep*ve(1,0) dey.

Qg1 Ipy+1
Using the definition of p and in particular the fact that p = 1 on €, we get easily by (4.26)
/ |Vue|? do < C (4.28)
Q,
where C' is independent of ¢. Taking now ) = p*u, in the second equation of (4.1) we get
D'ui(p*ue)’ + ppug dzy = / vug(a1, 0)pue + gue)pue dvy.
Ty 41 Ty +1
Arguing as above we derive easily

[ty = [ ou P [ i e

Ty 41 Ipy+1 Toy41

This leads to

D'|(puy)'|* + pp*ui doy < D'uip? dxy + vve(wy,0)p*us + g(ug) p*ug da;.

Tpy41 Tpy41
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4. Elliptic problem of the field-road model

Integrating only on [, in the first integral i.e. where p =1 we obtain

/ (up)? +uj dr, < C (4.29)

Iy,

where C' is some other constant independent of ¢. It results from (4.28), (4.29) that (us, ve)
is bounded in H'(I;) x V,, independently of £. Thus there exists a subsequence of (ug, vy)
that we will denote by (.0, vn0) such when n — oo

0 7l 0
Upo — w in H (Iy), vpo— v in Vg,

Upo — u’ in L*(1y,), vno — v° in L*(Qy,),
Vno(.,0) = 0°(.,0) in L*(Iy,).

Considering the equations

DV, -V dx + / vue(21,0)p day =

QZO Iy

flue)p dx +/ pupp dxy Yo € Vy,,

ng Iy

0 0

/ D'uy)’ + pugtp dey = / vue(x1,0) day +/ g(ue) doy Yap € Hy(Iy,),

) I I,

0 0 0

with (ug,vs) replaced by (un0,vn0), one can pass to the limit in n and see that (u°,v°) €
H(I,,) x V, satisfies

DV’ -V dx +/ v’ (z1,0)¢ dxy =

ng I,

() dz +/ e dry Yoo € Vi,

ng Iy

0 0

D'y + puly day = / v (xy,0)y da; +/ g(u®)Y dxy Vi € Hi(1y,).

Iy, 1, I

0 0

(Note that a function of V,, extended by 0 belongs to V;). Clearly -as a subsequence of
(ug, v¢)- the sequence (g, v,,0) is bounded in H*(Iy,41) X Vi1 independently of n and one
can extract a subsequence that we still label by n and denote by (1, v,1) such that

1. 1 1.
Up1 —uw in H (Ly11), Un1 — v in Vi,

Upy — u' in L*(Igy41), voq — v in L2(Qga1),

Vp1(.,0) = v'(,,0) in L*(Ipy41).
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Note that (u',v') = (u°,2%) on I, x Qy,. Clearly (u',v') satisfies

/ DV -V do +/ vol(xy,0)¢ dr,
Qeg+1

Toy+1

= / f(U1>SO dx +/ qul(p dx, VSO € ‘/40-1—17
Qeg+1

I[()Jrl

D'uty + ity day
Tog+1

= / vl (x1,0) day +/ g(u') day Voo € Hy(Ipyq1)-

Ty 1 Log41

By induction one constructs a sequence (uyj, vn ) extracted from the preceding, converging
toward (u*,v*) and satisfying the equations above where we have replaced £, + 1 by £y + k.
Then using the usual diagonal process it is clear that the sequence (., vn,) Will converge
toward a nontrivial solution to (4.23) thanks to (4.25). This completes the proof of the
theorem. O]
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Chapter 5

Reaction-diffusion fronts in

funnel-shaped domains!

5.1 Introduction and main results

This chapter is devoted to the study of propagation phenomena of time-global (entire)
bounded solutions u = u(t, x) of reaction-diffusion equations of the type

uy = Au+ f(u), teR, x€Q, (5.1)
v-Vu=0, teR, z €, .
in certain unbounded smooth domains Q C RY with N > 2. Here u, stands for 2%, and v =

ot
v(x) is the outward unit normal on the boundary 02, that is, Neumann boundary conditions

are imposed on 0Q). Equations of type (5.1) arise especially in the fields of population
dynamics, mathematical ecology, physics and also medicine and biology. The function u
typically stands for the temperature or the concentration of a species. It is assumed to be
bounded, then with no loss of generality we suppose that it takes values in [0, 1]. The reaction
term f is assumed to be of class C11([0,1],R) and such that

f(0)=f(1) =0, f(0)<0, f(1)<0, (5.2)

which means that both 0 and 1 are stable zeros of f. Moreover, we assume that f is of the
bistable type with positive mass, that is, there exists 6 € (0, 1) such that

f<0in (0,0), f>0in(0,1), [f'(9) >0, /1 f(s)ds > 0. (5.3)
0

!This is a joint work with Francois Hamel, submitted.
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5. Reaction-diffusion fronts in funnel-shaped domains

The fact that f has a positive mass over [0, 1] means the state 1 is in some sense more stable
than 0.2 A typical example of a function f satisfying (5.2)—(5.3) is the cubic nonlinearity
f(u) =u(l—u)(u—0) with 6 € (0,1/2). For mathematical purposes, we extend f in R\[0, 1]
to a C (R, R) function as follows: f(s) = f'(0)s for s < 0, and f(s) = f'(1)(s—1) for s > 1.

One main question of interest for the solutions of (5.1) is the description of their dynamical
properties as t — +o0o. The answer to this question depends strongly on the geometry of
the underlying domain 2. In the one-dimensional real line R, a prominent role is played by
a class of particular solutions, namely the traveling fronts. More precisely, with assumptions
(5.2)—(5.3) above, equation (5.1) in R admits a unique planar traveling front ¢(z — ct) solving

¢ +c¢ + f(¢) =0in R,
d(—o0) =1, ¢(+00)=0, 0<d<1linR, ¢(0)=0,

(5.4)

see, for instance, |9, 76, 106]. The profile ¢ is then a connection between the stable steady
states 1 and 0. Moreover, ¢’ < 0 in R, and c¢ is positive since f has a positive integral over
[0,1]. The traveling front ¢(x — ct) is invariant in the moving frame with speed ¢, and it
attracts as t — 400 a large class of front-like solutions of the associated Cauchy problem,
see [76]. It is also known that ¢ (resp. 1 — ¢) decays exponentially fast at +o0o (resp. —c0),
that is,

* * \V 2_4,0
cre < g(z) < Cre 2 2 2>0, Withu*zc+ ¢ f()>0,

—c+ iQ —4f(1) (5:5)
cpet? <1 — ¢(z) < Coet*, 2 <0, with p, = 5 > 0,

where ¢, ¢y, C and Cy are positive constants. The derivative ¢'(z) also satisfies

cget? < —@l(z) < Cyet*, 2z <0,

with positive constants cs3, ¢y, C3 and C4. Such planar fronts exist under the assumptions
(5.2)—(5.3), whereas if f satisfies (5.2) only, fronts connecting 0 and 1 do not exist in general,
see |76] for more precise conditions for the existence and non-existence. Throughout this
chapter, we assume that f satisfies (5.2)—=(5.3) and that ¢ and ¢ > 0 are uniquely defined as
in (5.4).

2If the integral of f over [0, 1] were negative, the study would be similar, after changing u into 1 — u
and f(s) into —f(1 — s). If the integral of f over [0,1] were equal to 0, the analysis of the propagation
phenomena would be very different, since then no front connecting 0 and 1 with nonzero speed can exist in
the one-dimensional version of (5.1).
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5.1. Introduction and main results

5.1.1 Notations

We focus in this chapter on the case of equation (5.1) set in unbounded domains of RY, made
up of a straight part and a conical part: we assume that the left (say, with respect to the
direction z;) part of Q, namely O~ = QN {z € RY : z; <0}, is a straight half-cylinder in the
direction —x; with cross section of radius R > 0, while the right part, namely QO = Q\Q~,
is a cone-like set with respect to the z;-axis and with opening angle a > 0. More precisely,
we assume that €2 is rotationally invariant with respect to the x;-axis, that is,

Q={z=(x1,2) eRY: 21 €R, || < h(z1)}, (5.7)

where | | denotes the Euclidean norm, and that h: R — R* is a C?#(R) (with 0 < 8 < 1)
function satisfying the following properties:

0<h <tanain R, for some angle a € [0, 7/2),
h =R in (—o0,0], for some radius R > 0, (5.8)

h(xzy) = x; tana in [Lcos o, +00), for some L > R,

see Figure 12. Such a domain is then called “funnel-shaped”. In the particular limit case
a = 0, the domain Q amounts to a straight cylinder in RY with cross section of radius R.
Notice that, when a > 0, the cross section is unbounded as x; — +o00. To emphasize the
dependence on R and «, we will also use the notation €2z, for convenience. The domains Qg
are not uniquely defined by (5.7)—(5.8), and they also depend on the parameter L in (5.8),
but only the parameters R > 0 and « € [0,7/2) will play an important role in our study
(except in Theorem 5.9 below). Other domains which have a globally similar shape, but
may be only asymptotically straight in the left part or asymptotically conical in the right
part could have been considered, at the expense of less precise estimates and more technical
calculations. Since the domains satisfying (5.7)—(5.8) lead to a variety of interesting and
non-trivial phenomena, we restrict ourselves to (5.7)—(5.8) throughout the chapter.

x1

Figure 12: Schematic figure of the domain Qg o for R > 0 and « € (0,7/2).
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5. Reaction-diffusion fronts in funnel-shaped domains

If the domain is a straight cylinder in the direction x; (this happens in the case o = 0),
then the planar front ¢(z; — ct) given by (5.4) solves (5.1) (furthermore, up to translation,
any transition front connecting 0 and 1 in the sense of Definition 5.1 below is equal to that
front, see [88, 92]). Here a domain Q = (g, satisfying (5.7)—(5.8) is straight in its left
part only, and the standard planar front ¢(x; — ct) does not fulfill the Neumann boundary
conditions when o > 0. But it is still very natural to consider solutions of (5.1) behaving
in the past like the planar front ¢(z; — ct) coming from the left part of the domain, and to
investigate the outcome of these solutions as they move into the right part of the domain.
More precisely, we consider time-global solutions of (5.1) emanating from the planar front
o(x1 — ct), that is,

u(t,r) — ¢(x; — ct) — 0 as t — —oo, uniformly with respect to x € (5.9)

(notice that, in the right part Q% of Q, this condition simply means that u(¢,-) — 0 as
t — —oo uniformly in QF). We will see that such solutions exist and are unique, and the
main goal of the chapter is to study their behavior as ¢ — 400, in terms of the parameters
R and a.

5.1.2 Background

To describe the dynamical properties of the solutions of (5.1) satisfying (5.9), we use the
unifying notions of generalized traveling fronts, called transition fronts, introduced in [18, 19].
In order to recall these notions of transition fronts and that of global mean speed, let us
introduce some notations. Let dg be the geodesic distance in Q (with respect to the Euclidean
distance d in RY). For any two subsets A and B of Q, we set

do(A, B) = inf {dq(z,y) : (z,y) € A x B},

and do(x, A) = do({x}, A) for x € Q. We also use similar definitions with d, instead of dq,
for the Euclidean distance between subsets of RY. Consider now two families (£, )icr and
() ier of open non-empty subsets of Q such that

Q, NQF =0, 9, NQ=00NQ=T,#0, Q UT,UQ =Q,
vVt eR, (5.10)
sup {dg(x,Ft) ST € Qz“} = sup{dg(x,Ft) T € Qt_} = 400

and

inf { sup{da(y,T:) : y € O ,da(y,z) <r}:t€eRz €l}} = +o0
as r — 4o00. (5.11)
inf { sup{da(y,T;) 1y € O ,da(y,z) <r}:t€Rz €I} = +o0
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Condition (5.11) says that for any M > 0, there is rj; > 0 such that for every ¢t € R and
x € Ty, there are y* = yffx € RY such that

yt € QF do(z,y*) < ry and do(y*,T,) > M. (5.12)

In other words, any point on I'; is not too far from the centers of two large balls (in the
sense of the geodesic distance in Q) included in €, and Q;", this property being uniform with
respect to ¢ and to the point on I';. Moreover, in order to avoid interfaces with infinitely
many twists, the sets I'; are assumed to be included in finitely many graphs: there is an
integer n > 1 such that, for each ¢ € R, there are n open subsets w;; C R¥N™1 (for 1 < i < n),
n continuous maps v¥;; : w;; — R and n rotations R;; of RY with

I, C U RLt({x = (2, on) €RY 1 2/ € wiy,an = %,t(l’/)})- (5.13)

1<i<n

Definition 5.1 (18, 19]). For problem (5.1), a transition front connecting 1 and 0 is a
classical solution u : R x Q0 — (0,1) for which there exist some sets (0 )icr and (T'y)ier
satisfying (5.10)—(5.13) and for every ¢ > 0 there exists M. > 0 such that

VEER, Vo e QF, do(x,T) > M. = u(t,z) >1—¢,

o (5.14)
VteR, Ve e Q. , do(z,Iy) > M., = u(t,z) <e.

Furthermore, u is said to have a global mean speed v € [0, +00) if

dQ(Fta FS)

— v as |t — s| = +oo.
|t = |

This definition has been shown in [18; 19, 92] to cover and unify all classical cases of
traveling fronts in various situations. Condition (5.14) means that the transition between
the steady states 1 and 0 takes place in some uniformly-bounded-in-time neighborhoods
of T';. For a given transition front connecting 1 and 0, the families (QF);er and (I'y)ier
satisfying (5.10)—(5.14) are not unique, but the global mean speed ~, if any, does not depend
on the choice of the families (Q)icr and (T'y)ier, see [19].

Before stating the main results of this chapter, let us recall here some related works on
the role of the geometry of Q2 on propagation phenomena for equations of the type (5.1). It
was shown in [49] that, for Q being a succession of two semi-infinite straight cylinders with
square cross sections of different sizes r and R, the solution v emanating from the planar
front ¢(x1 — ct) in the left half-cylinder with smaller section and going to the right one with
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5. Reaction-diffusion fronts in funnel-shaped domains

larger section can be blocked, in the sense that

u(t, 1) — Use(x) as t — +oo locally uniformly in z € Q, with us(z) — 0 as z; — +oo.
(5.15)
Later, propagation and blocking phenomena for different kinds of cylindrical domains with
uniformly bounded cross sections were investigated in [11].* Especially, if the section of
the cylindrical domain is non-increasing with respect to xq, or if it is non-decreasing, large
enough, and axially star-shaped, then the solution of (5.1) emanating from the planar front
¢(x1 — ct) propagates completely in the sense that

u(t,r) — 1 as t — +oo locally uniformly in z € Q. (5.16)

However, under some other geometrical conditions (when typically, the cross section is nar-
row and then becomes abruptly much wider), blocking phenomena can occur, in the sense
of (5.15). Further propagation and/or blocking phenomena were also shown for bistable
equations set in the real line R (with periodic heterogeneities [59, 60, 66, 93, 158, 160, 164],
with local defects [29, 47, 110, 127, 137, 151], or with asymptotically distinct left and right en-
vironments [68]), as well as in straight infinite cylinders with non-constant drifts [69, 70|, and
in some periodic domains [64] or the whole space with periodic coefficients [65, 85]. In [139],
a reaction-diffusion model was considered to analyse the effects on population persistence of
simultaneous changes in the position and shape of a climate envelope. In [118, 125], for a
model of curvature-driven motion of plane curves in two-dimensional cylinders with undulat-
ing boundaries, various existence and non-existence results of traveling waves were proved, as
well as the phenomenon of virtual pinning, that is, the propagation of waves with zero speed.
Recently, the existence and characterization of the global mean speed of reaction-diffusion
transition fronts in domains with multiple cylindrical branches were investigated in [88]. It
was proved that the front-like solutions emanating from planar fronts in some branches and
propagating completely are transition fronts moving with the planar speed ¢ and eventually
converging to planar fronts in the other branches. The classification of such fronts in domains
with multiple asymptotically cylindrical branches was shown in [87].

Meanwhile, the interaction between smooth compact obstacles K C RY and a bistable
planar front ¢(z; — ct) was studied in [20]. An entire solution u(t, z) converging to ¢(z; — ct)
as t — —oo uniformly in Q = RV \K was constructed in [20]. It was also proved that if
the obstacle K is star-shaped or directionally convex with respect to some hyperplane, then
the solution passes the obstacle in the sense that wu(t,z) converges to ¢(z1 — ct) as t — 400
uniformly in Q. In particular, the propagation is then complete in the sense of (5.16). Fur-
thermore, the solution is a transition front connecting 0 and 1, in the sense of Definition 5.1,

3The existence and uniqueness of time-global solutions emanating from planar fronts in more general
asymptotically straight cylindrical domains was also proved in [136].
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and one can choose Iy = {z € Q@ = RM\K : z; = ct} in (5.10) (the transition front is then
said to be almost planar). Moreover, the authors constructed non-convex obstacles K for
which the solution u emanating from the bistable planar front ¢(z; — ct) as t — —oo does
not pass the obstacle completely, in the sense that (5.16) is not fulfilled. Furthermore, it fol-
lows from [88] that all transition fronts connecting 1 and 0 propagate completely and have a
global mean speed equal to the planar speed ¢ (examples of such fronts are the almost-planar
fronts given in [20] and the V-shaped fronts constructed in [89]). The solutions which do not
propagate completely are still transition fronts, but they connect 0 and a steady state less
than 1 in Q, see [88].

Unlike the cylindrical domains with two branches considered in [11, 49, 69, 70| or with
multiple branches considered in [87, 88|, the domains ©Q = Qg, given by (5.7)-(5.8) have
sections which are not uniformly bounded, as soon as a > 0. Natural questions are to derive
estimates, as t — +00, on the location and shape of the level sets of the solutions of (5.1)
satisfying (5.9), and also to know whether the solutions remain front-like in the sense of
Definition 5.1. We also study in this work the role of the geometrical parameters R and «
on the propagation or blocking phenomena. Since standard planar traveling fronts do not
exist anymore in such domains (as soon as a > 0), the analysis of the spreading properties of
the solutions of (5.1) is much more complex than in the one-dimensional case or the case of
straight cylinders. First of all, the existence and uniqueness of the entire solution u of (5.1)
satisfying (5.9) is derived as in [11, 20, 136]. Then, we will show that the blocking or complete
propagation properties, (5.15) or (5.16), are the only possible outcomes of the solution u at
large time. We will see that u is always a transition front connecting 1 and 0 and that it
has a global mean speed, equal to ¢, if the propagation is complete. It is worth to mention
that the solution can never go ahead of the planar front ¢(x; — ct), as that planar front is
a supersolution for (5.1). We will actually show that, if « > 0, and even if the propagation
is complete, the solution lags far behind the planar front ¢(z; — ct) in the direction of
at t — +o00, in the sense that any level set of u is well approximated by the expanding
spherical surface of radius ¢t — (N — 1)/c¢)Int + O(1) and is asymptotically locally planar.
Then, we will give some sufficient conditions related to the parameters (R, «) so that u will
propagate completely or be blocked. Moreover, we will also prove the openness of the set
of parameters (R, ) € (0,400) x (0,7/2) for which u propagates completely. In short, our
results will then give a refined picture of the spatial shape and temporal dynamics of the
level sets of front-like solutions in funnel-shaped domains, a geometrical configuration which
had not been investigated before.

5.1.3 General properties for any given (R, «)

Our first result is the well-posedness of problem (5.1) with the asymptotic past condition (5.9)
as t — —oo, for any given R > 0 and « € [0, 7/2).
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Proposition 5.2. For any R > 0 and « € [0,7/2), problem (5.1) admits a unique entire

solution u(t,x) emanating from the planar front ¢(x1 — ct), in the sense of (5.9). Moreover,

ug(t,z) >0 and 0 < u(t,z) < 1 for all (t,x) € R x Q, and there exists uq(v) = 1tlier u(t, x)
—+0o0

in C2 () satisfying 0 < us(z) < 1 in Q and

oc

Atg + f(tus) =0 in Q,
v -Vius =0 on 0f2.

(5.17)

Lastly, for each t € R, the function u(t,-) is azisymmetric with respect to the xi-axis, that
is, it only depends on x1 and |x'|, with ©’ = (z9,- - ,zN).

From the strong maximum principle, one has either u,, = 1 in Q, or us < 1 in Q.
Notice also that, from (5.9) and the monotonicity in ¢, there holds u.(z) — 1 as z; — —o0
uniformly in |z’'| < R. The proof of Proposition 5.2 follows from the construction of a sequence
of Cauchy problems and of some suitable sub- and supersolutions, as in [11, 20, 68, 136]. It
will be just sketched in Section 5.2.

Once the well-posedness of (5.1) with the past condition (5.9) is established, we then
focus on the large time dynamics of the solution u given in Proposition 5.2. It turns out that
the complete propagation in the sense of (5.16) or the blocking in the sense of (5.15) are the
only two possible outcomes. Namely, we will show that the following dichotomy holds.

Theorem 5.3. For any R > 0 and a € [0,7/2), let u be the solution of (5.1) and (5.9)
given in Proposition 5.2. Then, either u propagates completely in the sense of (5.16), or it is
blocked in the sense of (5.15) and then the convergence of u(t,-) to us ast — 400 in (5.15)
is uniform in Q.

Remark 5.4. When o =0 in (5.7)~(5.8), Q amounts to a straight cylinder and, by unique-
ness, the solution u given in Proposition 5.2 is nothing but the planar front ¢(x1 — ct), hence
the propagation is complete in this very particular case.

Theorem 5.3 means that, under the notations of Proposition 5.2, either u. = 1 in Q, or
Uso(z) = 0 as ©; — 400. Any other more complex behavior is impossible. Theorem 5.3 is
a consequence of the stability of the solution u., and of some Liouville type results for the
stable solutions of some semilinear elliptic equations in the two-dimensional plane, or in a
two-dimensional half-plane, or in the whole space RY with axisymmetry. In order to give a
flavor of these properties and results, which are also of independent interest, let us state here
the definition of stability* as well as one of the typical results shown in Section 5.3.2. So, for
a non-empty open connected set w C RY | we say that a C?(w) solution U of AU + f(U) = 0

4For a thorough study of stable solutions of elliptic equations, we refer to the book [67].
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in w is stable if

/ VU - U >0 (5.18)

for every 1 € C*(w) with compact support (for instance, it turns out that the solution s,
of (5.17) in €, given in Proposition 5.2, is stable, see Lemma 5.19 below). The following
result, concerned with stable axisymmetric solutions, is also shown in Section 5.3.2.
Proposition 5.5. Let 0 < U < 1 be a C*(RY) stable solution of AU + f(U) = 0 in RY.
Assume that U is axisymmetric with respect to the xi-axis, that is, U depends on x1 and |2’
only, with ' = (x9,--+ ,xy). Then, either U=0 in RN or U =1 in RV,

Coming back to problem (5.1) in funnel-shaped domains, we then turn to the study of the
spreading properties and the behavior of the level sets of the solutions under the complete
propagation condition (5.16) when o € (0,7/2). In the sequel, we denote the level sets and
the upper level sets of u by:

Et)={zeQ:u(t,z) =2}, Un(t) = {z € Q:u(t,z) > A}, for A€ (0,1) and t € R.
(5.19)
Theorem 5.6. For any R > 0 and o € (0,7/2), let u be the solution of (5.1) and (5.9) given
in Proposition 5.2. If u propagates completely in the sense of (5.16), then it is a transition

front connecting 1 and 0 with global mean speed ¢, and (T'y)ier, (QF)ier in Definition 5.1 can

be defined by

Ft:{zeﬂlezct} fort <t,
N—1 (5.20)
Ft:{xEQ:x1>Oand|x\:ct— lnt} fort > ty,
and
QF ={reQ:x(x; —ct) <0} fort <t,
N -1
Qf = {:1: €O <0, orx; >0 and |z| < ct — lnt} for t > tg, (5.21)
N -1
Q;={x€§2:x1>0and|x\>ct— lnt} fort > to,
c

with ty > 0 large enough such that ct — (N — 1)/c)Int > L for all t > ty.> Moreover, u
converges to planar fronts locally along its level sets as t — +oo: for any A € (0,1), any
sequence (tn)nen diverging to +o0o and any sequence (x,)nen in Q such that u(t,,z,) = A,
then

u(t +ty, x+x,) — qb(x Iy gb_l(/\)> — 0 in C’(lf);loc(]R x RY) asn — +oo (5.22)

T
n

SWe recall that L is given in (5.8), with L > R.
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if d(x,,00Q) — 400 as n — +o0, and the same limit holds with the additional restriction
T+, € Q if limsup,,_,, o d(,,00) < +oc. Lastly, for every A € (0,1), there exists ro > 0
such that the upper level set Uy(t) satisfies

Sr(t)=ro C U\(t) C Sr(t)+ro (5.23)

for all t large enough (see Figure 13), with S, and r(t) given by

N -1
c

Int.

S,=0"U{zeQ:|z|<r}, r(t)=ct—

Figure 13: Possible location of the level set £x(t) for A € (0,1) and ¢ > 0 large.

In other words, the past condition (5.9) and the complete propagation condition (5.16)
guarantee the spreading of the solution u and the propagation with global mean speed c.
Furthermore, the width of the transition between the limit states 1 and 0 is uniformly bounded
in time in the sense of Definition 5.1 and the solution locally converges to planar fronts
as t — +o0o. The estimates of the location of the level sets as ¢ — 400 are established
by constructing sub- and supersolutions whose level sets have roughly expanding spherical
shapes of radii ¢t — (N — 1)/c)Int + O(1), see Lemma 5.20 below. The logarithmic gap
(N —1)/c)Int is due to the curvature of the level sets, and these estimates are similar
to those obtained in [154] for the solutions of the Cauchy problem in RY with compactly
supported initial conditions and complete propagation. In our case, at time ¢ = 0 (as at
any other time), the function x — wu(¢,x) converges to 0 as 1 — +o00, but it then invades
the right part of the domain, a situation similar to the case of invading solutions with initial
compact support in RY. The proof of the asymptotic planar property is based on compactness
arguments and a Liouville-type theorem for entire solutions of the bistable equation in the
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whole space given in [18, Theorem 3.1].

Theorem 5.6 shows that the solutions u of Proposition 5.2 that propagate completely are
transition fronts connecting 0 and 1, with global mean speed equal to c. It also turns out,
this time immediately from Proposition 5.2, that the solutions u that are blocked are still
transition fronts connecting 1 and 0, but they do not have any global mean speed.

Theorem 5.7. For any R > 0 and o € (0,7/2), let u be the solution of (5.1) and (5.9)
given in Proposition 5.2. If u is blocked in the sense of (5.15), then it is a transition front
connecting 1 and 0 without any global mean speed, and (T'y)icr, (0 )ier can be defined by

{Ft:{xEQ:xlzct} and Qi:{xEQ:i(xl—ct)<0} fort <0, (5.24)

Ft:{xEQ:x1:0} and ch:{xEQ:j:x1<O} fort > 0.

5.1.4 Complete propagation for large R

From now on, we investigate the effect of the parameters R and « of the funnel-shaped do-
mains (2 = Qg , on the propagation phenomena of the front-like solution u of (5.1) satisfying
the past condition (5.9). We first recall that, when a = 0, u(t,z) = ¢(x1 — ct) and the
propagation is complete, whatever R > 0 may be. Our next result provides some sufficient
conditions on the size R > 0 to ensure the complete propagation condition (5.16) when o > 0.

Theorem 5.8. There is Ry > 0 such that, if R > Ry and o > 0, then the unique solution
w of (5.1) satisfying (5.9) propagates completely in the sense of (5.16), and therefore all the
conclusions of Theorem 5.6 are valid.

This theorem shows that the invasion always occurs no matter the size of the opening
angle in the right part is, provided the left part of the domain is not too thin (see Figure
14). The proof relies on the existence of a compactly supported subsolution, with maximum
larger than 0, to the elliptic problem (5.17), and on the sliding method used to compare .,
with some shifts of this subsolution.

Figure 14: Schematic figure of the domain Qg , for o € (0,7/2) and R > Ry.
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5.1.5 Blocking for R < 1 and « not too small

The next result is concerned with blocking phenomena. We prove that the solution u of (5.1)
in Qg , with past condition (5.9) is blocked if R is sufficiently small and « is sufficiently close
to m/2 (see Figure 15).

Figure 15: Schematic figure of the domain Q. , for R =¢ < 1.

Theorem 5.9. Assume that N > 3 and let L, > 0 and o, € (0,7/2) be given. Then there
is Ry > 0 such that, if 0 < R < R, a, < a < w/2 and L < L, in (5.7)~(5.8), then the
solution u of (5.1) in Q with past condition (5.9) is blocked, in the sense of (5.15).

From a biological point of view, Theorem 5.9 says that as the species goes from a very
narrow passage into a suddenly wide open space, the diffusion disperses the population to
lower density where the reaction behaves adversely. That prevents the species from rebuilding
a strong enough basis to invade the right part of the domain. This phenomenon is similar
to the problem studied in [49], although the proof given here, based on the construction of
suitable supersolutions, is completely different.

Let us now make some further remarks on the effect of the geometry of the domain on
invasion or blocking phenomena. In population dynamics, where u stands for the population
density, one can think of the invasion of fishes from mountain streams into an endless ocean,
and more generally speaking the invasion of plants or animals subject to an Allee effect and
going from an isthmus into a large area. In medical sciences, the bistable reaction-diffusion
equation is used to model the motion of depolarization waves in the brain, in which the
domain can be thought of as a portion of grey matter of the brain with different thickness:
here u represents the degree of depolarization, and the Neumann boundary condition means
that the grey matter is assumed to be isolated. Equations of the type (5.1) can also be used to
study ventricular fibrillations. Ventricular fibrillation is a state of electrical anarchy in part of
the heart that leads to rapid chaotic contractions, which are fatal unless a normal rhythm can
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be restored by defibrillation. When excitation waves enter the circular area of cardiac tissue,
they are trapped and their propagation triggers off ventricular fibrillations [10]. Therefore,
understanding how the geometrical properties of the cardiac fibres or fibre bundles affect or
even block the propagation of excitation waves is of vital importance. For more detailed
backgrounds and explanations from biological view point, we refer to [49, 11, 86| and the
references therein.

5.1.6 The set of parameters (R,a) with complete propagation is
open in (0, +o0) x (0,7/2)

In the final main result, we show that if the front-like solution u emanating from the planar
traveling front satisfies the complete propagation property (5.16) in Qg for some R > 0 and
a € (0,7/2), then, with a slight perturbation of R and «, the solution u will still propagate
completely in the perturbed domain. For this result, we use an additional assumption on the
continuous dependence of Qp, with respect to (R, a).

Theorem 5.10. Assume that the functions h given in (5.7)—(5.8) depend continuously on
the parameters (R, a) € (0,+00) x (0,7/2) in the C2°(R) sense, with 0 < 8 < 1. Then the

set of parameters (R, ) such that the solution w of (5.1) in Qg with past condition (5.9)
propagates completely, in the sense of (5.16), is open in (0,400) x (0,7/2).

The continuity of the functions h given in (5.7)—(5.8) implies the local continuity of the
domains Qg , in the sense of the Hausdorff distance. This continuity holds only in a local
sense, since actually the Hausdorft distance between Qp, and (g s is infinite as soon as
a # o/. But the local continuity is sufficient to guarantee the validity of (5.16) under small
perturbations of (R,«). The proof of Theorem 5.10 is done by way of contradiction and
it uses, as that of Theorem 5.8, the existence of a compactly supported subsolution, with
maximum larger than 6, to the elliptic problem (5.17).

From Theorems 5.3 and 5.10, the next corollary follows immediately.

Corollary 5.11. Under the assumptions of Theorem 5.10, the set of parameters (R,«a) €
(0,400) x (0,7/2) such that the solution uw of (5.1) in Qg with past condition (5.9) is
blocked, in the sense of (5.15), is relatively closed in (0,4+00) x (0,7/2).

We finally conjecture that, under the assumptions of Theorem 5.10, the set of param-
eters (R, «) for which the solution w of (5.1) in Qg, with past condition (5.9) propagates
completely is actually convex in both variables R and «, and that this property is stable by
making « decrease or R increase. This conjecture can be formulated as follows.

Conjecture 5.12. Assume that the functions h given in (5.7)—(5.8) depend continuously on
the parameters (R, ) € (0,400) x (0,7/2) in the C2°(R) sense, with 0 < § < 1. We say

loc
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that complete propagation (resp. blocking) holds in Qg . if the solution u of (5.1) in Qg.a
with past condition (5.9) satisfies (5.16) (resp. (5.15)). Then,
e for every R > 0, there is ar € (0,7/2] such that complete propagation holds in Qg
for all a € (0, ar), and blocking holds for all a € [ag, 7/2) if ar < 7/2;
o for every a € [0,7/2), there is po, € [0,+00) such that complete propagation holds in
Qg for all R > p,, and blocking holds for all R € (0, pa] if pa > 0;

From Theorem 5.8 one knows that ag exists and ag = 7/2 when R > Ry (with the no-
tations of Theorem 5.8). Furthemore, py exists and py = 0. On the other hand, Theorem 5.9
implies that, in dimension N > 3, for any given «, € (0,7/2) and L, > 0, the angle ag, if
any, satisfies ar < a, when R € (0, R,] (with the notations of Theorem 5.9), and that p,, if
any, satisfies p, > R, when o € [a,, 7/2).

Outline of the chapter. This chapter is organized as follows. The proof of Proposition 5.2
on the existence and uniqueness of the entire solution v emanating from the planar front in
the left part of a given domain €2 satisfying (5.7)—(5.8) is sketched in Section 5.2. The proof
of Theorem 5.3 on the dichotomy between complete propagation and blocking is shown in
Section 5.3, as are various Liouville type results for the solutions of (5.17) in funnel-shaped
domains and in the whole space. Section 5.4 is devoted to the proof of Theorem 5.6 on the
spreading properties in case of complete propagation. The immediate proof of Theorem 5.7
is also done in Section 5.4. In Section 5.5, we prove Theorem 5.8 on the existence of a
threshold Ry > 0 such that the solution u propagates completely if R > Ry, and Theorem 5.9
on blocking when R is small enough and « is not too small, by constructing a suitable stable
non-constant stationary solution of (5.1). Lastly, Section 5.6 is devoted to the proof of

Theorem 5.10 on the openness of the set of parameters for which complete propagation
holds.

5.2 Existence and uniqueness for problem (5.1) with past
condition (5.9)

This section is devoted to the sketch of the proof of Proposition 5.2 on the well-posedness
of problem (5.1) in € with the past condition (5.9), for any given R > 0 and «a € [0, 7/2).
From the construction of the solution of (5.1) and (5.9), we also deduce another comparison
result which will be used later in the proof of Theorem 5.10. The proof of Proposition 5.2 is
inspired from |20, 11, 68, 136], so we just sketch it here. However, some important elements
of the construction of the solution u to (5.1) satisfying (5.9) and several auxiliary estimates
are pointed out since they will be used in the proofs of other main results in the following
sections.
The main steps of the proof of Proposition 5.2 are the following;:
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5.2. Existence and uniqueness for problem (5.1) with past condition (5.9)

e for p* > 0 defined as in (5.5), there exist M > 0 and

1
lnc

T <T:=
- we c+M

<0

such that the function w™ defined in (—oo, T x Q by:

d(xy —ct +E1) — p(—x1 —ct +£(1), t<T, z€Q with 2, <0,

0, t<T, z€Qwith z; >0,
(5.25)
with £(t) = (1/p*) In(c/(c— M e* ), is a generalized subsolution of (5.1) in (—oo, T"] x
Q, and it satisfies (5.9) (notice that £(—oc) = 0); furthermore, the real numbers M,
T and T" can be chosen independently of R > 0 and a € [0,7/2) (these coefficients

depend on f and ¢ only, and thus actually on f only);
e thanks to (5.7)-(5.8), the function w™* defined in R x Q by

w(t,z) =

wh(t,z) = ¢(x) — ct) (5.26)

is a supersolution of (5.1) in R x Q, and it satisfies (5.9) and w~ < w* in (—o0,T] x Q,
since ¢ is positive decreasing and £ > 0 in (—o0, T';

e for each n € N with n > —T", let u,, be the solution of the Cauchy problem associated
to (5.1) in (—n, +00) x Q, with initial (at time —n) condition defined by

U, (—n, ) = sup w(s,x) €[0,1], for x € Q; (5.27)
s<—n

each function w,(—n,-) only depends on z; and, from the strong parabolic maximum
principle and the well-posedness of this Cauchy problem and the axisymmetry of €2
with respect to the xj-axis, one has 0 < u,, < 1 in (—n, +00) x Q and, for each t > —n,
un(t,-) is axisymmetric with respect to the x;-axis, that is, it depends only on z; and
||, with 2’ = (z3,--- ,zx); furthermore, the maximum principle again and the fact
that w™ is a subsolution in (—oo,T"] x Q, imply that wu,(t,-) > u,(—n,-) in Q for all
t € [-n,T"], hence u,, is non-decreasing with respect to the variable ¢ in [—n, +00) x ;
e the maximum principle also implies that u,1(—n, ) > u,(—n,-) in Q for each n > —T",
hence , 11 > u, in [-n, +00) x Q for each n > —T"; from standard parabolic estimates,
the functions u,, converge in C'(lt’i);loc(R x €0) to a classical solution u of (5.1) such that
0 <wu<1andu >0in R x Q; furthermore, for each ¢ € R, the function u(t,-) is

axisymmetric with respect to the z;-axis;
e one has 1 > u,(—n,-) > w™(—n,-) in Q for each n > —T", hence 1 > u,(¢,-) > w=(t,)
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5. Reaction-diffusion fronts in funnel-shaped domains

in Q for all t € [-n,T"] and

1>u(t,) >w (t,-) in Q for all t < T"; (5.28)

e since w~ < wt in (—oo,T] x Q and w™ is increasing with respect to the variable ¢, one

has w,(—n,-) < wt(—n,-) in Q for each n > T, hence u,(t,-) < w*(¢t,-) in Q for all
t > —n, and

u(t,z) <wt(t,z) = ¢(x; —ct) forall (t,2) € R x Q; (5.29)

from the inequalities w™ < u < wT in (—oo, T'] x €, the past condition (5.9) follows
immediately; one also gets that

O<u<land v, >0 InRxQ

from the strong parabolic maximum principle;
from standard parabolic estimates and the monotonicity in ¢, one has u(t, ) — us as
t — 400 in C2 (), and 0 < uy, < 1 solves (5.17); furthermore, 1 > uq(z) > u(t, ) >

w™(t,x) for all (¢,z) € (—oo,T"] x ; in particular,
1 > ueo(@) 2w (T",2) = ¢p(z1 — I" + {(T")) — ¢(—z1 — T+ £(1"))

for all € Q with z; < 0; since £ and 7" do not depend on R > 0 and « € [0, 7/2), one
gets that

Uso(x) — 1 as ;7 — —oo uniformly with respect to R > 0 and a € [0,7/2);  (5.30)

for each n € (0,1/2), the past condition (5.9) and the monotonicity of u in t, together
with the strong parabolic maximum principle, yield liminf; , o w(t,z)ef1-n te(t, ) > 0;
for any solution v of (5.1) satisfying (5.9), there are § > 0 and o > 0 such that, for
every £ > 0 small enough, there is 7. < 0 such that v < u + ¢ in (—oo, T.] x Q and the
function

(t,z) — min (u(t + oe(1 — e PU=to)y ) 4 ge~PU710) )

is a supersolution of (5.1) in [tg, T.] x € for all t, < T.; as this supersolution is larger
than v at time ¢y, with any ¢, < 1%, so is it in [to, 7¢] x €, hence u(t + oe,x) > v(t, v)
in (—oo,T.] x Q at the limit t, — —o0, and finally v < u(- + 0¢,-) in R x Q from the
comparison principle; since this holds for all € > 0 small enough, one gets v < u in
R x ; similarly, the inequality v > u holds, leading to the uniqueness for problem (5.1)
with the past condition (5.9).

This completes the proof of Proposition 5.2. O
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From the proof of Proposition 5.2, an important corollary follows, that will be used later
in the proof of Theorem 5.10.

Corollary 5.13. For any R > 0 and o € [0,7/2), let u be the solution of (5.1) and (5.9)
given in Proposition 5.2. If there is a C%(Q) solution U of the elliptic problem (5.17) such
that 0 < U < 1in Q and U(x) = 1 as x; — —oo, then u(t,z) < U(x) for all (t,x) € R x .

Proof. We recall that f(1) =0, f’(1) <0, and f is extended by f(s) = f'(1)(s—1) for s > 1.
Let > 0 be such that f' < 01in [1 — §,+00), and let A > 0 be such that

1-0<U(z) <1 forall z € Q with 2; < —A. (5.31)

Since U is positive and continuous in €, it follows from the definitions of  and w™ in (5.7)-
(5.8) and (5.25) that there exists T; € (—o0,T"] C (—00,T] C (—00,0) such that

w™(t,r) < U(x) forallt <T; and x € Q with x; > —A. (5.32)

We now claim that w=(¢t,7) < U(x) for all t < T} and x € Q, an inequality that will
easily lead to the desired conclusion. To show this inequality, define

e*=min{e>0:w (t,) <U(z)+eforall t <Tj and z € Q}.

Since w~ and U are globally bounded and continuous, £* is a well-defined nonnegative real
number, and one has w™(t,r) < U(x) + &* for all t < T} and z € Q. One shall show
that ¢* = 0. Assume by way of contradiction that ¢* > 0. Notice that w™(¢,-) — 0 as
t — —oo locally uniformly in Q, and remember that w~ < 1in (—oo0,T}] x Q and U > 0 in
Q with lim,, , o U(z) = 1. It then follows from (5.32) and the definition of ¢* that there is
(t*,2*) € (—o0, Th] x Q with 27 < —A such that

w(t*,2") =U(z") + €.

But the function U + &* is a supersolution of (5.17) in {x € Q : 2; < —A}, owing to (5.31)
and the definitions of § and A (one has f(U(x)+¢*) < f(U(x)) for all x € Q with z; < —A).
On the other hand, the function w~ is a generalized subsolution of (5.1) in (—oo,T}] x Q
(remember that 77 < T7"). The strong parabolic maximum principle (namely, the interior
version if x* € ) with 7 < —A, or the strong parabolic Hopf lemma if 2* € 0f, still with
z3 < —A) then imply that w=(¢t,z) = U(z) +&* for all t < ¢* and = € Q with 7, < —A.
This is clearly ruled out, since w™ <1 and U(z) +¢* — 1 +¢&* > 1 as 1y — —oo. Therefore,
e* =0, hence
w(t,z) < U(x) forallt <T, and z € Q.
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5. Reaction-diffusion fronts in funnel-shaped domains

In particular, owing to (5.27), there holds u,(—n,-) = sup,c_, w™(s,-) < Uin Qforalln € N
with n > —T. Hence, from the parabolic maximum principle, one has u,(t,-) < U in Q for
all n € N with n > —T} and for all t+ > —n. Therefore, u(t,-) < U in Q for all ¢+ € R, which
is the desired conclusion. O

5.3 Dichotomy between complete propagation and block-

ing

This section is devoted to the proof of the dichotomy between complete propagation and
blocking for the solutions u of (5.1) and (5.9) constructed in Proposition 5.2, for any given
R > 0 and a € [0,7/2). The proof of this dichotomy relies itself on several Liouville type
results of independent interest for the solutions of elliptic equations AU + f(U) = 0 in
certain domains of RY. We start in Section 5.3.1 with Liouville type results for (5.17) in
funnel-shaped domains €2, and we then continue in Section 5.3.2 with such results for stable
solutions of AU + f(U) = 0 in the plane, a half-plane and the whole space. Theorem 5.3 is
finally proved in Section 5.3.3.

5.3.1 Auxiliary Liouville type results for (5.17) in funnel-shaped do-
mains

The first two auxiliary Liouville type results used in the proof of Theorem 5.3, as well as
in other main results, are Lemmas 5.15 and 5.16 below for the solutions u., of (5.17) in
funnel-shaped domains 2. They rely themselves on the existence of some not-too-small
solutions of the same equation in large balls with Dirichlet boundary conditions. In the
sequel, we call B,(x) the open Euclidean ball of center z € RY and radius r > 0, and we
denote B, := B,(0).

Lemma 5.14. There are Ry > 0 and a C*(Bg,) solution ¢ of the semilinear elliptic equation

(Av+ f)=0  in B,

0<y<l1 in Bpr,,

=0 on 0Bg,, (5-33)
max ¢ = (0) > 0.
( Bro

Proof. The proof is standard and is therefore omitted. In short, it can be done by using

variational arguments (see e.g. |26, Theorem A| and [88, Problem (2.25)]): such a solution ¢ is

obtained as a minimizer in Hj(Bpg,) of the functional v — [ [V|*/2— [, F(p), with F'=
0 0

f. Furthermore, such a minimizer is radially symmetric and decreasing in |x| as soon as it is
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5.3. Dichotomy between complete propagation and blocking

not identically 0 (see [82]), and its maximal value, which is the value at the origin, converges
to 1 as the radius of the ball converges to +o0, thanks to (5.2)—(5.3). O

In Proposition 5.2, the constructed solutions u of (5.1) and (5.9) converge as t — +oo
to a stationary solution wus of (5.17). By construction, u., satisfies 0 < us < 1 in ,
and us(z) — 1 as 1 — —oo (and this limit actually holds uniformly with respect to the
parameters (R, a)). But this limit is not enough to guarantee that u., = 1 in Q in general:
Theorems 5.8 and 5.9 provide some conditions for u., to be equal to 1 or not, according to
the values of R and o. We now prove in the next result (which will be used in the proof of
Theorem 5.3) that, whatever R and a may be, if u.(z) is assumed to converge to 1 (or is
assumed to be not too small) as z; — +00, then uy, is identically equal to 1.

Lemma 5.15. Let Q be a funnel-shaped domain satisfying (5.7)~(5.8), and let 0 < un <1
be a solution of (5.17) in Q. If liminf Uso(x) > 0 with 6 as in (5.3), then us =1
in Q.

x€Q, x1—+00

Proof. First of all, if (2™ )pen = (27,25, -+, 2% )nen = (27, (2™) )nen is any sequence in Q such
that 27 — +oo and h(z})—|(z")'| — +00 as n — +00, then, from standard elliptic estimates,

the functions z — us(z + ™) converge in C}

2 (RM), up to extraction of a subsequence, to
a C?(RY) solution U of

AU + f(U) =0 in RY,

such that 6 < infgn U < supgn U < 1. Since f(1) = 0 and f > 0 in (6, 1), it then easily
follows that U = 1 in RY. Similarly, if (2"),ey is any sequence in Q such that 7 — 400 and
lim sup,,_, , o (h(x}) —|(z™)']) < 400, then there are an open half-space H of RY and a C?(H)
function U such that, up to extraction of a subsequence, |[uoo(- + 2") — Ul|co(gn@—gm)) — 0
as n — +oo for every compact set K C H. Hence, U obeys AU + f(U) = 0 in H and
v-VU =0 on 0H, together with 0 < infy U < supy U < 1. As above, one infers that U = 1
in H. From the previous observations, it follows that

Uso () = 1 as xy — +00

with € Q, that is, uniformly with respect to the variables (z3,--- ,zx).

Now, from (5.2)-(5.3) and the affine C! extension of f outside [0, 1], there is € > 0 small
enough such that the C'(R) function f — ¢ satisfies f(a.) —e = f(6.) —e = f(B.) —e =0
for some

a. <0< <0, <p. <1,

with f'(ae) < 0, f'(6:) > 0, f'(B:) <0, f—e < 0in (a,0:), f —e > 0in (6., 5.), and
fa%(f —¢) > 0. Therefore, there exist c. > 0 and a C?(R) function ¢. : R — (a, 3.) solving

¢;’ + Ce(blg -+ f(¢€) —e=01n R, and (bg(_oo) = ﬁ&a ¢E(+OO) = .
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5. Reaction-diffusion fronts in funnel-shaped domains

Since us is positive in Q and converges to 1 as z; — 400, there exists A > 0 such that
Uoo () > ¢e(—x1+ A) for all 2 € Q. But the function ¢, is decreasing in R and the function h
in (5.8) is nondecreasing. Hence, for each ¢t € R, the function z +— ¢.(—x1 — c.t + A) has a
nonpositive normal derivative at any point € 9€). Furthermore, u(t, z) := ¢.(—x1 —c.t+A)
satisfies u, = Au+ f(u) —e < Au+ f(u) in R x RY by definition of ¢.. Remembering that
Use > u(0,-) in €, the parabolic maximum principle then implies that u. > u(t,-) in Q for
all t > 0. The limit as t — +o00 and the positivity of c. yield

Uso = ¢5(—OO) =f: in Q.

Since § < . < us < 1 and f > 0 in (#,1), one then gets that u,, = 1 in Q, which is the
desired conclusion. O

The next result, which can be viewed as a corollary of Lemmas 5.14 and 5.15, will also
be a key-ingredient in the proof of Theorems 5.8 and 5.10.

Lemma 5.16. Let Q2 be a funnel-shaped domain satisfying (5.7)—(5.8), and let 0 < uy < 1
be a C*(Q) solution of (5.17) in Q. Let Ry > 0 and 1 € C?(Bg,) be as in Lemma 5.14. If
there is a point zy € 0 such that Br,(z¢) C Q and us > Y(- — o) in Br, (o), then uy, =1
in Q.

Proof. Write

o — (113'071, 1'6)
with 2o, € R and 2, € RY~!. Owing to the properties (5.7)-(5.8) satisfied by (2, one has
Br,(z0.1,57)) C Q for all s € [0,1]. Since ¢ satisfies (5.33) and vanishes on dBg,, and
since the solution us, of (5.17) is positive in Q, the strong maximum principle implies that
Uso > (- —xg) in Bg,(z9) and, by continuity, s > (- — (o1, s2()) in Bg, (21, szf) for all
s € [n,1], for some 0 < n < 1. We then claim that

Uoo > (- — (201, 87p)) In Br, (21, sxp) for all s € [0, 1]. (5.34)

Indeed, otherwise, there exists s* € [0, 1) such that ue > ¥(- — (zo1, s*7p)) in Bg,(z0,1, s*2()
with equality at a point 2* € Bpg,(2o1,s*z)). The point z* can not lie on the boundary

O0Bpr, (201, s*x(), since (- — (xg 1, s*xp)) vanishes there whereas ., is positive. Hence, z* is in
the open ball Bg, (21, s*x}) and the strong maximum principle yields uo, = (- — (2o 1, s*27))
in Bg,(zo1,s*x}), which is impossible on 0Bg, (o1, s z;). Therefore, (5.34) holds and, in

particular, us > (- — (201,0)) in Br,(z01,0).
Similarly, since Bpg,(s,0) C Q for all s > xq,, one then infers that us, > (- — (s,0))
in Bp,(s,0) for all s > zy;. Consider then any

s > max(x1, Lcosa + Ry),

168



5.3. Dichotomy between complete propagation and blocking

with L > R > 0 and « € [0,7/2) given in (5.8), and any unit vector ¢’ of R¥~!. For each
o € [0, h(s)], two cases may occur, owing to (5.7)—(5.8):

either Bp,(s,0¢’) C Q,
or Bg,(s,0¢)N O # 0 and v(x) - (x — (s,0€")) > 0 for every x € Bg,(s,0¢’) NI,

where v(z) denotes the outward unit normal to 2 at . In the latter case, one then has v(z)-
Vi(x — (s,0€¢’)) < 0, since the function y +— 1 (y) is radially symmetric and nonincreasing
with respect to |y| in Bg,. In all cases, for each o € [0, h(s)], the function (- — (s, 0€)) is
a subsolution of (5.17) in Bg,(s,0¢’) N (this closed set is actually equal to Bg,(s,ae’) N Q
from the definition of €, since o € [0, h(s)]), and the open set Bg, (s, ce’)NEQ is connected and

not empty, with its boundary meeting OBg, (s, o¢’) N Q. Hence, the function ¢ (- — (s, o¢’))

can not be identically equal to u., in Bg,(s,0¢’) N Q. Since uy > (- — (s,0)) in Bg,(s,0),
one then gets as in the previous paragraph, by sliding ¢ below u,, in the direction (0, €¢’) and
using the strong interior maximum principle and the Hopf lemma, that u., > ¥ (- — (s,0¢€¢’))
in Bg,(s,0¢/) N for all o € [0, h(s)]. As a consequence,

Uso(s,0€") > 1(0) for all s > max(xg1, Lcosa+ Ry) and o € [0, h(s)].

Since this holds for every unit vector ¢’ of R¥~1 one infers that u.,(x) > 1(0) for all x € Q
with z; > max(zg 1, L cosa + Ry). Since uy, < 1 in Q together with 1(0) > 6, one concludes
from Lemma 5.15 that us = 1 in Q. The proof of Lemma 5.16 is thereby complete. O]

5.3.2 Auxiliary Liouville type results for stable solutions of AU +
f(U)=0

The last three auxiliary results for the proof of Theorem 5.3 are still Liouville type results
for semilinear elliptic equations AU + f(U) = 0 in w. But these results, of independent
interest, deal with other geometric configurations: w will be the two-dimensional plane, or a
two-dimensional half-plane, or the whole space RY. In all these statements, we are concerned
with stable solutions, in the sense of (5.18).

Proposition 5.17. Let 0 < U < 1 be a C*(R?) stable solution of AU + f(U) = 0 in R2.
Then, either U =0 inR? or U =1 in R2.

Proof. The proof uses some properties of the principal eigenvalues of some elliptic operators,
together with some results of [12]. First of all, since f € C*1([0,1]), standard elliptic esti-
mates imply that U is of class C*(R?) and has bounded partial derivatives up to the third
order.
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5. Reaction-diffusion fronts in funnel-shaped domains

Now, for any R > 0, let

(A — f/(U), By) = min / VYR — FUW? (5.35)

YEHY(BR), [l 12 5, =1

and

A=A, Bg) = min / V|
Br

GEHY(BR), [l 125 ) =1

be the principal eigenvalues of the operators —A — f/(U) and —A in Bp (the two-dimensional
Euclidean disc) with Dirichlet boundary conditions on dBg. One has A\(—A— f'(U), Bg) >0
by assumption, and

A=A, By)

N = f/(U), Br) < max || + M=A, Ba) = max|f| + =

[07
Hence supp>; [A\(=A — f(U), Br)| < +o0c. Furthermore, the map R — A(—A — f'(U), Bg)
is nonincreasing (and even actually decreasing) in (0,400), and there exists
Ao = lim A=A — f(U), Bg) € [0, 4+00).
R—+00
Notice also that the map z + f/'(U(x)) is Lipschitz continuous from the C"! regularity of f

and the Lipschitz continuity of U. For each n € N with n > 1, there exists a unique principal
eigenfunction ¢, € C?(B,) solving

—App, — f/(U)‘:On = AMN-A— f/(U)v B,)p, in B_n7

with ¢, = 0 on 0B, ¢, > 0 in B, and ¢,(0) = 1. The Harnack inequality and standard
elliptic estimates then imply that, up to extraction of a subsequence, the functions ¢,, con-
verge in C? _(R?) to a positive function ¢ solving —Agp — f/(U)p = A > 0 in R? (together
with ¢(0) = 1). Since the space dimension is here equal to 2, and since each function e - VU
(with a unit vector e of R?) is bounded in R? and solves

Ale-VU)+ f(U)(e-VU) =0 in R?

it follows from [12, Theorem 1.8| that e - VU = C.¢ in R? for some real number C,. In
particular, each partial derivative e - VU is either identically 0 or has a strict constant sign
in R2. As a consequence, either the function U is constant, or it depends on one variable
only and it is strictly monotone in that variable.

If U is constant, it may be equal to 0, 6 or 1, from (5.2)—(5.3). However, if U were equal
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to 6, then

0 < M=A = f(U),Br) = —f'(0) + \(=A, Bg) = —f'(0) + R*M-A, B1) — —['(0) <0,

R—+o00

a contradiction. Thus, if U is constant, then either U =0 or U = 1 in R

If U were one-dimensional and strictly monotone, that is U(z) = V(x - e) for some
unit vector e and V increasing in R, then V would solve V" + f(V) = 0 in R with
(V(—00),V(+0)) € {(0,6),(0,1),(0,1)}, but the integration of this equation against V’
over R would lead to fo((jo?)) f(s)ds = 0, contradicting (5.2)—(5.3). Thus, this monotone
one-dimensional case is ruled out.

As a conclusion, one has shown that U is constant in R?, and identically equal to 0 or 1.
The proof of Proposition 5.17 is thereby complete. O

From Proposition 5.17, the following analogue in a half-plane easily follows.

Proposition 5.18. Let H be an open half-plane and let 0 < U < 1 be a C?(H) stable
solution of AU + f(U) = 0 in H with Neumann boundary condition v - VU = 0 on 0H.
Then, either U =0 in H orU =1 1in H.

Proof. Up to translation and rotation, one can assume that H = {(z1,22) € R? : 25 < 0}
without loss of generality. Thus, 0H = R x {0} and 0,,U(z1,0) = 0 for all z; € R. Consider
now the function V' in R? defined by

U(ZEhl’Q) if T S O,
U(zy, —xo) if 29 > 0.

V(l’l, $2) = {

It is of class C*(R?) and it solves AV + f(V) = 0 in R?, together with 0 < V < 1 in R
Furthermore, for any ¢ € C''(R?) with compact support, one has

LL0wer-rwsy = [ e @)+ [ (veR - o

{z2>0}

- /H (IVeI? = f/(U)e?) + /H (Vo = r'(U)e?),

where ¢(z1, 72) = ¥(x1, —22). But the restrictions of the functions ¢ and ¢ in H are of
class C*(H) with compact support in H. Therefore, the two terms of the right-hand side of
the previous formula are nonnegative by assumption. Hence,

L9k = rvye) = 0

for any ¢ € C'(R?) with compact support. Proposition 5.17 implies that V is identically
equal to either 0 or 1 in R?, which leads to the desired conclusion for U in H. O
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The last Liouville type result is Proposition 5.5, which was stated in Section 5.1.3. It is
concerned with stable axisymmetric solutions in RY, and it also follows from Proposition 5.17,
as well as from some arguments inspired by [12].

Proof of Proposition 5.5. Throughout the proof, U : RY — [0, 1] is a stable C?(R") solution
of AU + f(U) = 0 in RY, which is axisymmetric with respect to the z;-axis. Let us first
show that

either U(z1,2') = 0 or U(xy,2’) = 1 as |z'| = 400, uniformly in x; € R. (5.36)

To show this property, since U is continuous and axisymmetric with respect to the z-axis,
it is sufficient to show that, for any sequence

(xn)nGN - ((IL‘?, ffg, 07 Ty O))HEN

in RY such that 2 — +o0o as n — oo, one has, up to extraction of a subsequence,
either U(z") — 0 or U(z") — 1. Consider any such sequence (2"),en. Up to extraction of a
subsequence, the functions U (-+2z") converge in CZ (RY) to a solution Uy, of AU+ f(Us) =
0 in RY, with 0 < U, < 1 in RY. Furthermore, since U is axisymmetric with respect to
the z;-axis, and 2™ = (27, 25,0, -+ ,0) with 25 — 400, there is a C*(R?) function V,, such
that Uy (x) = Voo(z1,72) for all z € RY. Notice that V., then obeys AV, + f(V) = 0 in
R2. Let us now show that V., is stable, in the sense of (5.18) with w = R?. Consider any

C'(R?) function 1 with compact support. For n € N, let us define
Un(r) = (21 — 27, [2'] — 23)

for z = (x1,2’) € RY. Since 1 is compactly supported in R? and since z — +00 as n — +00,
the function v, is of class C*(RY) with compact support for all n large enough. Together
with the semistability of the solution U of AU + f(U) = 0 in R¥, one gets that, for all n
large enough,

[ 1Vl = iy =

But since both U and 1, are axisymmetric with respect to the z;-axis, the above inequality
means that, for all n large enough,

/ [|V¢(ac1 — 2" wy — 2B)|? — f(U(xy, 29,0, ,0)(zy — 27, 29 — x?)ﬂ dxidzy > 0,
RZ
that is,
/2 [’VT/}(.xl,wQ)P — f{(U(zy + 2}, 20 + 25,0, - - - ,O))w(xl,xQ)Q} dxidxs > 0.
R
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5.3. Dichotomy between complete propagation and blocking

Since U(xy + af, 29 + 25,0, ,0) — Ux(x1, 22,0, ,0) = Vio(x1,22) locally uniformly
in (r1,79) € R? as n — +00, since 1 has a compact support, and since f is of class C1(R),
one gets that

LIV = rve 2o

As a consequence, the C%(R?) function V,, is a stable solution of AV, + f(V4) = 0 in R?
such that 0 < Vo < 1 in R%. Proposition 5.17 then implies that either V,, = 0 in R?, or
Ve = 1 in R2 In particular, either U(z") — 0 or U(2") — 1 as n — +00, at least for a
subsequence. But as already emphasized, this is sufficient to infer (5.36).

Let us now show that |VU(z1,2")| decays to 0 exponentially as |z'| — +oo, uniformly
in ; € R. To do so, let us consider only the limit 0 in (5.36) (the limit 1 can be handled
similarly even if it means changing U into 1 — U and f(s) into —f(1 —s)). Since f/(0) < 0=
f(0), there is § € (0,1) such that

/
0
f(s) < fé ) s for all s € [0,0] (5.37)
and there is then A > 0 such that
0<U(xy,2') <6 forall [/| > A and z; € R. (5.38)

Take v > 0 small enough such that 424 f/(0)/2 < 0. The function U(z) = § e 7(#1=4) obeys

N -2 :
%)e—w =4) 4

(0 ,
< 5(72 " %)ew -4 < 0

f'(0)6 e~ V(2'[=4)
2

AU(z) + / 'éo) U(z) = 5@2 _

for all |2/| > A and z; € R. Since U(zy,2") < 6 = U(xy,2') for all |2'| = A and z; € R,
together with (5.37)—(5.38) and (5.36) with limit 0, it then easily follows from the maximum
principle that U(zy,2') < U(zy,2') = § e 70#1=4 for all |2/| > A and z; € R. From standard
elliptic estimates, the function |VU]| is bounded in RY and moreover there is a positive real
number B such that

IVU(x)| < Be ¥l for all z € RV. (5.39)

Now, as in the proof of Proposition 5.17, from the semistability of U, one gets the existence
of a positive C?(RY) function ¢ and of a nonnegative real number )\, such that

—Ap — f'(U)p = Ao >0 in RV,
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5. Reaction-diffusion fronts in funnel-shaped domains

Consider any unit vector e of RY and denote

e-VU
w = .
%

From standard elliptic estimates and the C'*! smoothness of f, the function U is of class
C3(RY) and it is elementary to check that the C?(R") function w obeys

wV - (V) = Aop?w? >0 in RY.
Take a C*°(R) function ¢ such that 0 < ( <1inR,(=1in[-1,1]and ( =0in R\ (—2,2).
For R > 1 and x = (z1,2') € RY, we define
i

it = () < ()

Each function (g is of class C*(RY) with compact support and there is a positive real
number C' such that, for every R > 1 and x = (xq,2') € RY, [0,,(r(x)] < CR'™ and
|VC¢r(z)| < C R For any R > 1, let us define

Ep={z=(21,2) e RV : |2/| <R, RN7! < |y| < 2RV},
Fr={z=(21,2/) e RV : R <|2/| < 2R, |&1| < 2RN"'},
Gr = ErU Fh.

Observe that |[V(g| = 0 in RN\ G and that |V(r(z)| = |0,,(r(z)| < C RN for all x € Fg.
By integrating the inequation wV - (p?Vw) > 0 against (% (notice that all integrals below
converge since all involved functions are continuous and (g is compactly supported), one gets
that

/ ¢2C%]Vw|2 < —2/ w*Cp Vg - Vw = —2/ w @ Cr Vg - Vw
RN RN a

R
< 2\// V2 A Vw|? \// w2?|V(R|%.
GRr GRr

(5.40)

Furthermore, from the above estimates on V(g and from (5.39), one has

/ wQ?| V(g = / |6-VU|2|V(R|2+/ le- VU|*IV(g|?
GR ER FR
< 2B’CPwy_1 + B’ O Rwy 1 (2R)N T — RYTY) x (4RVTY),

where wy_; denotes the (N — 1)-dimensional Lebesgue measure of the unit Euclidean ball
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5.3. Dichotomy between complete propagation and blocking

in RN~ Therefore, there is a positive real number D such that
/ w?@*|VCp|> < D (5.41)
GRr

for all R > 1, hence
/ ©*Cr|Vw|? < 4D
RN

by (5.40). Therefore, owing to the definition of (z, the integral [ ¢?|Vw|?* converges and
/ ©*Cr|Vw|* = 0 as R — +oo.
Gr

Together with (5.40)—(5.41), one infers that

/ 2Vl =0,
RN

hence w is constant in RY. Owing to the definition of w = (e-VU)/yp, this implies that e- VU
is either of a strict constant sign, or is identically 0 in RY. By taking now e = (0, ¢') with a
unit vector €’ of R¥~1 and remembering that U(z;,z") — 0 as |2/| — 400, one infers that
e-VU =0 in RY for any such e = (0,¢'), and finally U = 0 in RY. As already underlined,
the case of the limit 1 in (5.36) can be handled similarly, and the proof of Proposition 5.5 is
thereby complete. O

5.3.3 Proof of Theorem 5.3

Throughout this section, we consider a domain € of the type (5.7)—(5.8), for any R > 0
and a € [0,7/2), and we call u the time-increasing solution of (5.1) and (5.9) given in
Proposition 5.2. Let 0 < uy, < 1 be its C? () limit as ¢ — +oo. The function wu,,
solves (5.17), and

0 < u(t,r) < us(z) <1 forall (t,2) € R x Q. (5.42)

Let us first notice that (5.25) and (5.28) imply that u(t,z) — 1 as 21 — —o0, at least for
every t negative enough. Since u is increasing in ¢ and u < 1 in R x , one infers that, for
every 7 € R,

u(t,z) — 1 as 1 — —oo, uniformly with respect to t > 7. (5.43)

Together with (5.42), it follows that, if the solution u is blocked in the sense of (5.15), then
the convergence of u(t, ) to u., as t — +oc is actually uniform in €.
After this preliminary observation, the first main step of the proof of Theorem 5.3 consists
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5. Reaction-diffusion fronts in funnel-shaped domains

in showing that wu., is a stable solution of (5.17) in Q in the sense of (5.18) with w = (,
whether u,, be identically 1 or less than 1 in .

Lemma 5.19. The function us is a stable solution of (5.17) in Q in the sense of (5.18).

Proof. Consider any C''(2) function ¢ with compact support. The function u satisfies
0 <u=Au—1us)+ fu) — fus) (5.44)

in R x Q. Since v(z)-V(u(t,z) — us(z)) = 0 for all (t,z) € R x 9Q and since ¢ has compact
support, multiplying (5.44) by the nonnegative function ¥?/(u., — u(t,-)) and integrating by
parts over ), at a fixed time t € R, leads to

P flut,-) = flux)
0 < /QV(UOO —ult ) v(uoo — u(t, )) () — us v
_ /2 UV (U —ult,) VI [V(ue —ult, ))¥*  flult,-)) — flus) "
Q Uoo — u(t7 ) (UOO - u(t7 ))2 u(t7 ) — Uco
< /Q|W|2 - f(ufé;').; = ;]:Ou“) 02,

where all the above integrals converge since 1) has compact support and all integrated func-
tions or fields are at least continuous in €. But since ¢ has compact support and u(t, -) — s
as t — 400 at least locally uniformly in €2, the passage to the limit as ¢ — +o0o in the above
formula yields

0< [ VP - (a0
Q
From the arbitrariness of ¢ € C''(Q2) with compact support, the proof is complete. O

Proof of Theorem 5.3. In order to show that u either propagates completely in the sense
of (5.16) or is blocked in the sense of (5.15), we have to show that either u,, = 1 in Q,
Or Uso(z) — 0 as x; — +oo. Since the case a = 0 is trivial, as already noticed in the
introduction (us = 1 in © in this case), one can assume that

a>0

in the sequel. From Lemma 5.15, it is then sufficient to show that either u.(z) — 1 as
T] — +00 or Us(7) — 0 as #; — +oo. Since, for each B € R, the set {r € Q : x; > B}
is connected and since u., is continuous in €, it is sufficient to show that, for any sequence
(™) nen with

x] — 400 asn — 400,

up to extraction of a subsequence, either uy,(z") — 0 or us(z™) — 1 as n — +o00. Consider
such a sequence (z™),en in the sequel. Since the functions v and u., are axisymmetric with
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5.3. Dichotomy between complete propagation and blocking

respect to the zi-axis, one can assume without loss of generality that
" = (af,xy,0,---,0), with 0 <z < h(z}),

for each n € N. Up to extraction of a subsequence, three cases can occur: either sup, oy 25 <
+00, or 25 — 400 and h(z}) — 2§ — +00 as n — +00, or sup,cy(h(2}) — 25) < +oo. We
consider these three cases separately.

Let us firstly consider the case sup,,cy 25 < +00. Call
yn - (I‘?,O, 70)

Here, up to extraction of a subsequence, the functions us (- + y™) converge in C? _(RY) to
a C?(RY) solution U of AU + f(U) = 0 in RY which is axisymmetric with respect to the
r1-axis (since so is Uy ). Furthermore, 0 < U < 1in RY. Let us now show that U is stable in
the sense of (5.18) (Proposition 5.5 will then yield the desired conclusion). Pick any C*(RY)
function 1 with compact support K. For n € N, denote ¥, (x) = ¢(z — y") for z € Q. Each
function 1, is of class C''(Q2) with compact support, hence

/Q Vial? = f ()t > 0

by the semistability of u., established in Lemma 5.19. But, for every n large enough, the
support y" + K of 1, is included in €, and the previous inequality then means that

/K VY2 = f(us(- +y™)0? > 0.

Since Uy (- +y™") — U as n — 400 at least locally uniformly in RY and f is of class C*(R),
one concludes by passing to the limit n — 400

/ VU — fU = / VYl — U)o,
RN K

Therefore, U is a stable solution of AU+ f(U) = 0 in RY and it satisfies the other assumptions
of Proposition 5.5. One then deduces that either U = 0 in R or U = 1 in R". In particular,
since the sequence (z3),en was assumed to be bounded, one concludes that either uq (™) — 0
Or Uso(2™) — 1, up to extraction of a subsequence.

In the second case, we assume that 2§ — +oo and h(z}) — x5 — 400 as n — +00. Define
Un(z) = tso(z + 2™) for € Q — 2™ From standard elliptic estimates, together with the
axisymmetry of u., with respect to the zj-axis, the functions U, converge in C2_(RY), up
to extraction of a subsequence, to a C?(R") function U, which actually depends on (21, 22)
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5. Reaction-diffusion fronts in funnel-shaped domains

only, that is,
Uz, on) = Uy, 12)

for some C?(IR?) function U, and there holds AU + f(U) = 0 in R?. Furthermore, 0 < U < 1
in R?. Let us now show that U satisfies the condition (5.18) with w = R?, and Proposition 5.17
will then yield the desired conclusion. So, consider any C'(R?) function ¢ with compact
support K. For n € N, define the following function ), in Q by:

Y () = (21, 2) = { G(ay —af, || = ay) if (2, |2]) € K + (2, 23),

0 otherwise.

Since lim,,_, 4o 3§ = 400, it follows that, for every n large enough, v, is a C*(Q) function
with compact support. Lemma 5.19 implies that, for all n large enough,

/Q Vial? = f(u) 2 > 0.

But since both u., and 1, are axisymmetric with respect to the z-axis, the above inequality
means that, for all n large enough,

Ve - at, 22 - 2p)P

/{xleR, 0<za<h(z1)} (5.45)

— (oo (21, 22,0, -+ ,0)) (g — 27, 29 — :L'S)Q} dxydzs > 0.

Since both sequences (23)nen and (h(x]) — 2% )pen converge to 400 and since ¢ has compact
support, denoted by K, the previous inequality means that, for all n large enough,

/ [[V¢($1,x2)|2 — [(too(x1 + 27, 29 + 25,0, - - - ,0))¢(x1,x2)2} dxidxe > 0. (5.46)
K

Since uoo (21 + 2V, 29 + 25,0, ,0) — [7(951,@,0, -+ ,0) = U(xy,22) locally uniformly in
(71, 22) € R? as n — +00, and since f is of class C'(R), one gets that

LIV = r =0

As a consequence, the C?(R?) function U is a stable solution of AU + f(U) = 0 in R? such
that 0 < U < 1 in R2. Proposition 5.17 then implies that either U = 0 in R? or U = 1 in
R2, that is, either U = 0 or U = 1 in RY. Hence, either Uso (™) = 0 Or Uso(2™) — 1, up to
extraction of a subsequence.
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5.3. Dichotomy between complete propagation and blocking

Consider thirdly the case sup,,cy h(z}) — 25 < +00. Define
y" = (2, h(2?),0,---,0), Un(x) = us(z +y") for x € Q —y",

and
H = {(z1,20) € R*: 25 < 1 tana},

which is an open half-plane of R?. From standard elliptic estimates, together with the
definitions (5.7)—(5.8) and the axisymmetry of u., with respect to the xj-axis, there is a
C%(H x RN=2) function U, which actually depends on (z1,z5) only, that is,

U(xh U 737N) - U(xlwa)

for some U € C2?(H), such that, up to extraction of a subsequence, ||U,, — ﬁl\cz(,m@_yn)) —0
as n — +oo for every compact set X C RY (notice that, for each such K, there holds
KN (Q—y") Cc HxRV2 for all n large enough). The function U then satisfies

AU+ f(U)=0in H,

together with v - VU =0on 0H and 0 < U <1 in H. Let us now show that U satisfies the
condition (5.18) with w = H, and Proposition 5.18 will then yield the desired conclusion. So,
consider any C'(H) function v with compact support K. For n € N, define the following
function ¢, in Q by:

xy — |2 | — h(x})) if (1, |2|) € K + (27, h(x})),
o) — oy — § == BGD) (a1 o) € K (B

0 otherwise.
Since lim,,_, 4o h(2}) = +o00, it follows that, for all n large enough, 1, is a C*(Q) function
with compact support. Lemma 5.19 implies that, for all n large enough,

/Q Veal? = f ()i > 0.

But since both us, and 1, are axisymmetric with respect to the x;-axis, and since h(x;) =
xytan« for all x; > Lcos a, together with 7 — +00 as n — 400, the definition of ¢, and
the previous inequality then yield (5.45)—(5.46), with z% replaced by h(z?), for all n large
enough. Since un (1 + 2™, T3 + h(z?),0,- -+ ,0) = U(xy, 22,0, -+ ,0) = U(xy, 3) uniformly
in K (because K x {0}¥=2 C 0 — y" for all n large enough), and since f is of class C'(R),
one gets that

/ VYl — (U > 0.
H
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5. Reaction-diffusion fronts in funnel-shaped domains

As a consequence, the C?(H) function U is a stable solution of AU + f(U) = 0 in H such
that 0 < U < 1in H. Proposition 5.18 then implies that either U = 0in H or U =1 in H,
that is, either U =0 or U = 1 in H x RV=2. Hence, either uq(z™) — 0 or us(2") — 1, up
to extraction of a subsequence.

As a conclusion, for any sequence (z"),ey in Q such that 7 — 400 as n — 400, one
has, up to extraction of a subsequence, either u.(z") — 0 or ux(z") — 1 as n — +oo. As
already emphasized, this leads to the desired conclusion, and the proof of Theorem 5.3 is
thereby complete. O

5.4 'Transition fronts and long-time behavior of the level
sets

This section is devoted to the proofs of Theorems 5.6 and 5.7. For any given R > 0 and
a € [0,7/2), we especially show that the solution 0 < u < 1 of (5.1) emanating from the
planar front ¢(z; — ct) in the sense of (5.9) is a transition front connecting 1 and 0, and we
show further more precise estimates on the position of the level sets at large time in case
of complete propagation. But we start in the next subsection with the, immediate, proof of
Theorem 5.7.

5.4.1 Proof of Theorem 5.7

We here assume that u is blocked, in the sense of (5.15). Since u(t,z) — ¢(x3 —ct) — 0
as t — —oo uniformly in 2 € Q, and since ¢(—o0) = 1 and ¢(+o0) = 0, one infers that

sup lu(t,z) — 1| — 0 and sup u(t,z) - 0 as A — +o0.
t<—A,zeQ, x1—ct<—A t<—A,z€Q,x1—ct>A

Furthermore, from (5.43), one knows that, for every 7 € R, u(t,z) — 1 as x; — —o0,
uniformly with respect to t > 7. Since 0 < u(t,x) < us(z) for all (t,7) € R x Q and
Uso(x) = 0 as x1 — +00, there also holds

u(t,z) — 0 as ;7 — +oo, uniformly in t > 7,

for every 7 € R. All these properties, owing to the definition (5.7)—(5.8) of €, imply that u
is a transition front connecting 1 and 0, with the sets Q and I'; given for instance by (5.24).
In particular, v does not have any global mean speed in the sense of Definition 5.1 (but one
can still say that it has a “past” speed equal to ¢, and a “future” speed equal to 0, following
the terminology used in [99]).
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5.4.2 Proof of Theorem 5.6

We here assume that o > 0 and the solution w of (5.1) with past condition (5.9) propagates
completely, namely u(t,-) — 1 as t — +o0 locally uniformly in Q. We will prove, thanks to
a comparison argument, that the level sets of u can be sandwiched between two expanding
spherical surfaces at large time in QF, and that u is a transition front with sets I'; and
Qi defined by (5.20)-(5.21). Moreover, we show that along each level set the function u
converges locally to the planar traveling front at large time, in which a Liouville type theorem
of Berestycki and the first author in [18] for entire solutions of the bistable equation plays an
essential role.

Large time estimates of u for z € QF with |z| large

We aim at proving the key Lemma 5.20 below, which gives refined bounds, for large ¢ and
for z € QF with large norm |z|, of the solution u of (5.1) satisfying the complete propagation
condition (5.16). This lemma is based on the construction, inspired by Fife and McLeod [76]
and Uchiyama [154], of suitable sub- and supersolutions. For this purpose, let us first define
a function ¥ in [0, +00) by

2 (In(t +1))3/2

I(t) =
(t) -
Notice that
In(t+1
J(t) >0 and 0 <V (t) = % < 1forallt>0, (5.47)

and e
/ e O dt < 400 for all r > 0.
0

We also recall that L > 0 is given in (5.8).

Lemma 5.20. There exist T >0, 1 € R, m € R, 21 € R, 2 € R, § > 0 and p > 0 such that

N -1

u(t,x) < gb(|x| —clt—m+71)+
for allt > 7 and v € QF with |x| > L,

In(t—m +7)+ zl> + de=00t=m) 4 §epllzl=L)

(5.48)
and

u(t,x) > gb(\x| —c(t =T+ 7))+ In(t — 7 +7) + 22> — ge00t=m) _ §empllzl=L)

for allt > 75 and x € QF with |z| > L.
(5.49)

Proof. Step 1: choice of some parameters. Choose first ;1 > 0 and then § € (0,1/2) such
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that

0<p< \/mm (\f’(0)|7 \f’(l)\>7 (5.50)

and

in [0,30], f'<

/'(0) ).
5 < 5 in [1—-36,1], (5.51)

* 2

L pe e B op
0 (_7 50 o0 _)a ' <
0 <0 < min 55 5 3 <
with g, > 0 and p* > 0 as in (5.5). From (5.4)—(5.6), there are C' > 0 and K > 0 such that

¢>1-351in (—00,—C], ¢ <din [C,+00), |¢/(2)] < K min (e"*/?, e */?) for all z € R.

5.52
Since ¢’ is continuous and negative in R, there exists a constant x > 0 such that ( )
¢ < —rkin[-C,C]. (5.53)
We then choose o > 0 such that
max || + p? < ko (5.54)
Let then 75 > 0 be such that
Nc_llntg gtfor all ¢ > 7, (5.55)
and n > 0 such that
e /2 < L (5.56)
cTH

From (5.51), there exist some constants M, My > C' such that

N — 1 Ke tM+91)/2 (N — 1)K e K (Ma+9(t))/2

max << JKe ROADL ) <@ forall >0 (557)
CTo L
Now define
+o00o
W= / 0(5(6’5'9(5) + e";s) ds € (0,400),
0
and

M =max (M +w+1+n9,My+w+1) >0 and B=2C+w+1>0.
For every T > 79, (5.55) implies that c(t+7)—((N—1)/¢)In(t+7)+L+B—-C+M+9(t) > L
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for all ¢ > 0, hence the function A defined in [0, +00) by

N -1 N -1
A(t) = sup 7 >0 (5.58)
|le|—c(t-+7)+((N=1)/€) In(t-+7)— L— B+C | <M+9(2) 2] et + 1)
reQ¥, |z|>L

is well defined, nonnegative and continuous in [0, +00). Furthermore, it is easy to see that it
is integrable over [0, 4+00), and that

—+00

lim A(t)dt = 0.

T+ Jo

Let us then fix 7 > max(7y, L/c) large enough so that f0+°o A(t)dt < 1 and let us introduce
a nonnegative function p defined in [0, 4+00) by

o(t) = /Ot (A(s) + od(e ) 4 e %)) ds >0. (5.59)

One then has 0 < p(400) < 1+ w. Hence,
M > max (M1 + o(+00) +n, My + Q(+OO)) > C + o(+00) and B > 2C + o(+0o0)

and, from (5.56)—(5.57) and the inequality ¢ > L, there holds

(N —1)KerMH(te(+0))/2 (N 1) K e~r (MHI(t)e(+00))/2

L ’ cT

) <6279 for all +>0.
(5.60)

max <

For notational convenience, let us finally define, for s > 0 and x € QF with |z| > L,

N -1 N -1
|| c(s+7)

A(s,z) =

and

((s,z)=lz| —c(s+7)+ In(s+7)—L—-B+C.

Step 2: proof of (5.48). Since u(t,z) — ¢(x; — ct) — 0 as t — —oo uniformly in ©Q, and
since ¢(+00) = 0, there exists 71 < 0 such that ¢(—cry) < /2 and

u(m,x) < op(xy —em) + g < ¢(—cm) + g <4 (5.61)
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for all € OF. For t > 7 and x € QOF with || > L, let us set
a(t,x) = min (¢(&(t, ) + se ) 4 gemmle=D) 1),
where

Et,z) = C(t—T,2)—o(t—7) = ]1’|—c(t—T1+T)+N -1

. In(t—m+7)—L—B+C—po(t—m).
Let us now check that w(t, z) is a supersolution of the problem satisfied by u(¢, x) for t > 7
and x € QF with |z| > L.

We first verify the initial and boundary conditions. On the one hand, at time t = 7,
from (5.61) it follows that (7, z) > & > u(r, ) for all z € QF with |z| > L. On the other
hand, for ¢t > 7; and for all z € QF with || = L, one infers from (5.55), (5.59) and the choice
of B=20+w+1>2C, that £(t,r) < =B+ C < —C, hence (5.52) gives ¢(&(t, ) > 10,
which yields %(¢, ) > min(1—§+6e =) 1§ 1) = 1 > u(t, ). Lastly, owing to (5.7)—(5.8),
one has v(z) - Vu(t,z) = 0 for every t > 7 and x € 9Q* such that |z| > L and u(t,z) < 1,
since v(x) - x/|xz| = 0 at any such z.

Next, let us check that

Lu(t,x) =w(t,x) — Au(t,z) — f(u(t,z)) >0

for all t > 7, and € QF such that |#| > L and @u(t,r) < 1. After a straightforward
computation, we get, for such a (¢, z),

Lu(t,x) = f(dE(t, ) — fla(t,x)) — 82 (t — 71)e =) — y25e~rlel=L)

N=1 sentel-0) _ (g N1 N-1 )"
# e 0 — (g A - R o),

2 )

~~
N—-1 N—-1
:A(tiTI’I)Zi cT 2= ¢t

Three cases can occur, namely: either ((t — 7,2) < —M — ¥(t — 1), or ((t — m,2) >
M +9(t—1), or |C(t — 1, 2)| < M +9(t — 7).
Consider firstly the case

C(t—T1,$) < —M—ﬁ(t—’i—l)

One then has &(t,z) < ((t —m,2) < —M — It — 1) < —M; — It — 1) < —C, hence

1> ¢(t,z)) > 1—3§ and u(t,z) > 1 — 0 (remember also that (¢,z) is assumed to be such
that 1 > @(t,x)). By (5.51) one gets that

PO ) — Fata) 2 L1 (sem0=m) | gemntie-)
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5.4. Transition fronts and long-time behavior of the level sets

Notice also from (5.52) that 0 < —¢'(£(t,z)) < Kem&0:a)/2 < [ep(-M=00=7))/2 " which
yields

CA( = 71, 2) €1 1)) > — P K (M- /2 > g2e-00(t-m)
- CTo

thanks to (5.57). Hence, it follows from (5.47), (5.50)—(5.51), (5.59), as well as the negativity
of ¢ and f'(1), that

Cult,z) > — / (1)(56—519(1:—71) + Se =)y 29/ — ) _ 2 enlal=L)

2
+ %N,ée—#ﬂr—m _ Ql(t — T1)¢/(E(t, l‘)) . 526_519(15_7_1)
ER o ) 2 gemntiel-0)
> (- L2 o0t —m) - 6)oe S0 o

Consider secondly the case
C(t—=m,2) > M+9(t—m7).

One then has £(t, z) > M+9(t—7)—o(+0o0) > C, hence 0 < ¢(£(t,2)) < 6 and 0 < u(t, x) <
36. From (5.51) one gets that f(¢(E(t, ) — f(u(t,z)) > —(f'(0)/2)(5e~20E=) y5e=r(zI=L)),
By noticing that 0 < —¢/(€(t,z)) < Ke #€t2)/2 < [¢e—w" (MA0(t=m)=0(+20))/2 from (5.52), one
gets that

-1
cT

Ke—/.t* (M+'l9(t—T1)—Q(+OO))/2 Z _526—519(t—71)

—A(t =) ' (E(t ) = —

)

from (5.60). It then follows from (5.47), (5.50)—(5.51), (5.59), as well as the negativity of ¢’
and f’(0), that

ﬁﬂ(u CL’) > — @(56—519(15—71) 4 56—M(|$|—L)) _ 5219/(75 . Tl)e—éﬁ(t—n) _ M256—p(|z\—L)

— 0t —7)¢ (E(t, x)) — 62T

> (— Jo) 60 (t — 1) — 5)56—5”9<t—ﬂ> + (— @ — ,f)(se—ﬂ('ﬂﬂ'—m > 0.

Lastly, we consider the case
IC(t — 7, 2)| < M +9(t —11).
One observes from the definitions of A and g in (5.58)—(5.59) that, in this range, there holds
ot —m)+ At —m,z) > od(e —o%(t-m) 4 eié(tfﬁ)) > 0. (5.62)
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5. Reaction-diffusion fronts in funnel-shaped domains

Three subcases may then occur. If —C < &(t,2) < C, then —¢'(£(t,7)) > k > 0 by (5.53)
and f(¢(E(t, 2))) — f(u(t,x)) > —(maxpqy | f']) (6e0=) 4 ge=#(=1=L))  Moreover, from the
expression of £(¢, z) and (5.55), one obtains

-1
In(t—m+7)+B—-2C >

|z|—L > c(t—m+7)—
c

(t—m1+7)+B—2C > g(t—ﬁ)—i—B—QC.

N o

This reveals that e #(#1=L) < g=ulc(t=m1)/24B=2C) = Therefore, since B > 2C, and by virtue
of (5.47), (5.51), (5.53)—(5.54) and (5.62), one gets that

(r[rola?\f |) Je 001 | genllal=L)y _ 529/(¢ — ) 001 _ | 25c=n(le]-L)
1

_|_

‘ | N(Se—u(\ﬂ L) +/ﬁ?0’(5( —89(t— 7'1)+ —o(t— 7'1))
x

> (— max | f'| — 69 (t — 1) + ,{(7) Se—0(t=T) | e se—8(t=T1)
0,1]

— <max If'| + p >§€—M(C(t—T1)/2+B—2C’)
(0,1]

> [/4;0 — <n[nai><\f |+ p ) (3720)]567”6(15771)/2 > 0.
0,1

If £(t,z) > O, one has 0 < ¢(£(t,x)) < § and then 0 < T(t,2) < 36. Due to (5.47),
(5.50)—(5.51), as well as (5.62), an analogous argument as above leads to

/ !/
0
Lalt,x) > (- ! ( ) s - ) )0 o (- o _ ) e el=1) > g,
2
If £(t,z) < —C, it follows that 1 > ¢(£(t,z)) > 1 — 6 and then u(t,r) > 1 — § (remember
also that (t,z) is assumed to be such that 1 > %(t,z)). Finally, one infers from (5.47),
(5.50)—(5.51) as well as (5.62) that

Eﬂ(t,x) > ( f’é ) 519/( ))56—619(15—71) + (_ @ _ M2>5€—p(|x\—L) > 0.

As a consequence, we conclude that Lu(t,x) = ( x) — Au(t,z) — f(u(t,z)) > 0 for
all t > 7 and o € QF such that || > L and u(t,x) < 1. Since f(1) =0 and u < 1 in R x ,
the maximum principle then implies that

1
ln(t—Tl—i—T)—L—B—i—C’—Q(t—Tl))
+56_679(t_71) —+ 66_#(|x‘_L)

u(t,z) < u(t,2) < o(fe| —cft — 71 +7) + Nc‘

for all t > 7 and = € QF such that || > L. Finally, since ¢ is decreasing, (5.48) holds by
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5.4. Transition fronts and long-time behavior of the level sets

taking z; = =L — B+ C — p(400) .

Step 3: proof of (5.49). Since u(t,-) — 1 as t — 400 locally uniformly in Q by the complete
propagation condition (5.16), there exists 7, > 0 such that

u(t,r) >1 -0 forallt > and z € QF with L < |z| < L+ B+ ec7 — In7. (5.63)

c

For t > 7 and x € QF with |z| > L, let us set
u(t,7) = max (B(E(t, ) — G~ — et )

where

(1) = (=, 2)+0(t—72) = fal —c{t—7y+7) + ——

In(t—m+7)—L—B+C+o(t—19).

Let us now check that u(¢,x) is a subsolution of the problem satisfied by wu(t,z) for t > m
and x € QF with |z| > L.

Let us first check the initial and boundary conditions. At time ¢t = 75, on the one hand,
it follows from (5.63) that, for every z € QF with L < || < L+ B+cr — ((N —1)/c)InT,
there holds

u(r,x) >1—->1-0§— deHlzl=L) > u(Te, ).

On the other hand, for every z € QF such that |z| > L+ B +cr — ((N — 1)/c)In 7, one has

(o) =|z|—cr+(N-=1)/c)lnT—L—-B+C>C,

and it then follows from (5.52) that u(m,r) < max(d — § — de ##1=1) 0) = 0 < u(m, ).
Therefore, u(ry, ) < u(7y,2) for all x € QF with |2| > L. Next, for t > 7 and » € QF
with |z| = L, one has u(t,r) < 1—6e %) —§ <1 -6 < u(t,r) due to (5.63). Moreover,
it can be easily deduced that v(x) - Vu(t,z) = 0 for every t > 7 and x € 9QF such that
|z| > L and u(t,z) > 0.

Let us now check that Lu(t,z) = w,(t,x) — Au(t,z) — f(u(t,z)) < 0 for all t >
and x € QF such that |z| > L and u(¢,z) > 0. A straightforward computation shows that,
for such a (¢, z),

Lu(t,z) = f(d(E(t, ) — f(ult,n)) + 89 (t — T2>€7&9(t77-2) + p2deHlel=L)

pderz=L) 4 (Q’(t —7) — ( N-1  N-d >)gb'(§(t, x)).

N -1
|| || ct—m+71)

-~

=A(t—m2,x)<(N-1)/L
As in Step A#2, three cases can occur, namely: either ((t — 1o, 2) > M + 9(t — 72), or
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5. Reaction-diffusion fronts in funnel-shaped domains

C(t—m,x) < =M — 9t —12), or |C(t — T, )| < M +9(t — 73).
Consider firstly the case
C(t—Tm,x) > M+ 9(t — ).

One then has {(t,z) > C(t Ty, @) > M+ (t—73) > My+0(t—72) > C. Hence, 0 < ¢(£(t, 7)) <
0 and then u(t,z) < § (remember also that (t,z) is assumed to be such that 0 < u(t,x)).
One deduces from (5.51) that f(¢(£(t, 2))) — fu(t,z)) < (f'(0)/2)(6e27m) 4 gemrll=l=L)).
Moreover, by virtue of (5.52) and (5.57) one has

—wsteaye < NV 1

Ke W (MaA9(t=72))/2  §2,-60(t—72)

_A(t - T2, :L‘) ¢,(§(tv x)) <

Therefore, it follows from (5.47), (5.50)—(5.51), (5.59), as well as the negativity of ¢’ and
1'(0), that

Lu(t,z) < (56_519(t_72) + 56_“(‘9”'_”) + %9 (t — Tg)e_w(t_Tz) + p2oeHlel=1)

1 / — —T2
o0 (1 ) (el )+ 5%
(

( '(0) LS9t — )+5>5 —59(t—72) (f/QO) >5e—u(|w\—L) <0.

Consider secondly the case
C(t — 7'2,37) < —-M — 19(75 — 7'2).

One then has {(t,7) < —M — J(t — 72) + o(+00) < —C, which implies 1 > ¢(¢(¢, 7)) >
1 —¢ and then 1 > w(t,x) > 1 —35. By (5.51) there holds f(¢(&(t, 7)) — f(u(t,z)) <
(f'(1)/2)(6e=%9C=72) 4 Se=#=1=L)) " One also infers from (5.52) and (5.60) that

E K et (—M=0(t—m2)+0(+0))/2  §2,—00(t—72)

—A(t—my,2) ' (E(t,x)) < £te)/2 <

It then follows from (5.47), (5.50)—(5.51), (5.59), as well as the negativity of ¢ and f'(1),
that

Lu(t,r) < @(6@“”@—@)+§€—u(lr—L)>+5219/(t_7_2)e—519(t—72)+M256_H(|x_m

_N| —de D g g (t = )€ ) + e
W) | sy ooty (£ o\ s ateln

< 5) - <

< (B2 w0 —m) ) (L 2y se N
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5.4. Transition fronts and long-time behavior of the level sets

Eventually, let us consider the case that
€t = 72, 0) < M+ 9t — 7).

One then observes from the definitions of A and g in (5.58)—(5.59) that in this range there
holds

Ot — 1) — At — 1y, 2) > 06(e7 007 o e70=m2)) 5 ), (5.64)
Similarly as the preceding step, three subcases may occur. If —C' < {(t,2) < C, one then
has
-1
x| =L > c(t—m+71)— In(t—m+7)+B—-2C—o(t — 1)
> 2(t—T2+T)+B—ZC—Q(+oo) 2(t—Tg)+B—20—Q(+oo)

thanks to (5.55), whence e #(#I=L) < gmnlelt=m)/2+B-20=e(+22)) Moreover, ¢/({(t,2)) < —k <
0 and f(o(&(t,2))) — f(u(t, x)) < (maxpq |f'])(6e0C=) + gemrll#I=L)) - Therefore, since
B > 2C + p(+00), one infers from (5.47), (5.51), (5.54) and (5.64) that

Lu(t,x) < (n[aaid |> (67000 o semnllel=L)y 4§29/ (¢ — 7)) 4 25w (I2I=1)
0,1

N -1
e Se =0 _ piirg(e=000=m) | =3t
< (I[nax If/| + 00" (t — 12) — na) e~00t=m2) 1 (I[naix |f'| + ,u2>5e_”(|x|_L) — kode 00
0,1 0,1

< (1) g

< o n(B=20-0(+o0) _ .1 5o-0-m) < g
< [(I[réaﬁ(|f|+u> fm]ée <0
If £(t,z) > C, one has 0 < ¢({(t,2)) < § and 0 < w(t,z) < J. Moreover, one infers
from (5.51) that f((£(t,2))) — f(u(t, x)) < (f(0)/2)(6e™¢=) 4 ge~rllel=L)) " Therefore it
follows from (5.47), (5.50)—(5.51) and (5.64), as well as the negativity of ¢’ and f/(0), that

!
Cu(t, z) < féo) (5e30-7) 4 §emllel=L)) | 629/ (¢ — 7)e=9=7) | 2G50 wlel=L)

<f’( ) ot — ))56—619(15—72) + <@ + M2>5e—u(\x|—L) <0.

If {(t,r) < —C, one has 1 > ¢({(t,7)) > 1 — 0 and then 1 > u(t,z) > 1 — 30. By virtue
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5. Reaction-diffusion fronts in funnel-shaped domains

of (5.47), (5.50)—(5.51) and (5.64), as well as the negativity of ¢’ and f’(1), one gets that
ﬁﬂ(t, ) <f( ) +519/( )>5 —69(t—72) + (f( ) + 1 )5€*M(\$|*L) <0.
Consequently, we conclude that Lu(t,z) = w,(t,z) — Au(t,z) — f(u(t,z)) < 0 for all

t > 75 and € QF such that |z| > L and u(t,z) > 0. Since f(0) = 0 and v > 0 in R x ,
the maximum principle then implies that

u(t,z) > u(t,x) > ¢(|x\ —c(t—T+71)+ ln(t—7'2—|—7')—L—B+C’+g(t—7'2))

—56_&9“_7—2) — 6€_M(‘x|_L)

Cc

for all + > 75 and # € QF such that |x| > L. Choosing 2, = —L, property (5.49) then follows
from the fact that B > 2C 4 o(+00) > C' + p(400) and the negativity of ¢’. The proof of
Lemma 5.20 is thereby complete. O]

Proof of Theorem 5.6

Let © be a funnel-shaped domain satisfying (5.7)—(5.8) with a > 0, and let u be the solution
of (5.1) with past condition (5.9), given in Proposition 5.2. One assumes that u propagates
completely in the sense of (5.16). First of all, we recall from (5.43) that, for every 7 € R,
u(t,z) — 1 as x; — —oo uniformly with respect to ¢t > 7. Together with (5.16), one infers
that
~inf u(t,-) > 1 ast — +oo.
O~ U{zeQt:|z|<L}

With Lemma 5.20 and the limits ¢(—o0) = 1, ¢(400) = 0, it follows that, for any A € (0,1),
there is 79 > 0 such that the upper level set U, (¢) defined in (5.19) satisfies (5.23) for all
t large enough. In other words, the Hausdorff distance between the level set &,(¢) and the
expanding spherical surface of radius ¢t — ((N —1)/c) Int in QF remains bounded as t — +oo0.

Furthermore, from (5.26), (5.29) and the positivity of u, one gets that, for any n > 0,
there is ¢, < 0 such that 0 < u(t,-) < nin QF for all ¢ < ¢,. In particular, by choosing any 7
small enough so that f < 0 in (0,7], it then easily follows from the maximum principle and
parabolic estimates that u(t,z) — 0 as zy — +o00, uniformly with respect to ¢t < t,, and
then also locally uniformly in ¢ € R again from parabolic estimates. Since u(t,z) — 1 as
r1 — —oo (at least) locally uniformly in ¢ € R by (5.43), and since (5.9) and (5.23) hold, it
is elementary to check that u is a transition front in the sense of Definition 5.1 with sets I’
and Qf defined by (5.20)-(5.21). Moreover, u then has a global mean speed equal to c.

To complete the proof of Theorem 5.6, it remains to show that u converges locally uni-
formly along any of its level sets to planar front profiles as t — +o0o. To do so, let 7 > 0,
nER mER, 21 €R, 20 €R, 6 >0and p >0 be as in Lemma 5.20. For ¢ > max{7m, o}
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5.4. Transition fronts and long-time behavior of the level sets

and € QF with |z| > L, there holds

N -1
c

¢<|x| —c(t—To+7)+ In(t —m+7)+ ZQ) — §e700t=m) _ §enllel=L)

<wu(t,z) < ¢(|x!—c(t—7‘1+7') + In(t—mn +T)+21> 46700 4 semnlle)
(5.65)
Consider now any A € (0,1), any sequence (t,)nen such that ¢, — 400 as n — +o0, and
any sequence (Z,)ney in € such that u(t,,r,) = A. From the properties of the previous
paragraphs, one infers that z,, € QF for all n large enough, and |z,| — 400 as n — +oo0.
Therefore, up to extraction of a subsequence, two cases can occur: either d(x,,0¢)) — 400

as n — +00, or sup,,cy d(z,, Q) < +o0.

Case 1: d(x,,0Q) — +oo as n — 4o0o0. Up to extraction of a subsequence, there is a
unit vector e such that z,/|x,| — e as n — +00. From standard parabolic estimates, the
functions

un(t, ) = u(t + tn, v + )

12
converge in C’( L2):doc

(R x RY), up to extraction of a subsequence, to a solution ., of
(Uoo)t = Aliso + f(Uso) in R x RY,

satisfying u.,(0,0) = X. It also follows from (5.65) that, for every (¢,7) € R x RY one has

¢(|x+xn|—c(t—|—tn—7'2—|—7')—|— hl(t—i-tn—TQ-i-T)-i-ZQ)

_ e 00(t+tn—"2) _ §o—nllztan|-L)

< un(t, ) (5.66)

§¢(|x+$n|—c(t+tn—ﬁ+7)+

+5e—519(t+tn—T1) + 56—M(|$+mn|_L)

In(t+t,—7m+7) —i—z1>

for all n large enough. Since u,(0,0) = A € (0,1) for all n € N, one gets that, for every
to € R, the sequence (|z,| — c(t, + to) + (N — 1)/c) In(t,, + to))nen is bounded. Moreover,
since In(t + t,, +to) — In(t, + to) — 0 as n — +oo0 for every (to,t) € R?, and since |z + z,,| =
|2, + 220 /]20| +0(1) = |2,| +2- e+ 0(1) as n — +oo for every 2 € RY, the passage to the
limit as n — 400 in (5.66) yields the existence of some real numbers A and B such that, for
all (t,2) € R x RV,

dlx-e—ct+ A) <ux(t,r) < Pp(x-e—ct+ B).
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5. Reaction-diffusion fronts in funnel-shaped domains

One concludes from [18, Theorem 3.1] and the property u.(0,0) = A, that
Uso(t, ) = d(z - e —ct + ¢~ 1 (X)) for all (t,z) € R x RY.
Consequently,

(R x RY) as n — +o0.

Ut + byt 2) — da e — et + ¢ (N) = 0in O

,x);loc
The previous limit, together with standard parabolic estimates and the compactness of the
unit sphere of R, yields the desired conclusion (5.22).

Case 2: sup, ey d(xy, 02) < +00. Up to extraction of a subsequence, one has z,,/|z,| — e
as n — +o0o, where e = (e, €’) is a unit vector such that e; > 0 and |¢/| = e; tana. From
standard parabolic estimates, there are then an open half-space H of RY such that e is
parallel to OH and a C’(lt’i) (R x H) solution u, of

(5.67)

(oo )t = Ao + f(tss) in R x H,
V- Vi, =0 on R x 0H,

such that, up to extraction of a subsequence, ||u(- + t,,  + x,) — Uoo”c(l,z)
t,z

as n — +oo for every compact set K C R x H. Following an analogous analysis as the

(KO (Rx (@—zn))) — U

preceding case, it comes that
d(x-e—ct+A) <ux(t,z) < ¢(x-e—ct+ B) forall (t,2) €R x H, (5.68)

for some real numbers A and B. Let us now call R the orthogonal reflection of RY with
respect to the hyperplane 0H, and let us define

L) = Uso(t, ) if (t,z) eRx H,
elh O =N G Re) i () € R x (RN\TD),

Thanks to the Neumann boundary conditions satisfied by u, on R x OH, the function v, is
then a C'(lt’i) (R x RY) solution of the equation (ve); = Ave + f(vso) in R x RY. Since e is
parallel to 0H, one also gets from (5.68) that ¢(x-e—ct+ A) < voo(t, ) < Pp(x-e—ct+ B)
for all (t,z) € R x RY. It follows as in the previous case that vy (t,2) = ¢(x-e—ct+ ¢~ 1(N\))
for all (t,z) € R x RY that is,

U (t,z) = ¢p(x - e —ct+ ¢ *(\)) forall (t,z) € R x H,
which yields the desired conclusion. The proof of Theorem 5.6 is thereby complete. O
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5.5. Sufficient conditions on (R, a) for complete propagation or for blocking

5.5 Sufficient conditions on (R, «) for complete propaga-
tion or for blocking

In this section, we show Theorems 5.8 and 5.9, which provide sufficient conditions on the pa-
rameters (R, a) such that the solutions u of (5.1) and (5.9) given in Proposition 5.2 propagate
completely or are blocked.

5.5.1 Complete propagation for R > R, and « € (0,7/2): proof of
Theorem 5.8

Consider any a € (0,7/2), and assume that R > Ry, where Ry is given in Lemma 5.14.
Remember that the limit 0 < uy(z) < 1 of u(t,x) as t — +oo solves (5.17) and uy () — 1
as x;7 — —oo. It then follows from Lemmas 5.14 and 5.16, with xy = (—=A,0,---,0) and
A > 0 large enough, that u., = 1 in €, that is, u propagates completely. O

5.5.2 Blocking for R < 1 and a not too small: proof of Theorem 5.9

This subsection is devoted to the proof of Theorem 5.9. Throughout this subsection, we
assume that N > 3, and we are given

y € (O, g) and L, > 0.

We will consider domains € satisfying (5.7)—(5.8) whose left parts Q= = {x € Q : z; < 0}
have cross sections of small radius R, whereas the angles « of the right parts QT = {z € Q :
x1 > 0} are not too small, namely -
o, < a< 5
We also always assume that
O<R<L<ZL,

in (5.7)-(5.8). We then aim at establishing the existence of a non-constant supersolution
of (5.17) that will block the propagation of the solution u of (5.1) satisfying the past condi-
tion (5.9). More precisely, we will prove that, when the measure [{z € Q: —1 < 27 < 0}] is
sufficiently small (that is, when R > 0 is small enough), then there exists a supersolution u
of (5.17) such that w(z) = 1 for all z € Q with 2; < —1 and @(z) — 0 as #; — +o00. The
proof is based on the construction of solutions of reduced problems in truncated domains,
which is itself based on variational arguments as in [20, 11].
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5. Reaction-diffusion fronts in funnel-shaped domains

Some notations

To apply this scheme, let us first list the definitions of some sets that will be used in the

sequel:
(

\

Notice that Q7

Qg1 {re:—-1<z <0},

Fpy = {reQix=-1},
/ _ :

g’R’a = éﬁef{;le?ﬁ 1|};| < r} for r > L (5.69)
Ra,r R ‘ = L,

Cl, = {zeQt: || <aitana, |z| <r} forr> L.,

It = {zeQf:|z|=r} for r > L,.

and I'p | are actually independent of «, and that CF, (a conical sector)

and I'f . are independent of R and L with 0 < R < L < L, in (5.7)-(5.8).

I~ 9D
B

Figure 16: Illustration of some domains that will be used in the proof of Theorem 5.9.

We will consider a reduced elliptic problem in Qf

Aw + f(w) =0 in Q;%,ou

v-Vuw=0 on 85}’3@\%@’ (5.70)
w=1 on FR’l,

w(x) =0 as |z = +oo in 2 .

We shall prove the existence of a positive C*(€ ,) solution w of (5.70). Such a solution w,
extended by 1 in Q\Q}M, will give rise to a supersolution w of (5.17) which will block the
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5.5. Sufficient conditions on (R, a) for complete propagation or for blocking

propagation of the solution u of (5.1) with past condition (5.9).
For this purpose, we first consider the corresponding truncated problem in the domain
QR o, (for r > L,), and show that the elliptic problem

’Awr + f(w,) =0 in QR s
v-Vw, =0 on 0V, N\NTH, UL ),
Yoo\ T3y UL -
w, =1 on 'y,
w, =0 on 'Y,

admits a C*(Qy ) solution w, such that 0 < w, <1 in 1in @ , \(g; ULY,). Then, we will
prove that w, — w as r — 400 locally uniformly in Q, R.a» With w satisfying (5.70).

Truncated problem (5.71) in Qf .

For any bounded measurable subset D of RY, let us define the functional

\V4 2
H'Y(D) 3w Jp(w) = / | ;"‘ + F(w),
D
where F(t j; ds. From (5.2)—(5.3) and the affine extension of f outside the inter-
val [0, 1], there ex1sts x> 0 such that
) 1+ ¢

0<k(t—12<F(t) < (5.72)

K

for all ¢ € R (hence, Jp is well defined in H'(D) for every bounded measurable subset D
of RM). Forr > L,,and 0 < R< L < L, and o, < a < 7/2 in (5.7)—(5.8), define now

Hpo,={we Hl(Q’Rw) rw=1onI%, and w=0on F;T}, (5.73)

where the equalities on I'; ; and I are understood in the sense of trace. We aim at finding
a local minimizer of J%A,T belonging to Hp . That will lead to the existence of a solution
o (5.71).
We start with the following result on the functional J,+ , where the conical sectors C
are defined in (5.69) (we recall that these sets C are independent of R and L).

Lemma 5.21. The function 0 is a strict local minimum of Jo+ in the space Hl(C’CtT) and,
more precisely, there exist o > 0 and § > 0 such that, for all @ € [, 7/2), r > L., and

%We equip H'(D) with the norm |[w|| g1 (p) = \/|| [Vwl |2, )+ ||wHL2(D
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5. Reaction-diffusion fronts in funnel-shaped domains

w e H'(CF,) with Wl grct,y < 0, there holds
JC;% (w) > JC‘jjr(O) + O-“wHi]l(C;-m)'
Proof. Throughout the proof, a € [a,, 7/2) and r > L, are arbitrary. First observe, from the

Taylor expansion and the affine expansion of f outside [0, 1], that there exist a continuous
bounded function 7 : R — R such that 1(0) = 0 and

F// /
FW):FUD+F%®P%—§Dﬁ+m@ﬂ2:Fﬂn—ignﬁ+w@ﬁ2
for all t € R. Therefore, by setting
1 _ {1
0 = min (6, f6(0)> > 0,
we have
Vwl?  f(0
g, 0)=Jeg, © = [ LT iy > ol = [ nwlu? 670
’ ‘ Cdr o Jad,
for all w € H'(CJ,).
Define oN
Y= 2 :
P'=y g € (2400)

From Sobolev embedding theorem and the uniform (with respect to « € [av,, 7/2)) Lipschitz
continuity of the conical sectors C’; 1., there is a positive constant C' (depending on a., L,
and N, but independent of a € [a, 7/2) and r > L,) such that

Il e, ) < Cllolmes, )

for all a € [a,,7/2) and v € H'(CJ ).” On the other hand, since the function 7 is
continuous, bounded and vanishes at 0, there is a positive constant C’ (independent of o and
r) such that

n(t)] < o+t

for all t € R. Hence, for all a € [a,,7/2), r > L, and w € H'(C},), there holds, with

"We here use the assumption N > 3. In dimension N = 2, the sets Hl(C’otL*) are not embedded into
L‘X’(C’Ot 1. ), and the following arguments would not work as such in dimension N = 2.
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5.5. Sufficient conditions on (R, a) for complete propagation or for blocking

v=w(r-/L,) € Hl(C':;L*),

/ n(w)|w? < o—/ w2—|—C”/ ol
i cdy Cdr

C’TN .

< T

< ollwlifes, + LN 1oz s, )
C«lc«p*TN o

_ ot

< ol + =, )

oot N LN-2 LY ,\P'/2
= ol sy + </C+ S |vw,2+/c+ L)

* L* (N*Q)p*/2*N *
< ofwl g, +CCP (7) lw]?
+ '

= ofwlf}

H1 C+ ||H1(C+

Together with (5.74), one gets that

e, (W) = Jez (0) = 20 wlFr g ) —

H1(0+ ) = > 0||w||H1 )

for all o € [, 7/2), 7 > L, and w € H'(C},) such that

‘ o \Vr-2)

Since the positive constants o and § do not depend on «a € [a,7/2) and r > L,, the proof
of Lemma 5.21 is thereby complete. [

Next, let us focus on the domain QRM, with0 < R < L < L,, a € [, 7/2), and r > L,.
We define the following function wg in €, . R DY

- 1fx€QRMWith 1 <0,
wo(z) =
0 if x € QR#M with z; > 0.

It is immediate to see that wy € Hg o, with Hpg,, defined in (5.73).

Lemma 5.22. Let 6 > 0 be as in Lemma 5.21. Then there exist R, € (0, L.) and v > 0 such
that, for every funnel-shaped domain Q satisfying (5.7)—(5.8) with o € |, 7/2), 0 < R < R,
and 0 < R < L < L, for everyr > L., and for every w € Hg o, with Hw—w0||H1(Qha7r) =90,
there holds

JQ;%’D‘YT (w) > JQIRQ’T (wp) + 7.

Proof. Let 6 > 0 and ¢ > 0 be as in Lemma 5.21. Throughout the proof, a € [a.,7/2)
and r > L, are arbitrary. We consider funnel-shaped domains 2 satisfying (5.7)—(5.8), with
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5. Reaction-diffusion fronts in funnel-shaped domains

a parameter R satisfying 0 < R < L < L,, and some further restrictions on R will appear
later. Consider any w € Hg,, with

||’LU—’LU0||H1(Q/ ) = 0.

R,a,r

In order to estimate Jor  (w) — Jo,,  (wp), we decompose the integrals over two disjoint
subsets of ¢V, namely Qp, US% , and CF,, with

R,a,r» a,r)?

Sta=Qrar\(Qr 1 UCH) = {(z1,2") e RV : 0<a1 < Lcosa, 2y tana < |2/| < h(z)},
(5.75)
where the function h is as in (5.7)~(5.8) (notice that S7; , depends on € but not on r, since
L <L, <r). One has

Joy, (W) = Jay,  (wo) = JQIg,luSg’a(w) - JQ;z,luSg’a(wo) + Jor, (W) = Jex (wo).
Since |||l g1 cx,) = lw = wollgrcs,) < llw = wollmay, ) =0, Lemma 5.21 yields

Jey, (w) = Jeg (wo) = Jgp (w) = Jgy (0) = allwllf s ) = ollw —woll3 s ),
hence

JQ’RVQ,T(UJ) - JQ;;{TQ,T(WO) > Jﬂg,lusg,a(w) - JQg,lusg,a(w@ +oljw — wOIﬁp(C;r). (5.76)

Let us now estimate Jo— g+ (w) — Jor, ust (wp). On the one hand, with

1
p 1= min <§,I€) >0

and xk > 0 as in (5.72), there holds

V(w—1)?
o s o) = [ Bl F)
R,1 R,«

Vv

Vw-DE
/ﬂ M= DF | w—1)

— gt 2
r1YSRa

2
pr - ]_HHl(QE,lUS;,a)‘

(5.77)
On the other hand,

Vwp|?
Tog s, @0) = ( /Q - E P + RO I8

1 1
< (5+ ma F) Q4] + FO)Ska] = (5 + FO))Jon1 B + F(0) 87,
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5.5. Sufficient conditions on (R, a) for complete propagation or for blocking

where wy_1 denotes the (N — 1)-dimensional Lebesgue measure of the unit Euclidean ball
in RV Since 0 < R < L < L, and h satisfies (5.7)—(5.8), one has 0 < h(z;) — z; tana <
h(0) = R for all z; € [0, L cos a], hence

Lcosa
|S§7a = / wN_l(h(xl)N_l—(xltanoz)N_l)d:pl
0

IN

Lcosa
/ WN_1 ((ml tana + R)N7! — (2 tan oz)N_l)dxl
0

- ]\;dé\;;a (Lsina+ RN — RN — (Lsina)™)
< wy-1 cot ay(Lysina + L*)NflR < wy 12V LY R cot a,.

Therefore,
1
JQE,1U5§, (wp) < (2 + F(Q))wN_lRN_l + F(0)wy_ 12V LY Rcot a,
and, together with (5.77),

Jgg,lusga(w) - Jgg,lusga(WO)

1
> pllw =12, N USE ) T <§ + F(G))wN,lRN’1 — F(0O)wy_12Y ' LY Rcot v,

1 _

Pl = wollos oss = pllwo = Uas s = (5+E(O) Jon1BY
—F(O)wN_12N 'LN=1R cot a,
4p 1

> Lllw—wolq- s <3+2—I—F(Q))wN_lRN_l—(,o—l—F(O))wN_lQN_lLiV_chotoc*.

Putting the previous inequality into (5.76), one gets that

Jay, . (w) = Jag,  (wo)

4p 1
> Bllw — wOH%’l(%,a,r) ( 3p+2+F(9)>wN,1RN_1 — (p+F(0))wy_12Y ' LY Rcot v,
4 1
— 62 — ( Sp +5+ F(@))wN_lRN‘l — (p+ F(0)wy_12V "' LN 1R cot

with 5 := min(o, p/2) > 0

Finally, since the positive constants 3, , p are independent of «, R, L and r with a €
[, m/2) and 0 < R < L < L, < r, there are then some positive real numbers R, € (0, L,)
and 7 > 0 such that Jo, (w) — Jo, (wo) = v for all @ € [o,7/2), 0 < R < R,,
O<R<L<L,<randwé€ Hg,, with ||w — ’U.)O“HI(Q;LQ,T) = ¢. The proof of Lemma 5.22
is thereby complete. O
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5. Reaction-diffusion fronts in funnel-shaped domains

End of the proof of Theorem 5.9

Let § > 0, R, € (0,L,) and v > 0 be as in Lemma 5.22. Let us then fix any funnel-shaped
domain  satisfying (5.7)—(5.8) with o € [, 7/2),0 < R < R,and 0 < R < L < L, and let
us show that the solution u of (5.1) with the past condition (5.9), given in Proposition 5.2,
is blocked in the sense of (5.15).

First of all, from Lemma 5.22, for any > L., the nonnegative functional Jo, . admits
a local minimizer w, in Hg,, satistying |jw, — w0||H1(Q/R,a‘T) < ¢. This function w, is then a
weak solution of the elliptic problem (5.71) and, since f > 0in (—o0,0) and f < 0in (1, 4+00),
one has 0 < w, < 1 almost everywhere in Q% , . and standard elliptic estimates imply that
w, is a classical C? (m) solution of (5.71), with 0 < w, < 1in m\ Tz, UL ,) (notice
that I'y , and I'} . meet J©2 orthogonally).

Remembering the definition of Q% , in (5.69), it follows from standard elliptic estimates
that there is a sequence (r,)nen diverging to +oo such that the functions w,, converge in
C2o(Qp o) to a C*(, ) function w solving

Aw + f(w) =0 in Qp,,

v-Vw=0 on 00, N\, (5.78)

w=1 onl'p,
and 0 < w < 1in @ from the strong maximum principle. Furthermore, for any bounded
measurable set D C QF, one has, for all n large enough, D C Q% . and |[w,, |20y =
[wr, —wollL2(p) < [[wr, —wollmiy,, , ) < 9. Hence, [lw|[r2(p) < §, and, since § is independent
of D, one gets that ||w|;2+) < & by the monotone convergence theorem. Since |Vw| is
bounded from standard elliptic estimates, one infers that w(z) — 0 as || — 400 in %.
In other words, w solves (5.70).

We now extend w in Q\Q}m by 1, namely we define

w(z) ifreQy,,

1 if z € Q\Qf .

Since f(1) =0 and 0 < w < 1 is a classical solution of (5.70) in @, the function @ is a
supersolution of (5.1). Finally, from the construction of u in the proof of Proposition 5.2, and
in particular from (5.25), (5.27) and the fact that w=(¢,-) — 0 as t — —oo locally uniformly
in Q, one has

U, (—n,) <U in Q

for all n large enough, hence u,(t,-) < @ in Q for all ¢ > —n and all n large enough, by the
maximum principle. As a consequence, u(t,-) < u in Q for all t+ € R, and the large time
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limit e, of u(t,-) satisfies 0 < us < @ in Q. Thus, 0 < Uy < w in Qg and us(z) — 0 as
x1 — +oo in Q. The proof of Theorem 5.9 is thereby complete.

5.6 The set of (R, a) with complete propagation property
is open in (0, +o0) x (0, 7/2)

This section is devoted to the proof of Theorem 5.10. The main strategy is to argue by
way of contradiction and make use of Corollary 5.13 and Lemma 5.16. So, let (R,«a) €
(0, 4+00) x (0,7/2) be such that the solution u of (5.1) with past condition (5.9) propagates
completely in the sense of (5.16), and let us assume that there is a sequence (R, @y )nen in
(0, +00) x (0, 7/2) converging to (R, ), such that the solutions u,, of (5.1) (in RxQpg_ 4, ) with
past conditions (5.9) do not propagate completely. From the dichotomy result of Theorem 5.3,
this means that each solution u,, is blocked, that is, there is a C2(Qg, a, ) solution 0 < U, <
1 of (5.17) in Qg, o, such that u,(t,z) = U (7) in C? (R, .q,) as t — +oo and

loc

Uson () = 0 as x; — +oo with z € Qp, 4,

On the other hand, by assumption of the theorem, the functions h, involved in the defini-
tions (5.7)(5.8) of the sets Qg, o, converge (in C2’(R)) to the function h involved in the
definition of the set Qg ,. In particular, since a > 0, there is a point xp € RY (independent
of n € N) such that Bg,(z9) C Qg and Bg,(z9) C Qr, .a, for all n € N, where Ry > 0 is
given as in Lemma 5.14. It then follows from Lemmas 5.14 and 5.16 (the latter applied in

Qg,.0,) that, for each n € N,

Min_ e, < maxyy =¢(0) < 1,
Br (zo) Br,

where the C?(Bp,) function % is as in Lemma 5.14. From standard elliptic estimates, there is
a C%(Qp.q) solution 0 < U < 1 of (5.17) in Qg such that, up to extraction of a subsequence,
[t — Ull o2k oy — 0 as n — +oo for every compact set K C Qp . In particular, one
has

min U <(0) < 1. (5.79)

Bry (z0)

Finally, remember that the functions ., ,(z) converge to 1 as #; — —oo with z € Qg, a,,
uniformly with respect to n € N, from property (5.30) in the construction of the solutions u
in Section 5.2. Therefore, U(x) — 1 as x; — —oo with € Qg . Corollary 5.13 then implies
that the solution u of (5.1) in R x Qg with past condition (5.9) satisfies u(t, z) < U(z) for
all (t,z) € R x Qg4. The condition (5.79) then means that u does not propagate completely,
which is a contradiction. The proof of Theorem 5.10 is thereby complete. a
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Chapter 6

Propagation phenomena in periodic

patchy landscapes with interface

conditions!

6.1 Introduction

Reaction-diffusion equations of the type
uy = Au+ f(u), t >0, v € RY, (6.1)

have been introduced in the pioneering works of Fisher [77] and Kolmogorov, Petrovsky and
Piskunov [108]|. They are motivated by population genetics and aim at throwing light on the
spatial spread of advantageous genetic features. The nonlinear reaction term considered there
is that of logistic growth. Archetypes of such nonlinearities are f(u) = u(1 —u) or extensions
like f(u) = u(l — u?), which are sometimes also called monostable since they have exactly
one stable nonnegative steady state. Skellam [149] then investigated this type of models in
order to study spatial propagation of species and proposed quantitative explanations for the
spread of muskrats throughout Europe at the beginning of the 20th century.

Since these celebrated works, a vast mathematical literature has been devoted to the ho-
mogeneous equation (6.1). It is of particular interest to investigate the structure of traveling
front solutions and their stability, propagation or invasion and spreading properties. The
former is related to the well-known result that this equation has a family of planar traveling
fronts of the form u(t,z) = U(x - e — ct) for any given vector of unit norm e € S, which is
the direction of propagation. Here, ¢ > 0 is the constant speed of the front and U : R — (0, 1)
is the wave profile. It was proved in [108] that, under KPP assumptions, f(0) = f(1) =0

!This is a joint work with Francois Hamel and Frithjof Lutscher, submitted.
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

and 0 < f(s) < f/(0)s in s € (0,1), there exists a threshold speed ¢* = 2,/f"(0) > 0 such
that no fronts exist for ¢ < ¢*, while for each ¢ > ¢*, there is a unique (up to shift in space
or time variables) planar front of the type U(x - e — ct). Such fronts are stable with respect
to some natural classes of perturbations; see, for instance, [36, 97, 108, 109, 142, 153]. Many
papers were also dedicated to such planar fronts for other types of nonlinearities f(-), for
example the bistable and combustion type; see, e.g., [8, 28, 75, 76, 105].

While traveling waves are interesting mathematical objects, they do not necessarily rep-
resent biologically realistic scenarios. For questions of biological invasions, it is more realistic
to study how a locally introduced population would spread. Corresponding mathematical
invasion and spreading properties for model (6.1) were established by Aronson and Wein-
berger [9]. Under the same assumptions on f as in the previous paragraph, they proved that,
starting with a nonnegative, compactly supported, continuous function uy > 0, ug # 0, the
solution u(t, z) of (6.1) spreads with speed ¢* in all directions for large times. More precisely,
max|g|<q |u(t,x) — 1| = 0 as t = 400 for each ¢ € [0, ¢*), and max,>q u(t,z) — 0 for each
c>cr.

Most landscapes are not homogeneous, as model (6.1) implicitly assumes. Several possible
generalizations of the equation to heterogeneous landscapes exist, for example

uw =V - (D(2)Vu)u+ f(z,u), t >0, z € R, (6.2)

in periodic media (by periodic, we mean that D(- + k) = D and f(- + k,s) = f(-,s) for
all k € [1Z x --- x LyZ and s € |0, 1], where Ly,..., Ly are given positive real numbers).
For such equations, standard traveling fronts do not exist in general. Instead, the notion of
traveling fronts is replaced by the more general concept of pulsating fronts [146]. If a (unique)
periodic positive steady state p(z) of (6.2) exists, a pulsating traveling front connecting 0
and p(z) is a solution of the type u(t,z) = U(x - e — ct,z) with ¢ # 0 and e a unit vector
representing the direction of propagation, if the function U : R x RY — R satisfies

U(—o0,z) = p(x), U(+00,z) = 0 uniformly in z € RY,
Ul(s,-) is periodic in R for all s € R.

Moreover, for every x € RY the function ¢ — u(t,z + cte) is in general quasi-periodic.

Berestycki, Hamel and Roques [24] gave a complete and rigorous mathematical analysis of
the periodic heterogeneous model (6.2) in any space dimension. They required the coefficient
functions D and f to be sufficiently smooth, yet some of their results are valid under reduced
regularity assumptions. Solutions in [24] are still at least of class C'* with respect to x for
all p € (0,1), while the solutions considered in the present chapter are even not continuous
at all points in general, or not of class C! even when they are continuous after a rescaling.
In [24], existence, uniqueness and stability results were established. A criterion for species
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persistence and the effects of fragmentation on species survival were studied. Furthermore,
the same authors studied the question of biological invasion and existence of pulsating fronts
and they proved a variational formula of the minimal speed of such pulsating fronts and then
analyzed the dependency of this speed on the heterogeneity of the medium [25]. We refer
the reader to [17, 22, 91, 98, 103, 113, 114, 155| for more results on the existence, uniqueness
and qualitative results of pulsating traveling fronts. For some results in space-time periodic
media, see, e.g., 128, 130, 131]. We also refer to [17, 22, 66, 72, 74, 90, 102, 144, 156, 157, 159]
for the existence and qualitative results with other types of nonlinearities or various boundary
conditions in periodic domains.

While equation (6.2) and the corresponding theory is mathematically elegant, it is very
difficult if not impossible to apply the model to biological invasions since the data require-
ments of finding diffusion coefficients and growth rates for continuously changing landscape
characteristics are too costly. Alternatively, landscape ecology views natural environments as
patches of homogeneous habitats such as forests, grasslands, or marshes, possibly fragmented
by natural or artificial barriers like rivers or roads. Each patch is relatively homogeneous
within but significantly different from adjacent patches. Shigesada, Kawasaki and Teramoto
[146] used this perspective of a patchy landscape and proposed a heterogeneous extension of
(6.1) with piecewise constant coefficient functions; see also [145|. For simplicity, they consid-
ered only two types of patches, arranged in a periodically alternating way. More specifically,
they introduced the following equation

u = (D(x)ug)e +u(p(x) —u), t >0, x € R\ S, (6.3)

where p(z) is interpreted as the intrinsic growth rate of the population, D(z) is the diffusion
coefficient, and S is the set of all interfaces between all adjacent patches. These functions
are piecewise constant, namely, for m € Z,

{ D(x) = du
D(x) = dy(

with l1,lo > 0 and [ = [; 4+ l,. Without loss of generality, one can assume that p; > po.

>0), wp(r)=p, ml—10 <z <ml (in patches of type 1),
>0), wp(z)=p2, ml<x<ml+ly (in patches of type 2),

Furthermore, if one assumes that the medium is not unfavorable everywhere, then pu; > 0,
i.e., type-1 patches support population growth and are “source” patches in biological terms.
However, ps can be negative, so that patches of type 2 do not support population growth
and are “sink” patches in biological terms.

The above model is not complete. At the boundaries or interfaces between two patches,
matching conditions must be imposed. Shigesada, Kawasaki and Teramoto [146] required
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continuity of density and flux, i.e., for ¢ > 0:
u(t,s”) = u(t, =), D Yua(t,z) = D yu,(t, 2%),

for all z = ml and = ml + 1y (m = 0,41, +2,...). Superscripts + denote one-sided limits
from the right and the left, respectively. When we take D(z) = d, u(x) = p > 0, problem
(6.3) is reduced to the Fisher-KPP equation with threshold speed 2+/dp. We shall refer to this
kind of model, i.e., the differential equations combined with interface matching conditions as
patch model or patch problem.

Shigesada and coauthors obtained the invasion conditions in terms of the sizes of patches,
diffusivities and growth rates. They proved that the population spreads successfully if and
only if the invasion condition is satisfied. Moreover, when invasion occurs, the distribution
of the population initially localized in a bounded area always evolves into a pulsating front.
The velocity was calculated with the aid of the dispersion relation, based on linearization at
low density [146]. When diffusion is constant, the rigorous analytical results in [24] apply to
this patch model, but the case of discontinuous diffusion and interface matching conditions
is not covered.

Recently, Maciel and Lutscher [121] introduced novel interface matching conditions, based
on the work by Ovaskainen and Cornell [133]. The population flux is still continuous at an
interface, but the density is not. We will explain these conditions in detail below. These
matching conditions not only allow us to include patch preference data, which are frequently
collected in the field, into reaction-diffusion models, but also remove some biologically unre-
alistic behavior that the model with the continuous-density interface conditions above shows
(see [121] for a thorough discussion). A number of recent studies use this new framework to
study questions of persistence and spread [122, 5| and apply it to marine reserve design [4].
All these studies show that the correct choice of interface conditions has a crucial effect on
basic quantities such as population persistence conditions and spread rates in periodic envi-
ronments. Recently, Maciel and Lutscher [123] showed how different movement strategies for
competing species in patchy landscapes can lead to different outcomes of competition. Ma-
ciel and coauthors found evolutionarily stable movement strategies in a two-patch landscape
[120].

Our work is devoted to a rigorous analytical study of the periodic patch model with two
types of alternately arranged patches in a one-dimensional habitat. The population may
grow or decay, depending on patch type, and diffusivity may change between patches. The
setting and assumptions will be made precise below. The aim of the present work is first to
rigorously prove the well-posedness of this somewhat nonstandard patch model starting with
nonnegative continuous and bounded initial data. Then we investigate the long-time behavior
and spatial dynamics of this type of model in the framework of a periodic environment with
monostable dynamics. We give a criterion for the existence and uniqueness of a positive
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and bounded steady state. Furthermore, under the hypothesis that the species can persist,
we shall prove the existence of an asymptotic spreading speed c¢* of the solution to the
Cauchy problem and we show that this spreading speed coincides with the minimal speed
for rightward and leftward pulsating fronts. Moreover, the asymptotic spreading speed c*
can be characterized using a family of eigenvalues. To the best of our knowledge, the results
that had previously been discussed only formally or observed numerically in [121], are proved
rigorously here for the first time.

6.2 Model presentation and statement of the main results

6.2.1 The model and some equivalent formulations

Our model is a joint generalization of the models in [146] and [121]. We consider a patchy
periodically alternating landscape consisting of two types of patches (say, type 1 and 2); see
Figure 17. Each patch is homogeneous within. We denote the length of patch type i (i = 1, 2)
by [; so that the period is [ = [} + 5. Accordingly, the real line is divided into intervals of
the form

I,=[nl—1l,nl+1], neZ,

each consisting of two adjacent patches. Such intervals were called “tiles” in [54].

patch 1 patch 2

-l -l 0 ly l

Figure 17: Schematic figure of the one-dimensional periodic patchy environment.

For n € Z, let I, = (nl — l1,nl) be the patches of type 1 and I, = (nl,nl + l5) be the
patches of type 2. On each patch I;,,, we denote by v, = vy, the density of the population,
by d; the constant diffusion coefficients, and by f; the corresponding reaction nonlinearities.
Our model then reads, for n € Z,

2
avln = dla Uin -+ fl(vln)y t> O, T € (nl — ll,nl),
aU2n 82?]2” '
ot =d, 02 + fg('l}gn), t> O, S (nl,nl + 12)

In (6.4), the equations for v, = v|,, are set in the open intervals (nl —1y, nl) and (nl, nl+1s),
but it will eventually turn out that the constructed solutions are such that the functions v;,
can be extended in (0,+00) x [nl — l1,nl] or (0,400) X [nl,nl + l5] as Ctlf functions, so
that equations (6.4) will be satisfied in the closed intervals [nl — Iy, nl] and [nl, nl + l5]. The
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

matching conditions for the population density and flux at the interfaces are given by

Vin(t, 7)) =kvo,(t, 27),  di(vin)e(t,27) =do(vey)u(t, 21), t >0, z=nl, (6.5)
]{/’Ugn(t, ZE_) :Ul(n—i-l) (t, I+), dQ(U2n>z(t, l’_) :dl(vl(n+1))ax(t7 ZL’+), t> O, ZE:nl+l2, .
with parameter
(0% d2
k= —. 6.6
11—« % dl ( )

When k = 1, the model (6.4)—(6.5) is reduced to the one in [146]. Here, a € (0,1) denotes
the probability that an individual at the interface chooses to move to the adjacent patch of
type 1, and 1 — « the probability that it moves to the patch of type 2. Individuals cannot
stay at the interfaces. These interface conditions were derived in [133] and studied in more
detail in [121]. They reflect the movement behavior of individuals when they come to the
edge of a patch. With these interface conditions, the population density is discontinuous
across a patch interface in the presence of patch preference and/or when the diffusion rates
in these two kinds of patches are different. Throughout this chapter, we assume that the
reaction terms f; (i = 1,2) have the properties:

fi € C*(R), £i(0) =0, and there is K; > 0 such that f; <0 in [K;, +00). (6.7)

Without loss of generality, we will consider type-1 patches as more favorable than type-
2 patches, that is, f{(0) > f3(0). In some statements, we will also assume that type-1
patches are “source" patches, i.e., patches where the intrinsic growth rate of the population
is positive (f;(0) > 0), while type-2 patches may be source patches (f5(0) > 0), or “sink”
patches (f5(0) < 0), or such that f5(0) = 0. In order to investigate the long-time behavior
and spatial dynamics, we will further assume in some statements that the functions f; satisfy
the strong Fisher-KPP assumption:

fils) are non-increasing in s > 0 for i = 1, 2,
. (6.8)

and decreasing in s > 0 for at least one i.

the functions s —

For instance, f; satisfying hypotheses (6.7)—(6.8) can be functions of the type fi(s) = s(u;—s).

Since the discontinuity in the densities at the interfaces makes the problem quite delicate
to study, we rescale the densities in such a way that the matching conditions become con-
tinuous in the density. More precisely, we set uy,(t, ) = vi,(¢t, z) for t > 0, x € (nl — Iy, nl)
and n € Z, and ug,(t,x) = kve,(t,z) for t > 0, z € (nl,nl + l3) and n € Z. Then u,,, satisfy
the same equations as vy, with ﬁ(s) = fi(s), while ug, satisfy the equations of vy, with
fo replaced by ]72(3) = kfa(s/k). We notice that ﬁ (i = 1,2) satisfy the same hypotheses
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6.2. Model presentation and statement of the main results

as f; with K; replaced by [N(Z where IN(I = K; and IN(Q = kK,. Thanks to the change of
variables, the interface conditions for the densities are now continuous; however, the flux
interface conditions become discontinuous, namely,
_ — dQ +
Urn (t,27) = ugy(t, 27, dy(uip).(t,x7) = ?(uzn)x(zﬁ,x ), t>0, x=nl,
d _
Ugn(twl’i) = ul(n—i—l)(t,er), f(UQn)z(ta x ) = dl(ul(n+1))x(t,$+), t>0, x=nl+l.

We drop the tilde from hereon. Notice that the properties (6.7) and (6.8) are invariant under
this change. Putting it all together, we are led to the following problem:

Ouyp, Uy,
Yn _ g, M L ), >0, @€ (nl— Iy, nl),
sy, 0%usy, '
ai =d, axz + fz(Ugn), t> 0, xr e (nl,nl + 12),
with continuous density conditions and discontinuous flux interface conditions,
Urn (t, 7)) = ugy(t, ), (u1n)z(t,x7) = o (ugn)(t,2%), ¢t >0, x =nl,
u2n(t7 .CC_) = ul(n+1)(t7x+)7 O-('U/Zn)w(t’x_) = ul(n—i—l))I(t; 1:+>7 t> 07 r=mnl+ l27
(6.10)
in which, from (6.6), we have
dg 11—«
=— = > 0. 6.11
7T kd, T a (6.11)
From now on, we denote by
S, =17

the interface points between (nl — Iy, nl) and (nl,nl + ly), and by
SQI{S+ZQZSEZZ}

the interface points between (nl,nl + ls) and (nl + ly, (n + 1)I). Therefore, S = S; U S
represents all the interface points in R. For convenience of our analysis, by setting u(t,z) =
U (t,x) for t > 0 and © € (nl — Iy, nl), u(t,x) = ug,(t,z) for t > 0 and x € (nl,nl + 1),
u(t,x) = uin(t,27) = ug,(t, ™) fort > 0 and x = nl, and u(t, ) = U9, (t, 27) = Us(nt1)(t, 2™)
for ¢ > 0 and x = nl + Iy, we rewrite the above model (6.9)-(6.10) in the following form:

ut_d(l')umc = f(ZL',U), t>0, [L’GR\S,
u(t,z™) = wu(t,z), wu,(t,x7) = ou.(t,xz"), t>0, z € S5y, (6.12)
u(t,z”) = u(t,z), ou,(t,z7) = wu.(t,2), ¢t>0, x €Sy,
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

where the diffusivity d and nonlinearity f are given by

d(x) =

{dl, x € (nl — 1y, nl), ) = {f1(3)> z € (nl —ly,nl), (6.13)

do, = € (nl,nl+1y), fa(s), x € (nl,nl +13),

and the parameter o > 0 is defined as in (6.11). Conditions (6.7) and (6.8) on f; are equivalent
to the following ones:

VreR\S, f(z,:) € CY(R), f(z,0) =0,
IM = max(K, Ky) >0, Ve € R\S, Vs > M, f(z,s) <0, (6.14)
Ve e (nl—I,nl), f(z,)=fi, Yex e nl,nl+l), flx,)= fa

and

x,Ss . . :
f(—’) are non-increasing in s > 0 in all patches,

s (6.15)
and decreasing in s > 0 in at least one type of patch.

the functions s —

From now on, we always assume that (6.14) is satisfied. Throughout this chapter, unless
otherwise specified, we always write [ for an arbitrary patch in R of either type, i.e., either I =
(nl —1y,nl) or I = (nl,nl+1s).

6.2.2 Well-posedness of the Cauchy problem (6.12)—(6.13)

Since the patch model considered in this chapter is not standard, we shall first establish the
well-posedness of the Cauchy problem (6.12)—(6.13) with hypotheses (6.14) on f and with
nonnegative bounded and continuous initial conditions uy : R — R. Before proceeding with
the analysis, we present here the definition of a classical solution to (6.12)—(6.13).

Definition 6.1. For T € (0, +o0], we say that a continuous function u : [0,T) x R — R is a
classical solution of the Cauchy problem (6.12)—(6.13) in [0, T) xR with an initial condition uy,
if w(0,-) = uo, if ulorx1 € C’tl;f((O,T) x I) for each patch I = (nl — 1y, nl) or (nl,nl + 1),
and if all identities in (6.12) are satisfied pointwise for 0 <t < T.

Theorem 6.2. Under assumption (6.14), for any nonnegative bounded continuous initial
condition ug, there is a nonnegative bounded classical solution u in [0,400) X R of the Cauchy
problem (6.12)—(6.13) such that, for any T > 0 and any patch I C R,

Hu'[T’+O°)XjHCtl;g;Qw([T,-ﬂ-OO)Xf) <,

with a positive constant C' depending on 7, lia, dia, fi2, 0 and |ug||Lemw), and with a
universal positive constant v € (0,1). Moreover, u(t,z) > 0 for all (t,z) € (0,+00) x R if
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6.2. Model presentation and statement of the main results

up Z 0, and u(t,x) = u(t,z +1) for all (t,z) € [0,400) x R if up(x) = uo(z + 1) for all
x € R. Lastly, the solutions depend monotonically and continuously on the initial data, in
the sense that if ug < vg then the corresponding solutions satisfy u < v in [0,+00) X R, and
for any T € (0,+00) the map ug — u is continuous from C*(R)N L>®(R) to C([0,T] x R)N
L>>([0,T] x R) equipped with the sup norms, where CT(R) denotes the set of nonnegative
continuous functions in R.

We remark that the existence and uniqueness of a global bounded periodic classical solu-
tion to such a patch model was considered in [120] for (6.4)—(6.5) with periodic and possibly
discontinuous initial data. By contrast, our result is established for general continuous and
bounded initial data. Moreover, we also discuss the continuous dependence of solutions on
intial data and give a priori estimates, which will play a critical role in the monotone semiflow
argument used in the sequel. The well-posedness proof here can also be adapted to other
non-periodic patch problems.

6.2.3 Existence, uniqueness and attractiveness of a positive periodic
steady state

To investigate the existence and uniqueness of a positive bounded steady state as well as
the large-time behavior of solutions to the Cauchy problem, we first study the following
eigenvalue problem. From [121, 146| (see also Lemma 6.20 below), there exists a principal
eigenvalue A1, defined as the unique real number such that there exists a unique continuous
function ¢ : R — R with ¢|; € C>(I) for each patch I, that satisfies

Lo¢ = —d(x)¢" — fs(x,0)¢ = A1, r € R\S,
P(x7) = o(x"), ¢'(x7) = o¢/(z"), x € S,
¢(z7) = ¢(z"), od/(z7) = ¢'(z"), T € Sy,
¢(x) is periodic, ¢ >0, ||@[|zom@) = 1.

(6.16)

By periodic, we mean that ¢(-+1) = ¢ in R. In the sequel we say that 0 is an unstable steady
state of (6.12)—(6.13) if \; < 0, otherwise the state 0 is said to be stable (i.e., Ay > 0). These
definitions will be seen to be natural in view of the results we prove here. By applying (6.16)
at minimal and maximal points of the positive continuous periodic function ¢, whether these
points be in patches or on the interfaces, it easily follows that

—f1(0) <\ < —£35(0)

(remember that f{(0) > f5(0) without loss of generality). In particular, if A\; < 0, then
f1(0) > 0, that is, fs(x,0) is necessarily positive (at least) in the favorable patches.
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

We first state a criterion for the existence of a continuous solution p : R — R (such that
p|; € C%(I) for each patch I) to the elliptic problem:

—d(z)p"(x) — f(x,p(x)) =0, r € R\S,
p(r7) = pa®), p'(a”) = op/(a¥), weS, (6.17)
p(x™) = p(z*), op/(z7) =p'(z%), z€ S,

Theorem 6.3. (i) Assume that 0 is an unstable solution of (6.17) (i.e., A\; < 0) and that f
satisfies (6.14). Then there exists a bounded positive and periodic solution p of (6.17).

(11) Assume that 0 is a stable solution of (6.17) (i.e., \y > 0) and that f satisfies (6.14)—
(6.15). Then 0 is the only nonnegative bounded solution of (6.17).

For reaction-diffusion equations that describe population dynamics in general periodically
fragmented landscapes but do not include movement behavior at interfaces, the criteria for
existence (and uniqueness) of the stationary problem in arbitrary dimension can be found in
[24]. Tt turns out that the approach there can be adapted to our periodic patch model with
the additional nonstandard interface conditions.

Let us now provide an insight into the stability of the trivial solution of (6.17). Under
certain reasonable hypotheses on the diffusitivies, the sizes of favorable and unfavorable
patches, as well as the nonlinearities, the principal eigenvalue \; of (6.16) can indeed be
negative. For example, when all patches support population growth, namely f{(0) > 0
and f5(0) > 0, then the zero state is unstable. When the landscape consists of source
and sink patches, i.e., when f{(0) > 0 > f}(0), the stability of the zero state depends on
the relationships between patch size, patch preference, diffusivity and growth rates. In the
case k = 1, Shigesada and coworkers derived such a stability criterion [146]; the case for
general o0 > 0 can be found in [121]. We here derive an even more general formula, when
we only assume that f5(0) < f](0). To do so, we first observe that the continuous functions
z +— ¢(—l —x) and = — ¢(ly — x) still solve (6.16) as ¢ does, and by uniqueness we get
that ¢(—=l; — x) = ¢(la — x) = ¢(x) for all z € R, hence ¢/'(—11/2) = ¢/(I/2) = 0. Then,
as in [121, 146], by solving (6.16) in [—I;/2,0] and in [0,ly/2] with zero derivatives at —I;/2
and l5/2, and by matching the interface conditions at 0, we find that \; is the smallest root
in [—f1(0), —f4(0)] of the equation:

f1(0) + Ay ORI A+ f3(0) A+ f30) b
—tan( d—1><§> =0 —d—Qtanh< —d—2><§>.
(6.18)
When 0 < f5(0) < f{(0) or when 0 = f5(0) < f](0) (irrespective of the other parameters),
then the trivial solution of (6.17) is unstable (i.e., Ay < 0). When f5(0) < f/(0) < 0, then
A1 > 0. When f5(0) < 0 < f{(0), we then derive that the trivial solution of (6.17) is stable

1
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(A1 > 0) if

c. _ dy - —d1£3(0) —f300) b
ll < ll' =2 mtan ! g Wtanh( 52 X 5) (619)

(notice that I§ > 0), and unstable (A\; < 0) if I[; > [{. The persistence threshold I§ is
decreasing with f{(0) > 0 and increasing with d; and /5. Passing to the limit I, — +o0, we

find that
d; 1 —dy f}(0)
$—=LS: =2 tan oy ——==21.
L 71(0) ( 4a1(0)

Therefore, as long as l; > LS, the trivial solution of (6.17) is unstable (i.e., A; < 0), no

matter how large the size of the unfavorable patches is. Similarly, there is a critical rate

2

LA | ¢

(o)) = =25 LAY

dy 2

such that, if 0 > f(0) > (f5(0))¢, then the trivial solution of (6.17) is unstable (i.e., \; < 0),
no matter how large the size of the unfavorable patch is.

It also follows from (6.18) that, provided f5(0) # f{(0), the principal eigenvalue A; is
increasing with respect to o > 0, that is, \; is decreasing with respect to o € (0,1). When
a € (0,1) increases, then the individuals at the interfaces have more propensity to go to
patches of type 1 rather than to patches of type 2. This means that the relative advantage
of the more favorable patches becomes more prominent: A\; decreases and the 0 solution has
more chances to become unstable. It is also easy to see that A\ — —f{(0) as 0 — 07 (that is,
as @ — 17), hence 0 is unstable if o ~ 1, provided the patches of type 1 support population
growth. On the other hand, \; — min(d,72/13 — f{(0),—f5(0)) as ¢ — +oo (that is, as
a — 0T). Therefore, if f1(0) > dy7?/I12, and even if f3(0) < 0, then 0 is still unstable when
a is small (and actually whatever the value of a € (0, 1) and the other parameters may be).

Next, we state a Liouville type result for problem (6.17).

Theorem 6.4. Assume that f satisfies (6.14)—(6.15) and that the zero solution of (6.17)
is unstable (i.e., \; < 0). Then there exists at most one positive and bounded solution p of
(6.17). Furthermore, such a solution p, if any, is periodic and infg p = ming p > 0.

Under the assumptions of Theorem 6.3 (i) and Theorem 6.4, we now look at the global
attractiveness of the unique positive and bounded stationary solution p of (6.17) for the
solutions of the Cauchy problem (6.12)—(6.13).

Theorem 6.5. Assume that f satisfies (6.14)—(6.15). Let u be the solution of the Cauchy
problem (6.12)—(6.13) with a nonnegative bounded and continuous initial datum uy Z 0.
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(i) If 0 is an unstable solution of (6.17) (i.e., Ay < 0), then u(t,-)|f — plr in C*(I) as
t — 400 for each patch I, where p is the unique positive bounded and periodic solution
of (6.17) given by Theorem 6.3 (i) and Theorem 6.4.2

(ii) If 0 is a stable solution of (6.17) (i.e., Ay > 0), then u(t,-) — 0 uniformly in R as
t — +o00.

6.2.4 Spreading speeds and pulsating traveling waves

In this subsection, we assume that the zero solution of (6.17) is unstable (i.e., Ay < 0) and
that f satisfies (6.14)—(6.15). Let p be the unique positive bounded and periodic solution
of (6.17) obtained from Theorem 6.3 (i) and Theorem 6.4. After showing in Theorem 6.5 (i)
the attractiveness of p, we now want to describe the way the positive steady state p invades
the whole domain.

Let C be the space of all bounded and uniformly continuous functions from R to R
equipped with the compact open topology, i.e., we say that w, — u as n — 400 in C when
u, — u locally uniformly in R. For u,v € C, we write u > v when u(x) > v(z) for all z € R,
u > v when u > v and u # v, and u > v when u(z) > v(x) for all z € R. Notice that p € C
is periodic and satisfies p > 0. We define

C,={velC:0<v<p} (6.20)

Let P be the set of all continuous and periodic functions from R to R equipped with the
L*°-norm, and P* = {u € P:u > 0}.

The first result of this section states the existence of a speed of invasion by the state p.

Theorem 6.6. Assume that f satisfies (6.14)—(6.15) and that the zero solution of (6.17) is
unstable (i.e., \y < 0). Then there is an asymptotic spreading speed, c¢* > 0, given explicitly
by

c¢* = inf ,
u>0 )

where A(p) is the principal eigenvalue of the operator

Lh(z) = —d(z)y"(2) + 2ud(z)y/ (z) — (d(@)p” + fo(z,0))¢(z) for x € R\S,

2This statement shows that the solution u converges as t — +oo locally uniformly in space to the space-
periodic function p. For a convergence result to time-periodic solutions for time-periodic quasilinear parabolic
equations, we refer to [46].
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acting on the set

E,={¢ € CR): ¢|; € C*(I) for each patch I, 1 is periodic in R,
[—pp +4'(a7) = o[—pp + 4'(a7) forz € S,
o= +)(z7) = [~ +)(27) for x € Sp},

such that the following statements are valid:

(i) if u is the solution to problem (6.12)—(6.13) with a compactly supported initial condition
ug € Cp, then limy o SUP|, > u(t, ) = 0 for every ¢ > c*;

(ii) if ug € Cp, with ug # 0, then limy_, o Maxy<e [u(t,x) — p(x)| = 0 for every 0 < ¢ < c*.

It finally turns out that the asymptotic spreading speed ¢* is also related to some speeds
of rightward or leftward periodic (also called pulsating) traveling waves, whose definition is
recalled:

Definition 6.7. A bounded continuous solution u : R x R — R of problem (6.12)—(6.13) is
called a periodic rightward traveling wave connecting p(x) to 0 if it has the form u(t,x) =
W(z — ct,x), where ¢ € R and the function W : R x R — R has the properties: for each
s € R the map v — W (x +s,x) is continuous® and the map x — W (s, x) is periodic, and for
each x € R the map s — W (s, x) is decreasing with W(—oo, z) = p(x) and W (+oo,x) = 0.

Similarly, a bounded continuous solution u : R xR — R of problem (6.12)—(6.13) is called
a periodic leftward traveling wave connecting 0 to p(x) if it has the form u(t,x) = W (z+ct, x),
where ¢ € R and the function W : R x R — R has the properties: for each s € R the map
x— W(x+s,x) is continuous and the map x — W (s, x) is periodic, and for each x € R the
map s — W (s,z) is increasing with W(—oo,z) = 0 and W (400, z) = p(x).

The following result shows that the asymptotic spreading speed c¢* given in Theorem
6.6 coincides with minimal speeds of periodic traveling waves in the positive and negative
directions.

Theorem 6.8. Assume that the zero solution of (6.17) is unstable (i.e., Ay < 0) and that f
satisfies (6.14)—(6.15). Let c* be the asymptotic spreading speed given in Theorem 6.6. Then
the following statements are valid:

(1) problem (6.12)—(6.13) has a periodic rightward traveling wave W (x — ct,x) connecting
p(z) to 0, in the sense of Definition 6.7, if and only if ¢ > c*;

(11) problem (6.12)—(6.13) has a periodic leftward traveling wave W (x + ct, z) connecting 0
to p(x), in the sense of Definition 6.7, if and only if ¢ > c*.

3Notice that the continuity of x +— W (z + s,z) is automatic if ¢ # 0, since u is assumed to be continuous
itself in R x R.
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Remark 6.9. It is known that for the standard spatially periodic Fisher-KPP problem (6.2)
with N = 1, the variational characterization of minimal speeds in terms of a family of prin-
cipal eigenvalues implies that the minimal wave speeds of rightward and leftward pulsating
waves are the same. Theorem 6.8 shows that this property still holds true for our one-
dimensional patchy periodic habitat, with nonstandard movement behavior at interfaces.

Outline of the chapter. The rest of the chapter is organized as follows. In the next section,
we give the proof of Theorem 6.2 on the well-posedness of the Cauchy probldem (6.12)—(6.13).
Section 6.4 is devoted to the study of the stationary problem (6.17) and we give the proofs
of Theorems 6.3 and 6.4. In Section 6.5, we prove Theorem 6.5 on the large-time behavior
of the evolution problem. Finally, Section 6.6 is devoted to the proofs of Theorems 6.6 and
6.8, based on the abstract monotone semiflow method developed in [113, 114, 155]. Lastly,
the appendix is devoted to giving supplementary comparison results concerning finitely many
patches, which play an essential role in the well-posedness argument in Section 6.3.

6.3 Well-posedness of the Cauchy problem (6.12)—(6.13):
proof of Theorem 6.2

In this section, we establish the well-posedness of the Cauchy problem (6.12)—(6.13) with
nonnegative, bounded and continuous initial data. We first show the existence of classical
solutions based on a semigroup argument and an approximation approach. Then we prove
that the solutions depend monotonically and continuously on the initial data.

6.3.1 Truncated problem

Fix n € N. We consider the following truncated problem of (6.12)—(6.13) in the finite interval
[—nl, nl], which consists of 4n disjoint patches (see Figure 2):

Oy Uy,

8; =d, 63:12 + fi(urm), t >0, x€(ml —1;,ml), m=0,%£1,--- ,£(n —1),n,
Ouay, Uy,

8? = d, 83:22 + folugm), t >0, z€(ml,ml+ 1), m=0,£1,--- ,£(n— 1), —n,

(6.21)
together with interface conditions

Ulm(t,l'_) = u2m(tvx+)7 (ulm)w(ta ZL'_) = U(“Qm)x(tvx+)7
t>0, x=ml, m=0,+1,--- ,£(n—1),
UQm(t,l'i) = ul(m_;,_l)(t,l'Jr), O'('LLQm)x(t,xi) = (ul(m+1))z<t7$+)7

t>0, z=ml+1l, m=0,%1,--- ,£(n—1),—n,
(6.22)
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6.3. Well-posedness of the Cauchy problem (6.12)—(6.13): proof of Theorem 6.2

and boundary conditions at x = +nl:
Utn (t, (—nl)") = us_py (¢, (nl)7) =0, t > 0. (6.23)

For consistency of notations, we set

Ly = (ml—1;,ml) forme J, ={0,£1,....,£(n —1),n},
Ly, = (mlyml + 1) form e Jy ={0,%1,...,£(n — 1), —n}.

We number these 4n patches from left to right by Is_n), Ii(—ns1)s--s L10, 120+, Lo(n=1), L1n,

so that i) = (U ) (U L;).

je1 Jj€EJ2

—nl (-n+1)l -1 -1 0 Iy l (n=1) nl

Figure 18: Truncated interval [—nl, nl].

For a solution (ug(—ny,...,u1n) of (6.21)-(6.23), we define u : (0, +00) x [-nl,nl] = R
such that, for ¢ > 0,

u(t,x) = uy(t, x) if © € I; with j € Jj,
u(t,x) = ug;(t, x) if © € Iy; with j € Jy, (6.24)

u(t, ) is extended by continuity at the interior interfaces and by 0 at +nl.

We finally set

Co = {p € C([—nl,nl]) : p(—nl) = ¢(nl) = 0}, (6.25)
equipped with the sup norm.
Definition 6.10. For T € (0, +o0], we say that a continuous function u : [0, T) x [—nl, nl] —
R is a classical solution to the truncated problem (6.21)—(6.24) in [0,T) x [—nl,nl] with

an initial condition uy € Co, if u(0,-) = uo, if ulor)xr € C’tl;f((O,T) x I) for each patch
I C [—nl,nl], and if all identities in (6.21)—(6.24) are satisfied pointwise for 0 <t < T.

Theorem 6.11. Under the assumption (6.14), the Cauchy problem (6.21)-(6.24) with a
nonnegative initial condition ug € Cy admits a unique bounded classical solution u : [0, +00) X
[—nl,nl] — R. Furthermore,

0 < u < max (Ky, Ko, |[uo|| Lo (—ntnp)) in [0, 400) x [—nl, nl]. (6.26)
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

If 0 < ug < wg in [—nl, nl] with ug, vy in Cy, then the solutions u and v with respective initial
conditions ug and vy satisfy u < v in [0,400) X [—nl, nl].

The uniqueness and comparison properties immediately follow from Proposition 6.23 in
the appendix. In what follows, we prove the existence of a bounded classical solution to
(6.21)—(6.24), relying on semigroup theory. To do so, we first introduce some auxiliary
spaces and recast the truncated Cauchy problem into the abstract form:

au
AU = t>0
" 1), ’ (6.27)
U(0) = Uy,
where U = <u2(7n)7 T >u1n)T7 UO = (UO‘(fnl,fnlJrlz)a T >u0‘(nlfl1,nl))T7 and A and f(U) are
defined by
_d2amc f2(u2(—n))
_dlaxa: fl(ul(—n—l—l))
A= and f(U) = : . (6.28)
_d2amm f2(u2(n—1))
_dla;tx dnxdn, fl (uln)
Set

X = L2(Iy_n) % -+ x LX(I1),

with elements viewed as column vectors. With a slight abuse of notation, X can be identified
with L?(—nl,nl). We then define an inner product in X as follows:

U V X == Z/ U’ljvl] + — Z/ UQJUQJ, (629)

JEN J€J2

which induces the norm U — ||U|lx = +/(U,U)x and makes X a Hilbert space.* We also
introduce other Hilbert spaces

H! = {(U'Q(—n)y S ,U,ln)T c Hl(]g(_n)) X oo X Hl(Iln),

Ui (T) = Uugm (), r =ml, m=0,=£1,... j:(n 1),

U (%) = Ui (m41)(T), T =ml+ 1y, m=0,%£1,...,+(n - 1) —n}
H(l) = {(UQ(_n), ..., U0, U0,y - - - ,Uln)T € Hl : uQ(_n)(—nl) ( = O}

4We recall that k > 0 is given in (6.6). In all integrals, we integrate with respect to the one-dimensional
Lebesgue measure.
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with elements viewed as column vectors, equipped with the norm

1
1Ullaer = 11Uy = | D i3 T > 2 131 1,

jen jeJ2

From the Sobolev embeddings and with a slight abuse of notation, H! and H} can be identified
with H'(—nl,nl) and H}(—nl,nl), respectively, and viewed as subsets of C'([—nl, nl]) and Cy,
respectively, with definition (6.25). Furthermore, in #; the norms [|U|l;;y and [|U'||x are
equivalent, from Poincaré’s inequality. We finally define the Hilbert space

H? = H*(Iy_p)) % -+ x H*(I1,),

with elements viewed as column vectors, equipped with the norm

1
Ul = |3 N ey, EZIIUzAIip(hj),

VISDA Jj€J2

and the subspace

D(A) = {(u2(n)7 s auln)T S HQ N %(1) :
(wim) () = o(uzm)' (), o =ml, m=0,%1,...,+(n—1),

o (Uzm) () = (Uigm+1)) (2), x=ml+ 1y, m=0,%£1,...,£(n - 1), -

(6.30)
From the Sobolev embeddings, the set H* can be viewed as a subset of C1(Iy_)) X -+ X
C'(I,) and, with a slight abuse of notation, it can also be identified with the set of ¢ in
L*(—nl,nl) such that o|; € H?*(I) for each patch I C [—nl,nl]. As for D(A), one has
D(A) € H*NH}) C X and, from the Sobolev embeddings, D(A) is a Banach space when
endowed with the norm || ||2. With a slight abuse of notation, D(A) can also be identified
with the set of ¢ in Hi(—nl, nl) such that ¢|; € H*(I) for each patch I C [—nl,nl] and ¢
satisfies the above flux conditions at the interior interfaces.

The proof of the well-posedness of the Cauchy problem (6.21)—(6.24) is based on the
following auxiliary lemma.

Lemma 6.12. The linear operator A : D(A) C X — X is symmetric mazimal monotone,
and —A 1s the infinitesimal generator of an analytic semigroup on X.

Proof. For any U = (ug(—p), . .., u1n)’ € D(A), by using (6.11) and the interface and bound-

219



6. Propagation phenomena in periodic patchy landscapes with interface conditions

ary conditions given in the definition of D(A), we have

AU U X —Z/ dluM Uy + - Z dQUQJ Ugj

jeh JEJz Iz

5 / dody il + kZ / daiyyity, > AU, = 0,

JjeJ1 JjEJ2

(6.31)

where 8 > 0 is a positive constant independent of U € D(A) C H}, given by Poincaré’s
inequality. Therefore, A is monotone. The symmetry of A is also obvious from a similar
calculation.

Next, we shall prove that, for every A > 0, the range R(A x + A) of AIx + A is equal to X
(Ix denotes the identity operator in X)), that is, for any F' € X, there exists U € D(A) such
that \U+AU = F (such a U is then unique from (6.31)). For any F' = (fo_pn), ..., fin)" € X
we consider the following boundary value problem:

dguz( ) + Mig(—ny = fo(=n), in (=nl, —nl+ 1),
—dyuy,, + ANuim = fim, in (ml —1ly,ml), m=0,£1,...,+(n —1), (6.32)
—dauly .+ Aoy = fom, in (ml,ml+15), m=0,£1,....,£(n— 1), .
—dluln + )\uln = fln; in (nl — ll, nl)
with interface conditions
U (%) = Uz (@), (urm)'(27) = o (uzm)'(z™),
x=ml, m=0,£1,....,£(n—1),
/ — / + (633)
Uz (T) = Ui (ma1) (2), 0 (U2m) (37) = (Ur(men))'(27),
x=ml+1ly, m=0,£1,...,+(n—1),—n,
and boundary conditions
Un(—n)(—nl) = usp(nl) = 0. (6.34)

Problem (6.32)(6.34) is first converted into a weak problem, which consists in finding U € H}
such that
a(U, V)= (F,V)x forall V € H}, (6.35)

where the bilinear form a is defined in Hj x Hg by

U V Z/ dluljvlj + )\uljvlj k Z/ dQUQJUQJ + )\UQJUQJ)

JjeJ1 jEJ2

It is clear that the bilinear form defined in H{ x H} is continuous and coercive (from Poincaré’s
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inequality again). Then, by the Lax-Milgram theorem, problem (6.35) admits a unique
solution U € Hj, and we have
Ul < ClIF||x, (6.36)

for some constant C' > 0 only depending on d; 2, k, n and [; 2. Furthermore, owing to the
definition of a, the solution U belongs to D(A) and satisfies (6.32)—(6.34). By rewriting the
equations as uj; = (Au;; — fi;)/d; for j € J; and i € {1,2}, and taking L*-norms on both sides,
we get [[ullze,) < (U/di) X (Mlwijll 21,y + | fisllz2a,)). By (6.36), we finally obtain the
overall H? estimate ||U|[32 < C'||F||x for some constant C’ > 0 only depending on d; o, k,
n, l12 and A\. We then conclude that R(AMx + A) = X, that AIx + A is invertible from D(A)
onto X and that (M x + A)~! is bounded from X onto D(A). In particular, R(Ix + A) = X
and the operator A is maximal monotone. It is then densely defined and closed, and D(A)
is also a Banach space if endowed with the graph norm ||U||pa) of A.

Lastly, let us show that —A is the infinitesimal generator of an analytic semigroup on
X. First of all, since A is monotone, one has A||u||x < ||(AMx + A)u||x for every A > 0 and

u € D(A), hence
1

(A x + A) ) < X for every A > 0.
Therefore, the Hille-Yosida theorem implies that the operator — A is the infinitesimal gener-
ator of a contraction semigroup on X. On the other hand, by viewing A in the complexified
Hilbert spaces associated with X and H?, one sees from (6.31) and the symmetry of A
that the numerical range S(—A) of —A is included in R and more precisely in an interval

(—o00, —0], for some § > 0. Fix any 6 € (0,7/2) and denote

Yog:={AeC :|arg\| <7 —0}.

Then there is Cy > 0 such that dist(A,S(—A)) > Cy|\| for all A € ¥y, where dist(\, S(—A))
represents the distance in C between A and S(—A). We observe that ¥y N p(—A) # (), since
any A > 0 is in the resolvent set p(—A) of —A from the above analysis. Therefore, [138,
Theorem 1.3.9] then states that ¥y C p(—A) and

1

My + A)7 ! <
H( x + ) HC(X)— C@,)\|

for all A € .

Since 0 belongs to p(—A) as well, we conclude by [138, Theorem 2.5.2] that —A is the
infinitesimal generator of an analytic semigroup on X. The proof of Lemma 6.12 is thereby
complete. O

With Lemma 6.12 in hand, we are now ready to prove Theorem 6.11 on the well-posedness
of the Cauchy problem (6.21)—(6.24).

Proof of Theorem 6.11. The proof is divided into two main steps. The first one assumes an
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

additional hypothesis on the functions f; in (6.14), and the second one deals with the general
case of f; satisfying (6.14).

Step 1: in addition to (6.14), assume that fi and fo are globally Lipschitz continuous from R
to R. The function f given in (6.28) is then Lipschitz continuous from X to X. Therefore,
it follows from Lemma 6.12 and [161, Theorem 2.5.1] that, for each Uy € X, problem (6.27)

has a unique global mild solution U € C([0,4+00), X), satisfying
t
U(t) = e 40, +/ e~ =94 f(U(s)) ds (6.37)
0

for all ¢ > 0. Note that the function ¢ — f(U(t)) belongs to C([0,+00), X) as well. By [119,
Lemma 7.1.1], the integral on the right-hand side of (6.37) belongs to C} ([0, 4+00), X) for
any v € (0,1). Since t — e U, is of class C>((0,+oc), D(A)) by [161, Theorem 2.3.2],
we see that U € € ((0,400),X) for any v € (0,1) and that the function ¢t — f(U(t))
belongs to C;) ((0,+00), X) too for any v € (0,1). It then follows from [119, Theorem 4.3.1]
that U € C)_((0,+00), D(A)) N CL7((0, 4+00), X) for any v € (0,1). As a consequence, U is
a classical solution of (6.27), with equalities in X.

Furthermore, by Lemma 6.12 and the fact that 0 € p(A), we can define fractional pow-
ers A% of A. For 0 < 8 < 1, A% is a closed operator whose domain D(A”) is dense in X
and D(A) — D(A’) — X continuously. Endowed with the graph norm ||U||p s of A,
D(AP) is a Banach space. Since A is sectorial and inf{Re(\) : X & p(A4)} > 0, it follows
that A7 is invertible with bounded inverse (A°)~' € £(X) and that the norm ||U||p(4s is
equivalent to ||A°U||x in D(A®). From [143, Lemma 37.8], one has, for each 1/4 < 8 < 1
and 6 € (0,28 —1/2), a continuous embedding D(A?) < Cy N C*([—nl, nl]).> From now on,
we fix 3 € (1/4,1). We also observe that f : D(A?) — X is globally Lipschitz continuous:
indeed, for any U,V € D(A?), there holds

L||(AP)TAPU — (AP) T APV || x
L|[(AP) Ml ex) |APU — APV || x
LII(A°) Moo llU - Vipeasy,

1F(U) = f(V)lx < LIIU = Vix

IA A

for some constant L € [0, +00) independent of U,V € D(A?). Now, for any U, € D(A?) (C
X), the unique global solution U € C([0, +00), X) N C;..((0, +00), D(A)) N CLT((0, +00), X)

(for any v € (0,1)) of (6.27), given in the previous paragraph, also belongs to C([0, +00), D(A47))
and then to C([0, +00),Co N C%([—nl, nl])) for any & € (0,23 —1/2). Since U satisfies (6.37)

SWith a slight abuse of notation, the embedding D(A?) < Co N C%([—nl,nl]) means that the elements
U = (uz(—n), - --,u1n)’ of D(AP) have continuous components u;; in each corresponding closed patch I;;, and
that the function equal to each u;; on each closed patch Z is well defined, continuous in [—nl, nl], vanishes
at +nl and is Holder continuous of exponent § in [—nl, nl], with a sup norm and a Hélder norm controlled

by [|Ulp(as)-
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for all ¢ > 0, we then get by [101, Theorem 3.5.2] and [143, Lemma 37.8| the existence of
some 1 € (0,1), 8 € (1/4,1) and w € (0,260 — 1/2) such that U € C7((0, 400), D(A?)) and

loc

U € Cu((0, +00),Co N C™([—nl, nl])).

Since D(A) — D(AP), it follows from the previous two paragraphs that, for any Uy € X,

the solution U € C([0, +00), X) N C((0,+00), D(A)) N C*((0,+00), X) of (6.27) belongs to
C((0,4+00),Co N C¥([—nl, nl])) N CL((0, +00),Co N C¥([—nl, nl])).

loc

Moreover, if Uy € D(AP), then U € C([0,+00),Co N C®([—nl,nl])). One infers that, for
any Uy € X, the function u defined as in (6.24) (with similar definition at ¢ = 0) is continuous
in (0,4+00) x [—nl,nl], vanishes on (0,4+00) x {*nl}, is of class C' with respect to ¢ in
(0,400) x [—nl,nl], with u and 2 Hélder continuous in [r,7'] x [—nl,nl] for every 0 <
T < 7' < +o00. Therefore, for each patch I C [—nl, nl] of type i € {1,2} and for each
0 < 7 < 7' < 400, the function f;(u) is Hélder continuous in [, 7'] x I, hence equation (6.27)
implies that u|(, .7 is of class C? with respect to z and % is Holder continuous in
[7,7'] x I. In particular, u is a classical solution of (6.21)—(6.24) for ¢ > 0. Furthermore, if

Uy € D(AP), then u is also continuous in [0, +00) x [—nl, nl].

It remains to show, still in this step 1, that u is bounded and continuous up to t = 0
when ug € Cy. To do so, we first prove a comparison principle for the solutions when the
initial conditions are in X. Take any V, W, € X such that vy < wy almost everywhere
in [—nl, nl], with obvious notations for vy and wy. There exist then two sequences (Vy;);en
and (Wy;)jen in D(A) (C D(AP) C Cp) such that vy; < wp; everywhere in [—nl, nl] (with
obvious notations) for all j € N, and Vp; — Vg, Wy; — Wy in X as j — +o0. For each j € N,
with obvious notations, let v; and w; be the classical solutions of (6.21)-(6.24) with initial
conditions vy; and wy;. The functions v; and w; are continuous in [0, +00) X [—nl, nl|, from
the previous paragraph. Therefore, the maximum principle of Proposition 6.23 implies that

v; < w; in [0, +00) X [—nl, nl],

for all j € N. Since, for each ¢ > 0, the map Uy — U(t) given by (6.37) is continuous (and
even Lipschitz continuous) from X to X by [161, Theorem 2.5.1], one infers that, for each
t >0, v(t,-) < w(t,-) almost everywhere in (—nl,nl) and then everywhere in [—nl, nl] by
continuity. To sum up,

v <w in (0,400) x [—nl, nl]. (6.38)

If ug € Co with ug > 0 in [—nl, nl], without loss of generality, one can choose a sequence
(uok)ken in D(A) such that ugy — ug as k — +00 and 0 < g, < ||| poo (—ninr) in [—nl, nl]
for all £ € N. Remembering (6.14), the constant functions 0 and max (Kl, K, ‘|UOHLOO(_7LZ7TLZ))
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are, respectively, a subsolution and a supersolution, in the sense of Definition 6.22, of the prob-
lem (6.21)—(6.24) satisfied by the continuous and classical solution uy in [0, +00) X [—nl, nl].
The maximum principle of Proposition 6.23 then yields 0 < u; < max (Kl, K, HuOHLoo(,nl’nl))
in [0, 4+00) X [—nl, nl] for all k € N, hence

0 < u < max (Ky, Ko, |[uo||Loc(—ntnry)  in (0, 400) x [—nl, ni], (6.39)

by passing to the limit as k — 400 for each ¢t > 0, as in the previous paragraph. Notice
that (6.39) holds as well on {0} x [—nl,nl] by assumption on wu.

Lastly, consider again any ug € Cp (C X) in [—nl, nl] and let us show that u is continuous
up to time t = 0. Let ¢ > 0 be arbitrary. Let U, and U, be two functions in D(A) (C
D(AP) C X) such that

uy—e <wuy <ug <TUy <ug+e in [—nl, nl

(with obvious notations for the functions u, and %y, which can be chosen in C?([—nl, ni])NCy
with zero derivatives at the interior interfaces) and let u and @ be the two classical solutions
of (6.21)—(6.24) with initial conditions u, and %y. From the above arguments, the functions u
and @ are continuous in [0, +00) X [—nl,nl], and u < v < wWin [0, +00) X [—nl, nl| from (6.38)
and the choice of the initial conditions. Finally, there is ¢y > 0 such that

up—26 <uy—e<u<u<u<uy+e <uy+ 2 in [0,t] x [—nl, nl],

from which it follows that the C((0,400) x [—nl, nl]) function u is also continuous up to time
t = 0. It is therefore a bounded classical solution of (6.21)—(6.24) in [0, +00) x [—nl, nl] with
initial condition ug, in the sense of Definition 6.10.

Step 2: the general case of assumption (6.14). Consider a nonnegative initial condition wug
in Cyp. Denote K = max (Kl,Kz, ||u0||L°°(fnl,nl)) and, for i = 1,2, let ﬁ : R — R be a
globally Lipschitz continuous function of class C*(IR) such that ﬁ|[07 k] = filjo,x) and fi<o0
in [K;,+00). From Step 1, there is a unique bounded classical solution u of (6.21)—(6.24)
in [0,400) x [—nl,nl] with initial condition ug, but with the nonlinearities ﬁ instead of f;,
and u satisfies (6.39) in [0, +00) x [~nl, nl]. From (6.39) and the choice of f;, the function u
is then a bounded classical solution of the problem (6.21)-(6.24) in [0, +00) X [—nl, nl| with
initial condition uy and with the original nonlinearities f;.

Since the uniqueness and comparison properties in Theorem 6.11 directly follow from
Proposition 6.23, the proof of Theorem 6.11 is thereby complete. n
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6.3.2 Proof of Theorem 6.2

We prove the existence of a solution to the problem (6.12)—(6.13) through a truncation and
approximation argument. Set
(ol
= 22) .
£ := min < e )

We first fix a sequence of cut-off functions (0™),en in C(R) such that, for each n € N,

1 ifze[-nl—c+ly,nl—1+¢,

0 ifxzé¢ (—nl nl). (6.40)

0<0"<1inR, and §"(z):= {

We can for instance define uniquely §" by also assuming that 6™ is affine in [—nl, —nl — e+ 1]
and in [nl —l; + ¢, nl].

Let us now take any nonnegative bounded continuous function vy : R — R. For
cach n € N, we consider the truncated problem (6.21)—(6.24) on [—nl,nl], with initial
condition 5”u0|[_nl7nl]. This problem involves 4n patches still identified by Iy_pn), [1(—nt1),
..., Iy(n—1), I1n, as before, and the nonnegative initial condition 0™ug|—n;ny belongs to the
space Cp defined in (6.25). Therefore, by Theorem 6.11, there is a unique bounded classical
solution u™ of (6.21)-(6.24) in [0, +00) x [—nl,nl] with initial condition §™ug|[—niny, and u”
also satisfies (6.26) in [0, +00) x [—nl,nl]. Moreover, for every m < n € N, one has

0< um<0’ ) = 5mu0|[—ml,ml] < u0|[—ml,ml] = 6nu0|[—ml,ml] = un(oa ) n [_ml7 ml]
and u™(t,+ml) > 0 for all ¢ > 0 by (6.26), hence
u™ < un|[0,+oo)><[—ml,ml] n [07 +OO) X [_mla ml]

by Proposition 6.23. As a consequence, for each (¢, z) € [0, +00) xR, the sequence (u"(t, %) )n>|a|/1
is non-decreasing and ranges in [0, K| with

K :=max (K1, K, [Juo|| L)), (6.41)
hence the sequence (u"(t,2))n>su converges to a quantity u(t,z) € [0, K], that is,
u(t,z) — u(t,z) € [0, K] as n — +o0. (6.42)

Notice also that, if ug Z 0, then ©"(0,-) > 0 in [—nl,nl] for all n large enough, hence
u™ > 0in (0, +00) x (—nl, nl) for all n large enough by Proposition 6.23, and finally u(¢,z) > 0
for all (¢,z) € (0,+00) x R because the sequence (u™(t,))n>|s 1 is non-decreasing for each
(t,x) € [0,400) x R.

In order to show that w is a classical solution of (6.12)-(6.13), we need further differential

225



6. Propagation phenomena in periodic patchy landscapes with interface conditions

estimates on the sequence (u"),en. Consider any 0 < 7 < 7/ < 400 and any patch I C R.
Let us assume that I is of type 1, that is, I = I;,,, = (ml — [, ml) for some m € Z (the case
of a patch I of type 2 can be dealt with similarly). Let us fix an arbitrary v € (0,1/2), say
for instance v = 1/4. Since the solutions u” (for n > |m|+ 1) of (6.21)-(6.24) are uniformly
bounded in [0,4+00) x [—(|m| + 1)I, (|m| + 1)], it follows from standard interior parabolic
estimates that

sup [[u"(-,ml =l — €)|lcrr(r/2 00y + sUp (U (-, ml 4 €) || o1 (fr/2,400)) < Co,
n>m|+1 n>|m|+1

for some positive constant Cy only depending on 7, Iy 2, da, fo and K given in (6.41), hence
on 7, lis, do, fi2 and |Jug|/rem). Consider then two C*([ml — l; — &, ml + ¢]) functions
g:ml—1l —e;ml+¢e] —[0,1] and h: [ml —1; —e,ml + €] — [0, 1] such that

giml—1y —e) =h(ml+¢) =0,
gml+e)=h(ml -1 —¢e) =1,
g (ml—1) =h(ml—1) =g (ml) =h'"(ml)=0.

They can be chosen so that their C*([ml—1; —e, ml+¢]) norms only depend on [; 5. Consider
now, for each n > |m|+ 1, the function u" defined in [7/2, +00) X [ml — I} — e, ml + €] by

u(t,x) = u"(t,z) — h(z)u"(t,ml — 1y —e) — g(z)u"(t,ml + €). (6.43)

Each such function " is continuous in [7/2, +00) X [ml — [} — e, ml + ¢] and has restrictions
of class )\ in [7/2, +00) x [ml — 1y —,ml— 1], in [7/2, +00) x [ml — 1y, ml] = [1/2,+00) x I
and in [7/2,400) x [ml, ml + €]. Furthermore, from (6.21)—(6.24) and (6.43), one has

[ oun o*ur ~ .
5 =ds 52 + f3(t, x, u"(t, x)), t>71/2, x € (ml—1y —e,ml—1y),
ou" o*ur .
5 =d; 52 + fi(t, z,u"(t, x)), t>7/2, v € (ml—1l,ml),
ou" o*u" o
- n(t, @, 0" > 7/2
g dy 922 + fot, z,u(t, z)), t>71/2, x € (ml,ml+¢),

Tt ml — by — ) = Tt ml 4 ) =0, t>7/2,
a(t, (ml —1)7) =u"(t,(ml —1,)"), t>71/2,
oul(t,(ml —1y)") =al(t,(ml — 1)), t>71/2,

u™(t, (ml)~) = a™(t,(ml)"), t>7/2,
|z (t, (ml)™) = oug(t, (ml)"), t>71/2,
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with _
fftox,s) = fi(s+h(@)u™(t,ml — 1 —e) + g(z)u™(t,ml +¢))
— h(z)up(t,ml — 1y —e) — g(x)u}(t,ml +¢)
+d;h"(x)u"(t,ml — Iy — ) + d;g" (x)u™(t, ml +¢).

In other words, each function u" solves a truncated problem similar to (6.21)—(6.24), but this
time on the interval [ml — Iy — e, ml + ¢] (with only three patches) and with nonlinearities
ﬁ”(t,x,s) which are still of class C! with respect to s, with partial derivatives equal to
fl(s+h(z)u"(t,ml—ly—e)+g(z)u"(t,ml+¢)), and are now Hélder continuous of any exponent
v with respect to (t,x) € [7/2,+00) X [ml —l; — &, ml + ¢] uniformly with respect to s and
n. Remember that 7/ > 7, hence 7/ — 7/2 > 7/2. Since the sequence (0" (7" — 7/2,+))n>{m|+1
is bounded in particular in L?(ml —[; — &, ml +¢€), it then follows with similar notations and
arguments as in the proof of Theorem 6.11 that there is a universal constant v € (0, 1) such
that the sequence

(7 =74 Mottt T = 7/ Nttt (7 = 7/ Momair)
is bounded in the set D(A) (defined as in (6.30), but with now only three patches) and the
sequences (U"),>[m(+1 and (4} )n>|m|+1 are bounded in CV([7', 7/ +1] x [ml—1; —e, ml+¢]), with
bounds depending only on sup,,s 1 10" (7" = 7/2, )| L2(mi—1, —emite)> T5 12, di2, fr2 and o,
hence only on 7, l12, di2, fi2, 0 and ||ug||z(r) (notice that these bounds are independent
of 7/ € [1,400)). Owing to the definitions of fz" and u", one infers that the sequence
(o, - (. )))n>m|+1 is bounded in CV([7',7" 4+ 1] x [ml — Iy — e, ml + €]), hence so is the
sequence

277 277 27
<a un|[T’,T’+1]X[ml—ll—s,ml—ll] 0 unl[T’,T’—l-l]X[ml—ll,ml] 0 un|[7",’r’+1]><[ml,ml+€}>
Ox? ’ Ox? ’ Ox? n>[ml|+1

in CV([7, T'+1|x[ml—l1—e, ml—1;]) xCV([7', 7'+ 1] x [ml—11, ml]) x C7([7/, 7'+ 1] x [ml, ml+e]),
with bounds depending only on 7, l12, di2, fi2, 0 and |lug||z=(r). Finally, using (6.43)
again, the sequence (u"|( 141)xf)n>m+1 is bounded in C’;;Z;Q’”([T’,T’ + 1] x I), and, since
the bound does not depend on 7" € [7, 4+00), the sequence (u"|;; ;o) T)n=m+1 is bounded in

Cég;2,v([77 +00) x I) by a constant depending only on 7, l1 2, di2, fi2, ¢ and |[ug||pe(w)-

From the Arzela-Ascoli theorem and the uniqueness of the limit w in (6.42), it follows
that v — uw as n — +o0 in Ctl;i,EQ([Tl,TQ] x I) for every 0 < 7, < 75 and every patch I C R,
hence u is a bounded classical solution of (6.12)—(6.13) in (0,4+00) x R. Furthermore, for
every 7 > 0 and every patch I C R, there holds

Hu’[T’+OO)XI_HC;’;Q’W([ﬂ-&-OO)XI_) S O,
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

for some constant C' only depending on 7, ly 2, d12, fi,2, 0 and ||ug||po(w)-

Next, we shall prove the continuity of the function u up to time ¢t = 0. Fix any zy € R,
R > 0, and n > 0. With K = max (K, Ka, ||uo|/r=(x)) as in (6.41), one can choose two
nonnegative functions u, and @, in C*(R) N L*°(R) such that both w, and K — u, are
supported in [zg — 2R, z¢ + 2R], and such that

0 <uy(x) <up(zr) <up(zr) < K forall v € [zg — 2R, xo + 2R), (6.44)
and
up(z) —n < uy(z) < wup(z) <ap(x) <wug(x) +n forall z € [zg — R, z9 + R (6.45)

These functions u, and %, can also be chosen so that their derivatives vanish at all interface
points in [zg— 2R, 2o+ 2R]. There are then B > 0 large enough and ¢y, > 0 small enough such
that Bty < 1 and the C;7(]0, +00) x R) functions (¢, x) — ug(x) — Bt and (¢, z) — Uo(z) + Bt
are, respectively, a sub- and a supersolution of truncated problem (6.21)—(6.24) for (¢,z) €
[0,t0] X [—nl,nl] and for any n € N large enough so that [rg — 2R, zq + 2R] C [—nl, nl]
and 0"ug = up in [xg — 2R, x9 + 2R], where §" is the cut-off function defined in (6.40).
Remembering (6.44), the inequality (6.26) satisfied by u™ and the fact that u, and K — g
are supported in [xg — 2R, o + 2R] (hence, uy(£nl) — Bt < 0 < K < %o(£nl) + Bt for all
t > 0), it follows from Proposition 6.23 that

uy(z) — Bt <u”(t,z) <up(x) + Bt for all (¢t,x) € [0,to] x [—nl,nl]

and for all n large enough. By passing to the limit n — 400 for any (¢,z) € (0,t] x R, one
gets that

ug(x) — Bt < wu(t,z) <Tg(x)+ Bt for all (t,x) € (0,%] x R.

Together with (6.45), there is then ¢; > 0 such that |u(t,z) — ug(x)| < 2n for all (t,x) €
(0,1] X [xg — R, zo + R]. Finally, since n > 0 was arbitrary, this shows that u is continuous
up to time ¢t = 0, and that u(¢,-) — wp locally uniformly as ¢ — 0*. To sum up, u is a
nonnegative bounded classical solution of (6.12)—(6.13) in [0, +00) x R with initial condition
U, in the sense of Definition 6.1.

We point out that the definition of the solution u does not depend on the choice of
the sequence of cut-off functions (6™),en given in (6.40). So, let (8"),en be another such
sequence, and, for each n € N, let 4™ be the unique bounded classical solution of (6.21)—(6.24)
with initial condition g”uoh,nl,nl]. As above, the sequence (u"),en converges monotonically

pointwise in [0,400) X R to a nonnegative bounded classical solution u of (6.12)-(6.13) in
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[0,4+00) x R. Furthermore, for every n € N, one has
un<0’ ) = 6nu0|[—nl,nl] < uOl[—nlm,l] = 5n+1u0|[—nl,nl} = an—i—l(O, ')l[—nlml] n [_nla nl]

Since u"! is nonnegative in [0, 4+00) X [—(n+1)l, (n+1)!] and in particular on [0, 4-00)x {£nl},
Proposition 6.23 implies that u" < u" in [0, +00) x [—nl, nl]. The passage to the limit as
n — oo pointwise in [0, +00) X R yields u < @ in [0, +00) x R. The reverse inequality also
holds similarly, hence v = @ in [0, +00) x R.

Consider now the case where vy is periodic, that is, ug(x) = ug(z +1) for all z € R. With
the same notations as above, for every n € N, one has

u™(0,7) = 6" (x)up(z) < 8" (2 4+ Dug(x 4+ 1) = u" (0,2 +1) for all x € [—nl, nl].

Since u"(t,—nl + 1) > 0 and u"*%(t,nl + 1) > 0 for all ¢ > 0, Proposition 6.23 implies
that u"(¢,z) < u"™2(t,z +1) for all (¢,z) € [0, +00) X [—nl, nl], hence u(t, ) < u(t,x +1) for
all (t,z) € [0,4+00) x R. The reverse inequality can be proved similarly. Therefore,

u(t,z) = u(t,z +1) forall (¢,z) € [0,+00) X R.

Let us then show a comparison principle for the solutions constructed above. Consider
any two nonnegative bounded continuous functions uy and vy such that

0 <wug<wvyinR.

For each n € N, let u™ and v™ be the unique bounded classical solutions of (6.21)—(6.24) with
respective initial conditions 0"ug|[—niny and 6"vg|[—ping. The sequences (u™)yen and (v™),en
converge monotonically pointwise in [0, 400) x R to nonnegative bounded classical solutions
w and v of (6.12)—(6.13) in [0, +00) x R. Since for each n € N, one has v"(0,-) < v™(0,-) in
[—nl, nl], Proposition 6.23 yields «" < v™ in [0, 4+00) X [—nl, nl], hence

u<wvin [0,400) x R

at the limit n — +oo.

Finally, let us show the local-in-time continuous dependence of the solutions u with respect
to the initial condition. We actually show more, that is, for each 7" > 0, the map ug — u is
Lipschitz continuous from C*(R) N L>®(R) to C([0,T] x R) N L>(][0,T] x R) equipped with
the sup norms. Consider two functions ug, vo in C(R) N L>*(R), and denote

Uy = MmMax (O,UO — HUO — UOHL‘X’(R)) and ﬂo = Ug + ”'LLO — UOHLOO(R)-
Then, wu, and g are in CT(R) N L>®(R), and 0 < uy < min(ug,vy) < max(ug,vg) < g
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

in R, with [Ty — wgl|rem® < 2||uo — vo||z~m®). For each n € N, let u", v", v" and @"
be the unique bounded classical solutions of (6.21)-(6.24) with respective initial condi-
tions 6" o |[—nini]> 0™Vo|[—nint), 0" Ug|[—nim AN 6™Uo|[—ni g, With the cut-off function 0™ given
in (6.40). The sequences (u")nen, (V")nen, (U")nen and (@"),en converge monotonically
pointwise in [0, +00) X R to some nonnegative bounded classical solutions u, v, u and @
of (6.12)—(6.13) in [0, +00) x R, with respective initial conditions wg, vo, u, and uy. Now, for
each n € N, one has

0< un(o’ ) = 6n@0|[*ﬂl,nl}

min (6" o |[—nini]> 6" V0 |[—ning) < MaxX(6™ o |[—nini)s " V0| [—nini])

<
< 0" |[—nny =T"(0, ) Lo (=i < ||To || oo m)

in [—nl,nl] and |[@"(0,-) — w™(0, )| Lo ((=ntny) < 2||to — Vo|zo(r). From the previous para-

graphs, one has
0 <u" <min(u",v") < max(u”,v") <" < K := max (K1, Ky, ||[Tol| L (r)) (6.46)

in [0, +00) x [—nl, nl]. The function w™ := @" —u" is continuous and nonnegative in [0, +00) X
[—nl,nl] and its restriction to (0, +00)x I, for a patch I of type i € {1, 2} included in (—nl, nl),
is of class C/2((0, +00) x I) and satisfies

ow™ aan a?wn
= d,— (7 £y < . n o
o = Yigge T @t 2) = filw(t.2)) < dimg 5+ Lw™ in (0, +00) x I,

with L := max (|| ] | 1 (0, 7])» ||fé||L°°([o,F])) € [0, +00). Furthermore, the function w™ satisfies
the interface conditions (6.22) and it vanishes on [0,4+00) x {£nl}. On the other hand, the
nonnegative C*°([0, +00) x [—nl, nl]) function (¢,z) — w(t, x) := 2||ug — vo|| Lo ()€™ satisfies
the interface conditions (since it is independent of z) in (6.22) and 22 = Lw = dngT? + Lw
in [0, +00) x I, for each patch I of type i € {1,2}. Lastly,

0 <w"(0,-) =u"(0,-) —u"(0,-) < 2||ug — vo|| oy = W(0,-) in [—nl, nl].
Proposition 6.23 then implies that 0 < @"(t,z) — u"(t,z) = w"(t,z) < w(t,x) for all (t,z) €
[0,400) x [—nl,nl]. By passing to the limit as n — +oo pointwise in [0, 400) X R, one gets

that 0 < w(t,z) — u(t,z) < 2||up — vol perye™, while 0 < u < min(u,v) < max(u,v) <u
in [0, +00) X R by (6.46). As a conclusion,

lu(t,z) — v(t,x)| < 2||lug — vo||Lewe™ for all (t,z) € [0,400) x R, (6.47)

which yields the Lipschitz continuity of the map ug — u from CT(R) N L>®(R) to C([0,T] x
R)N L>([0,T] x R) equipped with the sup norms, for each 7" > 0. As a conclusion, the proof
of Theorem 6.2 is complete. O
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6.4. Existence and uniqueness of a stationary solution

6.4 Existence and uniqueness of a stationary solution

In this section, we focus on the stationary problem (6.17). In Section 6.4.1, we show Theo-
rem 6.3 on the existence and non-existence of a positive periodic bounded solution of (6.17).
Section 6.4.2 is devoted to the proof of Theorem 6.4 on the uniqueness of such a solution.

6.4.1 Existence of solutions: proof of Theorem 6.3

(i) Assume that (6.14) is fulfilled and that 0 is an unstable solution of (6.17), that is, \; < 0,
where Ay is the principal eigenvalue of the eigenvalue problem (6.16), associated with the
principal eigenfunction ¢. Since f(x,-)|; = f; is of class C'(R) for each x € R\ S belonging
to a patch I of type i € {1,2}, there exists ko > 0 small enough such that, for all 0 < k < kg,

flz,ko(z)) > Kko(z) fs(x,0) + %mb(x) for all z € R\ S,

hence k¢ then satisfies

() ()~ [, 56(x)) < —da)nd"(r) ~ RO (2) e, 0)— Fr(r) = Drofa) <0 (649

for all z € R\ S, as well as the interface conditions in (6.17). With M > 0 as in (6.14), we
can then fix k € (0, ko] so that k¢ < M in R. Now, for each n € N, let u" be the unique
bounded classical solution of (6.21)—(6.24) with initial condition u"(0,-) = Md"|(—nny, With
the cut-off function §" given in (6.40). From the proof of Theorem 6.2, the sequence (u™),en
converges monotonically pointwise in [0, +00) x R to a nonnegative bounded classical solution
w of (6.12)-(6.13) in [0, +00) x R, with initial condition M, and wu(t,z) = u(t,z + 1) for all
(t,z) € [0,400) x R. Furthermore, by (6.14), the constant M is a supersolution of (6.21)—
(6.24) in [0, +00) x [—nl, nl] for each n € N, in the sense of Definition 6.22. Proposition 6.23
implies that
u(t,z) < M for all t > 0 and z € [—nl,nl].

In particular, for each h > 0 and n € N, one has u"(h,x) < M = u"™(0,z) for all x €
[—nl, nl], together with u™(t 4+ h,4+nl) = 0 < u" (¢, £nl) for all ¢ > 0. Hence u™(t + h,x) <
u"(t,z) for all t > 0 and = € [—nl, nl], by Proposition 6.23 again. Therefore,

uw(t + h,z) <wu(t,z) forall (¢,z) € [0,+00) X R,

by passing to the limit as n — 400. In other words, the nonnegative continuous function «
is non-increasing in ¢, and, together with the periodicity in space and the Schauder estimates
of Theorem 6.2, there is a continuous periodic solution p : R — [0, M] of (6.17) such that
u(t,-) — p uniformly in R as t — +o0, and u(t,-)|; — p|; in C*(I) for each patch I C R.
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

Finally, since the periodic continuous function x¢ has restrictions of class C%(I) for each patch
I C R and satisfies (6.48) and the interface conditions in (6.17) (it is a subsolution of this
problem), and since K < M = u(0,-) in R, a similar comparison result as in Proposition 6.23
(but adapted here to the case of spatially periodic super- and subsolutions) yields k¢(z) <
u(t,z) for all t > 0 and = € R, hence kp(x) < p(z) for all z € R at the limit ¢ — +00. As
a conclusion, there exists a positive and periodic continuous solution p of (6.17) satisfying
k¢ < p < M in R, that is, Theorem 6.3 (i) is proved.

(ii) Next, in addition to (6.14), we assume that (6.15) holds, that p is a nonnegative
bounded continuous solution to the elliptic problem (6.17), and that 0 is a stable solution
of (6.17), that is, Ay > 0. Let ¢ be the unique positive solution of (6.16). In (6.15), let us
assume that s — fi(s)/s is decreasing with respect to s > 0 (the case when s — f5(s)/s is
decreasing with respect to s > 0 can be handled similarly). We infer that, for every v > 0,

f@,7¢(x) = fi(y(x)) < f1(0)yp(x) = fi(z,0)7¢(x) for all x € (nl — I, nl) and n € Z,

while

f(@,79(x) = L(yo(x)) < [0076(x) = fu(x,0)y¢(x) for all @ € (nl,nl + 1) and n € Z.

Hence, for all v > 0,

¢(x) >0, xe(nl—1,nl),

o(x) >0, ze(nl,nl+1y).
(6.49)
Since ¢ is bounded from below by a positive constant (because it is positive, periodic and

A1y
—dyyd" (x) = fa(v9 (7)) > —dpyd"(z) — f(0)yp(x) = A1y

{_dlvcb”(x)—fl(wﬁ(w)) > —diy¢"(2) = f1(0)79(2)

continuous), and since p is bounded, one can define
v =inf {y>0,7¢ > pin R} €0, +00).

Our goal is to show that v* = 0. Assume by way of contradiction that v* > 0, and set
z := v*¢ — p. Then z > 0 in R and there exists a sequence (Z,,)men in R such that
2(xm) — 0 as m — +oo. Moreover, z satisfies

—d12"(x) — b(z)z(x) > 0, x € (nl —Iy,nl),
—dy2"(z) — b(z)z(x) > 0, z € (nl,nl +1y), (6.50)
2(x7) = z(xT), Z(x7) =02 (zT), x=nl, '

) = z(z7)
2(x7) = z(xT), o2 (x7) =2 (at), x=nl+l,

for some bounded function b defined in R\ S.

Assume at first that up to a subsequence, x,, — ¥ € R as m — +o0o. By continuity of ¢
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and p, one has z(z) = 0. We distinguish two cases. Assume first that z € R\S. It is easily
seen from the strong elliptic maximum principle and the Hopf lemma, applied by induction
from one patch to an adjacent one, that z = 0 in R. This is a contradiction with the strict
inequality in the first line of (6.50). Thus, z > 0 in R\S and z € S, hence the Hopf lemma
yields 2/(z7) < 0 and 2/(z*) > 0, contradicting the interface condition in (6.50).

In the general case, let z,, € (—l,ls] be such that z,, — Z,, € [Z. Then up to some
subsequence, one can assume that there is 7, € [—[y, 3] such that z,, = T, as m — +o0.
Set zm = Y Om — Pm = V'O — Pm, Where ¢, (2) == o(x + 2, — Tp) = ¢(x) and py,(z) =
p(z 4y, —Z,y). Since d(z) and f(z, ) are periodic in z, one then infers from (6.17) and (6.49)
that each function z,, satisfies

—d12l (z) — fi(v*o(x)) + filpm(x)) >0, x € (nl—1i,nl),
—dazy,(x) = fo(V'0(2)) + falpm(x)) 2 0, @ € (nl,nl + o),
Zm(x7) = zp(ah), 2 (27) =02l (zF), x=nl,

(7)) = zp(a), ozl (x7) =20 (¢T), x=nl+ls.

From standard elliptic estimates, it follows that up to some subsequence, the sequences
(Pm)men and (zp, )men converge as m — 400 to some functions pe, and z., locally uniformly
in R, and in C?(I) for each patch I C R, with z,, = 7*¢ — ps and

—di25,(z) = (7" 0(x)) + filpeo(z)) 2 0, @ € (nl — by, nl),

(o) = RO + Flpn@) 20, € (lnlh) o
Zoo(T7) = 2oo(xT), 2L (27) =02l (), x=nl,

Zoo(T7) = 2oo(xT), 02l (x7) =20 (zF), x=nl+1l.

Moreover, z5, > 0 in R, 25,(Z) = 0, and the first inequality in (6.51) is actually strict from
the strict sign in the first line of (6.49) applied with v* > 0, and from the periodicity of ¢.
From similar lines as above, one reaches a contradiction by using the strong elliptic maximum
principle and the Hopf lemma together with the interface conditions in (6.51).
Consequently, v* = 0, whence p = 0. This completes the proof of Theorem 6.3. O

6.4.2 Uniqueness of solutions: proof of Theorem 6.4

In order to prove the uniqueness of the positive stationary solution, we show the following
crucial property.

Proposition 6.13. Assume (6.14) and that 0 is an unstable solution of (6.17) (i.e., Ay < 0).
Let p be a bounded nonnegative continuous solution of the stationary problem (6.17). Then,
either p=10 in R, orinfgp > 0.
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Note that Proposition 6.13 also holds in particular in the class of periodic solutions.
However, we look in Theorem 6.4 at the uniqueness within a more general class of functions
which are not assumed to be a priori periodic. Proposition 6.13, which implies that any
positive solution of (6.17) is in fact bounded from below by a positive constant, will be the
essence in proving uniqueness under the additional assumption (6.15).

We prove Proposition 6.13 via a series of lemmas. First of all, for any R > 0 and
y € R, we claim that there exist a unique real number (principal eigenvalue) A% and a
unique nonnegative continuous and piecewise smooth function (principal eigenfunction) ¢%
n [—R, R] satisfying

—d(z +y)(pg)"(z) — fi(z +y,0)pp(x) = Agpp(z), =z € (=R, R)\(S—y),
Pr(x7) = Pr(a®), (¥r)(x7) = o(eR) (=), r=nl—y€(-RR),
Pr(7) = @p(a™), o(pr)(27) = (¢f) (@), r=nl+1l;—y€(—R,R),
©% >0in (=R, R), ¢%(£R) =0, ||¢%]|re(—rr) = 1.
(6.52)

We sketch the proof below. For convenience, we denote by J; and K, the finitely many
shifted (by —y) patches of type 1 and of type 2 in (—R, R) so that

(~R,R)\ (UJ)U(LTJKT)

The functions d(- +y) and fs(- +y,0) are now constant in each patch Js or K,.. Consider the
Hilbert space H = H}(—R, R) and the Banach space

G ={ue C([-R.R) : uly; € C\(T.). ulge- € C'(Ky), u(R) = 0},

equipped with the norms

1
lulle = \/ZHu\IH1 s+ 2l

_ \/Z/J (Juw? + u2) +Z%/K (J'? + u2) > min (1,%>||u||H1(_R7R),
1
lulle = > llulleram + D 7 lulerg,

¢

Set
A == max (f1(0), f3(0)) + 1. (6.53)
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6.4. Existence and uniqueness of a stationary solution

For g € G, let us solve the following problem

u<x—> - u<x+>, u <x > —ou(z*), w=nl-y€ (R R), 65
w(z™) =u(z™), ou'(xz7) =/ (zT), r=nl+1ls—y € (—R,R), '
u(£R) =0,
first in the weak sense: that is, we look for a solution v € H such that
B(u,z) = (g, z) for all z € H, (6.55)

where the bilinear form B is defined by
!/ / 1 !/ !
B(u,z) = Z/ (di'2" + (A= f1(0))uz) + ) E/ (dot'z" + (A — f5(0))uz),  (6.56)

and .
:ZS:/Jng—i—ZT:E/KT.gz.

Clearly, the map z + (g, z) is continuous in H, and B is continuous in H x H. Moreover, it
is easily seen that, for any v € H,

B(u,u) Z/ d1 + (A — f,(0 +Z / dz + (A — f2<)>)

> min (dy, do, 1) ||ul|7,

whence B is coercive. The Lax-Milgram theorem yields the existence of a unique u € H
(hence, wu is continuous in [— R, R], by identifying u with its unique continuous representative,
and u(+£R)=0) satisfying (6.55), and ||u||g1(—r,r) < C1]|g||L2(—r,r) for a positive constant C,
only depending on d; » and k. Thus,

< C _ < C!
[r_nlgﬁ] lu| < QHQHLQ( R,R) = sllg9lla

for some positive constants (5 and C3 only depending on d; s, k, and R. Furthermore,
owing to the definitions of B in (6.56) and of ¢ in (6.11), the function u has restrictions
in Z belonging to H*(Z) for each patch Z of the type Js or K, in (—R, R)\(S — y) and u
satisfies the equations and the interface conditions in (6.54). In particular, —d;u” + (A —
f1(0))u = g in L*(Z) for each patch Z of the type J, or K, in (=R, R)\ (S — y), hence
maxze(u, 1, (k) [ulz |2 < Callgllr2—r,g) for a positive constant Cy only depending on
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

dy1 2, k and f{,(0), and then ulz in C*(Z) and

N < C!
e max  (maxfulr]) < Gsllglle
for a positive constant Cs only depending on d; 5, k, R and fj,(0). Notice in particular that
u then belongs to G. Using again the equations satisfied by uw and the fact that u necessarily
has an interior critical (with vanishing derivative) point in (—R, R) thanks to (6.54), it follows
that u|z € C3(Z) for each patch Z of the type J, or K, in (—R, R)\(S — y) and

4 = <
reomax  Nulzlosa < Csllglle

for a positive constant Cs only depending on dy 2, k, R and f,(0).

The mapping T: g € G +— Tg := u € G is obviously linear. The previous estimates and
the Arzela-Ascoli theorem yield the compactness of T. Let now K be the cone £ = {u €
G :u>0in [-R, R]}. Its interior K is not empty, and K N (—=K) = {0}. We claim that, if
g € K\{0}, then v € K. Indeed, by using z := u~ = max(—u,0) € H in (6.55) one has

-3 [ RO -3 (00 - SO0 ) =0 20

hence u~ = 0, that is, v > 0 in [— R, R]. By finitely many applications of the strong elliptic
maximum principle and the Hopf lemma, together with the fact that g >z 0, one concludes
that v > 0 in (=R, R) and that «'(—R) > 0 and «/(R) < 0. Therefore, T(K\{0}) C
K. From the Krein-Rutman theory, there exist a unique positive real number )\y and a
unique function ¢% € K such that \! YTo% = ¢f and, say, [|¢%|lpe—rr = 1. Hence, ¢¥% is
continuous in [~ R, R], of class C3(Z) (and then C*(Z) by induction) for each patch Z of the
type Js or K in (=R, R)\(S — y), and

—d(x +y)(h)"(x) = f(x +,0)%(x) + Aph(x) = Npph(x), @ € (=R, R)\(S —y),
Pr(z7) = Pr(z"), (PR)(27) = oleg)'(z7), z=nl-y€ (=R R),
Pr(x™) = ep(a™), olep)(x7) = (¥r) ("), r=nl+ly—y € (R, R),
pr > 0in (=R, R), pp(£R) =0, ([¢gllr~-rr = 1.

Therefore, A% := A% — A > —A = — max (f1(0), £5(0)) — 1 is the first eigenvalue of (6.52)
associated with a unique continuous function ¢¥% in [—R, R] that is positive in (—R, R) and
of class C*®(Z) for each patch T of the type J, or K, in (—R, R)\(S — y). Furthermore, for
each R > 0, the interval (—R, R) contains at least a patch Z of the type J; or K of length
larger than or equal to ¢g := min(ly, 3, R), hence \% < max(—f](0) + di7?/(%, —f5(0) +
dym?/0%,) from the positivity of ¢% in Z. As a consequence, for each R > 0, there is a
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6.4. Existence and uniqueness of a stationary solution

constant Ng such that
|Xy,| +|A%| < Ng for every R > R and y € R.

Since both A% and ¢¥, are unique, the aforementioned estimates and compactness arguments
imply that, for each R > 0, the maps y — A% and y — ¢% are continuous in R (the continuity
of y — % is understood in the sense of the uniform topology in [—R, R]). Note also that
since d and f are periodic in z, it follows that A% and ¢¥ are periodic with respect to y as
well.

Similarly, for each y € R, there exist a unique principal eigenvalue \Y and a unique
principal eigenfunction ¢? of the periodic problem

—d(w + () (2) = oo+ ,000"(x) = N¥(@), € R\(S — )
(@) = (), ()(7) = o)), v =nl -y, 657
(@) = '), (@) () = (@) (), v=nl+h—y,

@Y is periodic, ¢¥ > 0in R, ||¢Y||Lem) = 1,

where ¢V is continuous in R and ¢¥|7 is of class C*°(Z) for each shifted patch Z C R\ (S — ).
First of all, it is straightforward to observe:

Lemma 6.14. The principal eigenvalue NV of (6.57) does not depend on y, that is, \V =
A=\, for all y € R, where \; is the principal eigenvalue of the eigenvalue problem (6.16).

Proof. Setting ¢(x) := ¢Y(x — y) for x € R, the function ¢ satisfies

d(x)¢"(x) = fo(z,0)p(x) = No(x),  x€R\S,
¢(x7) = ¢(z"), ¢'(z7) = o¢/(a™), r = nl,
(

—
b(z7) = 6(a"), 0d/(x7) = #(a*),  w=nl+l,

¢ is periodic, ¢ > 0 in R, ||@|| peom) = 1.
By uniqueness of the principal eigenvalue, one then has \Y = A\ = \,. O
The second lemma provides a comparison between A% and A;.
Lemma 6.15. For ally € R and R > 0, one has A}, > A;.

Proof. Fix any y € R and R > 0, and assume by way of contradiction that A% < \;. Notice
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

that the continuous function (% satisfies

—d(z+y)(¢r)"— fs(2+y, 0)pr—App=(Ag—A)eR, I (=R, R\(S —y),
Pr(r7) = ep(eT), (PR)(x7) = o(eR) (=), z=nl—ye (=R R),
Pr(r7) = ep(zh), oler)(z7) = (¢R) (=), r=nl+l—ye (=R R)

v > 0in (=R, R), ©r(£R) =0, |l¢glle-rr) =1,
(6.58)
while the continuous solution ¢¥ = ¢(- + y) of (6.57) satisfies

—d(z +y)(¢¥)" — fo(x +y,0)¢Y — A\i¢? =0, in (=R, R)\(S —y),
¢U(x7) = ¢¥(z"), (¢¥)(z7) = o(¢¥)(z"), a=nl-ye (R R),
¢Y(x7) = ¢¥(a"), o(¢¥)(27) = (¢¥)'(27), x=nl+la—y€ (=R R),
o >0, in [-R, R],

where ¢ is the principal eigenfunction of (6.16). Therefore, ¢¥ > k% in [—R, R] for all K > 0
small enough. Define

K* = sup {/f >0:¢Y > ke in [—R, R]} € (0, 400).

By continuity, ¢¥ > k*¢% in [—R, R] and there exists o € [—R, R] such that ¢¥(zy) =
K*p%(x). But since ¢¥ > 0 in [—R, R] and ¢%(£R) = 0, one infers that o € (—R, R). On
the other hand, the function x*¢% satisfies (6.58), hence

—d(z +y) (K" ¢%)" — fs(x+y,0)k"0h — M"Y < 0in (=R, R)\(S — ),

thanks to the assumption A% < A;. It then follows from finitely many applications of the
strong elliptic maximum principle and the Hopf lemma that x*¢% = ¢Y in (—R, R) and
then in [—R, R] by continuity, a contradiction with the boundary conditions at x = +R.
Consequently, A% > A\, for all y € R and R > 0. n

For any two positive real numbers R, < Rj, by replacing A%, with A% and A, with A
in the above proof, and by noticing that %, > 0 in [~Ry, R], a similar argument as that of
Lemma 6.15 implies that A% > A} . That is,

Lemma 6.16. For all y € R, the function R~ XY is decreasing in R > 0.

The last result before the proof of Proposition 6.13 is the following convergence result.
Lemma 6.17. One has img_, o A% = Ay uniformly in y € R.
Proof. First of all, from Lemma 6.16 and the periodicity and continuity with respect to y, it

is sufficient to show that A% — A\; as R — 400 for each y € R, from Dini’s theorem. So let
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6.4. Existence and uniqueness of a stationary solution

us fix y € R in the proof. For R > 0, consider the elliptic operator L%u := —d(z + y)u” —
fs(z + y,0)u with domain

Er={¢ € Hy(—R,R) : 9|z € H*(T) for all Z, and 1 satisfies the interface conditions in (6.52) },

where Z is any patch of the type Js or K, in (=R, R)\ (S — y). Note in particular that the
principal eigenfunction ¢% of (6.52) belongs to Er\{0}. Owing to (6.11), the operator LY is
symmetric with respect to the inner product

1 2
(u,v)R:ZS:[]Suv+§T:E/Tuv, u,v € L*(—R, R).

Therefore, one has the following variational formula for \%:

. B, Y) — MY, d)r (LR )R
A% = min ’ ’ = min SR TE 6.59
e S TR oo () (0:39)
with A and B as in (6.53) and (6.56). It is easy to see that one can choose a family of C*(R)

functions (x%)r>2, such that supps, [|X%/lc2®) < 400 and, for each R > 2,

Z’Ifz(x): forallz € [-R+1,R —1],
Xh(x) = for all z € (—o0, —R] U [R, +00),
(x ?]{3)’(3:): forall z € S —y,
0< XR <1 inR.

Let ¢ be the solution of (6.57). The function ¢}, := ¢¥x% belongs to Ex\{0} and

<£%¢%7¢%>R _ <£3]J?¢y7 ¢y>R—1 + DR _ )\1 <¢y7 ¢y>R—1 + DR
<¢%7 ¢%>R <w%7 Q/}?J{E>R <¢%7 ¢%>R

from Lemma 6.14, where

Dp = (LRYg, V)R — (LRY, ¢Y) R
= Z/ ) (0'xR)" (0" x%) — fo(- +y,0)(¢"x%)

2% /~ —d(- + 9)(¢"xR)"(@"xk) — fi(- +v,0)(¢"XR)",

and J, and K, stand for the patches of type 1 and 2 in (( R,—R+1)U(R—1, R\ (S—y),
that is, ((-R,—R+ 1)U (R—1,R))\ (S —y) = (Us J,) U (U, K,). Since ¢ is periodic
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

and ¢¥|z € C%(Z) (and even C*(Z)) for each patch Z C R\ (S —y), the quantities 1Y |zl o2z
are bounded independently of Z. Since supgs, ||x%|lc2®) < 400, it follows that there exists
C > 0 such that |Dg| < C for all R > 2. Likewise, one also has

sup ’<¢Iy{7 w?D)R - <¢y7 ¢y>R71’ < +00.

R>2
On the other hand, since ¢Y is continuous, positive and periodic, there exists o > 0 such that
@Y > 6 > 0in R, hence (¢¥, #¥)r_1 > 2min(1,1/k)é*(R — 1) and

<¢g1{27 w%)R

— 2 s 1as R— +oo.

<¢y7 ¢y>R71

Using the estimates above, one gets that

Yoy Y
—<£R1/)R’¢R>R — A\ as R — +o0,

<¢§/%7 ¢%>R
and, together with (6.59) and Lemma 6.15, it follows that A% — A; as R — +o0o. As already
emphasized, this provides the desired conclusion. n

Now we are in a position to give the proof of Proposition 6.13.

Proof of Proposition 6.13. Assume (6.14) and A; < 0. Let p be a continuous nonnegative
bounded solution of the stationary problem (6.17), with p|; € C?(I) for each patch I in R.
Assume that p # 0. By an immediate induction, the strong maximum principle and the Hopf
lemma then imply that p > 0 in R. Now, from Lemma 6.17, there is R > 0 such that

A
VyeR, N, < 51 <0, (6.60)

where (A%, ¢¥%) denotes the eigenpair of (6.52). From (6.14), one can choose ro > 0 small

enough such that, for all 0 < kK < kg and y € R,

f(@+y, k%) > fo(x +y,0)rp%h(z) + %wi(l’) for all x € [-R, R]\(S —y). (6.61)

For each y € R, the function p¥ := p(- + y) satisfies
—d(z +y)(p")"(z) = f(z +y,p(2)), z€R\(S—y),
o

pY(x7) = pU(x"), (p")(a7) = zt), w=mnl—y, (6.62)
p'(x7) = p¥(x"), o(p?)' (2~ zt), x=nl+1l—y,

SN—
I
~
=3
< <
S~— N—
< <~
—~~
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6.4. Existence and uniqueness of a stationary solution

while, for each k € (0, ko], the continuous function k¢?¥, satisfies

—d(z +y)r(pR)"(x) — fi(z +y,0)rpg(z) = Agkpp(z), in (=R, R)\(S —y),

rep(e7) = keR(a™), Klpg) (27) = or(pR) (@), v=nl—yec(-RR),

rpl(27) = keR(a™), or(@R) (27) = K(ph) (=), r=nl+ly—y € (R, R),
ke > 01in (=R, R), kp%h(£R) =

e

(6.63)
It then follows from (6.60)—(6.61) that, for each k € (0, ko] and y € R,

Ayl () - fo+y, moh(@) S (M T ) k() <O for € (<R, R)\(S—y)
(6.64)

Let us finally consider any y € R and prove that p¥ > kop% in [-R, R]. Assuming not
and using the continuity and positivity of p¥ and the continuity of ¢%, one can then define

k" =sup{k € (0, ko] : p¥ > kp% in [-R, R]} € (0, ko)

and one has p¥ > k*¢% in [—R, R] with equality at a point zy € [-R, R]. Since p¥ > 0
in R and ¢%(+R) = 0, there holds zy € (—R,R). From (6.62)—(6.64) and finitely many
applications of the strong maximum principle and the Hopf lemma, one gets that p¥ = k*p%
n (=R, R) and then in [—R, R] by continuity, a contradiction with the boundary conditions
at © = £R. As a consequence, p¥ > kop% in [—R, R].

Thus, p(y) = p¥(0) > kep%(0) for all y € R. Since the function y — ko (0) is periodic,
continuous and positive, one concludes that infg p > 0. O

Proof of Theorem 6.4. Assume that f satisfies (6.14)—(6.15) and that A\; < 0. Let ¢ and p be
two positive bounded solutions of (6.17) (in the sense that ¢ and p are continuous in R and
have restrictions in I of class C%([I) for each patch I C R). Applying Proposition 6.13, there
exists € > 0 such that ¢ > ¢ and p > ¢ in R. One can then define the positive real number

v =sup{y>0:q>~ypin R} € (0, +00).

We shall prove that v* > 1, which will easily yield the conclusion by interchanging the roles
of p and ¢q. Assume by way of contradiction that v* < 1, and set z := ¢ — v*p > 0. From
the definition of v*, there exists a sequence (z,,)men such that z(z,,) — 0 as m — +oo.
Moreover, the nonnegative function z is continuous in R, has restrictions in I of class C?(I)
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

for each patch I C R, and it satisfies

—d(x)2"(x) — f(z,q(x)) + 7" f(z,p(x)) =0, = €R\S,
2(x7) = z(xT), Z(x7) =02 (xT), r =nl, (6.65)
2(z7) = z(xT), o (x7) =2/ (aT), r =nl+ls.

As in the proof of Theorem 6.3, let us assume in (6.15) that s — fi(s)/s is decreasing with
respect to s > 0 (the case when s — f5(s)/s is decreasing with respect to s > 0 can be
handled similarly). Since v* € (0,1) and p is positive in R, one then has v*f(z,p(x)) =
v filp(x)) < filv*p(z)) = f(z,v*p(x)) for x € (nl — 1, nl) and n € Z, while v* f(z, p(z)) =
v fo(p(x)) < fo(v*p(x)) = f(x,v*p(2)) for x € (nl,nl+ 1) and n € Z. Hence, (6.65) implies
that
{—dlz"(l‘) — fila(@)) + H1(¥'p(x)) > 0, x € (nl — Iy, nl),
—do2"(x) — falq(x)) + f2(v"p(x)) > 0, x € (nl,nl + l2).

Therefore, z satisfies a problem of the type (6.50) for some bounded function b defined in R\S.
Hence, as in the proof of Theorem 6.3, if x,, - ¥ € R up to extraction of a subsequence,
one gets a contradiction by using the strong maximum principle and the Hopf lemma. In
the general case, let T,,, € (=1, 3] be such that z,,, — T, € IZ, and let T, € [—11, 3] be such
that T,,, — T as m — 400, up to extraction of some subsequence. Next, set z,, = ¢n—7"Pm,
where ¢, (x) :== q¢(z + z,, — Tp) and pp(x) = p(x + T, — Tpy). Since d(x) and f(x,u) are
periodic with respect to x, it follows from (6.65) that the functions z,,’s satisfy

|
U
—
a¥
N
I
N
|
=
8
=

m(®)) + 7" f (2, pm(2)) =0 2 € R\S,
y=o0z (), x =nl,

=zm(z"), ozl (x7) =2 (z1), x=nl+ls.

zh), (e

The sequences of continuous functions (¢, )men and (pm)men are bounded in L>*°(R), and
then in C%¥(I) for each v € (0,1) and each patch I C R from standard elliptic estimates.
Thus, there exist three continuous functions g, > €, Poo > € and 2o = ¢oo — Y Poo > 0 such
that, up to extraction of some subsequence, (¢ |7, Pml, 2ml1) = (G|, Poolls 200lr) in C*(1)
as m — —+oo for each patch I C R. Furthermore,

—d(2)25,(7) = f(2, ¢ (7)) + 7" f(2,p0(2)) =0, z € R\S,
(x

. )y 2o = o (at), £ =1,
Zoo (T

[e.e]

Zoo(xT),
Zoo(xT), 02l (x7) = 2L (a™), x=nl+ I,

_) —
_) —_
and z,, > 0 in R with 2z, (Zo) = 0. Using the positivity of p., and the same argument as for

problem (6.65) above, one reaches a contradiction.
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Consequently, v* > 1, whence ¢ > p in R. By interchanging the roles of ¢ and p, one
also gets p > ¢ in R. The uniqueness is therefore obtained. Furthermore, if p is a positive
solution of (6.17), so is the function x — p(x +1). This implies that p is periodic. The proof
of Theorem 6.4 is thereby complete. [

6.5 Long-time behavior: proof of Theorem 6.5

This section is devoted to the proof of Theorem 6.5 on the large-time behavior of the solutions
of the evolution problem (6.12)—(6.13).

Proof of Theorem 6.5. Assume that f satisfies (6.14)—(6.15). Let u be the solution, given
in Theorem 6.2, of the Cauchy problem (6.12)—(6.13) with a nonnegative, bounded and
continuous initial datum ug # 0. We know from Theorem 6.2 that u is continuous in [0, +00) X
R and positive in (0, +00) x R.

(i) Assume that 0 is an unstable solution of (6.17), that is, \; < 0, and let p be the unique
positive bounded and periodic solution of (6.17) given by Theorem 6.3 (i) and Theorem 6.4.
The function p is continuous in R and has restriction in I of class C?*(I) for each patch
I C R. With the notations of Section 6.4.2 and from Lemma 6.17, one can fix R > 0 large
enough so that A% < A\;/2 < 0 and (6.63)—(6.64) hold with y = 0 for all x > 0 small enough,
where (A%, %) denotes the unique eigenpair solving (6.52) with y = 0:

—d(x)(pR)"(x) — fs(x,0)pR(z) = \pph(), z € (=R, R)\S,
pr(@™) = ("), (PR)(x7) = a(pp) (), x=nl € (R, R),
Pr(r7) = or(ah), o(eR) (@) = (¢) (=), z=nl+1l € (—R,R),
P >0in (=R, R), R(£R) =0, [[¢gllr=rr) =1

From the continuity and positivity of p and u(1,-) in R, one can fix k > 0 small enough so
that (6.63)—(6.64) hold with y = 0, together with x¢% < p and k% < u(1,-) in [-R, R).
Define now a function vy in R by

kp%(z) for z € [-R, R,
0 for € R\[-R, R].

The function vy is nonnegative, continuous and bounded in R, with vg # 0 in R. Let v be the
solution of the Cauchy problem (6.12)—(6.13) with initial datum vy, given by Theorem 6.2. For
each n € N, let v™ (respectively u™) be the unique bounded classical solution of (6.21)—(6.24)
with initial condition v™(0, ) = §"vo|[—niny (respectively u"(0,-) = 0™ug|[—niny), With the cut-
off function §™ given in (6.40). From Theorem 6.2, the sequence (v™),en (respectively (u™),en)
converges monotonically pointwise in [0, +0c0) x R to the function v (respectively u). For
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

cach n € N, there holds 0 < v"(0,-) < vy < p in [—nl,nl], hence 0 < v™(t,z) < p(x) for all
(t,x) € [0, +00) X [—nl,nl] by Proposition 6.23, and

0 <w(t,x) <p(x) forall (¢,z) € [0,+00) xR

by passing to the limit n — 400 (actually, we also know from Theorem 6.2 that v > 0 in
(0, +00) x R). Furthermore, for each n > R/l + 1, since v"(t,£R) > 0 for all ¢ > 0 and since

V™ (0,)|-r,m = 8" Vol = Vol[-r,R] = KPR
with r¢}, satisfying (6.63)—(6.64), Proposition 6.23 again implies that
V™ (t, 1) > kpR(x) for all (t,2) € [0, +00) x [-R, R].

Together with the nonnegativity of v™ in [0,400) x [—nl,nl] and the definition of vy, this
yields
v"(h,x) > vo(z) > v"(0,2) for all z € [—nl,nl] and h > 0,

hence v"(t + h,x) > v™(t,x) for all (t,z) € [0,400) X [—nl,nl] and h > 0, and finally
v(t 4+ h,x) > v(t,z) for all (t,x) € [0,400) x R and h > 0. Therefore, the function v is
non-decreasing in ¢. Since it is positive in (0, +o00) and since v(t,z) < p(z) for all (t,x) €
[0, 4+00) x R, the Schauder estimates of Theorem 6.2 yield the existence of a positive bounded
solution ¢ of (6.17) such that v(t,-) — g as t — 400 locally uniformly in R and v(t,-)|; — ¢|7
as t — +oo in C2(I) for each patch I C R. It follows from Theorem 6.4 that ¢ = p in R. In
other words,

v(t, ) TP locally uniformly in R and v(t, ')|jt—+) p|r in C2(I) for each patch I CR.
—+00 —+00
(6.66)

On the other hand, since the continuous functions x¢% and u(1,-) satisfy xe% < u(1,-)
in [—R, R] and since u"(1,-) — u(1,-) locally uniformly in R as n — +oo, there is ny >
R/l such that kp%(z) < w"(1,z) for all z € [—R, R] and for all n > ng. Since u™ > 0
in [0, +00) x [—nl,nl], it follows that v"(0,z) < vo(z) < u™(1,x) for all x € [—nl,nl] and for
all n > ng, hence v"(t,z) < u™(t+ 1, ) for all (¢,x) € [0, +00) x [—nl, nl| and for all n > ny,
by Proposition 6.23. Therefore,

v(t,z) <wu(t+ 1,2) for all (¢,x) € [0,+00) x R. (6.67)
Lastly, define M; := max(M, ||ug||ge®)) With M > 0 as in (6.14). As in the proof of

Theorem 6.3 (i), the solution w (given by Theorem 6.2) of the Cauchy problem (6.12)—(6.13)
with initial datum M;, is non-increasing in ¢, periodic in x, and converges as t — 400
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uniformly in R to a nonnegative periodic bounded solution p of (6.17). Furthermore,
0 <u(t,r) <w(t,x) forall (t,x) € [0,+00) x R (6.68)

by Theorem 6.2. Together with (6.66)—(6.67), one infers that p > p (> 0) in R, and then
p = p by Theorem 6.4. Since v(t,z) < u(t+1,z) < w(t+ 1,2) for all (t,z) € [0, +00) X R,
one then concludes that u(t,-) — p as t — 400 locally uniformly in R, and together with the
Schauder estimates of Theorem 6.2, that u(t,-)|; — p|; as t — +o0o in C?(I) for each patch
I CR.

(ii) Let us now assume that 0 is a stable solution of (6.17), that is, \; > 0. By defining
w and p as in the previous paragraph (the definitions of w and p did not use the stability
properties of 0), Theorem 6.3 (ii) then yields p = 0 in R. Together with (6.68) and the
uniform convergence w(t,-) — p = 0 in R as ¢ — 400, one concludes that u(t,-) — 0 as
t — 400 uniformly in R. The proof of Theorem 6.5 is thereby complete. [

An immediate corollary of Theorem 6.5, which will be used in the proofs of Theorems 6.6
and 6.8 in Section 6.6, is the following result.

Corollary 6.18. Assume that f satisfies (6.14)—(6.15) and that 0 is an unstable solution
of (6.17) (i.e., Ay <0). Let p be the unique positive bounded and periodic solution of (6.17)
given by Theorem 6.3 (i) and Theorem 6.4. Let u denote the solution of the Cauchy problem
(6.12)—(6.13) with a nonnegative bounded and continuous initial datum wy # 0. If ug is
periodic, then u(t,-) — p as t — +oo uniformly in R.

Proof. We already know from Theorem 6.2 that, for each ¢ > 0, the function = — (¢, x) is

periodic. Since u(t,-) — p as t — 400 locally uniformly in R by Theorem 6.5, the conclusion
follows. 0

6.6 Spreading speeds and periodic traveling waves: proofs
of Theorems 6.6 and 6.8

This section is devoted to the study of the spatial dynamics of the problem (6.12)—(6.13). We
will prove the existence of an asymptotic spreading speed ¢*, which can be given explicitly
by a variational formula using principal eigenvalues of certain linear operators. Moreover,
the spreading speed coincides with the minimal speed for pulsating traveling waves. The
main approach is based on the abstract dynamical systems theory for monostable evolution
systems established in the seminal work in [155] and further developed in [113, 114].
Hereafter we assume that the 0 solution of (6.17) is unstable (i.e., Ay < 0) and that f
satisfies (6.14)—(6.15). By Theorem 6.3 (i) and Theorem 6.4, there exists a unique positive
bounded periodic solution p of (6.17). We point out that, with these hypotheses, populations
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

starting with any bounded nonnegative and non-trivial initial condition always persist, by
Theorem 6.5. Using the notations of [114, Section 5|, we define H =R, H =1Z, X =Y =R,
f = pand M = C,, with C, given in (6.20). We also define a family of maps {Q;}:+>o in C,
by

Qr(w)(z) = u(t,z;w) for w € Cp, t > 0, and = € R, (6.69)

where (t,z) — u(t, z;w) denotes the classical solution to the Cauchy problem (6.12)—(6.13)
with initial condition u(0,-;w) = w € C,, given by Theorem 6.2. In particular, Qp(w) = w
for every w € C,, and Q;(0) = 0 for every ¢ > 0. Furthermore, since the continuous positive
function p solves (6.17) and since u(t,-;p) is periodic for every t > 0 by Theorem 6.2, it
follows with similar arguments as in Proposition 6.23 (but this time in the class of periodic
solutions) that u(t, -; p) = p for each ¢ > 0, that is, Q;(p) = p. Theorem 6.2 then implies that
u(t,;w) € C, for every w € C, and ¢t > 0. In other words, for every ¢t > 0, Q¢ maps C, into
itself.

We recall that a family of maps {Q;}+>o from C, into itself is said to be a semiflow in C,
if it satisfies the following properties:

(1) Qo(w) =w for all w € Cp;
(2) Qn(Qy(w)) = Qpy41,(w) for all t1,t5 > 0 and for all w € Cp;

(3) the map (t,w) — @Q:(w) is continuous from [0, +00) xC, into C,, with C, equipped with the
compact open topology, that is, Q;, (w;,) — Q¢(w) as m — +oo locally uniformly in R if
tm — t and w,, — w locally uniformly in R as m — 400, with (t,,, wn,) € [0, +00) X C,.

We also say that {Q;}+>0 is monotone in C, if, for every ¢t > 0, Q¢(w) > Q:(w’) in R provided
w > w in R, with w,w’ € C,. Lastly, {Q:}+>0 is called subhomogeneous if yQ;(w) < Q¢(yw)
in R for every t > 0, v € [0, 1], and w € C,.

The following proposition summarizes the properties of the family {Q; };+>0 defined in (6.69).

Proposition 6.19. The family {Q+}+>0 defined in (6.69) is a monotone and subhomogeneous
semiflow in C,. Furthermore, for every w € C,, a € lZ, t > 0 and x € R, there holds

Qi(w(- + a))(z) = Qu(w)(x + a).

Proof. First of all, the property Qy(w) = w is already known by definition, and the mono-
tonicity of {Q;}+>0 follows from Theorem 6.2.

For the proof of the other properties, we consider a sequence (6"),en of continuous cut-off
functions satisfying (6.40). Throughout the proof, for any w € C, and n € N, we denote
by (t,z) — u"(t, x;w) the unique continuous solution of the truncated problem (6.21)-(6.24)
in [0, +00) x [—nl,nl] with initial condition u™(0,;w) = §"wW|—piny. We know from the
proof of Theorem 6.2 that, for each (¢,z) € [0,400) x R, the sequence (u"(t,%;w))n>|z|/
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is nonnegative, nondecreasing and converges to u(t,z;w) (and the convergence holds locally
uniformly with respect to (t,z) € [0,+00) x R).

Let us first show that Qy, (Qy, (w)) = Q4+, (w) for all ¢1,t5 > 0 and for all w € C,. The
conclusion holds trivially when ¢; or ¢, is equal to 0, or when w = 0 in R. So, let us assume
that ¢4 > 0, to > 0 and w € C, with w # 0 in R. Call wy = u(t2,;w). For each n € N, one
has

u"(to, 7y w) < ults, 7yw) = wo(x) = 8" (2)wa(z) = w0, 5 w,) for all & € [—nl, nl],

and u™(to+t, £nl;w) = 0 < u™ (¢, £nl; w,) for all t > 0. Hence, Proposition 6.23 implies that
u"(te+t, v;w) < u"(t, zywe) for all t > 0 and x € [—nl, nl], hence u(ta+t, v;w) < u(t, v;ws)
for all (t,z) € [0, +00) x R. In particular,

Qo+t (W)(@) < Qp (w2)(7) = Qu, (Qr, (w)) () for all z € R. (6.70)

To show the reverse inequality, consider any n € (0,1) and m € N. Since u"(t3, ;w) —
u(ts, ;w) = wy as n — +oo locally uniformly in R and since the continuous function wy is
positive in R by Theorem 6.2 (we here use w >% 0 in R and the positivity of ¢5), there is an
integer n,,,, > m such that

u" (t, T3 w) > nu(te, v;w) = nwe(z) > u™ (0, z;nws) for all x € [—ml, ml] and n > n, .

while u"(ty + t,+ml;w) > 0 = u™(t, £ml;nwy) for all ¢ > 0. Therefore, Proposition 6.23
implies that

u"(ty +t,xy;w) > u(t, x;5nwe) for all t > 0, x € [—=ml,ml], and n > n,,,,

hence u(ty + t,z;w) > u™(t,x;nwe) for all t > 0 and x € [—ml,ml]. Since m € N was
arbitrary, one gets that u(ty + ¢, x;w) > u(t, z;nws) for all (¢, ) € [0, +00) x R. Lastly, since
from Theorem 6.2 the map 1 — u(ty, -; nws) is continuous from [0, 1] to the set of continuous
bounded functions with the sup norm, one concludes that u(ts + ¢y, z;w) > u(ty, z;wsy) for
all x € R, that is, Q1 (w)(x) > Q (w2)(x) = Q4 (Qr,(w))(z) for all x € R. Together
with (6.70), this yields the desired property Q4+ (w) = Q¢ (@1, (w)) in R.

To show the continuity property, consider any (¢,w) € [0,+00) x C, and any sequence
(tm, Wm)men in [0,400) x C, such that t,, — ¢t and w,, — w locally uniformly in R as
m — +o00. One has to show that u(t,,, -; wy,) — u(t, -;w) locally uniformly in R as m — +o0.
Let T € (0,+00) be such that 0 <t < T and 0 < ¢,, < T for all m € N. Take any A > 0,
and let € > 0 be arbitrary. There is a function @ € C, N C*(R) such that ||@]|camw) < +o0,
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

w' =0 at all points of S, and ||0 — w||L~®) < /2. For m € N, define @,, : R = R by
@y = min (max(@,wm — &), Wm + 5),

that is, () = 0(z) if wp(z) —e < W(x) < wWp(x) + &, On(r) = wy(z) + ¢ if w(x) >
Wi (z) + €, and Wy, (2) = wp(z) — ¢ if O(r) < wy(z) —e. Bach function w,, belongs to C,,
and ||y, — Wi ||Le®) < €. Furthermore, since ||@ — w|[z@®) < €/2 and w,, = w as m — +oo
locally uniformly in R, one infers that, for each compact set K C R, one has

Wl = @l for all m large enough. (6.71)

As [|@]|¢s(r) is finite and 0 < w(t, z;wy,) < p(x) for all (¢,2) € [0,+00) x R and m € N,
standard parabolic estimates yield the existence of a positive constant C'; such that, for each
patch I = (a,b) C R, the functions ¢ — u(t, (a+b)/2;@,,) belong to C*/4([0, +-00)) for all m
large enough, and [[u(-, (@ + b)/2;0m)[|c11/4(j0.400)) < C1- As in the proof of Theorem 6.2,
and using here the fact that @ is bounded in C3(R) and @’ vanishes on 9, it then follows that
there are 6 € (0, 1) and a positive constant Cy such that, for each patch I C R and from the
above estimates applied at the middle points of the leftward and rightward adjacent patches,

the functions u(:, -; Wm)|jo,100)x7 belong to C’tl;f;Q’g([O, +00) x I) and

1, =5 @m0, 400 x Tll 2020 (0 1oy < Co

for all m large enough. Up to extraction of a subsequence, the continuous functions u(-, -; wy,)
converge as m — +oo locally uniformly in [0, +0c0) X R to a continuous function U such that,

for each patch I C R, Uljgsoe)xs € Cry ([0, 400) X 1), U0 400)xllc2:025 (0 400y 1y < Co

and, for every 7 > 0, u(-, s @m)|j0.1x7 = Uljox1 88 m — 400 in C’tl;f([O,T] x I). Notice that
U(0,-) = w from the above limits and (6.71). On the other hand, similarly, there is a positive
constant C] such that, for each patch I = (a,b) C R, the function ¢t — u™(t, (a + b)/2;w)
belongs to C1/4([0, +00)) and [[u" (-, (a4b)/2; @) [ g1.1/4(0 100y < Cf for all n large enough. As
above, there is then a positive constant Cy such that, for each patch I C R, u” (-, ;@)|o 4o0)x1
belongs to C’;f;Q’e([O, +00) x I) and ||u™(-, ;@)
enough. Therefore, for each patch I C R, the restriction to [0, +00) x I of the limit function
u(-, ;@) belongs to Ctl;fﬁ’e([(), +00) x I) and

[07+Oo)XI—HC;,Q:@-,Q,e([O7+OO)X[—) < ) for all n large

Hu(a g (D)|[0,+c>o)><I_Hct1;f§2’9([0,+oo)><f) < Cé

Since u(0, ;@) = & = U(0, -), Proposition 6.25 then implies that u(-, ;@) = U in [0, +00) x R.
Therefore, since the limit of any subsequence of (u(:,;@y,))men is unique, one gets that the
whole sequence (u(-,;@m))men converges locally uniformly in [0, +00) x R to u(-,-;@). In
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particular, there is mg such that

@) —ul, @) < e for all m > my.
[O,T]IB[a—XA,A] |- 5 @0m) —ul(-, s w)| <e forall m > my
Finally, since ||@ —w||pem < /2 and ||@p, —wp|| @) < € for each m, formula (6.47) of
the proof of Theorem 6.2 yields [ju(-, ;@) —u(-, ;W) Leoqorxr) < €€ and |Ju(-, ;@) —
(e, 5 W) || oo (0,1 x) < 22€T, with L= max (|| £ oo o,z1) | foll Loe(ro,57)) and K = max(K1, Ko, [[p| L
One infers that
max |u(, 5 w,) —ul- sw)| < 5(1 + 3€LT>

[0,T]x[—A,4]
for all m > mg. Since € > 0 was arbitrary and u(-, -;w) is continuous in [0, +00) x R, this
shows that u(t,,, -; wm,) — u(t, -;w) uniformly in [—A, A] as m — +o0, leading to the desired
result.

Let us now show that the family {Q:}+>0 is subhomogeneous. So, let us consider any
v € 10,1] and w € C,, and let us show that yQ;(w) < Q(yw) in R for all ¢ > 0. From (6.15),
it follows that, for every n € N, v f(z, u™(t, z;w)) < f(x,yu"(t, x;w)) for all (¢, x) € [0, +00) X
((—nl,nl) \ S), hence yu™(-,-;w) is a subsolution of the problem satisfied by u"(-,-;yw) in
[0,4+00) X [—nl,nl] (with the same initial condition in [—nl, nl]). Proposition 6.23 implies
that yu"(t, z;w) < u"(t,z;qw) for all n € N and (¢,z) € [0,+00) x [—nl,nl], and thus
yu(t, z;w) < u(t, z;yw) for all (t,z) € [0,400) x R, that is, 7Q:(w) < Q(yw) in R for all
t>0.

Finally, consider any w € C, and a € lZ. Set w, = w(- + a). For every n € N and
x € [—nl,nl], one has 6"*19/*1(z + a) = 1, hence

u(0, 13w,) = 6" (z)w(z 4 a) < wlz + a) = 5"V (2 + @)w(z + a) = w0, 2 + a;w).

Furthermore, u”(t, +nl;w,) = 0 < u"Hal/F1(¢ +£nl + a;w) for all t > 0, and the function
[0, +00) x [=nl,nl] > (t,x) = u"H/F(t & + a;w) satisfies the same partial differential
equations as u"(-,-;w,), as well as the same interface conditions, due to the periodicity
of d(x) and f(z,s) with respect to x. Proposition 6.23 then implies that u"(¢,z;w,) <
ur e/ (¢ 2 4 a;w) for all n € N and (¢, 2) € [0, +00) x [—nl, nl], hence

u(t, z;w,) < u(t,x + a;w) for all (¢,z) € [0,4+00) x R.
Since this property is valid for every a € IZ and w € C,, one also gets that
u(t,z+ a;w) = ult,r + a; (wa)—a) < ult, (z+a) — a;w,) = u(t, ;w,)

for every a € IZ, w € C, and (t,z) € [0, +00) x R, and finally u(t, x;w,) = u(t, z + a;w) for
all (t,z) € [0,4+00) x R. This completes the proof of Proposition 6.19. O
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

As a consequence of Theorem 6.2 and Proposition 6.19, we conclude that the solution
maps @ : C, — C, satisfy the following properties:

(E1) for each t > 0, @ is periodic, that is, Q¢(T,(w)) = T,(Q:(w)) for all a € IZ and w € Cp,
where T, is the translation operator defined by T,(0) = W(-+y) for w € C, and y € IZ;

(E2) the set {Q:(C,) :t > 0} C C, is uniformly bounded and, for each t >0, Q; : C, — C, is
continuous;

(E3) for each ¢ > 0, the map @; : C, — C is compact with respect to the compact open
topology (as a consequence of the regularity estimates of Theorem 6.2);

(E4) for each t > 0, @, is order-preserving (i.e., monotone);

(E5) for each t > 0, Q; admits exactly the two periodic fixed points 0 and p in C,: indeed, on
the one hand, one knows that 0 and p are two fixed points; on the other hand, for each
w € C,\{0,p}, one has Q,,1(w) — p locally uniformly in R as m — +oo by Theorem 6.5
(and even uniformly in R if w is periodic, by Corollary 6.18), hence w can not be a
fixed point of @);.

It then follows from [114, Theorem 5.1] that the time-1 map @ : C, — C, admits
rightward and leftward asymptotic spreading speeds ¢’ and ¢*, in the sense that, 1) if w € C,
is compactly supported, then

| Qn (W) Lo ([ne,400)) 0 0 for each ¢ > 7,

> 0 N (6.72)
HQn(w)HLw((,w,,m/Dnjoo or each ¢ > ¢*,
and, 2) if ¢ +¢* > 0, then, for any 6 > 0, there is 5 > 0 such that
|@n(w) = pll Lo (—neme) — 0 for each ¢ < ¢, and ¢ < ¢* with ¢+ ¢ >0, (6.73)
n——+00

and for each w € C, with w > J on an interval of length 2rs. In the following, our goal is
to give computational formulas for ¢, via the linear operators approach of [155, 113|, from
which we eventually deduce that ¢ = c*.

Thus, in order to compute ¢, we consider the linearized problem of (6.12)—(6.13) at its
zero solution:

Uy = d(2)Upy + fs(x,0)U, t>0, z €R\S,
Ult,z™) =U(t,z"), Uy(t,x”) = oUy(t,a™), ¢t >0, z=nl, (6.74)
Ut,z™) = U(t,z"), oUy(t,z7) = Uy(t,z"), t>0, z=nl+l, '

U0, )=w>0, weC.
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Let {LL; }+>0 be the linear solution maps generated by (6.74), namely, L;(w) = U(t, -;w) where
the function (¢,z) — U(t,z;w) is the solution of (6.74) given by the same truncation and
limit process as in the proof of Theorem 6.2 (this solution satisfies the same properties as the
solution of the nonlinear problem (6.12)—(6.13) given in Theorem 6.2, with the exception of
the global boundedness: the solutions of (6.74) are now bounded only locally with respect to
t € [0,4+00) in general). For any given p € R, substituting U (¢, x;w) = e #v(t, z) in (6.74)
yields

vy = d(@) Vg — 2d(x) v, + (d(z)p? + f5(x,0))v, t>0, zeR\S,

v(t, ™) =v(t,xt), [—pv +v|(t,x7) = o[—pv + v (¢, 2T), t>0, x =nl, (6.75)
v(t,x”) =v(t,at), of—pv +v(t,x7) = [—pv + o]t 2T), t>0, x =nl+ly,

v(0,2) = w(z)e!?, z € R.

Let {L,+}t>0 be the linear solution maps generated by (6.75) and obtained from the substi-
tution v(t,z) = e**U(t, z;w), that is, for any w € C with w > 0 in R,

Li(y — e "w(y))(z) = e "L, (w)(z), for t >0 and z € R. (6.76)

Substituting v(t, x) = e (x) into (6.75), with 1 periodic and positive, leads to the following
periodic eigenvalue problem:

Lyp(x) = —d(2)y" (@) +2d(2)p’ (2) = (d(@) p + fo(2,0))tb(x) = Mp(x), = € R\S,
P(a7) = ("), [+ ¢)(z7) = o[—p + '] (z7), x = nl,
(@) = ("), ol-p + ¢ )(a7) = [-pp + ¢')(z7), x=nl+l,
1 is periodic in R, 1 >0, ||[¢||peom) = 1.
(6.77)

Lemma 6.20. For each u € R, the eigenvalue problem (6.77) has a simple principal eigen-
value X = A(p) corresponding to a unique positive continuous periodic principal eigenfunction
Y, which is such that ¥|; € C®(I) for each patch I in R. Moreover, there is a maz-inf char-
acterization of \(p):

L,y(z)

~ max inf 229 |
) = masc inf = Gy (6.78)

where B
E, = {veP:y|; e C*I) for each patch I CR, 1 >0 in R,

1 satisfies the interface conditions in (6.77)}
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(we recall that P is the set of all continuous and periodic functions from R to R).% Lastly, the
function p— A(p) is concave in R, and A\(0) = Ay, where A\ < 0 is the principal eigenvalue
of the problem (6.16).

Proof. We first fix u € R. The existence of a unique principal eigenvalue for problem (6.77)
can be shown similarly as for (6.52). This time, we introduce the space H of periodic
(R), with [ully = [l + (/0001 a0 G the set
of continuous periodic functions u such that u|j_;, o and ulj,] are of class C*([—1;,0]) and

functions belonging to H}.

C([0,25]) respectively, with |lulle = [[ulj—t,.0lcr (101 + [[tlpgallor o). We also set A =
max (f1(0) + dip?, f3(0) 4+ dap®) + 1. For g € G, we consider the following problem

—d(z)u" + 2d(z)pu’ + (A — d(z)p? — fo(2,0))u=g, inR\S,
w(z™) =u(z"), [—pu+d](x7) = o[—pu+](zt), x=nl,
w(z™) =u(z"), o[—pu+u](x7) = [—pu+u/](xt), x=nl+ls,

u is periodic.

(6.79)

We can solve this problem first in a weak sense, that is, we look for v € H such that
B(u, z) = (g, z) for all z € H, where the bilinear form B is defined by

0
B(u,z) = / di' 2 + dypd' z — dypruz’ + (A — dyp® — f1(0))uz

I

1 [h
+E / dot' 2 + dopit'z — dopruz’ + (A — dop® — £5(0))uz,
0

and the scalar product (,) is defined by

0 1 lo
<g,Z)=/ gz +E/ 9z .
-4 0

Clearly, the map z — (g, z) is continuous in H, and B is continuous in H x H. Moreover, it
is easily seen that, for any v € H, B(u,u) > min (di,d, 1) |ul|};, whence B is coercive. The
Lax-Milgram theorem implies the existence of a unique v € H (hence, u can be identified
with its unique continuous representative in R) satisfying B(u, z) = (g, z) for all z € H, and
|ullg < Cil|gl|L2(~1 1) for a positive constant C; only depending on d; ; and k. As for (6.52),
one gets that |, o and uljy,) are in H*([—1y,0]) and H*([0,l5]) and then in C*([—y,0])
and 03([0, lg]) respectively, that ||u|[_l170} ||C3([—ll,0]) + ||u|[0,l2] HCS([O,lzD < OQHQ“G with a pOSitiV@
constant Cy depending only on dy, k, l12, f{,(0) and u, and that the equations in (6.79)

In (6.78), even if the test functions v are positive, continuous in R, and have restrictions to I of class
C?(I) for each patch I C R, the infimum of £, (x)/1(x) is taken over the open set R\ S and therefore is
not a minimum in general. Notice that the quantity £,1(z)/v¢(x) is in general not defined when x € S, even
if the limits at x™ exist (but are different in general).
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6.6. Spreading speeds and periodic traveling waves: proofs of Theorems 6.6 and 6.8

are satisfied pointwise. Therefore, the linear mapping 7': g € G +— T'g :== u € G is compact.
Let now K be the cone K = {u € G : v > 0 in R}. Its interior K is not empty, and
KN (=K) = {0}. We claim that, if g € K\{0}, then u € K. Indeed, by using the equality
B(u, z) = (g, z) with z := v~ = max(—u,0) € H, one has

l2

— [ (@ PO ) = [ (el P A= 0 ) = .00 20

I

hence v~ = 0, that is, v > 0 in R. From the strong elliptic maximum principle and the Hopf
lemma, together with the fact that ¢ ># 0, one concludes that u > 0 in [—ly, 3] and then
in R by periodicity. Therefore, T(K\{0}) € K. As for (6.52), one then infers from the Krein-
Rutman theory the existence and uniqueness of a principal eigenpair (\,) solving (6.77).
We then call \(x1) this principal eigenvalue . Notice that, for each patch I C R, the function
Y| is then of class C*°(I) since d and f,(-,0) are constant in I.

Let us now prove the max-inf representation (6.78) of A(p). Since ¢ € E,,, one has

)
M) < sup Bl o)

To show the reverse inequality, assume by way of contradiction that there is ¢ € £, such
that

o Lup(x)
Alp) < mé%{s o(z)

Then there exists 7 > 0 such that

—d(@)¢" (@) + 2d(x) i () — (A(w)2 + fo(, 0) o () = M(p)p(x) = () > 0 for all & € R\S.

Since ¢, ¢ € E,, there exists ¥ > 0 such that ¢ > Y9 in R with equality somewhere. Set
w:=p—YY. Then w € P, w > 0in R, w|; € C?(I) for each patch I C R, and w satisfies

—d(z)w"(x) + 2d(z)pw’ (z) — (d(x)p? + fs(z,0))w(z) — AM(p)w(z) >0, =z R\S,

w(z”) =w(@®), [—pw+w](z”)=ol—pw+w](z"), x =nl,
w(z™) =w(z"), of—pw+w'](z7) = [-pw + w](z"), x=mnl+ 1l
w is periodic,

(6.80)

and there exists xy € R such that w(zy) = 0. The point z( can not belong to R \ S because
of the strict inequality in the first line of (6.80). Therefore, w > 0 in R\ S and zq € S. The
Hopf lemma then implies that w'(z§) > 0 and w'(zy) < 0, with w(zy) = 0, contradicting

253



6. Propagation phenomena in periodic patchy landscapes with interface conditions

the interface conditions in (6.80). One has then reached a contradiction. Hence,

Lui(x)
A2 2t B )

The max-inf characterization (6.78) of A\(u) follows, and the supremum is a maximum since
ek,

Next, we prove the concavity of the function g +— A(n). With the change of functions
Y(z) = e!*9p(z) in (6.78), one has

L) _ —d(f)lz”(-f) — fs(x,0) forallz € R\ S,

U(z) Y(x)
hence
= max in M— T
300 = max i (A g0 (651
where

E, = {1;6 C:zw e’“zZ(x) e P, 1;|1- € O2(I) for each patch I C R, QZ> 0 in R,
1; satisfies the interface conditions in (6.16)}.

Consider any real numbers y; and p», and any ¢ € [0,1], and set p =ty + (1 — ¢)pz. One
has to verify that A(u) > tA(su1) + (1 — ¢)A(u2). Let ¢1 and 1, be arbitrarily chosen in
Em and EHQ, respectively. Define z; = In zzl, 29 = In wg, 2=tz + (1 — 1)z and w = e*
We claim that ¢ € E,. In fact, since ¢ = Pipd~t then ¢ € C and |5 € C*(1 [) for each
patch I C R. Furthermore, the function = e’”“"@/)( ) = (M= () x (e ()t is
periodic, and the flux conditions in (6.16) can be easily derived from @Z)’ = (PLpity =
it 4 (1 = )by et in R\ S and from the fact that both iy € . and Uy € Em
satisfy the interface conditions in (6.16). Therefore, by (6.81) we have

(@@
ESTS (—m) X ,o>).

Notice that, for cach z € R\ S, one has —d(z)y" (z)/¢(z) = —d(z)2"(x) — d(z)(z'(z))?, and

('(2))* =(tz1(2) + (1 = )25(2))* = (1 (2))" + (1 — 1) (25(2))” — t(L — )(21(x) — 25(2))”
<t(21(2))* + (1 = )(25(2))%,
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6.6. Spreading speeds and periodic traveling waves: proofs of Theorems 6.6 and 6.8

hence

—d(2)y"(x)

T @0 =z t(= d@)z{(w) = d(z)(21())* = fi(,0))

+(1 = 1) (= d(2)z3(2) — d(2)(23(2))* = fs(@,0)).
Eventually, we find that

i@,
I g >)

¢ inf < d(z)i (@ )—fs(x,0)> (1—1) inf (M—fs@,m).

z€R\S (:B) z€R\S g (x)

z€R\S

) > inf (

v

Since ¢, and 1 were arbitrarily chosen in Em and EM respectively, one infers from (6.81)
that A(u) > tA (1) + (1 — t)\(u2). That is, p — A(u) is concave in R, which also yields
the continuity of this function. Lastly, we also observe that the problem (6.77) coincides
with (6.16) when p = 0, that is, A(0) = Ay, which is here negative by assumption. This
completes the proof of Lemma 6.20. n

Since for each t > 0 the linear operator L, ; defined by (6.75)-(6.76) is strongly positive
and compact, the Krein-Rutman theorem again implies that its spectral radius r(L,,) is
positive and is the principal eigenvalue of L, , that is, (L, ;) = e *®t.

We are now in a position to give variational formulas for the rightward and leftward
asymptotic spreading speeds ¢/ given by (6.72)—(6.73) via the linear operators approach.

Theorem 6.21. Let ¢ and c* be the rightward and leftward asymptotic spreading speeds of
Q1, given by (6.72)—(6.73). Then,

¢ = inf AW 22 (6.82)
n>0 il u>0 il

Furthermore, we have ¢, = c* > 0.
Proof. Due to assumption (6.15), and we have f( s) < fs(x,0)s for all z € R\ S and s > 0.
Then, for every w € C, and n € N, the solution u™ := u"(-,-;w) of (6.21)-(6.24) satisfies

up < d(z)ul, + fs(x,0)u™, t>0, x e (—nlnl)\S,

u(t,xT) = un(t,at), ul(t,xT) = oul(t,xt), t>0, x €SN (—nlnl),

u(t,x”) = u(t, z"), oul(t,x”) =ul(t,xt), t >0, x € SoN(—nl,nl).

Proposition 6.23 and the construction of the solutions U(-,-;w) of (6.74) by using the same
truncation and limit process as in the proof of Theorem 6.2 imply that u" (¢, x;w) < U™(t, z;w)
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

for all (¢,x) € [0,+00) x [—nl,nl] and n € N, hence u(t,z;w) < U(t,z,w) for all (¢,x) €
[0,4+00) x R. In other words, Q;(w) < L;(w) in R for all t > 0 and w € C,. Particularly, by
taking t = 1, one has Q1 (w) < L;(w) in R for all w € C,. For any p € R, one has

LA () (x) == e"Ly(y — e "(y))(x) = Ly1(¢)(x) for every ¢ € P and x € R,

thanks to (6.76). It then follows that e ) is the principal eigenvalue of L*. On the
other hand, by Lemma 6.20, the function p +— In(e ") = —\(u) is convex. With similar
arguments as in [155, Theorem 2.5] and in [113, Theorem 3.10 (i)], one then obtains that

In(e=2® -\
ct <inf M = inf (,u)
>0 ol n>0 ol

(6.83)

On the other hand, for any given € > 0, there is a 6 > 0 such that
f(z,s) > (fs(x,0) —e)s, forall z € R\ S and u € [0, d].

From the continuity of the solutions of (6.12)—(6.13) with respect to the initial conditions, as
stated in Theorem 6.2, there is a positive real number 7 such that n < pin R and u(t,z;n) < ¢
for all ¢ € [0,1] and x € R. Define

Cn:{wGC:nggninR}.
It then follows from Theorem 6.2 that
0 <u(t,z;w) <wu(t,z;n) <o, forall w € C,, t € [0,1] and = € R.
Thus, for any w € C,, the solution u(-, -;w) to (6.12)—(6.13) satisfies

up > d(2) gy + (fs(2,0) — )y, t € (0,1], =z € R\S,
u(t,z”) = u(t,z), u(t,x”) = ou,(t,z™), t€(0,1], z =nl,
u(t,z”) = u(t,z), ou(t,x”) = u,(t,x"), t€(0,1], z =nl+Is.

Consider now the linear problem

Vi = d(z)Vew + (fs(x,0) — )V, t>0, x € R\S,
V(t,z™) =V (t,xT), Vo(t,z7) =oVu(t,z™), ¢t>0, z=nl, (6.84)
V(t,z™) =V (t,ah), oVp(t,a™) =Vo(t,zT), t>0, x=nl+ls.

Let {L;}:>0 be the solution maps generated by the above linear system, as for (6.74) above
(LY =1L, for all £ > 0). Then, Proposition 6.23 and the construction of the solutions of (6.84)
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6.6. Spreading speeds and periodic traveling waves: proofs of Theorems 6.6 and 6.8

as in the proof of Theorem 6.2 imply that L;(w) < Q¢(w) in R for all t € [0,1] and w € C,,.
In particular, L{(w) < @Q1(w) in R for all w € C,,.
Denote by A°(u) the first eigenvalue of the following eigenvalue problem:

Al (x) + 2ud(@)d! (z) — (@) + (fu(2,0) — £)b(a) = X(u) (), =€ R\S,
b(em) = at), [+ (@) = o[-t + ¥)(), z=nl,
o) =), ol + W)@ = [+ ] (), z=nl+h
¢ is periodic in R, ¥ > 0, [|¢||peor) = 1.

By uniqueness of the principal eigenvalue of (6.77), there holds A°(u) = A(u) 4+ €. From the
convexity of the function u — —A°(u) = —A(u) — € and the arguments in [155, Theorem 2.4]
and in [113, Theorem 3.10 (ii)], one infers that

—Ap) —¢

(=X ()
¢y > inf n(e ) = inf : (6.85)
u>0 ol p>0 M

and this property is valid for all ¢ > 0. Together with (6.83), (6.85), and the positivity of
—A(0) = =)y, it follows that
¢, = inf L(M)
n>0 M

By the change of variable v(t, z;w) = u(t, —l; — x;w(—I; — +)),” one gets that ¢* is the
rightward asymptotic spreading speed of the resulting problem for the solutions v(:,;w).
Therefore,

¢ = inf L—,u)
u>0 7
Consequently, (6.82) is proved.

Next, for any p € R, if ¢, is the principal eigenfunction of the problem (6.77), with
principal eigenvalue A(p), then the function z — @/D\(x) = ¢, (=l — ) satisfies (6.77) with —pu
instead of i in the equations and the interface conditions, but with the same eigenvalue A(p).
By uniqueness of the principal eigenvalue, one deduces that A(—u) = A(u). Therefore, (6.82)
yields ¢ = ¢*.

Lastly, consider any compactly supported w € C, such that w # 0 in R and w(z) < p(z)
for all x € R (and remember that w and p are continuous, and that p is periodic and positive
in R). From Theorem 6.5 (i), one knows that u(t,-;w) — p as t — 400 locally uniformly in R.
Hence, there is T' € N such that u(7,-;w) > w(- £1) in R. Theorem 6.2 and Proposition 6.19
then imply in particular that (27, -;w) > w(- £ 2[) in R, hence u(mT,;w) > w(- £ ml) in

"Notice that p(z) = p(—l; — ) for all z € R by invariance of (6.17) with respect to this change of variable
and by the uniqueness result of Theorem 6.4, hence = — w(—l; — z) € C, for every w € C,.
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

R for all m € N by an immediate induction. In other words, Q,,r(w) > w(- £ ml) in R for

all m € N, and it follows from property (6.72) that ¢} > 0. This completes the proof of
Theorem 6.21. O

Proofs of Theorems 6.6 and 6.8. By [114, Theorems 5.2 and 5.3|, together with Theorems 6.5 (i)
and 6.21, one directly obtains Theorem 6.6, with spreading speed ¢* := ¢, as well as the
existence of time-nondecreasing periodic rightward and leftward traveling waves for prob-
lem (6.12)-(6.13) with all and only all speeds ¢ > ¢*. To complete the proof of Theo-
rem 6.8, it is left to show that these periodic traveling waves are strictly monotone in time.
For ¢ > ¢* > 0, consider a periodic rightward (the case of leftward waves can be han-
dled similarly) traveling wave solving (6.12)—(6.13), written as u(t,x) = W{(x — ct,z) (with
u(t,z) = Qip(u(t',-))(z) forallt’ <t € R and x € R), where W (s, x) is periodic in z, nonin-
creasing in s, and W (—oo,x) = p(z), W(+o0,x) = 0 for all z € R. Notice in particular that
0 <wu(t,x) < p(zx) for all (t,z) € R x R, that u(t,z) — 0 as t = —oo and u(t,x) — p(x) as
t — +oo for every € R, and that u(t+h,z) > u(t, z) for every h > 0 and (¢, z) € R*. From
the Schauder estimates of Theorem 6.2 and Proposition 6.25, it follows that, for every A > 0
and ty € R, either u(- 4+ h,-) = u in (tp, +00) x R, or u(- + h,-) > u in (¢p, +00) x R. Since
u(—o0,z) = 0 < p(z) = u(+o00,z) for every x € R, one easily infers that, for every h > 0,
u(-+ h,-) >uin R x R. Therefore, u is increasing in ¢t and the periodic rightward traveling
wave W (x — ct, z) is decreasing in its first argument, and all properties of Definition 6.7 are
therefore satisfied. O

6.7 Comparison principles

In this appendix, we prove comparison results for the problem (6.12)—(6.13), as well as for
the patchy model in an interval (a,b) C R composed of finitely many patches, say I; for
i = 1,...,n. For the latter, which we first deal with, the landscape (a,b) can be either
bounded or unbounded. Set —oc0 < a=zg <z < --- <z, =b< +oo and [; = (z;_1, ;)
for + = 1,...,n. Since the results will be used in the present chapter and in the future
work [95], we state them in more generality to cover different applications. We consider a
one-dimensional parabolic operator

Lu:=uy — d(T)Ugy — c(t, z)u, — F(x,u), for t >0 and z € (a,b)\{z1,..., 2,1} = U I,
i=1

with interface conditions

u(t,z;) = u(t,z]) and u,(t,z;) = ou.(t, ), fort >0andi=1,...,n—1.  (6.86)
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If a or b is finite, we impose Dirichlet-type boundary conditions:
u(t,a) = o~ (t) or u(t,b) = p*(t), for t >0, (6.87)

where p* : [0, +00) — R are given continuous functions. Here, the function z + d(z) is
assumed to be constant and positive in each patch, i.e., d|;, = d; > 0 for some constant
d;,® the function c¢ is assumed to be continuous and bounded in (0,7p) x U, I; for every
Ty € (0, +00), the g;’s are given positive real numbers, and, for each 1 <1i < n, F(x,s) = fi(s)
for (z,s) € I; x R, with f; € C1(R).

We first give the definition of super- and subsolutions of Lu = 0 associated with the
interface and boundary conditions (6.86)—(6.87).

Definition 6.22. For T € (0, +0o0|, we say that a continuous function@ : [0,T) % (a,b) — R,?
which is assumed to be bounded in [0,Ty] x (a,b) for every Ty € (0,T), is a supersolution
for the problem Lu = 0 with interface and boundary conditions (6.86)~(6.87), if U 1«7 €

C’;f((O,T) x 1I;) satisfies L o,r)x1, > 0 in the classical sense for each 1 < i < n, and if
Uy(t,x;) > o, (t,z]), fort € (0,T) andi=1,...,n—1,

and
u(t,a) > o (t) or u(t,b) > ¢t (t), forte|0,T),

provided that a or b is finite. A subsolution can be defined in a similar way with all the
imequality signs above reversed.

The first result of the appendix is a comparison principle between super- and subsolutions
when the interval (a, b) is bounded.

Proposition 6.23 (Comparison principle in bounded intervals). Assume that —oco < a < b <
+oo. ForT € (0,+00|, letuw and u be, respectively, a super- and a subsolution in [0,T) X |a, b]
of Lu = 0 with (6.86)—(6.87), and assume that w(0,-) > w(0,-) in [a,b]. Then, © > u
in [0,T) x [a,b] and, if w(0,-) # u(0,-), then w > w in (0,7) x (a,b).

Proof. Fix any Ty € (0,T') and set

M := max (|[7l| = (o.15)x ) |l e omixiary) and = max || fllL=-sran)  (6.88)

(notice that M and p are nonnegative real numbers owing to the assumptions on u, u and
fi). Define

w(t,x) = (u(t,z) —u(t,x)) e ™ for (t,x) € [0,Tp] X [a,b].

8From the proofs below, it is easily seen that we can consider more general diffusion coefficients d(t, r) such
that d|(p,+0)x 7, can be extended to a continuous and positive function in [0, 4+-00) x I;, for each 1 <i < n.
9The notation (a,b) covers all possible four cases when a or b is finite or not. If @ and b are finite, then

(a,b) = [a,b)].
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6. Propagation phenomena in periodic patchy landscapes with interface conditions

The function w is continuous in [0, Ty] % [a, b], with restriction in (0, Tp] x I; of class C’tl;f((O, To] %
TZ) for each 1 < i < n, and we see from the mean value theorem that w satisfies

n

Nw = w; — d(x)wy, — c(t, z)w, + (1 — Fs(z,n(t, x)))w > 0, for (¢, z) € (0, Tp] ¥ U I;
i=1

(6.89)

where 7(t, x) is an intermediate value between u(t, z) and wu(t,z) (hence, |n(t,z)| < M and
p— Fy(x,n(t,z)) > 0). Moreover, there holds

wy(t,x;) > opw,(t,x)), for t € (0,Tp) and i =1,...,n — 1, (6.90)

together with w(0,z) = w(0,2) — u(0,z) > 0 for all = € [a,b], w(t,a) > 0 and w(t,b) > 0 for
all t € [O,To]

Consider now an arbitrary € > 0 and let us introduce the auxiliary function z defined by
z(t,x) = w(t,z) +e(t+1) for (t,x) € [0,Tp] x [a,b].

The function z has at least the same regularity as w, and z > 0 in {0} x [a,b] and in
[0, T0] x {a,b}. Moreover,

Nz=Nw-+e+ (p— Fy(z,nt z)))elt+1) >e>0, for (t,z) € (0,Ty] x U]i (6.91)
i=1
with
2o(t, ;) > 032, (¢, z]), fort € (0, Tp] andi=1,...,n— 1. (6.92)
We claim that z(t,z) > 0 for all (¢,x) € [0,Tp] X [a,b]. Assume not. Then, by continuity,
there is a point (to,y0) € (0,75] x (a,b) such that z(to,yo) = minjg)xap 2 = 0. We first
assume that yo € I; for some 1 < i < n. Since z/(to, yo) < 0, 2.(to, yo) = 0 and 2., (to, vo) > 0,
we see that

N z(to, yo) = z(to, Yo) — dizaa(to, yo) + c(to, Yo)za(to, yo) + (1 — £ (n(to, y0))) 2(to, yo) < 0,
(6.93)

which is impossible by (6.91). Thus, necessarily, we can assume without loss of generality
that yo = x; for some 1 <i <n—1 and that z > 0in [0, ¢y] x U, ;. Then, the Hopf lemma
yields

Ze(to, ;) <0 and z.(ty,z]) >0,
which contradicts (6.92). Consequently, z > 0 in [0, Tp] X [a,b]. Since € > 0 was arbitrarily
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chosen, we obtain that w > 0 in [0, Ty] X [a, b], which immediately implies @ > w in [0, Tp] X
[a,b], and then in [0,T) X [a, b] since T, € (0,7") was arbitrary.

Let us now further assume that @(0,-) # w(0,-) in [a,b], hence by continuity @(0,-) >
u(0, ) in some non-empty open subinterval of (a,b) which has a non-empty intersection with
1;, for some 1 < ¢ < n. Since we already know from the previous paragraph that w > u in
[0,7) x [a,b], it follows from the interior strong parabolic maximum principle that @ > u in
(0,7) x I;. If the interval (a,b) reduces to a single patch (that is, n = 1), then we are done.
Otherwise, either x; 1 or z; belongs to the open interval (a,b). Let us consider the case when
z; € (a,b) (hence, i <n—1). We now claim that u(¢, x;) > u(t, z;) for all ¢t € (0,7T"). Indeed,
otherwise, there is a time ¢y € (0,7) such that @(to, z;) = u(to, z;), and the Hopf lemma then
implies that

Ew<t0>x;) < Qm(t()vx;)'

But ,(to, x]) > w,(te,x}) since w > w in [0,7) x Iy and %(ty, 7;) = u(te,z;). One
finally gets a contradiction with the assumptions on the spatial derivatives of the super- and
subsolutions 7 and u at zF. Therefore, u(t, z;) > u(t, z;) for all t € (0,7). By continuity and
by applying the strong interior parabolic maximum principle in (0,7") x [;;1, we infer that
u>wuin (0,7)x [;1;. By an immediate induction, going from one patch to the adjacent one in
the left or right directions, we get that w > w in (0,7") X (a,b). The proof of Proposition 6.23

is thereby complete. O]

Then we prove in Proposition 6.24 the comparison principle when (a,b) = R, still in the
case of a finite number of interfaces (the case when the domain is of the form (a, +00) with
a € R, or (—o0,b) with b € R, can be handled by a combination and a slight modification of
the proofs of Propositions 6.23 and 6.24).

Proposition 6.24 (Comparison principle in R). For T' € (0, +oc|, let u and u be, respec-
tiely, a super- and a subsolution in [0,T) x R of Lu = 0 with (6.86), and assume that
u(0,-) > w(0,-) in R. Then, w > u in [0,T) x R and, if w(0,-) # u(0,-), then uw > u in
(0,T) x R.

Proof. Fix any Ty € (0,7) and define the nonnegative real numbers M and p as in (6.88) with
this time R instead of [a,b] in the definition of M. Denote w(t,x) := (u(t,z) — u(t, z))e
for (t,z) € [0,7p] x R. The function w is continuous and bounded in [0,7p] x R, with
restriction in (0,7y] x I; of class C,j2((0,Tp] x I;) for each 1 < i < n (notice that, here,
I, = (—o0,21) and I, = (2,-1,+00) are unbounded), and w still satisfies (6.89)—(6.90),
together with w(0,-) = w(0,-) —u(0,-) > 0 in R. Set now R = maxj<;<,—1 |z;| +1 > 0, and
let 0 : R — R be a nonnegative C? function with bounded first and second order derivatives,
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and satisfying

0=01in [-R,R], lim po(z) = +o0,

T——+00

N | —

<11??<}idi> X [ [[zoe ) + llell oo 0,10y xupy 1y X 1| ooy <

Let us consider an arbitrary € > 0, and introduce an auxiliary function z defined by
2(t,z) = w(t,z) +e(o(|z]) +t+ 1) for (¢,x) € [0,Ty] x R.

The function z has at least the same regularity as w, while 2(0,2) > ¢ > 0 for all x € R and
2(t,x) — +00 as |x| — +oo uniformly in ¢ € [0, 7). Moreover,

Nz = Nw+e —ed(z)o"(|]) —ele(t, )¢ (|2 + (1 — Fy(w,n(t, 2)))e(e(jz]) +t+1) = 5 >0

YRS

for (t,x) € (0,Tp] x U I;, and (6.92) still holds from (6.90), the definition of R and the
i=1
choice of p. We claim that z(¢,z) > 0 for all (t,z) € [0,75] x R. Assume not. Then, by

continuity and the above properties of z, there is a point (to,40) € (0,75] x R such that
2(to,Yo) = mingxr 2 = 0. If yo € I; for some 1 < i < n, then we see as in (6.93) that
Nz(to,yo) < 0, which is impossible. Thus, we can assume without loss of generality that
Yo = z; for some 1 <7 < n—1and that z > 01in [0, ¢y] x U, [;. Then, the Hopf lemma yields
2o(to, 27 ) < 0 and z,(t1,z;) > 0, contradicting (6.92). Consequently, z > 0 in [0, Tp] x R.
Hence, by passing to the limit as ¢ — 07, we infer that w > 0 in [0,7y] x R, that is, © > u
in [0,75] x R, and then @ > w in [0,7") x R owing to the arbitrariness of T € (0,T).

Lastly, if one further assumes that @(0, -) # (0, -), then the proof of the strict inequality
7> wuin (0,7T) x R follows similar lines as in the proof of the preceding proposition. O

The last statement is a comparison principle for the problem (6.12)—(6.13) involving the
countably many interfaces S = IZU (IZ+ls). For this problem with a given initial condition,
Proposition 6.25 also provides the uniqueness of the solutions satisfying the conditions of the
statement.

Proposition 6.25 (Comparison principle for (6.12)-(6.13)). For T € (0, +oc], letw and u be,
respectively, a super- and a subsolution of (6.12)—(6.13) in [0,T) xR (with a natural extension
of Definition 6.22) with w(0,-) > u(0,-) in R, and assume that, for every Ty € (0,T), there
are 0 € (0,1) and C' > 0 such that Tl xr and ulp <5 are of class C’tl;fﬂ’e([(),To] x I)
with ||E|[O,TO]><f||Ct1;f;2‘9([0,To]xf) + ||Q|[O,TO]Xf”Ctl;f;Zg([O,To}Xf) < C for every patch I C R. Then,
u>win[0,T) xR, and, if u(0,-) # u(0,-), thenw > w in (0,7) x R

Proof. Fix any Ty € (0,7) and define the nonnegative real numbers M and p as in (6.88)
with this time R instead of [a,b] in the definition of M, and the only functions f; and f;
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in the definition of p. Denote w(t,z) := (u(t,z) — u(t,x))e " for (t,z) € [0,Ty] x R. The
function w is continuous and bounded in [0, 7] x R, and there are § € (0,1) and C" > 0 such
that wly 7«7 is of class C;f;g’e([(), To] x I) with

Hw'[oaTtﬂXI_HC,};f‘Q’G([O,TO]XI_) < c’ (6.94)

for every patch I C R. The function w still satisfies inequalities similar to (6.89) (with here
c=0and F = f) and (6.90) (with here the countably many interface points S, and o, = ¢
for z; € S; and 0; = 1 /0 for x; € S5), together with w(0,-) = w(0,-) — u(0,-) > 0 in R. Let
us consider an arbitrary € > 0, and introduce an auxiliary function z defined by

z(t,x) = w(t,z) +e(t+1) for (t,x) € [0, Ty] x R.

The function z satisfies similar regularity estimates as w (even if it means replacing C’
in (6.94) by another constant depending also on ¢), while z(0,z) > ¢ > 0 for all z € R.
Moreover, with the same notations as in (6.89) (with ¢ = 0 and F' = f), one has

Nz(t,z) = Nw(t,z) + e+ (n— fs(z,n(t,z)))e(t+1) > e >0 for (t,z) € [0,To] x (R\S),

and (6.92) still holds from (6.90), at the interface points S. We claim that z > 0 in [0, 7o) x R.
Assume not. Then, by continuity and the regularity estimates of z, there are ¢ty € (0, Tp] and
a sequence (Ym)men in R such that z(t, ym) — 0 as m — 400, and z > 0 in [0,%5) x R.
Let g, € (—l,1s] be such that y,, — ¥ € IZ and G, — Yoo € [—l1,12] as m — +o0, up
to extraction of a subsequence. From the regularity estimates on z, there is a bounded
continuous function 2z : [0,7p] x R — R such that z.o|rxr € Ctl;f([O,To] x I) for each
patch I C R, and, up to extraction of a subsequence,

Z('7 “ Ym — gm)|[0,To}xf — ZOO|[O,T0]><f as m — 400 in Ctl,f([OvTO] X I_)v

for every patch I C R. Moreover, z,, > 0 in [0,%] X R, and z.(fo,Joo) = 0. Since the
functions d(x) and f(z,s) are periodic with respect to xz, the function z,, satisfies (2o0)r —
d(2)(Zoo)az + 2200 = € > 0 in [0,%] x (R\S), as well as the interface conditions (6.92) at
the interface points S. The previous partial differential inequality satisfied by 2., implies
that J, € S and that z.(to,+) > 0 in R\ S. The Hopf lemma then yields (zy).(to, ¥%) > 0
and (2o )z (f0, Us) < 0, contradicting (6.92). As a consequence, z > 0 in [0,75] x R, hence
w > 01in [0,7p] x R due to the arbitrariness of € > 0, and finally @ > w in [0,7) x R due to
the arbitrariness of Ty € (0,7).

Lastly, if one further assumes that @(0,-) # (0,-) in R, then one concludes as in the
proof of Proposition 6.23 that @ > w in (0,7") x R. O
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Chapter 7

Propagation and blocking in a two-patch
reaction-diffusion model

7.1 Introduction

Propagation and propagation failure are two fundamental phenomena of great importance
to many fields of science. For example, signal propagation in nerve cells occurs when the
medium is homogeneous but can fail when inhomogeneities are present, such as a change
in cross-sectional area, junctions to several other cells, or localized regions of reduced ex-
citability [137, 110]. The mathematical framework of choice for modeling such phenomena
are reaction-diffusion equations. In the simplest case, space is one-dimensional and inho-
mogeneities are represented as spatial changes in diffusivity or reaction terms at a single
location, within a bounded region, or at periodically repeating locations. Our work here is
inspired by the ecological dynamics of invasive species. When such species spread across a
landscape, they encounter different habitat types, and their movement behavior as well as
population dynamics may change according to landscape type. Our work is based on recent
progress in modeling individual movement behaviors around interfaces where the landscape
type changes [121] and continues the rigorous analysis of propagation phenomena in such
models [94, 147].

Specifically, we consider a one-dimensional infinite landscape comprised of two semi-
infinite patches. We denote (—o0,0) as patch 1 and (0,00) as patch 2. The interface that
separates the two patches occurs at x = 0. Our model consists of a reaction-diffusion equation
for the species’ density on each patch and conditions that match the density and flux across
the interface. We assume that each patch is homogeneous but the two patches may differ, so
that the diffusion coefficients and the reaction terms (i.e. net population growth rates) may
differ. Whereas most existing models for propagation and propagation failure assume that the

!This is a joint work with Francois Hamel and Frithjof Lutscher, to be submitted.
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7. Propagation and blocking in a two-patch reaction-diffusion model

population dynamics outside of a bounded region are identical, we are explicitly interested in
the case where the dynamics differ, qualitatively and quantitatively, between the two patches.
Hence, on each patch, the population density u = u(z,t) satisfies an equation of the form

where ¢ = 1,2, depending on patch type. Since we want the interface to be neutral with
respect to reaction dynamics, (i.e. no individuals are born or die from crossing the interface),
the density flux is continuous at the interface, i.c., dyu,(t,07) = dyu,(t,0"). Individuals
at the interface may show a preference for one or the other patch type. We denote this
preference by a € (0,1), where o > 0.5 indicates a preference for patch 1 and o < 0.5 for
patch 2. Then the population density may be discontinuous at the interface with

(1 — a)dyu(t,07) = adyu(t,07). (7.2)

Please see [121] for a detailed derivation of this condition from a random walk and a thorough
discussion of the biological implications. (A second case exists where both diffusion constants
appear under square roots [121]; the theory developed below applies to that case as well.)

The discontinuity of the density at z = 0 creates some difficulties in the analysis of
propagation phenomena in our equations. It turns out to be much easier to scale the equations
so that the density is continuous; see [94] for details. Hence, in the present paper, we study
the following two-patch problem:

up = ditig, + f1(u), t>0, <0,
Uy = dollyy + fo(u), t>0, >0, (73)
u(t,07) = u(t,0"), t >0,

uz(t,07) = oug(t,07), t>0.

Here, the density is continuous across the interface but its derivative is not. The diffusion
constants are assumed positive. Parameter o > 0 is related to «, the probability that an
individual at the interface chooses to move to patch 1. Please see Section 7.2.5 for more
biological background and some interpretation of our results. Throughout this work, we
shall assume that the functions f; (i = 1,2) are of class C'(R) and that

J0< K; < K}, fi(0) = fi(K;) =0, and f; <0in [K], +00). (7.4)

Our analysis and results will depend on a few characteristic properties of the functions f;.
We distinguish between the Fisher-KPP type (also KPP for short) and the bistable type. We
give precise definitions of these properties below in (7.6) and (7.7), respectively.

In [94], we analyzed in full detail the well-posedness problem for a related patch model
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in a one-dimensional spatially periodic habitat and also the spatial dynamics of the solution
for the Cauchy problem under certain hypotheses on the reaction terms. Our goal of the
present paper is to study spreading properties and propagation vs. blocking phenomena
for the solutions of this two-patch model for various combinations of the reaction terms.
Specifically, we shall investigate

1. the asymptotic spreading properties of the solutions to the Cauchy problem with com-
pactly supported initial data when both reaction terms are of KPP type.

2. the conditions for the solutions to the Cauchy problem with compactly supported initial
data to be blocked or to propagate with positive or zero speed when one reaction term
is of KPP type and the other of bistable type. We shall also study the stability of the
traveling wave in the bistable patch.

3. the asymptotic dynamics when both reaction terms are of bistable type.

Previous work on action potentials in nerve cells obtained some propagation and stability
results when the reaction terms in both patches are identical and of bistable type and when
the derivative is continuous at the interface, i.e., 0 = 1 [137]. We also mention recent work on
a bistable equation in multiple (three or more) disjoint half-lines with a junction [104]: the
existence of entire (defined for all times ¢ € R) solutions is proved and blocking phenomena
of entire solutions caused by the emergence of certain stationary solutions are investigated.

Before we state our main results, we summarize some relevant results on the classical
homogeneous reaction-diffusion equation

U = Uy + f(u), t>0, 2 €R, (7.5)

where f is a C*(R) function satisfying f(0) = f(1) = 0. This equation has been extensively
studied in the mathematical, physical, and biological literature since the pioneering works of
Fisher |77] and Kolmogorov, Petrovskii and Piskunov [108] on population genetics. We say
that f is of Fisher-KPP type (or simply KPP type) if

f(0)=f(1)=0 and 0< f(s) < f'(0)s forall se (0,1). (7.6)
If fin (7.5) is of KPP type, (7.5) admits traveling front solutions u(t,z) = ¢.(z - e — ct)
with p.: R — (0,1) and ¢.(—00) = 1, ¢.(+00) = 0, if and only if ¢ > ¢* = 2,/ f'(0), where
e = #£1 denotes the direction of propagation and c is the speed. For each ¢ > ¢*, ¢, satisfies

Or+cp,+ fle) =0In R, ¢, <0in R, @.(—00) =1, @.(+00) =0,
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7. Propagation and blocking in a two-patch reaction-diffusion model

and it is unique up to shifts. Moreover, there holds

Ae e if ¢ > ¢,
SOC(S> ~ ~ .S . %
s=too | Ase ®  if ¢ = ¢¥,

where A, A are positive constants and the decay rate A\, > 0 is obtained from the linearized
equation u; = g, + f'(0)u and is given by A\, = (c — /2 — 4f’(0))/2. It was proved in [36,
97, 109, 153] that the front with minimal speed ¢* attracts, in some sense, the solutions of the
Cauchy problem (7.5) associated with nonnegative bounded nontrivial compactly supported
initial conditions uy = u(0,-). Furthermore, Aronson and Weinberger 9] proved that if
0 < wu <1 is the solution to the Cauchy problem (7.5) with a nontrivial compactly supported
initial datum 0 < ug < 1, then supg(_q q)u(t,-) — 0 as t — +oo for every ¢ > ¢*, and
inf_oequ(t,-) = 1 as t = +oo for every ¢ € [0,c*). We refer to these results as spreading
properties. The minimal speed of traveling fronts, ¢*, can therefore also be thought of as the
asymptotic spreading speed.
In contrast, in the bistable case, defined as

f(0)=f(0)=f(1)=0 for some # € (0,1), f'(0) <0, f'(1) <0, f<0in (0,0), f >0in (0,1),

(7.7)
(7.5) has traveling front solutions u(t,z) = ¢(x - e — ct), where ¢ : R — (0,1), ¢(—00) = 1,
¢(+00) = 0, and e = +1 is the direction of propagation, for a unique propagation speed
¢ € R, depending only on f. Furthermore, the sign of ¢ equals the sign of fol f(s)ds [9, 76].
The profile ¢ satisfies

"+ + f(0)=0InR, ¢ <0inR, ¢(—00) =1, ¢(+00) =0,
and is unique up to shifts. It is known that

ape” ¥ < P(s) < are*, s >0,
boe” <1 —¢(s) < bie, s <0,

where ag, a;, by and by are some positive constants, o and [ are given by a = (¢ +
2 —4f(0))/2>0and f = (—c+ /2 —4f'(1))/2 > 0 [76].

Fronts in the bistable case are globally stable in the sense that any solution of the Cauchy
problem (7.5) with an initial condition 0 < wy < 1 satisfying liminf, , ug(z) > 6 >
limsup,_, ., uo(x) converges to the unique bistable traveling front ¢(z — ct + £) uniformly
inz € Rast — +oo, where £ is a real number depending only on wy and f [76]. The
uniqueness of the speed ¢ in the bistable case (7.7) is in sharp contrast with the KPP case (7.6)
where the set of admissible speeds is a continuum [¢*, +00) with ¢* = 2,/ f(0).

Stationary solutions u : R — [0, 1] of equation (7.5) in the bistable case (7.7) are either:
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(a) constant solutions (zeros of f, that is, 0, 6 or 1); or (b) periodic non-constant solutions;
or (c¢) symmetrically decreasing solutions, namely, for some xy € R, u(z) = u(2xo — z) in R,
v < 0in (xg,4+00) and u(£oo) = 0; or (d) symmetrically increasing solutions, namely, for
some zp € R, u(x) = u(2z9 — z) in R, &/ > 0 in (z9, +00), and u(+oco) = 1; or (e) strictly
decreasing or increasing solutions converging to 0 and 1 at +o00 |61, 76]. Case (c) (respectively
case (d), respectively case (e)) occurs if and only if fol f(s)ds > 0 (respectively fol f(s)ds <0,
respectively fol f(s)ds = 0). In the KPP case (7.6), the only stationary solutions u : R —
[0,1] of (7.5) are the constants 0 and 1.

Many authors have studied extinction, blocking, and propagation results for the one-
dimensional homogeneous equation (7.5), where extinction, blocking and propagation are
understood in the following sense:

o catinction: u(t,x) — 0 as t — 400 uniformly in = € R;

e blocking (say, in the right direction): u(t,xz) — 0 as x — 400 uniformly in ¢ > 0;

e propagation: u(t,z) — 1 as t — +oo locally uniformly in z € R.

Kanel’ [107] considered the combustion nonlinearity (i.e., f = 01in [0,0] U {1} and f > 0 in
(0,1) for some 0 < 6 < 1) and showed that, for the particular family of initial conditions
being characteristic functions of intervals (namely, uop = X[—,z), With L > 0), there exist
0 < Ly < Ly such that extinction occurs for L < Lg, while propagation occurs for L > L;.
This result was then extended by Aronson and Weinberger [8] to the bistable case (7.7) with
fol f(s)ds > 0 (so-called bistable unbalanced case). Zlato$ [162] improved these results in
both cases by showing that Ly = L;. Du and Matano [61] generalized this sharp transition
result for a wider class of one-parameter families of initial data. Moreover, they showed
that the solutions to the Cauchy problem (7.5) with nonnegative bounded and compactly
supported initial conditions always converge to a stationary solution of (7.5) as t — 400
locally uniformly in x € R, and this limit turns out to be either a constant or a symmetrically
decreasing stationary solution of (7.5). However, whether such a sharp criterion for extinction
vs. propagation holds in our patch model (7.3) is a delicate issue, since there is no translation
invariance due to the interface conditions at = = 0 and since the reaction terms and diffusion
coefficients may differ in general. This question will be left for future work. Related results on
propagation and blocking phenomena in inhomogeneous one-dimensional reaction-diffusion
equations exist for either KPP reaction [21, 27, 81, 93, 96, 163| or bistable reaction |7, 47,
66, 68, 70, 93, 110, 127, 137].

To see the difficulties in our patchy setting, let us briefly recall the standard methods
used for the one-dimensional reaction-diffusion equation (7.5). For the investigation of the
Cauchy problem (7.5) with compactly supported initial conditions, reflection techniques can
be effectively used to prove, among other things, the monotonicity of the solution wu(t,-)
outside any interval containing the initial support, see for instance [61, 62, 162|. Properties
of the solutions to the parabolic equation (7.5) can also be connected with certain structures
in the phase plane portrait of the ODE u” + f(u) = 0. However, this is no longer the case
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for the patch model (7.3). Instead, our proofs rest on comparison and PDE arguments. For
instance, by estimating the behavior, for large |z| and/or ¢, of the solution u(t,z) of the
Cauchy problem (7.3) with compactly supported initial conditions and then by comparing
it with the standard traveling fronts, we can retrieve the classical spreading results [9, 76]
in a sense (see Theorems 7.7, 7.16 and 7.26 below). Besides, in the KPP-bistable case
(i.e. the case where f; is KPP and fy is bistable), we provide some sufficient conditions
under which either blocking or propagation occurs in the bistable patch. At first glance, one
may anticipate similar dynamics or features at large times for the solutions of the Cauchy
problem (7.3) as for the solutions of the scalar homogeneous equation (7.5) in each patch,
possibly with some nuances. However, that turns out to be not exactly true. We prove that
the propagation phenomena in the KPP-bistable case can be remarkably different from what
happens for the homogeneous bistable equation. We especially show a “virtual blocking”
phenomenon, i.e., the solution indeed does propagate, but with speed zero, a situation which
was previously investigated only in general inhomogeneous environments [124, 118]. This
unusual phenomenon reveals that the effect of the KPP patch on the bistable patch cannot
be neglected and that (7.3) is truly a coupled system of the reaction-diffusion equations.

7.2 Definitions and main results
Throughout the paper, we set
I, = (—00,0) and I, = (0, +00).

By a solution of the Cauchy problem (7.3) associated with a continuous bounded initial
condition ug, we mean a classical solution in the following sense [94].

Definition 7.1. For T € (0, +o0], we say that a continuous function u : [0,T) x R — R is
a classical solution of the Cauchy problem (7.3) in [0,T) x R with an initial condition uy, if
u(0,-) = ug in R, if ul )7 € C’tl;f((O,T) x I;) (i = 1,2), and if all identities in (7.3) are
satisfied pointwise for 0 <t <T.

Similarly, by a classical stationary solution of (7.3), we mean a continuous function U :
R — R such that Ul € C*(I;) (i = 1,2) and all identities in (7.3) are satisfied pointwise,
but without any dependence on t.

We also define super- and subsolutions as follows.

Definition 7.2. For T € (0,+o0], we say that a continuous function @ : [0,T) x R — R,
which is assumed to be bounded in [0, Ty] X R for every Ty € (0,T), is a supersolution of (7.3)
in [0,T) x R, if Ul r)x7 € Ctl;f((O,T) x L) (i =1,2), if u(t,x) > ditige(t,2) + fi(u(t,z))
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forallt=1,2,0<t<T and x € I;, and if
Uy (t,07) > o, (t,07) for all t € (0,T).

A subsolution is defined in a similar way with all the inequality signs above reversed.

7.2.1 Existence results for the Cauchy problem associated with (7.3)

Proposition 7.3 (Well-posedness of the Cauchy problem associated with (7.3)). For any
nonnegative bounded continuous function ug : R — R, there is a unique nonnegative bounded
classical solution u of (7.3) in [0,+00) x R with initial condition uy such that, for any T > 0
and A > 0,

”u|[7',+oo)><[—A,O]HC;QQW([THFOO)><[7A,0]) + ||u|["r,+oo)><[0,A]||Ct1;’;;2v7([7—7+oo)><[0’/4}) <C,

with a positive constant C' depending on 7, A, di 2, fi2, 0 and ||ug||Le(w), and with a universal
positive constant v € (0,1). Moreover, u(t,z) > 0 for all (t,z) € (0,+00) x R if ug # 0.
Lastly, the solutions depend monotonically and continuously on the winitial data, in the sense
that if ug < vy then the corresponding solutions satisfy u < v in [0,+00) X R, and for
any T € (0,+00) the map uy — wu is continuous from CT(R) N L>®(R) to C([0,T] x R) N
L>([0,T] x R) equipped with the sup norms, where CT(R) denotes the set of nonnegative
continuous functions in R.

The existence in Proposition 7.3 can be proved by following the proof of [94, Theorem 2.2].
Namely, we can introduce a sequence of continuous cut-off functions (0, )nen, n>2 such that
0<6,<1inR,§,=1in[-n+1,n—1] and 6, =0in R\ (—n,n). Asin |94, Section 3.1,
Theorem 3.2|, for each n > 2, there is a unique continuous function u,, : [0, +00)x[—n,n] - R
such that (o +o0)x(-no € Crin((0,400) X [, 0]), Un|(0400)xf0.n] € Ci ((0, +00) x [0,n]),

and
4

(un)t = dl(un)xw + fl(un), t > O, x € [—n, 0),
(un)t = d2(un>mx + fQ(un), t> O, x € (O, TL],
( 0

Un )z (t,07) = o(un)a(t, 0+>> t>0,
up(t,£n) =0, t >0,
| un(0, %) = 6, (x)uo(), x € [-n,n].

Furthermore, 0 < w,(t,z) < max(K7, K3, [|uo||ze(w)) for all (t,z) € [0,400) X [—n,n], with
K, asin (7.4). A comparison principle holds for the above truncated problem and, for each
(t,x) € [0,400) x R, the sequence (un(t,2))n>max(2,e() 15 nondecreasing. Next, as in [94,
Section 3.2|, the following properties hold: 1) there is v > 0 such that, for every A > 0 and
7 > 0, the sequences (Up [ 1o00)x[— 4,0 Jn>max(4,2) B0 (Un (7 4+00)x[0,4] )n>max(4,2) are bounded in
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C;;Zﬂ”([r, +00) x [—A4,0]) and Otl;;jﬂ”([r, +00) x [0, A]) respectively, by a constant depending
only on 7, A, dy2, fi,2, 0 and ||ug|/z(r); 2) the sequence (uy)nen,n>2 converge pointwise in
[0,4+00) x R to a nonnegative bounded classical solution u of (7.3) with initial condition u,
in the sense of Definition 7.1; 3) the solutions u depend continuously on the initial conditions
in the sense of Proposition 7.3. Lastly, the monotonicity with respect to the initial conditions
and the uniqueness in Proposition 7.3 are consequences of the following comparison principle

stated in [94, Proposition A.3].

Proposition 7.4 (Comparison principle). For T € (0,400], let @ and u be, respectively, a
super- and a subsolution of (7.3) in [0,T) x R in the sense of Definition 6.10, and assume
that w(0,-) > w(0,-) in R. Then, w > w in [0,T) x R and, if u(0,-) # u(0,-), then u > u in
(0,7) x R.

In the sequel, when we speak of the solution u of (7.3) with a nonnegative bounded
continuous initial condition ugy, we always mean the unique nonnegative bounded classical
solution w given in Proposition 7.3.

7.2.2 Propagation in the KPP-KPP case

We here investigate the spreading properties of the solutions to the Cauchy problem (7.3)
associated with nonnegative, continuous and compactly supported initial conditions uy when
fi (i =1,2) in both patches I; satisfy, in addition to (7.4), the KPP assumptions, that is,

fi(0)=fi(K;)=0, 0 < fi(s) < f{(0)s for all s € (0, K;), fi(K;) <0, fi <0in (K;, +00).
(7.8)
We call this configuration the KPP-KPP case. Without loss of generality, we assume that
K, < K,. In particular, if each function f; satisfies (7.4) and is positive in (0, K;) and concave
in [0,+00), then (7.8) holds. An archetype is the logistic function f;(s) = s(1 — s/K;).
We start with a Liouville-type result for the stationary problem associated with (7.3).

Proposition 7.5. Under the assumption that

with 0 < K7 < Ko, problem (7.3) admits a unique positive, bounded and classical stationary
solution V. Furthermore, V(—o00) = K1, V(4+00) = Ks, and V' > 0 in (—00,07] U [0, +00)
’Lle < KQ,Z while V = K; inR Zle = K.

>The notation V/ > 0 in (—o0,0~] U [0T, +00) means that V|_. o and V|jp o) have positive first-order
derivatives in (—o0,0] and [0, +00) respectively.
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Figure 19: The profile of the unique positive stationary solution V' in the KPP-KPP case.

The assumption (7.8) guarantees that the zero state is unstable with respect to any
nontrivial perturbation, a phenomenon known from [9] as the hair-trigger effect for the ho-
mogeneous equation (7.5), and which holds here as well, as the following result shows:

Proposition 7.6. Assume that (7.8) holds with K1 < Ks. Then, the solution u of (7.3)
with any nonnegative, bounded and continuous initial datum ug % 0 satisfies:

u(t,z) = V(z) ast — +oo, locally uniformly in x € R,

where V' is the unique bounded continuous and classical stationary solution given in Propo-
sition 7.5.

Our next main result in the KPP-KPP case is concerned with the spreading properties
in both directions.

Theorem 7.7. Assume that (7.8) holds and let V' be as in Proposition 7.5. Then there exist
leftward and rightward asymptotic spreading speeds, ¢; = 2+/d1f1(0) and ¢ = 2/d2f5(0),
respectively, such that the solution of (7.3) with any nonnegative, continuous and compactly
supported initial condition ug Z 0 satisfies:

lim ( sup u(t,a:))z lim < sup u(t,x))zO, for all e > 0,
x>

t—4o00 xS—(CI‘H‘:)t t——4o00 (c;—l-s)t
. C* + c*
lim ( sup lu(t, z) — V(x)]) =0, forall0 <e < 1—2.
t—400 (—ci+e)t<a<(cs—e)t

This theorem says that the level sets of u(t,-) behave as 24/d; f{(0)t in patch 1 and as
24/ds f}(0)t in patch 2 at large times, which is an analogue of the standard spreading result
for the solutions to homogeneous KPP equations (7.5) (see, e.g. [9]), as already mentioned
in the introduction. This demonstrates that, in the KPP-KPP case, the spreading speeds
are essentially determined by the property of the equation at infinity.
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7.2.3 Persistence, blocking or propagation in the KPP-bistable case

In this section, in addition to (7.4), we assume that f; is of KPP type, whereas f; is of
bistable type, namely:

f1<0) = fl(Kl) = 0, 0< f1(5> < f{(O)S for all s € (O,Kl), f{(Kl) < 0, f1 < 0in (K1,+OO>.
(7.10)

and

(7.11)

f2(0) = f2(0) = fo(K3) = 0 for some 6 € (0, Ks),
f5(0) <0, f3(K2) <0, fo <0in (0,0) U (Ks,+00), fo>0in (0, K»).

Let ¢(x — cot) be the unique traveling wave solution connecting K5 to 0 for the equation
ur = dotizy + fo(u) viewed in the whole line R, that is, ¢ : R — (0, K3) satisfies

{dgqf)” + e + f2(¢) =0, ¢ <OnR, (7.12)

$(—00) = Ks, ¢(+00) =0, ¢(0) = 2,

where the speed ¢y has the same sign as f0K2 fa(s)ds |76]. The normalization condition
»(0) = K5/2 uniquely determines ¢. Moreover,

{ ape” ** < ¢(s) < aje”*, s >0, (713)

boe™ < Ky — $(s) < bie®, s <0,

where ag, a1, by and b are some positive constants, and oy and [, are given by

02 + \/ C2 4d2f2 ) 5 - —Cg + \/<C2>2 - 4d2fé(K2>
2d, e 2d, '

We will investigate the propagation phenomena for the solutions to the Cauchy prob-
lem (7.3) in this mixed KPP-bistable framework. We recall that for the scalar bistable
equation, solutions may be blocked by the existence of certain steady states (see e.g. [11,
47, 49, 59, 60, 64, 69, 70, 93, 100, 110, 127, 137, 160] for various equations and geometric
configurations). In our KPP-bistable setting, we will give sufficient conditions so that such
blocking phenomena occur in patch 2, see Theorems 7.13-7.15. We point out that the or-
dering between K; and K, is considered here in complete generality. Besides, we also prove
propagation and stability results inspired by Fife and McLeod |76], see Theorems 7.16-7.17.
In particular, the “virtual blocking” phenomenon is investigated, see Theorem 7.17.
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Persistence in the KPP patch 1

Before dealing with blocking or propagation in the bistable patch 2, we start with the follow-
ing persistence and propagation result in the KPP patch 1. This result holds independently
of the bistable profile in patch 2.

Theorem 7.8. Assume that (7.10)—(7.11) hold. Let u be the solution of (7.3) with a nonneg-
ative, continuous and compactly supported initial condition uy Z 0. Then, for every T € R,

inf <lim infu(t,x)) > 0.

r<x t—+o00

Moreover, u propagates to the left with speed ¢i = 2+/dy f{(0) in the sense that

Ve>0, lim ( sup u(t,a:)) =0,

t=400 \ o< (et +e)t

Vee (0,¢]), Vnp>0, 3z; € R, limsup( sup |u(t,x)—K1|> <.

t—+00 —(cf—e)t<w<m1

In particular, sup_c,c oy [u(t,z) — Ki| — 0 ast — +oo for every 0 < ¢ <c¢ < ¢f.

Remark 7.9. For u as in Theorem 7.8, denote by w(u) the w-limit set of u in the topology
of C?

(R). Recall that a function w belongs to w(u) if and only if there exists a sequence

(tx)ren diverging to +oo such that limg o u(ty, ') = w in CZ_(R). Proposition 7.3 implies
that w(u) is not empty and Theorem 7.8 yields w(—o0) = K; for any w € w(u). Moreover,
one can also conclude that, for each € € (0, ¢}) and each map t — ((¢) such that ((t) - —o0
and |((t)| = o(t) as t — 400, it holds

lim sup lu(t,z) — Ky| = 0.

E= 400 _(cr—e)t<a<((t)

Stationary solutions connecting K; and 0, or K; and K,

The following Proposition 7.10 provides some necessary conditions for a stationary solution
connecting K; and 0 to exist, whereas Proposition 7.11 gives some sufficient conditions for
such a solution to exist. These solutions will act as blocking barriers in the bistable patch 2
for the solutions of (7.3) with “small” initial conditions in some sense (see Theorem 7.15).

Proposition 7.10. Assume that (7.10)~(7.11) hold, and that (7.3) admits a nonnegative
classical stationary solution U such that U(—oo) = Ky and U(+00) = 0. Then one of the
following cases holds:
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(i) foo fa(s)ds <0, then U" < 0 in (—o0,07] U [0, +00), 0 < U(0) < K;, and

K 0_2 U(O)
fi(s)ds = _4 / fo(s)ds > 0; (7.14)
0

U(0) dy

(i1) if fo fa(s)ds = 0, then U < 0 in (—o00,07] U [0F, +00), 0 < U(0) < min(K7, K>),
and (7.14) holds;

(1i1) if fo fa(s)ds > 0 and if 0* € (0, K3) is such that fo fa(s)ds =0, then:

(a) either U' < 0 in (—00,07]U[0", +00) and 0 < U(0) < min(K;, 6*),

(b) or U is bump-like, that is, U is nondecreasing in (—oo,x¢) and U is decreasing
in (xg,+00) for some xy > 0, with U(zy) = maxgU = 0* and U'(xy) = 0.
Furthermore, either xo > 0, U’ > 0 in (—o0,07] U [0F,x¢), K1 < U(0) < 6* and
U <0 in (xg,+00); orxg =0, K3 = 0*, U = K; in (—00,0], and U' < 0 in
(0,400).

Proposition 7.11. Assume that (7.10)—(7.11) hold. Then (7.3) admits a nonnegative clas-
sical stationary solution U such that U(—o0) = K; and U(+o00) = 0, provided one of the
following holds:

(Z) f[) f2 d8<0
(11) f s)ds =0 and K; < Ks;

(i17) fo fa(s)ds > 0 and Ky < 6%, where 6* € (0, K3) is such that foa* fa(s)ds = 0.

Proposition 7.11 is optimal in the sense that the parameters dy 2 and o are not involved
However, when fOK2 fa(s)ds = 0 and K; > K5, or when fo fa(s)ds > 0 and K; > 0*, i
turns out that the stationary solution U of (7.3) such that U(— ) K, and U(+o00) = O
may not exist, and then the parameters f; 5, dy 2 and o play crucial roles (see the comments
after the proof of Proposition 7.11 in Section 7.4.2 below for further details).

The third proposition, which will play a key-role in the large-time dynamics of the sprea-
ding solutions in patch 2, is the analogue of Proposition 7.5 in the present KPP-bistable
framework, namely it is concerned with the stationary solutions of (7.3) connecting K; and
Ks.

Proposition 7.12. Assume that (7.10)—~(7.11) hold and that fOK2 fa(s)ds > 0. Then prob-
lem (7.3) has a unique, nonnegative, bounded and classical stationary solution V' such that
V(—o0) = Ky and V(+o00) = K. Moreover, V is monotone in R.

Notice that the functions U and V' given in Propositions 7.11 and 7.12 can exist simulta-
neously, since the sufficient conditions for the existence of U and V' are not incompatible.
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Blocking phenomena if patch 2 has bistable dynamics

We now turn to investigate blocking phenomena. If U is a stationary solution of (7.3) with
U(—o0) = K7 and U(+00) = 0 and if the nonnegative bounded continuous initial condition ug
satisfies 0 < uy < U in R, then the comparison principle [94, Proposition A.3] implies that the
solution u of the Cauchy problem (7.3) with initial condition wu, satisfies 0 < u(t,x) < U(x)
for all (t,z) € [0,+00) x R, hence it is blocked in patch 2, that is,

u(t,z) — 0 as x — 400, uniformly in ¢ > 0. (7.15)

For another blocking result, we assume that fOK2 fa(s)ds < 0 and show that the traveling
front solution ¢(z — cot) of (7.12) serves as a blocking barrier in patch 2.

Theorem 7.13. Assume that (7.10)~(7.11) hold, and that f0K2 fa(s)ds < 0, or fOK2 fa(s)ds =
0 with K1 < Ky. Let u be the solution of (7.3) with a nonnegative, continuous and compactly
supported initial condition ug Z 0. Then, u is blocked in patch 2, that is, it satisfies (7.15).

Furthermore, blocking can occur when K; and the L>(R) norm of ugy are less than 6.

Theorem 7.14. Assume that (7.10)—(7.11) hold and that Ky < 0. Let u be the solution
of (7.3) with a nonnegative, continuous and compactly supported initial condition ug % 0
such that uy < 0 in R. Then, u is blocked in patch 2, that is, it satisfies (7.15).

Our last blocking result requires that the initial conditions ug is small in the L'(R) norm
and that a classical stationary solution exists, connecting K5 and 0.

Theorem 7.15. Assume that (7.10)—(7.11) hold and that (7.3) admits a nonnegative classical
stationary solution U with U(—o0) = K and U(4+00) = 0. Then, for any L > 0, there is
e > 0 such that the following holds: for any nonnegative continuous initial condition uy whose
support is included in [—L, L] and which is such that ||uo| 1) < €, the solution u of (7.3)
with initial condition ug is blocked in patch 2, that is, it satisfies (7.15).

Notice that, in contrast with Theorem 7.13 which is concerned with the case fOK2 fa(s)ds <
0, Theorems 7.14-7.15 show that blocking can also occur when fOK2 fa(s)ds > 0 (in particular,
the existence of U in Theorem 7.15 can be fulfilled when f0K2 fa(s)ds > 0, as follows from
Proposition 7.11).

Propagation with positive or zero speed when patch 2 has bistable dynamics

Finally, we turn to propagation results in patch 2. Our first result is motivated by the
one-dimensional propagation result of Fife and McLeod [76]. They showed that solutions
of the homogeneous Cauchy problem (7.3) with bistable nonlinearity (7.11) and compactly
supported initial conditions spread with positive speed in both directions if (i) the initial
conditions exceed 6 on a large enough set and (ii) f0K2 fa(s)ds > 0.
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Theorem 7.16. Assume that (7.10)—~(7.11) hold and that f s)ds > 0. Let u be the
solution of (7.3) with a nonnegative, continuous and compactly supported initial datum uy Z
0. Then, for any n > 0, there is L > 0 such that, if ug > 0 +n on an interval of size L

included in patch 2, then u propagates to the right with speed co and, more precisely, there is
& € R such that

sup |u(t,z) —p(x —cat + &) = 0 as A — +oo, (7.16)
t>A, x> A

where ¢ is the traveling front profile given by (7.12).

The result in the preceding theorem assumes some conditions on f; and ug. The following
result shows that propagation can also occur independently of ug and under some slightly
weaker assumptions on f,, provided no stationary solution connecting K; and 0 exists.

Theorem 7.17. Assume that (7.10)—(7.11) hold and that fo fa(s)ds > 0. If (7.3) has no
nonnegative classical stationary solution U such that U(—o0) = Ky and U(4+00) = 0, then
the solution w of (7.3) with any nonnegative, continuous and compactly supported initial
condition ug Z 0 propagates completely, namely,

u(t,z) — V(z) ast — +oo, locally uniformly in x € R, (7.17)

where V' is the unique nonnegative classical stationary solution of (7.3) such that V(—o0) =
Ky and V(+00) = Ky, given in Proposition 7.12. Furthermore,

(i) if fo fa(s)ds > 0, then u propagates to the right with speed ca > 0 in patch 2, and
more preczsely (7.16) holds for some & € R;

(i) if fo fa(s)ds = 0, then u propagates to the right with speed zero in patch 2, in the
sense that (7.17) holds and sup,- u(t,z) — 0 as t — +oo for every ¢ > 0.

Remark 7.18. In the balanced case

Ko

fa(s)ds =0, (7.18)
0

blocking in patch 2 can occur, as follows from Theorems 7.13-7.15. However, in contrast to
the case fo fa(s)ds < 0 (see Theorem 7.13), blocking is not guaranteed. Indeed, if (7.18)
holds, Proposmon 7.10 (ii) and Theorem 7.17 (ii) provide some sufficient conditions for the
solution u of (7.3) to propagate to the right with speed zero. These conditions are fulfilled,
for instance, when we replace f; in (7.11) with fa, where fa(s) = fa(s/e) and choose € > 0
small enough while all other parameters are fixed. We give a heuristic explanation for this
phenomenon. First, it follows from Proposition 7.11 that K; > K, under the assumptions
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of Theorem 7.17 (ii). Then, since u(t,z) converges as t — +oco locally uniformly in z € R
to the stationary solution V' connecting K; and K, the KPP patch provides exterior energy
through the interface and forces the solution u to persist in patch 2 and then propagate
with zero speed. A similar phenomenon, called “virtual blocking” or “virtual pinning”, was
previously investigated in a one-dimensional heterogeneous bistable equation [124] and in the
mean curvature equation in two-dimensional sawtooth cylinders [118]. It is also well known
that for the homogeneous bistable equation (7.5), the solution u to the Cauchy problem with
any nonnegative bounded compactly supported initial condition is blocked at large times and
extinction occurs when (7.18) holds. In contrast, Theorem 7.17 states that, when (7.18) is
fulfilled, the solution to the patch problem (7.3) with a compactly supported initial condition
can still propagate into the bistable patch 2, but its level sets then move to the right with
speed zero.

Remark 7.19. When the initial condition of the scalar homogeneous bistable equation (7.5)
is small in the L'(R) norm, then [ju(1,)||z=®) can be bounded from above by a constant
less than 6. Hence, extinction occurs and the blocking property (7.15) holds if the initial
condition is compactly supported. In our work, due to the presence of the KPP patch 1
in (7.3), a small L'(R) norm of the initial condition is not sufficient to cause blocking for
equations (7.3) in general, as follows from Theorems 7.16-7.17.

7.2.4 Blocking or propagation in the bistable-bistable case

In this section, we briefly show some extension of the results for the KPP-bistable case to
the bistable-bistable case.

Assume that f; (i = 1,2) are of bistable type:

{ fi(0) = fi(6;) = fi(K;) = 0 for some 6; € (0, K), (7.19)

Let ¢;(—x - e; — ¢;t) with e; = £1 (¢ = 1,2) be the unique traveling waves connecting K; to
0 for the equation u; = dju,, + fi;(u) viewed in the whole line R, that is, ¢; : R — (0, K;)
satisfies

¢i(—00) = K;, ¢i(+00) =0, ¢;(0) = 6;, (7.20)

where the speeds ¢; have the sign of fOKi fi(s)ds |76] (the normalization condition ¢(0) = K;/2
uniquely determine ¢;). Moreover, ¢; have similar exponential estimates to (7.13).

{dﬂ?;’ + ¢+ fi(4) =0, ¢ <0in R,
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Stationary solutions connecting K; and 0, or K; and K,

First of all, in the spirit of Proposition 7.10, we provide some necessary conditions such that
a stationary solution connecting K; and 0 exists. Namely,

Proposition 7.20. Assume that (7.19) holds and fOK1 fi(s)ds >0, and that (7.3) admits a
nonnegative classical stationary solution U such that U(—o0) = Ky and U(+o00) = 0. Then
one of the following cases holds true:

(i) ]ffo fa(s)ds < 0, then U' < 0 in (—o0,07]U [0, +00) and 0 < U(0) < K, and

K d10_2 U(O)
fi(s)ds = — / fa(s)ds > 0; (7.21)
U(0) dy Jo

(ii) If fo fa(s)ds =0, then U' < 0 in (—o00,07] U [0F, +00) and 0 < U(0) < min(K;, Ks),
and (7.21) holds;

(111) If fo fa(s)ds > 0 and let 85 € (02, Ks) be such that fo fa(s)ds =0, then:

(a) either U' < 0 in (—o0,07] U [0, +00) and 0 < U(0) < min(K, 65),

(b) or U is bump-like, that is, U is nondecreasing in (—oo,xo) and U is decreasing
in (xg,+00) for some xy > 0, with U(zg) = maxgU = 05 and U'(xy) = 0.
Furthermore, either xo > 0, U’ > 0 in (—o0,07] U [0F,x¢), K1 < U(0) < 05 and
U < 0in (xg,+00); orxg =0, K1 = 05, U = Ky in (—00,0], and U" < 0 in
(0,400).

By a slight modification of the proof of Proposition 7.11, some sufficient conditions such
that a stationary solution connecting K7 and 0 exists are obtained as follows.

Proposition 7.21. Assume that (7.19) holds and that fo fi(s)ds > 0. Then (7.3) admits
a nonnegative classical stationary solution U such that U(— ) = K; and U(+o00) = 0,
provided one of the following holds:

(i) f s)ds < 0;
(1) fo f2(s)ds =0 and K| < Ks;
(1i1) fo fa(s)ds > 0 and Ky < 05, where 05 € (09, K3) is such that fo fa(s)ds = 0.
Similar to Proposition 7.12, we also have:

Proposition 7.22. Assume that (7.19) holds and that fo fi(s)ds > 0 fori =1,2. Then
problem (7.3) has a unique, nonnegative, bounded and classical stationary solution V' such
that V(—o0) = Ky and V(+00) = Ky. Moreover, V is monotone in R.
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The strategy of the proof of Proposition 7.22 is very similar to that of Proposition 7.12,
however, the argument in Step 2.1 this time should follow the idea of Step 2.2 due to the
bistable assumption on fi.

Blocking phenomena

Following the lines as that of Theorem 7.13, one has:

Theorem 7.23. Assume that (7.19) holds and let u be the solution of (7.3) with nonnegative,
continuous and compactly supported initial function ug Z 0. Then,
(i) if there isi € {1,2} such that fo fi(s)ds < 0, then u will be blocked in patch i, that is,

u(t,z) — 0 as |x| — +oo in patch i, uniformly int > 0;

(11) if fo fi(s)ds > 0 and fo fa(s)ds = 0 with Ky < Ko, then u is blocked in patch 2, that
18, it satzsﬁes (7.15). Furthermore, iof for any n > 0, there is L > 0 such that ug > 6+n
on an interval of size L included in patch 1, then u propagates to the left with speed cq
and, more precisely, there is £ € R such that

sup u(t,x) —p1(—z — et +&)| =0 as A — +oo, (7.22)
t>A, x<—A

where ¢y is the traveling front profile given by (7.20).
Finally, similar to Theorem 7.14, one has

Theorem 7.24. Assume that (7.19) holds, fo fi(s)ds > 0 and K; < 0y. Let u be the
solution of (7.3) with nonnegative, continuous and compactly supported initial value ug Z 0
such that uy < 0y in R. Then u is blocked in patch 2, that is, it satisfies (7.15).

From Theorem 7.15, it follows that

Theorem 7.25. Assume that (7.19) holds and fo fi(s)ds > 0, and that (7.3) admits a
nonnegative classical stationary solution U such that U(—o0) = Ky and U(+00) = 0. Then,
for any L > 0, there is € > 0 such that the following holds: for any nonnegative continuous
and compactly supported initial condition ug whose support is included in [—L, L] and which
is such that ||uo|lpry < €, the solution u of (7.3) with initial condition ug is blocked in
patch 2, that is, it satisfies (7.15).

Propagation with positive or zero speed

The following theorems are concerned with propagation results. From Theorem 7.16, it is
easy to see that:
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Theorem 7.26. Assume that (7.19) holds and that there isi € {1,2} such that fOKi fi(s)ds >
0. Let u be the solution of (7.3) with nonnegative, continuous and compactly supported initial
function ug £ 0. Then, for any n > 0, there is L > 0 such that, if ug > 6; +n on an interval
of size L included in patch i, then u propagates in patch i with speed c; and more precisely,
there is & € R such that

sup  |u(t,x) — gi(—x-e; — it + &) — 0 as A — +o0, (7.23)
t>A, —x-e; > A

where ¢; is the traveling front profile given by (7.20).
Inspired from Theorem 7.17, we have

Theorem 7.27. Assume that (7.19) holds and that fOKl fi(s)ds > 0 and f0K2 fa(s)ds > 0.
If (7.3) has no nonnegative classical stationary solution U such that U(—o0) = Ky and
U(+o0) = 0. Let u be the solution of (7.3) with nonnegative continuous and compactly
supported initial datum ug Z 0. Then, for any n > 0, there is L > 0 such that, if ug > 01 +n
on an interval of size L included in patch 1, then u propagates completely, namely,

u(t,x) = V(z) ast — +o0, locally uniformly in x € R, (7.24)

where V' is the unique nonnegative classical stationary solution of (7.3) such that V(—o0) =
Ky and V(+00) = Ks, given in Proposition 7.22. Furthermore, u propagates to the left with
speed ¢y and (7.23) with i = 1 holds true in patch 1, and the following holds true in patch 2:

(i) if f0K2 fa(s)ds > 0, then u propagates to the right with speed co > 0, and more pre-
cisely (7.23) with i = 2 holds for some & € R;

(i1) iff0K2 fa(s)ds = 0, then u propagates to the right with speed zero, in the sense that (7.17)
holds and sup,~.; u(t,r) — 0 as t — 400 for every c > 0.

7.2.5 Biological interpretation and explanation

We briefly discuss our results from an ecological point of view here. We envision a landscape
of two different characteristics, say a large wooded area and an adjacent open grassland area.
We assume that the movement rates of individuals are small relative to landscape scale so
that we can essentially consider each landscape type as infinitely large. In the first scenario
(KPP-KPP), the population has its highest growth rate at low density in both patches. While
the low-density growth rates and carrying capacities may differ between the two landscape
types, the population will grow in each type from low densities to the carrying capacity.
When introduced locally, the population will spread in both directions, and the speed of
spread will approach the famous Fisher speed 24/d;f/(0) in each patch. The interface will
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not stop the population advance unless it is completely impermeable. This would be the
special case (that we excluded from our analysis) where an individual at the interface will
choose one of the two habitat types with probability one, i.e., a =0 or a = 1.

The second scenario (KPP-bistable) is more interesting. This time, the population dy-
namics change qualitatively from the highest growth rate being at low density to being at
intermediate density. In ecological terms, this corresponds to a strong Allee effect and the
threshold value 6 is known as the Allee threshold. In this case, the interface can prevent a
population that is spreading in the one habitat type (without Allee dynamic) from continuing
to spread in the other type (with Allee dynamics). At first glance, it seems surprising that
the conditions for propagation failure do not include parameter o that reflects the movement
behavior at the interface. To understand the reasons, we need to understand the scaling that
led to system (7.3). The scaled reaction function f, and its unscaled counterpart, say f;, are

related via
(0% dg

fQ(S):ka(S/k)7 k= 1—0zd_1’

see [94]. In particular, if K, and 0 are the unscaled carrying capacity and Allee threshold,
then K, = kKo and 0 = kO are the corresponding scaled quantities. The sign of the integral
that determines the sign of the speed of propagation in the homogeneous bistable equation
does not change under this scaling. Hence, by choosing k large enough, one can satisfy the
condition K7 < € in Theorem 7.14. A population that starts on a bounded set inside the
KPP patch will be bounded by K7 and therefore unable to spread in the Allee patch. Large
values of k arise when the preference for patch 1 is high (o &~ 1) or when the diffusion rate in
the Allee patch is much larger than in the KPP patch. The mechanisms in this last scenario
is similar to that when a population spreads from an narrow into a wide region in two or
three dimensions [49]. As individuals diffuse broadly, their density drops below the Allee
threshold and the population cannot reproduce and spread.

A change in population dynamics from KPP to Allee effect need not be triggered by
landscape properties, it can also be induced by management measures. For example, when
male sterile insects are released in large enough densities, the probability of a female insect
to meet a non-sterile male decreases substantially so that a mate-finding Allee effect may
arise. The use of this technique to create barrier zones for insect pest spread has recently
been explored by related but different means [3].

Outline of this chapter. In Section 7.3, we consider (7.3) with KPP-KPP reactions and
prove Propositions 7.5-7.6 and Theorem 7.7. Section 7.4 is devoted to the KPP-bistable
case. We begin by proving the semi-persistence result Theorem 7.8 in Section 7.4.1. Then, in
Section 7.4.2, we present the proofs of Propositions 7.10-7.12. In Sections 7.4.3 and 7.4.4, we
collect the proofs of the main results on blocking, virtual blocking and propagation in patch
2, namely, Theorems 7.13-7.17. In Section 7.5, we sketch the essential parts of the proofs in
the bistable-bistable case which are different from those in the KPP-bistable case.
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7. Propagation and blocking in a two-patch reaction-diffusion model

7.3 The KPP-KPP case

This section is dedicated to the analysis of (7.3) with KPP-KPP reactions. We start with
proving Proposition 7.5 for the stationary problem associated with (7.3).

Proof of Proposition 7.5. The existence of the stationary solution follows immediately from
the existence of a pair of ordered sub- and supersolution. Indeed, from (7.9), it is easy to
check that K; and K, are, respectively, a sub- and a supersolution for the stationary problem
of (7.3). Hence, there exists a stationary solution V' to (7.3) such that K; < V(z) < K, for
z € R.

Next, let us turn to the uniqueness. Consider any nonnegative bounded classical sta-
tionary solution V' of (7.3). If there is xy € (—o00,0) such that V(xy) = 0, then V' = 0 in
(—00,0) from the elliptic strong maximum principle, and then in (—oo,0] by continuity of
V. IfV >0in (—00,0) and V(0) = 0, then it follows from the Hopf lemma that V'(07) < 0.
Similarly, if there is xy € (0, +00) such that V(zp) = 0, then V' = 0 in (0, +00) from the
elliptic strong maximum principle, and then in [0,4+00) by continuity of V. If V' > 0 in
(0,4+00) and V(0) = 0, then the Hopf lemma implies V'(0%) > 0. From these observations
and the fact that V(07) = oV’(0") with ¢ > 0, it follows that either V=0in R, or V > 0
in R. In the sequel, we assume that V' > 0 in R.

We first claim that infr V' > 0 and

V(—o00) = Ky, V(4+00) = Ko. (7.25)

As a matter of fact, since f/(0) >0 (i = 1,2), one can choose R > 0 so large that

™ Jmmwm,f;(o»_ (7.26)

<
0< 2R — QmaX(dl,d2>

Set

() = {COS(;—RJ}), in (=R, R), (7.27)

0, otherwise.
Then there exists € > 0 such that the function cw satisfies —d;(cw)” < fi(ew) in R for
i=1,2and for 0 < ¢ < ¢, due to the assumption that f;(0) = 0 and f/(0) >0 (i = 1,2). Fix
ro = —R — 1, one can choose g € (0,&] such that
V> gow(- — xg) in R. (7.28)
Then, by continuity of V' — gqw, there is sq > 1 such that

V > eqw(- — sxg) in [sxg — R, szo + R] for all s € [1, s¢).
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Define
s =sup{s > 1:V > egow(- — sxg) in [szg — R, szo + R] for all s € [1,5]}.

It is obvious to see that s* > sg. We wish to prove that s* = 4o00. Assume not. By
the definition of s*, one has V' > gow(- — s*x) in [s*zg — R, s*z¢ + R| and there is T €
[s*xo — R, s*x¢ + R] such that V(Z) = gow(Z — s*x). Since V' > 0 in R and w(- — s*zy) =0
at © = s*rg £ R, one derives that T € (s*xg — R, s*zo + R). The elliptic strong maximum
principle then yields that V' = gqw(- — s*zg) in [s*xy — R, s*x¢ + R]. This is impossible.
Consequently, s* = 4o00. This implies

V > eqw(- — sxg) in [sxg — R, szo + R] for all s > 1.

whence inf,«_p 1V > gp. Similarly, one can also show that inf,~p; V' > &; for some
1 € (0,€]. Moreover, since V' > 0 in R, we see that ¢, := minj;<g1 V' > 0. Consequently,
we get infg V' > min(gg, 1,e2) > 0.

Consider now an arbitrary sequence (z,),eny in R diverging to —oo as n — +oo and
define V,, := V(- +x,) in R for each n € N. Then by standard elliptic estimates, the sequence
(Vi )nen converges as n — +00, up to extraction of some subsequence, in C2 _(R) to a bounded
function V; which solves d; V" + f1(V1) = 0 in R. Moreover, V; > min(eg, e1,£2) > 0in R. On
the other hand, it is known that dyu” 4 f;(u) = 0 admits a unique positive bounded solution
which is exactly K7, thanks to the hypothesis that f; > 0in (0, K;) and f; < 0 in (K7, +00).
Therefore, V; = Ky in R. That is, V,, — K; as n — +o00. Since the limit does not depend
on the particular sequence (z,)nen, it follows that V(z) — K; as ©* — —oo. By the same
argument as above and by the assumption that f, > 0 in (0, K3) and fo < 0 in (K>3, +00),
one can also derive V(z) — K3 as * — +o0o. Thus, (7.25) is achieved. Our claim is thereby
proved.

We prove now that V' is monotone in R. Assume not, then there is g € R such that V(xg)
reaches a strict local minimum or maximum. Suppose first that 2y € (—o00,0), one then has
V'(z9) = 0 by the regularity of V. On the other hand, by multiplying d; V" + f1(V) = 0 by
V'’ and integrating over (—oo, x) for any x € (—o0,07], one has

dy fa

E(V’(as))2 = f1(s)ds. (7.29)
V(z)

Remember that f; > 0 in (0,K;) and f; < 0 in (Kj,+00). Hence, (7.29) yields that
V(x¢) = K;. By the Cauchy-Lipschitz theorem, one has V' = K in (—o00,0). This contradicts
the assumption that V' (zy) is a strict local minimum or maximum, whence zy ¢ (—o00,0). By
analogy to (7.29), multiplying doV"” + fo(V) = 0 by V' and integrating over (z, +00) for any
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z € [0F, +00) implies
dy / 2 =
20@p = [ pas (7.30
V(z)
One can use the same procedure to exclude the case that zq € (0,+00), by noticing that
fo>01n (0, K3) and f; < 0 in (K3, +00). Consequently, V' is monotone in (—o0,0) and in
(0,400), respectively. Together with the interface condition V'(07) = oV'(0") and o > 0,
one then deduces that V' is monotone in R. In particular, if K1 = K5, then V = K; in R.
Consider now K; < Ky. We show that V' > 0 in (—00,07] U [0F,4+00). Assume not.
Suppose first that there is ¢ € (—o0, 07| such that V'(zg) = 0, then the Cauchy-Lipschitz
theorem gives that V' = K; in (—o0,0], whence V(0) = K; and V'(0) = 0. Then using
(7.30) with = 0%, one finally derives V = K in [0,400). Thus, V(0) = K,, which is a
contradiction. Therefore, V' > 0 in (—oo,07]. Similarly, one can also show that V’ > 0 in
[0, +00). Consequently, V' > 0 in (—00,07] U [07, +00) and therefore K; < V(-) < K, in
R. Moreover, by (7.29)—(7.30) and by the interface condition V’(07) = oV (0%), one has

K d10.2 K>

fi(s)ds = )fg(s)ds.

v (0) dy Jvo

Notice that the function v fVKl fi(s)ds is continuous increasing in [K7, K5] and vanishes
at K7, while the function v db—‘;z ‘f(%) fa(s)ds is continuous decreasing in [K;, K] and
vanishes at K,. Therefore, there exists a unique vy € (K3, K3) such that

K d10.2 K>

fi(s)ds = 7

fa(s)ds,

0] Yo

and necessarily V(0) = vo. Hence, V(0) is unique and then V’/(07) and V’(0") are uniquely
determined by

VI(07) = \/d% 1 fi(s)ds, V'(07) = \/d% 2 fa(s)ds,

V(0) V(0)

whence the uniqueness is proved. This completes the proof of Proposition 7.5. n

Proof of Proposition 7.6. Let u be the solution to (7.3) with a nonnegative, bounded and
continuous initial datum ug # 0. The comparison principle Proposition 7.4 gives that 0 <
u(t, x) < M := max(Ky, ||uo||m)) for all (¢,z) € (0,+00) x R.

Choose R > 0 and w as in (7.26) and (7.27), then there is € > 0 so small that cw satisfies
—doew” < fo(ew) in (=R, R) and ew(-—R—1) < u(1,-) in R. Let w and @ be, respectively, the
solutions to (7.3) with initial conditions ew(-— R—1) and M, then it follows from Proposition
7.4 that u is increasing in ¢, whereas w is nonincreasing in ¢. Since 0 < u(t,z) < u(t,z) < M
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7.3. The KPP-KPP case

for all (¢,z) € (0,400) xR, it follows from parabolic estimates that u(t,-) and u(¢, -) converge
as t — 400, locally uniformly in R, to positive bounded stationary solutions p and ¢ of (7.3),
respectively. Moreover,

0<p= lim u(t,-) <liminfu(t, ) < limsupu(t,-) < lim @(t,-) =q < M,

t—+00 t—+o00 t—+00 T t—+4oo

locally uniformly in R. Due to the uniqueness of the positive bounded classical stationary
solution to problem (7.3), one has p = ¢ =V in R. The conclusion is thereby proved. ]

Proof of Theorem 7.7. Assume that u is the solution of (7.3) with a nonnegative continuous
and compactly supported initial datum wuy # 0. By comparison principle, one has u(t,z) > 0
for all t > 0 and x € R. Moreover, Proposition 7.6 implies that

u(t,z) = V(z) ast — 400, locally uniformly in z € R, (7.31)
where V' is the unique positive bounded and classical stationary solution to (7.3) obtained
in Proposition 7.5. Since V(—o0) = K, V(+00) = Ky and K; < V(z) < K, for z € R, it

follows that, for any ¢ > 0 small, there exist 1 < 0 negative enough and x5 > 0 positive
enough such that

Ky <V(x) <K +6§/2 forz <z, Ky—0§/2<V(x) <Ky forx>x,. (7.32)
By (7.31), one can pick ¢y > 0 sufficiently large so that for all ¢t > ¢,
lu(t,z) — V(x)| <6/2, uniformly in = € [z1, 2] (7.33)
Thanks to (7.32) and (7.33), it is easily seen that, for all ¢ > ¢,
Ky —96/2 <u(t,z) < Ky +9, (7.34)

We first look at the spreading of u in the negative direction. Let wg # 0 be a nonnegative,
bounded, continuous and compactly supported function in R such that spt(wg) C [x; —2, 21—
1] and such that wy is strictly below u(to, -) satisfying 0 < wy < min (||ugl| =), K1 — 26) in
R. Consider the Cauchy problem

= diwy, + , t>0, reR,
{wt 10 + g1 () . (7.36)

w(0, ) = wy, r € R,
where g; is of class C' (R, ) and satisfies the KPP assumption, that is, ¢;(0) = g1 (K;—26) = 0,
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0 < g1(s) < gi(0)s for all s € (0, K; —2§), g1(K1 —2) <0, and gy <0 in (K; — 20, +00).
Moreover, we assume that ¢;(0) = f{(0) and ¢; < f; on (0, K; — 26). From the maximum
principle, it immediately follows that 0 < w(t,z) < K; — 20 for all ¢ > 0, x € R. This
implies that w(t — tg,x1) < Ky — 20 < u(t,z;) for all ¢ > t,, thanks to (7.34). Notice
also that wy(z) < u(ty, x) for x € (—oo,z1]. By the comparison principle, it turns out that
w(t —to,z) < u(t,z) for all t > ¢ty and < x;. Furthermore, it is known that the solution w
of (7.36) admits an asymptotic spreading speed ¢ = 2+/d; f1(0) (see [9]) such that

for all 0 < e < ¢f, ‘ |<i(nf )w(t,az)—>K1—25 as t — +o0.
z|<(c]—e)t

By virtue of (7.32), we then obtain that, for t > ¢y and = < xy,

forall 0 <e <}, V(z)—40<K; —36< inf w(t —tg,x) < inf u(t, x).

(=ci+5)(t—to)<z<m (—ci+e)t<a<z;

(7.37)

Next, take M; := max (||u0||Loo(R),K1 + 0, Kg). Let g1 be of class C' in R, such that
91(0) = (K1 +9) =0, g1 > 01in (0,K; + ), g;(0) >0, ¢1(K;+9) <0,and g < 0
in (K; + 9,+00). We further assume that f; < g; for s € [0, K;]. Then, the solution to
the ODE &'(t) = g1(&(t)) for t > to with £(t9) = M; is nonincreasing for ¢ > t, and satisfies
£(t) - K1+dast — +oo. Since 0 < u(t,z) < M, for all (¢,x) € Ry xR thanks to Proposition
7.4, it follows that u(ty,x) < &(tp) for all x < xy. Moreover, u(t,z1) < K; + 3§ < £(t) for all
t > to by (7.34). Applying a comparison argument yields that u(t,x) < &(t) for all ¢ > t,
x < x1. Therefore, we can choose t; > t; such that

sup u(ty,x) < Ky +39/2. (7.38)
w<zy
Let g, be of class C'' in [0, K +20] satisfying the KPP assumption: g,(0) = g,(K; +26) =
0, 0 < g,(s) < 71(0)s for s € (0,K; + 25). We further assume that ¢,(0) = f{(0) and
f1 <7, for s € (0, Ky). Then, it is well-known that the KPP equation u; = dyu,, + g, (u) for
(t,z) € Ry xR admits standard traveling wave solutions of the type u(t,z) = @ .(x-e—ct—h)
with e = 1, h € R if and only if ¢ > ¢} = \/W{(O) For any ¢ > ¢j, the function p,
satisfies

P + P, +9:(%.) =0in R, P, <0inR, P, (—00)=K;+25, P.(+o0) =0,

and . is unique up to translations. In particular, for ¢ = ¢j, by choosing A > 0 sufficiently
large, the function @, . satisfies

Ki+30/2 <P (—x1—cjt = A) < K1 +26 forallt > 1. (7.39)
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Due to the exponential decay of Ec»{(s) as s — +oo and the Gaussian upper bound of
u(ty, z) for all < x; by Lemma 7.36 and due to (7.38)—(7.39), it can be derived that (up to
increasing A if needed)

u(ti, x) < Per(—x — ity — A) for o < .

We also notice from (7.34) and (7.39) that u(t,z1) < Ki +6 < P (—21 — cjt — A) for all
t > t,. The comparison principle gives

u(t,z) <P (—x —cjt — A) for all t > ¢; and z < ;. (7.40)
It then implies that, for t > t; and x < zq, it holds

for all 0<e <y, sup u(t,x) < sup Per(—x — it — A) <Ky +20<V(x) + 24,

—(cf—e)t<z<m —(cf—e)t<w<m1
(7.41)
thanks to (7.32). Combining (7.37) with (7.41), we obtain
forall 0 <e < ¢}, lim sup lu(t,z) — V(x)| =0, (7.42)

t—=+oo —(cf—e)t<w<m1
that is, u spreads to the left at least with speed cj.
On the other hand, (7.40) also implies that

foralle >0, lim  sup wu(t,z) < lim sup @u(—z—ct—A)=0,
t—+00 rz<—(ci+e)t t=+00 r<—(cj+e)t !

which indicates that u spreads to the left at most with speed ¢j. Therefore, the leftward
spreading result of u is proved.

By a slight modification of the above argument, one can also show that u spreads to the
right with speed ¢5. Together with (7.33), the proof of this theorem is complete. ]

7.4 The KPP-bistable case

In this section, we will consider (7.3) with KPP-bistable reactions. We assume that patch 1
is of KPP type, whereas patch 2 is of bistable type. We will consider the sign of the mass
f0K2 f2(s)ds and the relation between K; and 6 or Ky ( or possibly §* where 6* € (0, K3) is
such that foe* f2(s)ds = 0 provided f0K2 f2(s)ds > 0) in complete generality.
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7.4.1 Semi-persistence result: proof of Theorem 7.8

To begin with, we shall prove the semi-persistence result and the leftward spreading result
in patch 1, thanks to the KPP assumption on f;. The technique here is similar to that of
Theorem 7.7.

Proof of Theorem 7.8. Let u be the solution to (7.3) with nonnegative continuous and com-
pactly supported initial datum wy #Z 0. By Proposition 7.4, we have 0 < u(t,z) < M :=
max (K1, Ks, [[ug||zr)) for all ¢ >0, z € R.

Take R > 0 large enough such that

T f1(0)
¥ < o, (7.43)
Set
_ cos(%x) in (—R, R), a4
Vo) {0, otherwise. (7:44)

Then there exists g > 0 such that the function e satisfies —d;(e9)” < fi(e9) in R for
all 0 < ¢ < gp. Choose now zy < —R and pick ¢ € (0,g¢] such that eip(- — zo) < u(1,-)
in R. Let v and w be solutions to (7.3) with initial functions vy = (- — xp) in R and
wo = max (K, Ky, ||uol|z(r)) in R, respectively. Then by Proposition 7.4, v is increasing in
t and w is nonincreasing in ¢, moreover, 0 < v(t,z) < u(t +1,2) < w(t+ 1,2) < M for all
t >0, x € R. By standard parabolic estimates, it follows that v(¢,-) and w(t,-) converge as
t — 400, locally uniformly in R, to positive bounded stationary solutions p and ¢ of (7.3),
respectively. Furthermore, there holds

0 < p <liminfu(t,-) <limsupu(t,-) < ¢ < M, locally uniformly in R. (7.45)

t—+oo t—+o00
Notice also that p > vy in R. We observe from the continuity of p — vy that there is k > 1
such that p > ey(- — kxy) in [kxo — R, kxo + R| for all k € [1,K] and for any zy < —R. Define

K i=sup{k >1:p>e(- — Rxo) in [Rxo — R, Rxo + R for all & € [1,x]}.

It follows that xk* > ® > 1. We are going to prove that x* = +oo. Assume, towards
contradiction, that k* < +o00, we see from the definition of x* that p > ey (- — K*zp) in
[k*xo — R, k*zo + R] and there is 2* € [k*z¢ — R, k*x¢ + R] such that p(z*) = eyp(x* — k*x).
Since p > 0 in R and ¢(- — k*x¢) = 0 at © = k*zo £ R, one has z* € (k*zy — R, k*zo + R).
Then the strong maximum principle implies that p = ei)(- — K*xp) in [K*xg — R, k*xo + R].
This is impossible. Thus, k* = +o00 and p > (- — kKxg) in [kxg — R, kxo + R] for all k > 1
and xop < —R. This implies, in particular, that p(x) > e¥(0) = € for all z < zo(< —R).
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Thus,
liminf u(t,z) > p(z) > ¢, uniformly in x < 2¢(< —R). (7.46)

t——+o0

On the other hand, since p > 0 in R, then, for any given T > ¢, there holds miny, z p > 0,
whence it follows from (7.45) that

lim inf u(¢, 2) > min p > 0, uniformly in = € [z, T|. (7.47)

t—+00 [20,7]
Combining (7.46) with (7.47), one reaches the semi-persistence result, that is, for any 7 € R,

liminf u(¢, z) > 0, uniformly in z < 7.
t—+00
In what follows, we turn to the proof of the leftward spreading result. Consider any
sequence (,)nen such that x,, — —oo as n — +oo. From standard elliptic estimates, up to
a subsequence, the functions p, := p(- + x,) converge as n — +oo in C? (R) to a classical
bounded solution py, of dip”, + f1(poo) = 0 in R with ps, > ¢ in R. The comparison principle
implies that py(x) > 9(t) for all £ > 0 and = € R, where 9¥(t) solves ¥'(t) = f1(J(t)) for
all ¢ > 0 and 9(0) = e. Since f; > 0in (0, K;) and fi(K;) = 0, one has ¥(t) * K as
t — +o00. Thus, po, > K; in R. Similarly, the functions ¢, := ¢(- + z,) converge as n — 400
in C?_(R) to a classical bounded solution g., of d1¢” + f1(¢s) = 0 in R with po < goo < M
in R. Moreover, the comparison principle yields that g (x) < §(t) for all t > 0 and = € R,
where §(t) solves f'(t) = fi(5(t)) for t > 0 and B(0) = M. Since f; < 0 in (K7, +00) and
fi(Ky) =0, one has §(t) \( K; as t — +o0, whence ¢, < K;. Consequently, po = K1 = ¢oo
in R. Thus, for any ¢ > 0, there exist ¢; > 0 and x; < 0 such that

Ky =0 <u(t,ry) < Ky +0 for all t > t;. (7.48)

The rest of the proof is similar to that of Theorem 7.7. We sketch the details for the
sake of completeness. Let zy Z 0 be a nonnegative continuous and compactly supported
function in R such that spt(zy) C [x; — 2,2, — 1] and such that z, is strictly below w(ty, -)
with 0 < 29 < min (||ug]| =), K1 — 6) in R. Consider the Cauchy problem
{zt =dizee + 91(2), t>0, z€R, (7.49)

2(0,-) = 2o,

where g is of class C*(R,) satisfying the KPP hypothesis: ¢1(0) = g1(K; —d) =0, 0 <
g1(s) < ¢1(0)s in (0, Ky — 0), ¢1(K; —0) < 0 and ¢; < 0 in (K; — §,4+00). We further
assume that ¢1(0) = f1(0) and ¢g; < f; on (0,K; — J). From the maximum principle,
it immediately follows that 0 < z(¢t,z) < K; — § for all ¢ > 0, x € R. This implies that
2(t—ty, 1) < K1—0 < u(t,zy) for all t > ¢, thanks to (7.48). Notice also that zo(z) < u(ty, )
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for z < zy. By a comparison argument, it turns out that z(t — t1,x) < u(t,z) for all t > t;
and z < x;. In the spirit of [9], we know that the solution z of (7.49) admits an asymptotic
spreading speed ¢} = 24/d; f](0) such that

forall 0 <e <¢j, inf z(t,z) > K;—§ ast — +oo.

[al<(ef—e)t
One then obtains that, for all ¢ > ¢4,
forall 0 <e <), K1 —20 < inf 2(t—t,2) < inf u(t,z). (7.50)
—(c’f—%)(t—tl)gccgan —(cy—e)t<z<my

Take M; := max (||uo||z=mr), K1 + 0, K>2). Let gi(s) be of class C* in Ry such that
g1(0) = g1(K1+9) =0, g1 > 01in (0,K; +9), ¢1(0) > 0, ¢5(K;1 +0) < 0and g; < 0 in
(K1 4 §,4+00). Moreover, f; < g; in [0, K;]. Then the solution to the ODE &'(t) = ¢1(£(1))
for t > t; with £(¢;) = M, is nonincreasing for ¢t > ¢; and satisfies {(t) — K; +d as t — +00.
Since 0 < u(t,x) < M for all t > 0,z € R, we have u(ty,z) < &(tq) for all x < zy. By (7.48),
one also has u(t,z1) < Ky + 9§ < {(t) for all t > ¢;. The comparison principle gives that
u(t,z) < &(t) for all t > t1, © < x1. Therefore, one can choose ty > t; such that

sup u(ta, ) < &(tz) < Ky +35/2. (7.51)

<z

Next, define g, € C*([0, K1 + 24]) being of KPP type, namely, g,(0) = g,(K; + 26) = 0,
0 < g1(s) <71(0)s for s € (0, K +20) and ¢} (K7 + 25) < 0. We further assume that g (0) =
f1(0) and f; < g, in (0, K7). Then, it is well-known that the KPP equation w; = dyu.. +7g, (u)
for (t,z) € R, x R admits traveling wave solutions of the type u(t,x) = p.(x-e—ct —h) with
e=+1, h € Rif and only if ¢ > ¢ = /2d, f{(0). For any ¢ > ¢}, the function @, satisfies

dipr +cp.+9,(p.)=0in R, P, <0inR, g.(—00) = K; + 20, p,(+00) = 0,

and P, is unique up to shifts. In particular, for ¢ = ¢}, there is A > 0 sufficiently large such
that

Ki4+36/2 <@ (—z1 — it — A) < K1 +26, forallt>t,. (7.52)

From the exponential estimate of @ (s) as s = +oo and from the Gaussian upper bound of
u(ty, x) for < xy by Lemma 7.36, together with (7.51)—(7.52), it can be deduced that (up
to increasing A if needed)

u(tz, x) < P (—x — cita — A) for v < a1
From (7.48) and (7.52), we have that u(t,z1) < K1 + 0 < @ (—21 — ¢t — A) for all £ > 1.
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By a comparison argument, we find that
u(t,z) <P (—x —cjt — A) for t > ¢ and v < 2. (7.53)
It then implies that, for all t > ¢,

for all 0 < e < ¢j, sup u(t,z) < sup Per(—x — it — A) < Ky +26. (7.54)

—(cy—e)t<z<zy —(cf—e)t<z<zy
Owing to (7.50) and (7.54), we have

forall0 <e< ¢, K;—20< inf u(t,z) < sup u(t,z) < Ky + 24,

—(cf—e)t<e<m —(cf—e)t<w<m

which implies that

Ve € (0,¢7), Vo >0, Jz; € R, limsup ( sup lu(t, =) — Kl\) < 26,
t—+o0 —(cf —e)t<z<ay
namely, u spreads to the left at least with speed cj.

Moreover, we can also deduce from (7.53) that

foralle >0, sup wu(t,z) < sup Pu(—z—ct—A).
r<—(ci+e)t r<—(ci+e)t !
It follows that
for all e > 0, lim ( sup  u(t, x)) =0

E=400 N\ p<— (et o)t

That is, u spreads at most with speed ¢} in the negative direction. This finishes the proof. [J

7.4.2 Preliminaries on the stationary problem: proofs of Proposi-
tions 7.10-7.12

This section is devoted to the study of the stationary problem associated with (7.3), and we
give the proofs of Propositions 7.10-7.12.

Proof of Proposition 7.10. Suppose that U is a nonnegative nontrivial classical stationary
solution of (7.3). The strong maximum principle and the Hopf lemma then imply that U > 0
in R. Following the same lines as the proof of Proposition 7.5, we see that U(—o0) = K; and
U is monotone for z < 0. That is, if U(0) < K7, then U’ < 0 in (—o0,0”]. If U(0) > K,
then U’ > 0 in (—o0,07]. If U(0) = K, then U = K in (—o0,0].

Suppose that U(+o00) = 0. Multiplying doU” + fo(U) = 0 by U’ and integrating the
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resulting equation over (z,+00) for any = € [0T, +00) yields

%(Uf(x)y = — /OU(JC) f2(s)ds, Yz € [0, +00). (7.55)

To discuss the behavior of U in R, we distinguish three cases with respect to the sign of
K
Iy fa(s)ds.

Case 1. fOK2 fa(s)ds < 0. One then infers from (7.55) that U’ has a strict constant sign
in [0%, +00), whence U’ < 0 in [0F, 400) by noticing U(0) > 0 and U(+o0) = 0. This implies
that U'(07) < 0 and U(0) < K; by using the interface condition in (7.3). Therefore, the
stationary solution U of (7.3) such that U(—o0) = K; and U(+o00) = 0 satisfies U’ < 0 in
(—00,07]U 0T, +00) and U(0) < Kj;.

Case 2. f0K2 f2(s)ds = 0. Suppose that there is a point xy € [0, 400) such that U(zg) =
K5. By (7.55), one deduces that U'(zg) = 0. The Cauchy-Lipschitz theorem then implies
that the problem dyU"(x) + fo(U(x)) = 0 in (0, +00) with U(zg) = Ky and U’'(xy) = 0 has
a unique solution U = K, in [0,+00). This contradicts U(400) = 0. Thus, 0 < U(-) < K3
in [0, 400) and therefore U’ has a strict constant sign in [0F, +00) by (7.55). Hence, U" < 0
in [0, +00) due to U(0) > 0 and U(+o00) = 0. Therefore, U'(07) < 0 and U(0) < K.
Consequently, the stationary solution U of (7.3) such that U(—o0) = K; and U(+o0) = 0
satisfies U’ < 0 in (—o00,07] U [0F, 400) and U(0) < min(K;, K3) (see Fig. 20).

"
(a) Ky > Ko (b) K=K

Figure 20: f0K2 f2(s)ds = 0.

Case 3. [* fo(s)ds > 0. Let 6* € (6, K) be such that [ fo(s)ds = 0. We first
observe from (7.55) that U ¢ (0*,Q) in [0, +00), where Q > K3 is such that fOQ fa(s)ds =0
due to fo < 0 in (K3, +00). By continuity of U and U(+o00) = 0, one then derives that
0 < U(-) <6 in [0,400). Suppose that there is x € [0, +00) such that U'(x) = 0. Take
zo := max{x > 0: U'(x) = 0}. From (7.55) and the fact that 0 < U(:) < #* in [0, +00), it
follows that U(zg) = 6*. Moreover, dyU"(z0) = — fo(U(2)) < 0 implies that U(x) is a strict
local maximum in R,. Thus, by the definition of xy, one has U’ < 0 in (z¢,+00). Indeed,
the shape of U in (xg,+00) is bump-like and U’ < 0 in (xo, +00) thanks to the uniqueness
of the Cauchy problem, since it is known that the bistable equation dyu” + fo(u) = 0 in R
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admits an even bump-like solution u(- — z) for any = € R, satisfying
u(0) = 6, u'(0) =0, v <0 in (0,+00), u(£o0) = 0.

If 2o > 0, it then follows that U’ > 0 in (xg—d,z¢) C R for some § > 0 very small. We then
claim that U’ > 0 in [0, (). Assume not, then there exists a point x, € [0, () such that
U'(z.) = 0 and U(x,) € (0,0%) is a local minimum, which contradicts (7.55) with x = x,.
This proves our claim. Thus, U’ > 0 in [07,zq), U'(z0) = 0, U(xg) = 6* and U'(z) < 0
in (29, +00), which implies that U’ > 0 in (—o0,0~| by the interface condition in (7.3) and
by the monotonicity of U in (—oo0,07], and then K; < U(0) < 6* (see the black curve in
Fig. 21 (a)). If zp = 0, then U’(0) = 0, U(0) = 6* and U’ < 0 in (0, +o0), which also
implies U = K; = 6* in R_ (see the black curve in Fig. 21 (b)). Consequently, under the
assumption that there is 2o > 0 such that U’(xy) = 0, the stationary solution U of (7.3) such
that U(—o00) = Kj, U(+00) = 0 is bump-like, moreover, such xq is unique and is such that
U(zo) = 0" = maxg U, provided that K; < 6*.

(b) K, =06* (C) Ky > 0*

Figure 21: fo fa(s)ds > 0.

Now suppose that U’ has a strict constant sign in [0, +00), which implies necessarily
U' < 0in [07,400) due to U(0) > 0 and U(+oc0) = 0. Then, U’ < 0 in (—o0,07] by
applying the interface condition in (7.3) and by the monotonicity of U for x < 0. Thus,
U(0) < K;. Moreover, one infers from (7.55) and 0 < U(:) < 6* in [0, +00) that U(0) < 0*.
Consequently, in this case, the stationary solution U of (7.3) such that U(—o0) = K; and
U(+o0) = 0 satisfies U’ < 0 in (—00,07] U [0, +00) and U(0) < min(K7,60*) (see the blue
curves in Fig. 21). The proof of Proposition 7.10 is complete. O]

Proof of Proposition 7.11. Suppose that U is a nonnegative nontrivial bounded and classical
stationary solution of (7.3). The strong maximum principle and the Hopf lemma implies that
U>0inR.

We claim that the existence of the nonnegative bounded and classical stationary solution
U of (7.3) such that U(—o0) = K; and U(+o00) = 0 is equivalent to the existence of £ > 0

such that K«
/ fa(s)ds <0, — fi(s / fa(s (7.56)
3
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and
£ < Ky, if f (s)ds <0,
¢ <min(K;, Ks), if fo f2 s)ds =0, (7.57)
§£<6, if f (s)ds >0,

hold true, where 6* € (6, K3) is such that fo fa(s)ds = 0. Then, under the assumptions of
Proposition 7.11, such a £ > 0 satisfying (7.56)—(7. 57) indeed exists by qualitative comparison
of the graphs of the integrals in (7.56). Specifically, (i) in the case of fo fa(s)ds < 0, since the
function v — — f K f1 )ds is continuous decreasing in (0, K;) and vanishes at K, whereas
the function v r—> fo fa(s)ds is continuous and positive in (0, K| and vanishes at 0, it
follows that there is § € (0, K;) such that (7.56) holds; (ii) in the case of fo fa(s)ds =0
and K; < Ks, since the function v +— le fi(s)ds is continuous decreasing in (0, K7)
and vanishes at K7, whereas the function Vi = fo f2(s)ds is continuous and positive in
(0, K3) 2 (0, K] and vanishes at 0, then there is £ € (0, Kl) such that (7.56) holds true; (iii)
as for the case of f0K2 fa(s)ds > 0 and K; < 6*, let us first assume that K; < 6*. Since the
function v — % 5 fa f1 s)ds is continuous decreasing in (0, K;) and vanishes at K, while
the function v — —Z fo fa(s)ds is continuous and positive in (0,6%) D (0, K] and vanishes
at 0, there exists £ € (0, K7) such that (7.56) holds. Suppose now that K; = 6*, it is easy
to check that £ = K; = 6* satisfies (7.56). The conclusion of this proposition is therefore
achieved. Now, it is left to prove our claim, for which we divide into two steps.

Step 1. Suppose that U is a nonnegative, bounded and classical stationary solution of (7.3)
such that U(—o0) = K; and U(4+o00) = 0, then the quantity £ := U(0) > 0 necessarily
satisfies (7.57) by Proposition 7.10. It remains to prove (7.56). Multiplying the equation
doU" + fo(U) =0 by U’ and then integrating over (0%, 400) yields that

U(0)
U(0")) =

y fo(s)ds > 0. (7.58)

On the other hand, we multiply the equation d;U"” + f1(U) = 0 by U’ and then integrate over
(—00,07), then it follows that

(U'(07))* = = f1(5>d5

Since U’'(07) = oU’(0%), one then derives from above that

1 K 0_2 U(O)

4/ )f1() =%/ fa(s)ds. (7.59)

Therefore, (7.56) is achieved by (7.58)—(7.59).
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Step 2. Given a £ > 0 satisfying (7.56)—(7.57), we wish to show that (7.3) admits a nonneg-
ative bounded and classical stationary solution U such that U(—o0) = K; and U(+o0) = 0.

Set U(0) = £ and define

U(0)
U'(0%) = sgn(U(0) — Kl)\/—d% /0 fa(s)ds,

and

2 [
U'(07) = sgn(U(0) — Kl)\/d— f1(s)ds.
1.Ju(0)
It is obvious to see that U'(07) = ocU’(0"), thanks to (7.56).

Step 2.1. Consider now the Cauchy problem in R_:

LU + fi(U) =0, z € R_,
U0) =€ >0, U'(07) = sgn(U(0) — Kl)\/ 2[R Fi(s)ds.

(7.60)

By the Cauchy-Lipschitz theorem, (7.60) has a unique solution U defined on a maximal
interval (7, 0] for some T < 0. Multiplying the equation in (7.60) by U" and then integrating
over (z,07) for any = € (7,07] yields that

dl,_Q_IZ_U(w) o
oy -w@r) - [ R Ve @]

Substituting the formula of U’(07) further gives that

%(Uf(x)f — [ f(s)ds, ¥z € (7,07]. (7.61)
U(x)

We claim that

either U > K, U’ >0 in (7,07,

or U< K, U<0in (z,07],

or U= K; in (z,0].
For this purpose, we first prove that either U(-) — K; has a strict constant sign in (7, 0] or
U = K; in (7, 0]. Indeed, assume that there is zg € (Z,07] such that U(xy) = K7, then (7.61)
implies U’(z9) = 0. By the uniqueness of the solution to the initial value problem, one has
U = K in (7,0]. Assume now that U(-) — K; has a strict constant sign in (7, 0]. Then (7.61)
implies that U’ has a strict constant sign in (Z,07]. More precisely, one concludes that, if
U(0) > Ky, then U > K; and U’ > 0 in (7,07]; if U(0) < K, then U < K; and U’ < 0 in
(Z,07]. Our claim is achieved.
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From the above observation, we derive that U is bounded in (7,0]: either K; < U(+) <
U) if U0) > Ky, or U(0) < U(-) < K;if 0 < U(0) < K, or U = K;. Applying
a continuation argument, we obtain that the solution U of (7.60) is defined on R_, i.e.

T = —00.
Now we prove that U(—o0) = Kj. Indeed, let a := U(—o0), then K; < a < U(0) if
U(0) > Ky,or U(0) <a < K; if 0 <U(0) < K;. Using (7.61), one has

dy =
E(U’(:c))2 — fi(s)ds as @ — —o0.

This implies that U(—o0) = a = K.
Step 2.2. Let U denote the solution of

dU" + fo(U) =0, = € Ry,
U(0) =€ >0, U(0%) = sgn(U(0) — K1)y/~2 ' fals)ds.

(7.62)

The solution of (7.62) exists and is unique on a maximal interval (0,Z) for some T > 0.
Multiplying the equation in (7.62) by U’ and integrating over (07, z) for any = € [0",T)

yields that
dQ U(0)

SWEP W) = [ pes, vee o)

whence by using the expression of U’'(07), one has

U(z)
PU@P=- [ s, vae 0,7 (7.63)

We observe that U > 0 in [0,7). Indeed, assume towards contradiction that there is
zo € (0,7) such that U(zg) = 0. Then we deduce from (7.63) that U’(xy) = 0. By the
uniqueness of the solution to the initial value problem, we have U = 0 in [0,7). This
contradicts U(0) > 0.

Next, we solve (7.62) by dividing into three cases according to the sign of the mass
o fa(s)ds.

Case 1. If f0K2 fa(s)ds < 0, one infers from (7.57) that U(0) = £ < K and thus U’'(0") <
0. Moreover, one deduces from (7.63) that U’ does not change sign in [07,Z). Therefore,
U' < 0in [0%,Z). Since U > 0 in [0,Z), one has 0 < U(-) < U(0) < K; in (0,7), whence
T = +00. Define b := U(+00) > 0. From (7.63), it follows that

da

E(U’(yc))2 — /Ob fa(s)ds as © — +o0.
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Hence, U(+00) = b = 0.

Case 2. If fOK2 fa(s)ds = 0, it follows from (7.57) that U(0) = £ < min(K, K3) and thus
U'(0") < 0. We now show that U’ < 0 in (0,Z). We assume by contradiction that there is
zo = min{x € (0,7) : U'(z) = 0} > 0, then it follows that 0 < U(xzg) < U(-) < U(0) <
min(Ky, K3) in (0,20). On the other hand, taking © = x¢ in (7.63) together with the fact
that U > 0 in [0,7) implies that U(zy) = K,. This is a contradiction. Thus, U’ < 0 in
[0%,7), whence 0 < U(:) < U(0) in (0,7) and T = +00. Following the same lines as in Case
1, one has U(+o0) = 0.

Case 3. If f0K2 fa(s)ds > 0, we let 6% € (0,K5) and Q € (K3, +00) be such that
foe* fa(s)ds = fOQ fa(s)ds = 0. From (7.57), it is seen that U(0) = £ < #*. Moreover, we ob-
serve from (7.63) that U ¢ (6*,Q) in [0,7). Recall that the bistable equation dyu” + fo(u) = 0
in R admits an even bump-like solution u(- — x¢) for any z, € R, satisfying

u(0) = 6%, «/(0) =0, v <0 in (0,400), u(£oo) = 0.

(i) Suppose first that U(0) = £ = K1(< 6*), then U’(0") = 0 and necessarily U(0) = K; =
0* by using (7.63). Then, by the uniqueness of the solution to the Cauchy problem, one
derives that U is bump-like in (0, 4+00) satisfying U’ < 0 in (0, +00) and U(+o0) = 0.

(ii) Suppose now that K; < U(0) = &(< 0%), then U'(07) > 0. Then, necessarily K; <
U(0) = & < 0* by (7.63). Since U ¢ (6*,Q) in (0,T), one has 0 < U(-) < 6* in (0,7),
whence T = +00. Assume that g = min{x > 0: U'(x) = 0} > 0, one has U’ > 0 in
(0,z9) and U’(xy) = 0. Combining (7.63) with the fact that 0 < U(:) < #* in R, , one
has U(xo) = 6*. Therefore, by the uniqueness of the solution to the Cauchy problem, U
has to be bump-like in (zq, +00). Namely, U(zy) = 6%, U'(x9) =0, U’ < 0 in (x¢, +00)
and U(+4o00) = 0.

(iii) Finally, let us assume U(0) = ¢ < K;. Then, U'(07) < 0. Remember also that
U(0) = ¢ < 0*. We now show that U’ < 0 in (0,7). If not, then there is zy = min{z €
(0,7) : U'(z) = 0} > 0 such that U'(zg) = 0 and 0 < U(zg) < U(-) < U(0) < #* in
(0,20). It follows from (7.63) that 0 = 2(U'(z0))* = — OU(xO) fa(s)ds > 0. This is a

contradiction. Consequently, U’ < 0 in (0,Z) and 0 < U(:) < U(0) in (0,Z), whence

T = +00. Repeating the argument as in Case 1, one has U(4o00) = 0.

Gluing the solutions of (7.60) and (7.62) proves the existence of the desired stationary
solution U of (7.3) such that U(—o0) = K; and U(+o00) = 0. Therefore, our claim at the
beginning of the proof is achieved. The proof of Proposition 7.11 is complete. O]

Based on the above proof, counterexamples such that (7.3) has no stationary solution U
connecting K; and 0 in the case f0K2 f2(s)ds > 0 can be easily constructed by some choices
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of fi, fo,dy,ds and o. For instance, in the case of fOK2 fa(s)ds > 0, let us take d; = dy = 1,

az%andthenazl—o‘:l. Set
@ 2

fi(uw) = w(Ky —u), fou) = u(Ks —u)(u = 6).

By taking K1 = Ky = 6 and § = 2, we see from (7.56) that & > 6, contradicting the
condition £ < 6* < 6 in (7.57). Therefore there is no stationary solution U of (7.3) such
that U(—o0) = K; and U(+00)

Proof of Proposition 7.12. The strategy is very similar to that of Proposition 7.11. For com-
pleteness, we sketch the outline of the proof.

We first claim that the existence and uniqueness of a nonnegative bounded and classical
stationary solution V' of (7.3) satisfying V(—o0) = K; and V(+o00) = K3 is equivalent to the
existence and uniqueness of & > 0 such that

§ =K, = Ky, if i = Ky, (7.64)
min(Ky, Ks) < € < max(Ky, K,), if Ky # Ky, '
and
1 K1 o2 Ko
e fi(s)ds = = fa(s)ds. (7.65)
L Jg 2 J¢

We observe that such & > 0 satisfying (7.64)—(7.65) always exists and is unique. To check this,
it is sufficient to consider the case of Ky # K,. Suppose K; < K. Since the function v
dil fVKl f1(s)ds is continuous increasing in (K, K3) and vanishes at K7, whereas the function
v Z—j fVK2 f2(s)ds is continuous positive, and is either first increasing then decreasing in
(K4, K5) (if K1 < 0), or decreasing in [K, K») (if K1 > 0), and vanishes at Ko, it is derived
that there is a unique ¢ € (K7, K>) such that (7.65) is satisfied. Consider now the case of
Ky < K. Since the function v — + f f1 )ds is continuous decreasing in (K,, K7) and
vanishes at K, whereas the functlon v - f f2(s)ds is continuous increasing in (K, K7)
and vanishes at K», it follows that there is a unique & € (K», K;) such that (7.65) is satisfied.
Our observation is proved and this will complete the proof. Therefore, it is left with proving
our claim.
Step 1. Suppose V is a unique, nonnegative, bounded and classical stationary solution
of (7.3) satisfying V(—o0) = K; and V(400) = K,. It follows from the strong maximum
principle and the Hopf lemma that V' > 0 in R.
Multiplying d; V" + f1(V) = 0 by V' and integrating the resulting equation over (—oo, x)

for any x € (—o0,07] finally yields

dl / 2 a —

E(V (x))* = Vo fi(s)ds, Vx € (—o0,07]. (7.66)
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Similarly, one also derives that

Ka
%(V’(w))2 = f2(s)ds >0, Yz € [0, +00). (7.67)
V(x)

Following the argument as that of (7.61), one derives from (7.66) that V' is monotone in
patch 1, i.e.,

either V > K;, V' >0in (—o0,07],

or V<K, V'<0in (—00,07],

or V =K in (—o0,0].

Similarly, from (7.67) it follows that V' is also monotone in patch 2, namely,
either V > Ky, V' < 0in [0, +00),

or V < Ky, V'>0in [0", +00),
or V=K, in [0, +00).

Using V'(07) = oV’(07), one then infers that V' is monotone in R, more precisely,

VEKl :KQ, if Kl K27
min(Kl, KQ) < V() < maX(Kl,K2>, sgn(V’) = sgn(V(O) — Kl), if Ky 7& K.

Moreover, thanks to (7.66) and (7.67), V(0) satisfies

1 [ o2 K2

4 /. fl( )ds—d—2 fz( )ds

Hence, the quantity £ = V(0) satisfies (7.64)—(7.65), which is unique due to the continuity
and monotonicity of V' in R.

Step 2. Assume that there is a unique § > 0 satisfying (7.64)—(7.65). Let us set V(0) = ¢
and define

2 [k

V/<0_> = SgIl(V(O) K1>¢d1 )fl(S)dS

and

V'(0") = sgn(V(0) — K, \/
dy
It is obvious to see that V/(07) = oV’(0%), thanks to (7.65).
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Step 2.1. Consider the Cauchy problem in R_:

V" + f1(V)=0, z € R_,
- (7.68)
V(0) =€ >0, V'(07) = sgn(V(0) — Kl)\/d% St Fu(s)ds.

The property of the solution V' to (7.68) is exactly the same as that of the solution to (7.60).
Specifically, V' is defined in (—o0, 0] and satisfies

either V > K;, V' > 0in (—o0,07],
or V<K, V'<0in (—00,07],
or V = K; in (—o0,0].

Step 2.2. Let V denote the solution of

d2vll+f2<v) :Oa xER—H (7 69)
V(0) =€ >0, V(0") = sgn(V(0) = Ki)y/ 2 [, f '

The Cauchy-Lipschitz theorem implies that there is a unique solution of (7.69) defined on a
maximal interval [0,7) for some T > 0. Multiplying the equation in (7.69) by V' and then
integrating over (07, z) for any = € [07,T) yields that

ds V(0)
S@F - V07)?) = [ ps)ds, e e [07,9)
V(z)
whence by using the formula of V/(0"), one has
do / fz 4+ o
5 —=(V'(z))* = fa(s)ds, Yz € [07,7). (7.70)
V(z)

Suppose that K; # Kj, then min(K, K;) < V(0) = ¢ < max(K,, Ky). Moreover, we
observe that

e V' has a strict constant sign in [07, 7). Assume by contradiction that there is zq €
[07, ) such that V'(zo) = 0. Then (7.70) implies that

V(.To) = K>, if fOKQ f2 S dS > 0,
V(x9) = K3 or 0, 1ff 2(s)ds =0,

If these were true, one would derive V' = K, or V = 0 in [0, 4+00) by the uniqueness
of the solution to the Cauchy problem. This contradicts min(K;, Ky) < V(0) = & <
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max (K, K»).
e V(:)— K has a strict constant sign in [0, 7). Assume not, then there is zy € [0,7) such
that V' (zo) = Ks. Then (7.70) implies that V’(z) = 0, which is impossible.

Therefore, we conclude that

if Ky <V(0)<Ky=V'>0in[0",7), K1 <V < Ky in (0,T),
if Ko <V(0)< K=V <0in[07,7), Ko <V < K in (0,7).

Both imply that T = +o0. Define V(400) = a, then K; < a < K,. Thus, (7.70) implies

do / 2 =
5(‘/ () — ; fa(s)ds as & — +oo.
Hence, V(+00) = a = Ks.

For the special case K1 = Ko, one has V(0) = K3 and V’(0") = 0. The uniqueness of the
solution to the Cauchy problem implies that V' = K» in [0, +00).

By gluing the solutions of the above two Cauchy problems (7.68) and (7.69), one obtains
the existence and uniqueness of a nonnegative, bounded and classical stationary solution V'
of (7.3) such that V(—o0) = K; and V(400) = Ky. The proof is thereby complete. O

7.4.3 Blocking in the bistable patch 2: proofs of Theorems 7.13-7.15

In this section, we aim to study the qualitative behavior of the solution u to (7.3) in the
bistable patch 2, and we here focus on the proofs of Theorems 7.13-7.15 on the blocking
phenomena.

Proof of Theorem 7.13. (i) We first assume that f0K2 f2(s)ds < 0. The strategy of the proof
consists essentially in constructing a supersolution which blocks the solution u(t,z) for all
large times as ©* — +o00.

Let us first introduce some parameters. Remember that f1(0) < 0 and fi(K>) < 0. Let
e > 0 be such that

0<e<mn|l B0 [ILO] L] LO] L))

5 5 2ds 2ds 2 2 (7.71)
! !
K
1< @ in [0,5¢], f) < f2(2 2) in [Ky — b, +00).

Remember that ¢ is the unique traveling wave solution satisfying (7.12). Take C' > 0 so large
that
¢ >Ky—ein (—o0,—C], ¢ <ein [C,+00). (7.72)
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Due to the negativity and continuity of ¢’ on R and due to the negativity of the speed ¢y
(since fOK2 fa(s)ds < 0), there is £ > 0 such that (up to decreasing ¢)

—¢' >k >0in[-C,C], —car > 2¢( [%E%X] | f5] + doe?) (7.73)

Finally, let p > 0 be such that
kp > 2 + 2max | fo. 7.74
= [0,K2]| 5| ( )

Let u be the solution to the Cauchy problem (7.3) with nonnegative continuous and
compactly supported initial datum uy Z 0 and let w be the solution to (7.3) with initial
condition wy(+) = M := max (Kj, Ka, |Juo||L(r)) in R. Then Proposition 7.4 implies that w
is nonincreasing in time and that 0 < u(t,z) < w(t,z) < M for all ¢ > 0 and z € R. From
standard parabolic estimates, w(t, x) converges as t — +o0, locally uniformly in z € R, to
a classical bounded stationary solution W (z) of (7.3). Hence, limsup,_,,  u(t,z) < W(z),
locally uniformly in x € R. Thus, for any € > 0, there is t, > 0 so large that

u(t,z) < W(x) +¢/2 for all t > to, locally uniformly in z € R. (7.75)

Consider any sequence (z,)nen such that x, — 400 as n — 400 and define W, (z) =
W(z + z,) for each n € N. By standard elliptic estimates, W, converges , up to some
subsequence, in C?_(R) as n — 400 to a classical solution Wy, of dyW” + fo(W,) = 0 in
R. From the assumption on f,, it follows that lim,,_, . W,(z) = Wy (z) < K5 in R. Since
(n)nen was chosen arbitrarily, one has lim,_, o, W(z) < Kj. Therefore, there is x > 0 large
enough such that

W(x) < Ky +¢/2 for all z > x,. (7.76)

Combining (7.75) and (7.76), one deduces that
u(t,xe) < Wixg) +¢/2 < Ky + ¢ for all t > t. (7.77)

By taking into account the exponential decay of ¢(s) as s — +o00 in (7.13) and the Gaussian
upper bound of wu(tq, ) for all x > 0 large given in Lemma 7.36, one can choose B > 0 so
large that

u(ty, x) < p(x —x9 — B — C) + 2¢ for all © > . (7.78)

Set
a(t,x) = ¢(C(t, x)) + 205071 4 206752 for ¢ > ¢, and & > @y,

where ((t,7) = 2 — 29 + pe~=(t=2) — p — B — C. Let us check that @(¢, z) is a supersolution
of uy = dottzy + fo(u) for all t >ty and x > xs.

At time to, one has u(te, ) > ¢p(x—x9— B—C)+2¢ > u(ty, x) for x > x5, owing to (7.78).
For t > t,, there holds u(t, z2) > ¢(—B — C) + 2e > Ky + ¢ > u(t, z5), thanks to (7.72) and

304



7.4. The KPP-bistable case

(7.77). Tt then remains to check that Nu(t,x) := (¢, 2) — doliz.(t, ) — fo(u(t,z)) > 0 for
t >ty and x > x5. By a direct computation, it comes that

Nﬂ(t ) (¢(C(’ ))) ( (t I))+CQ¢/(C(t,ZL‘))
—Qb,(C( ))pse e(t=t2) _ 9.2 ,—¢(t—t2) 2d2€3e—€(x—1~2)‘

We distinguish three cases.

If ((t,x) < —C, one has ¢(((t,z)) > Ky — ¢ and then u(t,z) > Ky —e. Thus, one derives
from (7.71) that fo(o(C(t,x))) — fo(u(t, x)) > (fé(KQ)/Q)(Qée_E(t_tQ) + 286_5(x_$2)), and

!
Nﬂ(t Jf) Z . f2 (2[(2> <2€€—6(t—t2) + 26€—€(aj—x2)> . 2826—8(t—t2) . 2d2636—6($—a)2)

! /
— (_ f2(2[(2) o 5) 256_€(t_t2) + <_ f2(§(2) . d2€2>256—6(z—$2) 2 O

If ((t,z) > C, then ng(C(t,x)) < ¢ and u(t x) < be. It follows from (7.71) that

f
F2(6(C(t 2))) — fol@lt, ) > = (£3(0)/2) (2ee~*"2) + 2ee<(*"*2))  and

( e(t—t2) + Qe e(x— xg)) 252 —e(t—t2) 2d2€3€—a(a:—x2)

/!

Eventually, if —C' < ((t,z) < C, then ¢/({(t,z)) < —k < 0. One infers from (7.73) and
(7.74) that

Nﬂ(t, x) > — [IHI%X] |fé| <2€G_E(t_t2) + 2€€—e(z—m2)> — ok
0,K2

+ %pge—a(t—w) _ 2€2€—a(t—t2) _ 2d2€3e—a(x_q;2)

> (/{ — 2max | fi] — 25)56‘6(t_t2) + <— cok — 2¢ max | 4| — 2d 53> e—cl@=r2) > (),
= P 011 |f2| 2 0] |f2| 2 =

As a conclusion, the function u(t,z) is a supersolution of w; = doty, + fo(u) for t > to,
x > 9. Then the maximum principle implies that for ¢t > t5 and = > o,

u(t,z) < ¢z — x9 + pe =) — p— B — ) 4 2ee=(t712) 4 9gpel@—a2),

Consequently, passing to the limit z — +o00, it can be deduced that u(¢,z) < 3¢ uniformly
for t > t5. On the other hand, we infer from Lemma 7.36 that u(t,z) — 0 as x — +oo locally
uniformly in ¢ > 0. Therefore, u is blocked in patch 2 and satisfies (7.15).

(ii) We then assume that f 5(s)ds = 0 and K; < K,. First, it is convenient to
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introduce some parameters. Let € > 0 be such that

0 Ky—0 (K
o<c<min(’ 22 | |f2é0)|’ AG).
/ (7.79)
,  J2(0) ( 2) . B
fs < 5 in 0, 2¢], f. in Ky — 2¢,+00).
Choose C' > 0 large enough such that
¢ >Ky—ein (—o0,—C], ¢ <ein [C,+00). (7.80)
Since ¢’ is negative and continuous in R, there exists x > 0 such that
—¢'>k>0in [-C,C]. (7.81)
Finally, pick p > 0 be such that
kp > €+ max | f3]. (7.82)

[0,K2]

Let u be the solution to the Cauchy problem (7.3) with nonnegative continuous and
compactly supported initial datum wug # 0 and let V' be the unique increasing stationary
solution of (7.3) such that V(—oc0) = K; and V(+00) = K, given in Proposition 7.12.
Define by w the solution to (7.3) with initial condition wo(-) = M := max (K>, ||uo| =)
in R. Then Proposition 7.4 implies that w is decreasing in time, 0 < u(t,z) < w(t,z) < M
and V(z) < w(t,z) for all ¢ > 0 and = € R. By parabolic estimates, w(t,z) converges as
t — 400, locally uniformly in z € R, to a stationary solution g(x) of (7.3). As shown in
Theorem 7.8, one has g(—oc) = K;. Moreover, V' < ¢ in R and

limsup u(t,-) < ¢, locally uniformly in R. (7.83)

t—+o00

We now claim that ¢ = V in R. To do so, we first show that ¢ is stable in R, in the sense
that f0+oo 1’| — f3(q)@? > 0 for every ¢ € C'(R.,) with compact support, by using a direct
argument as in [100]. Indeed, we first observe that

0 < —wy =do(q —w)ge + fo(q) — fo(w) for t > 0 and z > 0.

Consider now any C'*(R..) function ¢ with compact support. Multiplying the above equation
by the nonnegative function ©?/(w(t,-) — q) and integrating by parts over R, at each fixed
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time ¢ > 0 yields that

0 §/0+°° do(w(t, ) —q) (w v’ )/ _ fa(w(t,-)) - f2(Q)s02

<t7 ) q w(t’ ) —4q
Y e pw(t,) =)'y (w(t,) —@)Pe*\ _ Llwt) = fl@) ,
_/0 - (2 w(t, (w(t,-) = q)? ) wlt,) —q

) —q
S/0 2d2|§0/|2 (w&;,); (J]‘E( )902‘

Since w(t,-) — q as t — 400 locally uniformly in R, passing to the limit as ¢ — +oo implies

+o00
0 S/ do|'|* = f5(q)¢?
0

Therefore, ¢ is stable in R,. Next, we prove that g(+00) = K. Indeed, if there is 7o € R,
such that ¢(xg) = K, and since ¢ satisfies dog” + fo(q) = 0 in R, the Cauchy-Lipschitz
theorem then implies ¢ = K5 in R, and ¢/(0) = 0, whence ¢ = K; in R_. This is true if and
only if K1 = K», i.e. ¢ = K; = K, in R. In the sequel, we assume that ¢(-) — K3 has a strict
constant sign in R, . Assume first that ¢ has at least two critical points 0 < a < b < +00
such that ¢'(a) = ¢/(b) = 0. By reflection, set z; := q(2b — -) in [b, 2b — a], then z; satisfies

{sz + fo(z1) =0, in [b,2b — d],
z1(b) = q(b), #(b) = ¢'(b) =0.

The Cauchy-Lipschitz theorem implies that z; = ¢ in [b,2b — a]. Thus, ¢(2b — a) = ¢(a) and
¢ (2b—a) = 0. Again using reflection, we set z3 := q(4b—2a—-) in [2b— a,4b— 3a| and apply
the Cauchy-Lipschitz theorem, it follows that zo = ¢ in [2b — a,4b — 3a]. Repeating above
procedures gives that ¢ is periodic in [a,+00). This is impossible since ¢ is stable in R,.
Therefore, ¢ has at most one critical point in R, . This implies that ¢ has to be monotone
in, say, [R,+00) for some R > 0 large. Therefore, ¢(+00) exists and then g¢(+o00) can only
be K, or 0, due to the stability of ¢ in R,. Since ¢ > V in R and V(4+00) = K, one has
q(+00) = K,. Consequently, ¢ = V in R by the uniqueness of the stationary solution of (7.3)
connecting K and K,. Our claim is achieved.

Since K1 < g < Ks in R, one can pick X > 0 so large that ¢(X) < Ky — . Thanks to
(7.83), there is T' > 0 so large that

u(t,X) <q(X)< Ky—cforallt>T. (7.84)

Moreover, due to the Gaussian upper bound of u(t, ) for |z| large at each time ¢ > 0 derived
in Lemma 7.36 and due to the exponential upper bound of ¢(s) in (7.13), there exists B > 0
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large enough such that
w(T,z) < plx — X —B—C)+eforalz>X. (7.85)

Define
a(t,z) = ¢(C(t, x)) + ee=T) for t > T and z > X,
where ((t,z) = 2 — X + pe~*t~T) — p — B—C. We wish to show that @(t, x) is a supersolution
of uy = dottzy + fo(u) for all t > T and = > X.

At time t =T, one has u(T,z) > ¢(x — X — B—C) +¢ > u(T,z) for all x > X, thanks
to (7.85). Forall t > T, u(t, X) > Ky —e > u(t, X) by (7.80) and (7.84). It then remains to
check that Nu(t, x) := w,(t, ) — doltiy,(t, ) — fo(u(t,z)) > 0 for t > T and z > X. A direct
computation leads to

Na(t,z) = fo(p(C(t, 2))) — fo(T(t, ) — ¢ (C(t, x))pee =T — g2e==t=T),

We divide into three cases.
If ((t,x) < —C, one has u(t,z) > ¢(¢(t,x)) > Ky —e. One then derives from (7.79) that

Nﬂ(t, x) > _f£(2K2)€ee(tT) _ 2e7et=T) — ( _ @ _ 6) ce—ct=T) > 0.

If {(t,x) > C, then ¢(((t,x)) < e and u(t,z) < 2¢. It follows from (7.79) that

/ /
Nﬂ(t,:(:) > _@ge—e(t—ﬂ — g2e—E=T) — (_ f2;0> _ 8) ce—ct=T) > 0.

Eventually, if —C' < ((¢t,z) < C, then —¢'(¢(t,x)) > k > 0 by (7.81). One infers from
(7.81)—(7.82) that

Na(t,z) = — [m%x] |folee =D 4 gpee=(t=T) _ g2e=e(t=T)
0,K>2

> (/{ — max | f}| — z—:)se_a(t_T) > 0.
= P 0.7 |f2| =

In conclusion, the function u(¢, ) is a supersolution of u; = dauy, + fo(u) for t > T and
x > X. The maximum principle implies that

u(t,r) < ¢plx — X +pe=tD — p - B—C)4ee "D for t > T and z > X.

Consequently, passing to the limit as * — +o0, it follows that u(t,z) < 2¢ uniformly for
t > T. On the other hand, Lemma 7.36 implies that u(t,z) — 0 as + — 400 locally uniformly
in t > 0. Therefore, u is blocked in patch 2 and satisfies (7.15). This completes the proof. [
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Proof of Theorem 7.14. Assume that Ky < . Let u be the solution to (7.3) with nonnegative
continuous and compactly supported initial value ug # 0 satisfying uy < € in R. Proposition
7.4 then implies 0 < u(t,x) < M := max(K7, ||ug||Le(®)) < 0 for all t > 0 and = € R.
Choose € > 0 small and let g, be of class C* on [0, K5] such that go = f5 in (0,6), g» > 0
in (0,0 +¢), go = 01in [0+ ¢, Ky, and f09+5 g2(s)ds < 0. Let z be the solution to (7.3)
in which f; is replaced by go starting from the initial value uy. By comparison, one has
u(t,z) = z(t,x) for t > 0 and € R. Thanks to Theorem 7.13, it is immediate to see that
z is blocked in patch 2 and z satisfies (7.15), which is also true for u. The conclusion is
therefore achieved. O

Proof of Theorem 7.15. Fix any L > 0. Let u be the solution to the Cauchy problem (7.3)
with initial function ug > 0 satisfying spt(uo) C [—L, L] and ||ug||p1(r) sufficiently small.
Assume that (7.3) admits a nonnegative classical stationary solution U such that U(—o0) =
Ky and U(+o00) = 0. If up < U in R, the conclusion of Theorem 7.15 immediately follows.
Let us now discuss the general case.

By a rescaling of space in patch 2, namely,

it z) u(t, ), fort > 0,2 <0,
u(t,x) =
u(t, /dy/dyx) fort >0,z > 0.

we see that u(t, z) satisfies

ﬁt:dlﬂx$+f1(77>, t>0,£€<0,
at:d1a$$+f2(a>, t>0,l‘>0,
(t,07) = T(t, 0°), £ 0,

a$(t, 07) = O'\/dl/dgﬂz(t,OJr), t > 0.

Since |lug||z1(ry is small, it is seen that |[ug(2)||L1w) = ||uollLr(—oc,0) + v/ d1/dal|wol| L1 (0,400
remains small. Therefore, without loss of generality, it is not restrictive to assume that
dy =dy =:din (7.3).

By the assumption on f; and fy, it is easy to see that (7.126) is satisfied for some K > 0.
Let v be the solution of the initial value problem

v = dvg, + Ko, t>0, xreR,
vo(x) = up(x) + uo(—z), z€R.

Since uy > 0 satisfies spt(ug) C [—L, L], so does vg. By the uniqueness of the solution, we
see that v is even and smooth with respect to =, whence v,(t,0) = 0. Proposition 7.4 implies
that u(t,z) < w(t,z) for all t > 0 and = € R.
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We claim that v(1,-) < U in R provided |ug|| r1(r) is very small. Indeed, we notice that

_la—y?

1d UO )dyg

eK eK
< . izl = g helee

whence

v(l,z) < min U for all x < 2L,
(—00,2L)]

provided that there is € > 0 small enough (depending on L) such that

Vrd

ol << i, 0
On the other hand,
12
vl e g < / (1)dy = = lluoll1 e for = > 21
v v = Ug||L1(r)E or x ,
\/_ oy y—\/m_LOZJZ/ — lluollri®) >

since spt(vo) C [~L,L] and since y < L < § and z —y > § > 0. Observe also that
U(z) = O(e”V20/%) a5 3 5 400, Thus,

oK
v(1,7) < ——=|uo||prmye " 16@ < U(x) for all z > 2L,
\/_ )

provided that ||uo||z1®) < € (up to decreasing ¢ if needed). Consequently, v(1,-) < U in R
provided [[uol|1(r) is very small.

Therefore, one has u(1,z) < v(l,z) < U(x) in R. By a comparison argument, u(t,z) <
U(x) for all t > 1 and = € R. Hence, u(t,z) — 0 as x — +oo uniformly in ¢ > 1. Together
with the result in Lemma 7.36 that u(t,z) — 0 as x — 400 locally uniformly in ¢t > 0,
we conclude that wu is blocked in patch 2 and satisfies (7.15). The proof of Theorem 7.15 is
therefore complete. O

7.4.4 Propagation in the bistable patch 2: proofs of Theorems 7.16—
7.7

This section is devoted to the proofs of Theorems 7.16-7.17 on propagation phenomena with
positive speed or speed zero in the bistable patch 2.

The following auxiliary lemma gives the existence of solutions to the elliptic equations in
large intervals. The proof is based on variational methods, see, for instance, |26, Theorem
A] and [88, Problem (2.25)]. We omit it here.
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Lemma 7.28. Assume that (7.11) holds and fOK2 fa(s)ds > 0. Then there exist R > 0 and
a function ¢ of class C*([—R, R]) such that

dZQ/JH + f2(’¢) = 07 in [_Rv R]v
0< o< Ky, in [~ R, R], 750
Y =0, at © = +R,

maxj_R R] w = w<0) > 6.

To prove Theorem 7.16, we take a roundabout way to prove the following result as a first
step.

Theorem 7.29. Assume that (7.10)—~(7.11) hold and that f0K2 fa(s)ds > 0. Let R > 0 and
Y be as in Lemma 7.28. Let u be the solution to (7.3) with nonnegative continuous and
compactly supported initial function ug Z 0. If ug > (- — xo) in R for some xy > R, then
the conclusion of Theorem 7.16 still holds true.

Proof of Theorem 7.29 (beginning). Let R > 0 and % be as in Lemma 7.28. Let u be
the solution to (7.3) with nonnegative continuous and compactly supported initial function
up Z 0 and ug > Y(- — o) in R for some x5 > R. Let v and w be, respectively, the solutions
to (7.3) with initial functions vy = M := max (K, K, |[uo|| = ®)) and wy in R, where wy is
given by wy = (- — x) in [zg — R, xy + R] and wy = 0 elsewhere in R. Then Proposition
7.4 yields that 0 < w(t,z) < u(t,x) < wv(t,z) < M for all t > 0 and x € R. Moreover, w is
increasing in time, whereas v is nonincreasing in time. From standard parabolic estimates,
the functions w(t,-) and v(t,-) converge as t — +o0, locally uniformly in R, to classical
stationary solutions p and ¢ of (7.3), respectively. Moreover,

wo < p <liminfu(t, ) <limsupu(t,-) < g < M, locally uniformly in R. (7.87)
t—+o00 t—+o0
Let us now show that
p(z) = Ky as © — +00. (7.88)

As a matter of fact, since p > wgy in R, by continuity there exists go > 1 such that p >
(- — oxo) in [pxg — R, pxo + R for all p € [1, go]. Define

0" =sup{o>0:p> (- — owo) in [gzryg — R, oo + R] for all g € [1, ] }.

Then it is obvious to see that ¢* > gy > 1. We claim that ¢o* = 4+00. Assume not, then by
the definition of ¢*, one has p > (- — p*xg) in [0*1¢ — R, 0* 1o + R] with equality somewhere
in (o*rg — R, 0*xg + R), due to p > 0 in R and ¢(£R) = 0. The elliptic strong maximum
principle then implies that p = (- — 0*z¢) in [0*x¢ — R, 0*xo + R], which is impossible.
Thus, we conclude that ¢* = +oo and p > ¥(- — 0zy) in [0zo — R, 0xo + R] for all p > 1. In
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particular, this implies that

p(z) > 1(0) > 0 for all x > xy.

Consider an arbitrary sequence (z,)nen diverging to +o0o as n — +o0o0. From standard
elliptic estimates, up to extraction of a subsequence, the functions p, := p(- + z,) converge
as n — 400, in C? (R) to a classical solution ps, of dap, + fa(ps) = 0 in R which satisfies
0 < 1(0) < poo(-) < M in R. The comparison principle then implies that p., > ((t) for all
t > 0 and z € R, where ((¢) is such that {'(t) = f2(¢(t)) for t > 0 and ((0) = ¥(0) > 6.
Since fo > 0 in (0, K3) and fy(K5) = 0, one has ((t) / Ky as t — +oo. Hence, po > K>
in R. Consider &'(t) = f(&(t)) for t > 0 and £(0) = M, we see that £(t) \, Ky as t — 400,
since fo < 0 on (Kj,+00). By comparison, it follows that p(z) < &(t) for all ¢ > 0 and
zr € R, whence p,, < K» in R. Consequently, p,, = K» in R. Since (x,),cr was arbitrarily
chosen, (7.88) is achieved.

Likewise, for any sequence (z,)nen diverging to +o00 as n — +oo, it follows from elliptic
estimates that the functions g, := ¢(- + z,,) converge, up to some subsequence, in C? (R) to
a classical solution ¢, of daq” + f2(¢so) = 0 in R with ¢ > ps = K3 in R. By comparing
J and £(t) which was given above, one finally derives

q(z) = Ky as © — +00. (7.89)

The rest of the proof of Theorem 7.29 relies on the following several preliminaries.

Lemma 7.30. Under the assumptions of Theorem 7.29, there exist X > 0, T7 > 0, Ty > 0,
21€R, 20 €R, p>0 and d >0 such that

u(t,z) < ¢z — ot — Ty) + 21) + 20T 4 257 #@=X) for il t > Ty and x > X, (7.90)
and

u(t,z) > ¢z — co(t — T) + 25) — e 2T — ge=1@=X) for allt > Ty and x> X. (7.91)

Proof. We first introduce some parameters. Choose p > 0 such that

O<pu< \/min (‘féfg)‘, ’]%2(22)') (7.92)
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7.4. The KPP-bistable case

Then we take § > 0 such that (we notice that ¢y > 0)

0 Ky—0 / "K.
0 <d < min (MCQ’S’ 25 ’|f250)|’|f2(2 2)|>’

fa < J 550) in [0,50], f5 < % in [K, — 53, +00). .
Let C' > 0 be such that
¢ > Ky—9din (—oo,—C], ¢ <6 in [C,+00).
Since ¢’ < 0 is continuous in R, there is £ > 0 such that
¢ <—k<0in [-C,C], (7.94)
and then take w > 0 so that
Kw > 45+2[I£%;(]|fé|. (7.95)
Finally, pick B > w so large that
(max|f5] + dap*)e™? < (max|f| + dop?)e P <6, (7.96)

Step 1. Proof of (7.90). Since q(z) — Ky as © — +oo by (7.89), there is X > 0 large
enough such that |g(z) — K| < ¢ for all z > X. Due to (7.87) that limsup,_,, . u(t,z) < gq(z)
locally uniformly in € R, one can choose T} > 0 sufficiently large such that

u(t, X) < q(X) < Ky + 6 for all t > T, (7.97)

Moreover, since u(t, z) has a Gaussian upper bound at each fixed ¢ > 0 for all |x| large enough
by Lemma 7.36, whereas ¢(s) has an exponential bound (7.13) as s — 400, there holds (up
to increasing B if needed)

uw(Ty,z) < plr — X — B —C)+ 26 for all z > X. (7.98)
For t > T} and = > X, let us define
u(t, ) = ¢(E(t, x)) 4 20e7°07T) 4 25e =Y,

where
ftr)=2—X —c(t —T1) +we®@T B C.

Let us now check that @(t,z) is a supersolution to u; = dauy, + fo(u) for all t > T and
x> X.
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7. Propagation and blocking in a two-patch reaction-diffusion model

At initial time T3, one has u(7Ty,x) > ¢(r — X — B — C) + 2§ > u(Ty,z) for all x >
X. Moreover, for t > T and x = X, since £(t,X) < —B — C < —C, one deduces that
u(t, X) > Ky — 6 4+ 20e0"1) 1+ 25 > Ky + 6 > u(t,X). Therefore, it remains to check
that Nu(t, z) := u(t, ) — dolize(t,x) — fo(u(t,z)) > 0 for all t > T3 and = > X. After a
straightforward computation, one derives

Na(t,z) = fo(6(E(t 7)) — folalt,z)) — ¢'(€(t,2)))wde 0T — 262720 — 2dy e =),

We distinguish three cases.
If £(t,z) < —C, one has Ky — § < ¢(£(t, 7)) < Ky. Hence, u(t,z) > Ky — 0. It follows

from (7.93) that fo(¢(E(t, 2))) — fo(u(t, ) > —(f4(K2)/2)(20e°¢=TD) 4+ 25e=#@=X)) Tt then
can be deduced from (7.92)—(7.93) as well as the negativity of ¢’ and fi(K5) that

Nu(t,z) > —@ (2(5676(1&77&) + 2(567“@7)()) — 262701 _ 9d,p25e e X)

_ fé(K2) —5(t—T) fé(K2) 2 —u(z—X)
_ ( ; 5) 25¢ n ( 2~ dap )256 > 0.

If £(t,x) > C, one derives 0 < ¢(£(t,)) < 6 and then w(t,z) < 56. It follows from

(7.93) that fo(¢(£(t, ) — fo(u(t,x)) > —(f4(0)/2) (2821 4 25e~+(==X)). By virtue of
(7.92)—(7.93) and the negativity of ¢’ and f5(0), there holds

Nu(t,z) > __fé;()) (256_5(t_Tl) + 256_“(””_)()) — 2% 00=T) 2d2,u25e_“(z_X)

!/

= <— f2é0) — 6) 25e0t=T1) 4 <— @ — d2u2>256_“(w_x) > 0.

If —C < &(t,r) < O, it turns out that 2 — X > c(t — T1) — we ") 4w + B >
co(t — T1) + B, whence e ##=X) < e=ule2(t=T)+B) By (7.93)-(7.96), one infers that

Na(t,r) > — max | /] <25e‘5(t‘T1) + 26@‘“(””‘)()) 4 rwde St=T1)
0,K>
— 9§2e70=T1) _ 2d2u2(5e*“(‘”*X)
> (Hw — 2§ — 2max |fé|>56_5(t_T1) - <maX | fa] + dape >25e_“(62(t_T1)+B)
[0,K73] 0,K>2]

> </<aw — 40 — 2 max |f§|>5e’5(t’T1) > 0.
[OvKQ]

As a consequence, we have proved that Na(t, x) := (¢, ) — dolye.(t, ) — fo(u(t,z)) >0
for all t > T7 and x > X. The comparison principle implies that

u(t,z) <u(t,z) =¢ (z — X — ot —Th) + we 3T _ B — C) + 20e 0= 4 95 —H@=X)
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7.4. The KPP-bistable case

for all t > T7 and = > X, whence (7.90) is achieved by taking z; = —X —w — B —C.

Step 2. Proof of (7.91). Since p(xz) — Ky as x — +o00 by (7.88), it follows (up to increas-
ing X if necessary) that |p(z)— K3| < ¢ for all z > X. Moreover, since liminf; , ,, u(t,-) > p
locally uniformly in 2 € R by (7.87), one can choose T» > 0 so large that

u(t,z) > p(x) > Ky — 0 for all t > Ty, uniformly for z € [X, X + B + 2C]. (7.99)

Fort > T, and z > X, we set
u(t, x) = max (¢(§(t, x)) — §e0t=T2) _ somnlz=X) O) ,
in which
Etr)=2—X —co(t —T3) — we T Ly B C.

We shall check that u(t, x) is a subsolution to u; = douy, + fo(u) for all t > Ty and z > X.

At the initial time ¢ = Ty, one has u(T, 7) < Ky — 6 — de ==X < Ky — § < u(Ty, x) for
X <o < X+B+2C dueto (7.99). Forx > X+ B+2C, since (T3, 7) > X+B+2C—~X—-B~—
C = C, one has ¢({(Tz,z)) < 6. Thus, u(Ts, z) < max (6 — 0 — e @=%) 0) =0 < u(Tp, x)
for x > X + B+ 2C. In conclusion, u(Ty, ) < u(T,z) for all x > X. At z = X, one sees
that u(t, X) < Ky — de™ ("1 — § < u(t, X) for all t > Ty owing to (7.99). It suffices to
check that Nu(t, z) = w, (¢, x) — dau,, (t,2) — fo(u(t,x)) <0 for all ¢ > Ty and x > X when
u(t,z) > 0. By a straightforward computation, one has

Nu(t,z) = fo(¢(E(t ) = folult, 2)) + ¢ (E(t, 2))wde ") 4 5220 4 dypPge =)

By analogy to Step 1, we divide it into three cases.

If £(t,2) < —C, then Ky — 0 < ¢(¢(t,2)) < Ky and thus u(t,r) > Ky — 30. Thanks to
(7.93), one has fo(¢((t, 2))) — fo(u(t, x)) < (f(K2)/2)(6e20"T2) 4 femr@=X))  Therefore,
by using (7.92)—(7.93) as well as the negativity of ¢’ and fi(K>), it comes that

Nﬂ(t,‘f) < @(665@7‘2) + 667,11(367)()) + 6267(5(t7T2) + d2u2(5€7‘u(ziX)

- (D | gysemsons  (HUD

2) (2= X)
5+ dap )5 <0.

I

f £(t,x) > C, then ¢(£(t, )
fa(o(€(t

)
2))) = falult, x)) < (f5(0)

< § and thus w(t, a:) < 6. It follows from (7.93) that
/2)(0e

—0t=T2) 4 §e=m@=X)) " Therefore, owing to (7.92)-

£
& )
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7. Propagation and blocking in a two-patch reaction-diffusion model

(7.93) as well as the negativity of ¢' and f5(0), it follows that

N@(t, ) f2< )( 67615 Ts) +5€ wz—X) > +52€76(t7Tg) +d2u2567u(x7X)

(fzé ) +5>5 —5(t—Ty) (fz( ) +dopt >5€—u(x—X) < 0.

If —C <{(t,x) <C,onehas 1 — X > cp(t —To) +we ") —w+ B > ¢y(t —Tp) —w+ B,
e”

whence e~ #(==X) < (CQ(t*TQHB*“’). By (7.93)—(7.96), one infers that

Nu(t,z) < [m%)ﬁ | f5) (56*5(1542) + 5(3*#(fo)> N e )
0,K2
+ 526—6(t—T2) —I— d M?(Se—u(x—X)

< (max |fo] — kw + 5) e 0T 4 (max | f5] + d2u2)6e_“(02(t_T2)+B_w)
[0,K2] [0,K2]

< (max|f2| —liw+2(5>56_6t ) <.
[0,K>]

Consequently, one reaches Nu(t, x) := u,(t, x) — dau,, (t,x) — fo(u(t,z)) <0 for all t > T,
and z > X when u(t,z) > 0. By a comparison argument, one infers that

u(t,z) >u(t,z) =¢ (z — X — o(t — Tp) — we 0T 4, B — C) - e 0UT) _ semnl@=X)

for all t > T, and = > X. Therefore, (7.91) is proved by taking z = —X — C, since B > w
and ¢ is decreasing. O]

More generally, we have

Lemma 7.31. Under the assumptions of Theorem 7.29, for any € > 0, there exist X. > 0,
Tie>0,T, >0, 21 € R and 2. € R such that

u(t,r) < (e —co(t —Tie) + z10) + 2ee 0" T1e) 4 2o M@=Xe) for gll t > Ti. and x > X,
(7.100)
and

u(t,z) > ¢(x—cg(t—T275)+22,5)—Ee_a(t_TQ’E)—56_“(“7_){5) for allt > Ty, andx > X, (7.101)
with the same parameters o > 0 and p > 0 as in Lemma 7.30.

Proof. Let p and 6 be defined as in (7.92) and (7.93). It is immediate to see from Lemma
7.30 that the result of Lemma 7.31 holds true with X, = X, 11, =T, To. =15, 21, =
and 29, = 2, when € > 4. It remains to discuss the case 0 < ¢ < §. For convenience, let us
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7.4. The KPP-bistable case

introduce some parameters. Pick C. > C' > 0 such that
¢ > Ky—cin (—o0,—C.], ¢ <ein [Ce, +00).

Due to ¢’ is continuous and negative in R, one can choose £ > 0 and then take w > 0 such
that
¢ < —kin [—C., C.], kw >4+ 2[%116})(] | f5]. (7.102)
s A2

Finally, let B, > W := ew/¢ be large enough such that

/ d 2\ ,—u(Be—Ww) < 5
([%,%VQH 1’ )e <

Step 1. Proof of (7.100). Repeating the argument as that of (7.97)-(7.98) in Step 1 of
Lemma 7.30 and replacing 0, X and T; there by ¢, X, and T} ., respectively, one then derives
u(t,X.) < Ky+eforalt>T,.

W, x) <p(r — X, — B. —C;) +2¢ for all > X,

Define
U(t, x) = G(E(t, x)) + 2ee " Tre) 1 2ee™#==Xe) for ¢ > Ty and x > X,

where
Etx) =2 — X, —cy(t —Tho) +@e e 5 - B, — C..

Following the same lines as in Step 1 of Lemma 7.30, it can be deduced that u(t,z) is a
supersolution to u; = dotz, + fo(u) for all t > 7). and x > X, whence

u(t,z) < ¢z — Xe —cot — Ty ) +we 20T — G — B, — C.) + 2ee(7The) 4 2ge = Xe),
Consequently, (7.100) is proved by choosing 2. = —X, —w — B, — C..

Step 2. Proof of (7.101). Using the same argument as that of (7.99) with 6, X and T5
replaced by €, X, and T5 ., then one has

u(t,z) > Ky — ¢ for all t > T5 ., uniformly in z € [X,, X. + B: + 2C].
Then we set
u(t, z) = max (¢(&(t, 2)) — ee 7o) — gemi@=Xe) 0) for ¢ > Ty, and v > X,
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in which
Etr)=2— X, — ot — Toe) — e "T2e) L 55— B, — C..

One can follow the proof of (7.91) to show that u(t, x) is a subsolution of u; = dau,, + fa(u)
for all t > T, . and o > X,. By the comparison principle, one derives

u(t,x) > ¢z — Xo — cot — Toe) —we 20 + 5 — B, — C.) — e ®(7T2e) — gemple=Xe)

for all t > T, and « > X.. Then (7.101) follows by taking 2z, = —X. — C,, since B, > @
and ¢’ < 0. ]

Remark 7.32. By contrast with Lemma 7.30, one can observe that the quantity z; . =
— X, —ew/d — B. — C. in the upper bound (7.100) may not be bounded from below indepen-
dently of € and therefore may not be replaced with a quantity independent of «.

Next, we provide the stability result of the bistable traveling front in a half line.

Lemma 7.33. Assume that (7.10)—(7.11) hold and that fo fa(s)ds > 0. There exists M >0
such that if there are € > 0, to > 0, g > 0 and £ € R such that

sup |u(to, z) — ¢(z — cato + £)| <e, (7.103)

xr>x0

Ky —e <u(t,xg) < Ko +e forallt > ty, p(xg — cotg + &) > Ko — € and

(max | f5] + d2u2)6_”(c2t0_””°_°~’_5_05) <0 (7.104)
[OvKﬂ
where ;1 > 0, § > 0, w > 0 and C. > 0 are defined as in Lemma 7.51 and & = ew/d, then
there holds
sup |u(t,z) — ¢(z — cat + &)| < Me for all t > t.

r>x0

Proof. Let ¢, tg, xo, &, i, 0, w, w and C. be as in the statement. Let k > 0 be defined as in
(7.102). We claim that

U(t,z) = ¢z — cot + e 00 — G 4 &) 4 2e70710) 4 9gpH(@—m0)

and
u(t, z) = max (¢p(z — caot — @e tt0) 1 5 4 £) — geT0tt) _ gemhlEmm0) 0)

are, respectively, a super- and a sub-solution of u; = dyuy, + fo(u) for all ¢t > tg and x > .
We just check that u(t,x) is a subsolution in detail and the supersolution can be proved in
a similar way.

At the initial time ¢ = #,, one has u(ty, 7) < ¢(z — catg + &) — £ — e @) <y (ty, )
for all z > x thanks to (7.103). Moreover, u(t, zy) = max (¢(zg — cot — e 90 4 G4 &) —
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ge0t—to) _ ¢ O) < Ky — e < wu(t, mg) for t > to, owing to the assumption on u(t, zg). It then
remains to show that Nu(t,x) = u,(t,z) — dou,, (t,2) — fa(u(t,x)) < 0 for all t > t, and
xr > xo when u(t,z) > 0.

For convenience, we set {(t,2) = & — cot — we ") + & + ¢ By a straightforward
computation, one has

Nu(t,z) = f2(p(£(t, 7)) — falult,x)) + ¢ (E(t, x))@de 00 710) 4 e5e00710) 4 gy pyPeere—m0),

There are three cases.

If §(t,z) < —C;, then Ky — e < ¢({(t, 7)) < Ky and thus u(t,r) > Ky — 3¢. Therefore,
by using (7.92)—(7.93) as well as the negativity of ¢’ and f}(K>), it follows that

/
Nu(t,z) < Jo(152) <€e_5(t_t°) + Ee_“(x_x°)> + e6e 010 4 gy 2eemHE—T0)

_ (fé(QKZ) —|—5>86_5(t t0) <f2(2 2) + dopt ) —u(@—z0) < ().

If —C. <{(t,7) < C:, one has x — g > ca(t — tg) + cato — 20 + e dt—t) 5 ¢ —C. >
ot —to) + oty — w9 — @ — € — C... Hence, e #(@=m0) < gnlezt—to)Festo—z0—0—¢=Ce) - Ope infers
from (7.102) as well as (7.104) that

Nu(t,z) < ax | f3] (56’5“40) 4 56*“(*9&0)) — se—8(t—to)
s A2
+ 5(56_6(t_t0) —+ d2u256_ﬂ($_1’0)

< . (5) —8(t—to) < / d 2) —p(ea(t—to)+eato—z0—w0—E—Ck)
_([%1%2(”2’ Kw + 0 )ee + [Ig}g;<1|le+ opt” e

< (max |f5] — kw + 25) ge 0=t <,
[0,K2]

Finally, if {(t,z) > C., then ¢({(t,x)) < ¢ and thus u(t,r) < e. Therefore, owing to
(7.92)—(7.93) as well as the negativity of ¢ and f5(0), it follows that

/
Nu(t,z) < —f2;0) <6e_§(t_t°) + 56_“(m_r0)) + ede 010 4 g,y 2eemH@—0)

_ (féé ) —|—(5> 5(t—to) (fééo) +d2u2>86—y(m—xo) <.

Eventually, one concludes that Nu(t, ) := u,(t,z) — dou,,(t, ) — fo(u(t,z)) < 0 for all
t > tg and x > xo when u(¢,x) > 0. By a comparison argument, one infers that

u(t,z) > ¢z — cot — @710 1 G 4 €) — ge0Th) _ gemplemmo)
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for all t > tq and = > x(. For these t and x, since ¢’ < 0, one derives that
u(t,z) > ¢z — et +W+E) —2e > ¢ — cot + &) — W[|¢'|| poom) — 26

Similarly, one also deduces from u(t, z) < ¢(x—cot+e 0F10) —GH4£)+2ee7(10) 42— 1(z—20)
for all t > ty and = > zy that

u(t,r) < ¢l —cot — 0+ &) +4e < p(x — ot + &) + ©||¢'|| Lo (r) + 4e
In conclusion, one has

sup |u(t,z) — ¢p(x — ct + &)| < @||¢/|| Loo(r) + 46 = Me for all t > t,

r>x0
where M := W@ || Lo r)/d 4 4 is independent of €, ty, z and &. O
Now we are in a position to complete the proof of Theorem 7.29.

Proof of Theorem 7.29 (continued). Let X >0, T) >0,Ty, >0, 21 € R, 20 € R, p > 0 and
9 > 0 be as in Lemma 7.30. For ¢t > max(T},T3) and z > X, there holds

(= co(t — Tp) + 2z5) — de U712 — §er@=%) <y (t, x)
< @z — ot — Th) + 21) + 20001 4 95 ~#==X), (7.105)

Consider any sequence (t,),en such that ¢, — 400 as n — 4o00. By standard parabolic
estimates, up to some subsequence, the functions w,(t,y) := u(t + t,,y + cot,,) defined on
R x R converge as n — +o0, locally uniformly in (¢,y) € R x R, to a classical solution u,,
of (Uoo)t = da(Ueo)yy + fo(uoo) for (t,y) € R x R.

By virtue of (7.105), passing to the limit n — +oo gives that

Oy — ot — To) + 22) < us(t,y) < @y — co(t — T1) + z1) for all (¢,y) € R x R.

Then, [18, Theorem 3.1] implies that, there exists £ € R such that u.(t,y) = ¢(y — cat + &)
for all (t,y) € R x R, whence

un(t,y) = o(y — cot + &) as n — 400, locally uniformly in (¢,y) € R x R. (7.106)

For any ¢ > 0, let C. > 0 be such that ¢ > Ky —¢/2 in (—o0,—C.] and ¢ < ¢/2 in
[C.,+0). Set E; := max (CE_CQTl — 21, Cg—f') and £y := min <_CE_CQT2_ZQ, —C’e—f) <
E;. Then, it can be deduced from (7.106) that

sup ‘un(O,y) — oy + 5)! < ¢ for all n large enough. (7.107)
Eo<y<E;
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Since t, — +00 as n — +o00, (7.105) implies that, for n large enough,

{O < u,(0,y) <e for y > F, (7.108)

Ky —e <un(0,y) < Ko+¢ for By — %t, <y < Es.

On the other hand, since F; > C. — ¢ and Fy < —C, — &, one has

{0<¢(y+£) <ef2<e fory = Ey, (7.109)

Ky—e<Ky—¢/2<¢y+§) < Ky fory < Es.
Then (7.108)—(7.109) imply that, for n large enough,
[1al0,y) = ¢y +€)| < 2 fory = By or By — 4, Sy < B
Together with (7.107) and the definition of u, (¢, y), one has, for n large enough,

[u(tn, z) — ¢z — caty + §)| < 2e for all z > By + %tn. (7.110)

On the other hand, one infers from Lemma 7.31 that, for n large enough,

Ky —3e < ¢(x — ot — Toe) + 22.) — ge 0tn=Toe) _ gommlz=Xe) < u(ty, )
<oz —coty —The) +21) + 2ee 0n=TLe) 4 9gem@=Xe) < [() 4 de, (7.111)

for all max(X, X.) <z < Ey+cot,, /2, where X, >0, Ty, >0, T5. >0, z;. € Rand 2. € R
were given in Lemma 7.31.

Notice also that, for n large enough,
Ky —e< Ky — % < @z — cotp, + &) < Ky for all max(X, X,) <z < FEy+ Etn. (7.112)
From (7.111)—(7.112) one deduces that, for n large enough,
[u(tn, z) — ¢z — caty + &)| < 5e for all max(X,X.) <z < B+ %tn.
Together with (7.110), one derives that, for n large enough,
[u(tn, ©) — ¢(x — caty + €)| < 5e for all 2 > max(X, X.).
Furthermore, due to (7.87)—(7.89), there is x. > max(X, X.) such that, for n large enough,

Ky —b5e <u(t,z.) < Ky + be for all t > t,,
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and
O = catn +6) 2 Ko — e, (max |f5] + dyps®) e <
s A2

It then follows from Lemma 7.33 that, for n large enough,
’u(t,x) — ¢(x — 02t+§)| < 5Me for all ¢ >t, and x > x.,

with M given in Lemma 7.33. Since € > 0 is arbitrary, ¢,, - +00 as n — 400 and x. — +00
as ¢ — 0, taking n — 400 and € — 0, one infers that

sup |u(t,x) — p(x —cat +&)| = 0 as A — +o0.

t>A, > A

This completes the proof of Theorem 7.29. n
Finally, we are in a position to prove Theorem 7.16.

Proof of Theorem 7.16. For any nn > 0 and for some L > 0 (will be fixed later), let z, > L > 0
and denote by uy, the solution of the Cauchy problem (7.3) with initial condition

0+ i — L,ag+ I,
B

0 otherwise.
It follows from local parabolic estimates that
urp(t,z) — ((t) as L — 400 locally in ¢t > 0, uniformly in x € K, (7.113)

where ( is the solution of the ODE ('(¢) = f2(((t)) for t > 0 with initial condition {(0) = 6+n,
and Ky, represents any compact interval containing . Since ((t) / Ks ast — 00, it follows
that for any € > 0, there is 7' > 0 such that {(7T") > ¥(0) + &, where ¢)(x) was given by (7.86)
defined in [—R, R] for some R > 0. By (7.113), one can then pick L > R sufficiently large
such that

ur,(T,-) > ¢(T) —e > ¢(0) in [z, — R,z + RJ.

Let u be the solution to (7.3) with nonnegative continuous and compactly supported
initial function ug # 0 satisfying ug(-) > 6 + 1 on an interval of size L included in patch 2,
say [z — L,z + L] for some z;, > L > 0. The comparison principle then gives that

U(T, ) > UL(T, ) > ’QD(O) in [.CEL — R, xr + R]

Then, following similar argument to that of Theorem 7.29, one can derive the desired con-
clusion. O
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Proof of Theorem 7.17. Let u be the solution to the Cauchy problem (7.3) with nonnegative
continuous and compactly supported initial value uy # 0. Proposition 7.4 gives that 0 <
u(t,x) < M = max (K, Ky, ||ug||Le(r)) for t > 0 and z € R.

Let v and w be as in the beginning of the proof of Theorem 7.8, namely, v represents
the solution to the Cauchy problem (7.3) with initial value v(0,-) = e¥(- — z9) < u(1,-) in
R for € > 0 small enough and for zp < —R, where R and v are given as in (7.43)—(7.44),
and w denotes the solution to (7.3) with initial value w(0,-) = M in R. Proposition 7.4
implies that 0 < v(t,z) < u(t+ 1,2) < w(t+ 1,2) < M for t > 0 and x € R. Moreover, v
is increasing with respect to ¢ and w is nonincreasing in t. From parabolic estimates, v(t, )
and w(t,-) converge as t — +o00, locally uniformly in R, to stationary solutions p and ¢ of
(7.3), respectively. Moreover, there holds

0 < p <liminfu(t, ) <limsupu(t,-) < ¢ < M, (7.114)
t—+oo t—+o00
locally uniformly in R. From the proof of Theorem 7.8, it is seen that p(—o0) = ¢(—o00) = Kj.
In the following, we wish to show that p = ¢ in R and p(+00) = ¢(+o0) = K,. For this
purpose, let us first prove that p is stable in R, in the sense that

+oo
/ dol'” — fo(p)® > 0, (7.115)
0

for every ¢ € C*(R,) with compact support. In fact, we first notice that the function v
satisfies
0 <v,=do(v—p)gx + fo(v) — fo(p) for t > 0 and x > 0.

For any given C''(R,) function ¢ with compact support, multiplying the above equation by
the nonnegative function ¢*/(p — v(t,-)) and integrating over R, at each fixed ¢ > 0 gives
that

0= [ttty (s ) - D L)

—v(t,)) o(t,)) —p
Y plp—v(t. )¢ |p—vt, )"\  fovlt) = folp) »
_/0 & (2 p—v(t,-) (p—’l)(t,'))2 ) U(ta') -P v
oo 712 fQ(U(ta')) _fQ(p) 2
S/O do| " — Wty —p 7

Since v(t,-) — p as t — 400 locally uniformly in R, passing to the limit ¢ — +oo yields
(7.115).

Next, we show that p(4+o00) = Ky. If there is zy € [0,+00) such that p(zg) = Ko, the
Cauchy-Lipschitz theorem then implies p = K5 in [0, +00) and p'(0) = 0, whence p = K,
in (—o00,0]. This is true if and only if K} = Kj, i.e. p = K; = K3 in R. In the sequel, we
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7. Propagation and blocking in a two-patch reaction-diffusion model

consider the case that p(-) — K5 has a strict constant sign in R,. Assume first that p has
at least two critical points 0 < a < b < 400 such that p'(a) = p/'(b) = 0. By reflection, set
21 :=p(2b— ") in [b,2b — al, then z; satisfies

{szi’ + fo(z1) = 0, in [b, 2b — al,
z1(b) = p(b), 21(b) = p'(b) = 0.

The Cauchy-Lipschitz theorem implies that z; = p in [b, 20 — a]. Thus, p(2b — a) = p(a) and
P (2b—a) = 0. Again using reflection, we set 25 := p(4b—2a—-) in [2b— a, 4b— 3a] and apply
the Cauchy-Lipschitz theorem, it follows that zo = p in [2b — a,4b — 3a]. Repeating above
procedures gives that p is periodic in [a,+00). This is impossible since p is stable in R,.
Therefore, p has at most one critical point in R,. This implies that p is strictly monotone
in, say, [R,400) for some R > 0 large. Recall that 0 < p < M, then p(+o00) exists. Since p
is stable and since there is no stationary solution U of (7.3) connecting K; and 0, it follows
that p(4+00) = K.

Similarly, one can also show that ¢ is stable in R, and ¢(+oc) = K. Indeed, we first
observe that
0 S —Wt = d2(q - w)xx + f2(€7) - fQ('lU), t> 07 YIS R+'

Consider again any C'*(R_.) function ¢ with compact support. Multiplying the above equation
by the nonnegative function ©?/(w(t,-) — q) and integrating by parts over R, at each fixed
time ¢ > 0 yields that

o< [ htute) - o (w@f[ﬂ ; q)’ _ h(w(t) ~ fla)

) ) w(ta ) —q
Y e plw(t,) —q)¢ (w(t,) —a)P¢*\ _ flwt) - fla) ,
_/0 * (2 w(t, ) —q (w(t,") — q)? ) wit,)—q "
e Rw(t) = fala)

Since w(t, ) — q as t — +00, locally uniformly in R, passing to the limit ¢t — 400 implies

+o0
0< / do|'|* = f5(q) "
0

Therefore, ¢ is stable in R.. Moreover, following the same lines as in the proof of p(4+-00) = K
above, one can rule out the case that ¢ is periodic far to the right in patch 2. Thus, ¢ has
at most one critical point in patch 2 and whence ¢ has to be monotone in, say, [R, +o0) for
some R > 0 large. Therefore, ¢(+00) exists. This implies g(+00) can only be K, or 0, due
to the stability of ¢ in R,. Since ¢ > p in R and p(4+o00) = Ks, one has q(+00) = K, and
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7.4. The KPP-bistable case

therefore ¢ = p in R by the uniqueness of the stationary solution of (7.3) connecting K; and
K shown in Proposition 7.12. The desired conclusion (7.17) is therefore achieved, due to
(7.114).

By using (7.17), the property (i) can be derived from Theorem 7.16 by a comparison
argument. It remains to prove property (ii). Assume now that fDKZ fa(s)ds = 0. For any
e >0, let fo. be of class C*(R,) such that

foe(0) = f2e(0) = fore(BKa+2) =0, f5.(0) <0, f5.(K2+¢) <0,
fae=f2<01in (0,0), for >01in (0, Ky +¢), fo. <0in (K3 + e, +00).

It is also assumed that fo. > f in (6, +00). We observe that fOKﬁE fa:(s)ds > 0. Let ¢. be

the unique traveling wave of u; = datiz, + fo(u) such that
d2¢/5, + 02,8¢la + f2,a(¢£) = 07 Qﬁlg < 0in Ra ¢8(0) = 07 ¢8(_OO) = K2 + g, Cba(‘l’oo) = Oa

with speed ¢y > 0. It is seen that ¢. = ¢ and co. —+ 0 as e — 0.

Let us introduce some parameters. Choose ;o > 0 such that

o \/mm (0] il +o)ly 7116

2ds 2dy

Then we take € > 0 such that (we notice that ¢y > 0)

K — " (0 " (K +
0<€<min</£02,€,9 s+e—0 |[5.00)] |f5.(K> e€)|>7

555 2 T2 7117
fo< 2 osa, gy < 2 D o), o
Let C' > 0 be such that
¢ > Ky —ein (—o0, —C|, ¢ < e in [C, +00).
Since ¢. < 0 is continuous in R, there is k£ > 0 such that
—¢L>k>0in [-C,C], (7.118)
and then take w > 0 so that
Kw > 4e + 2 [Oflll(gfe] | focl (7.119)
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7. Propagation and blocking in a two-patch reaction-diffusion model

Finally, pick B > 0 so large that

! dop?)e B < ¢ 7.120
([Ogl(gfs]|fz,€|+ opl)e M < e (7.120)

Since V' (400) = K>, one can choose X > 0 sufficiently large such that
V(z) < Ko+ g, for all x > X.
Since u(t,-) — V as t — 400 locally uniformly in R, there is 7' > 0 so large that
u(t, X) < V(X) + g < Kyte forallt>T

Moreover, since u(t, ) has a Gaussian upper bound for x > 0 large enough at each fixed t > 0
by Lemma 7.36, whereas ¢.(s) has an exponential bound (similar to (7.13)) as s — 400,
there holds (up to increasing B if needed)

wT,z) < ¢p(x — X —B—C)+ 2 forall z > X. (7.121)

For t > T and x > X, let us define
ﬂ(t7 :C) = (bE (E(t7 x)) + 28675@7’1’) -+ 2867/14(33*)()7

where
Etr)=2—X —co(t —T) +we =1 —w-B-C.

Let us now check that (¢, z) is a supersolution to u; = datiz, + fo(u) for allt > T and = > X.

At initial time ¢t = T, one has w(T,z) > ¢.(x — X — B — C) + 2¢ > u(T,z) for all
x> X by (7.121). Moreover, for z = X, since £(t, X) < —B — C < —C, one deduces that
U(t,X) > Ky — e+ 2ee("1) 4+ 2¢ > Ky + ¢ > u(t, X) for all t > T. Finally, in order to
check that @ (t,x) — doTiye(t, ) — fo(u(t,x)) > 0 for all t > T and x > X, it is sufficient to
show that Na(t, ) := T(t, x) — dolus(t, ) — foc(u(t,x)) > 0 for allt > T and = > X, due
to far > foin R.. After a straightforward computation, one derives

Nu(t,z) = f275(¢5(5(t,x))) — foc(u(t,x)) — ¢;(E(t7x)))w56—a(t—T)

— 2e%eme(t=T) _ 2d2,u25e’“(‘”’X).

We distinguish three cases.

If £(t,z) < —C, one has Ky — ¢ < ¢.(£(t,7)) < K,. Hence, u(t,z) > K, — . It follows
from (7.117) that fo (6. (E(t, 7)) — for(u(t, z)) > —(fia(Kg—FE)/Q)<2€€_E(t_T) —I—25e‘“(‘”_X)).
It then can be deduced from (7.116)-(7.117) as well as the negativity of ¢ and f; (K> +¢)
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7.5. The bistable-bistable case

that
' (K9 +¢
Nu(t,z) > —% (ZSe’E(t*T) + 266’“(9”’)()) — 2g%ee(t=T) _ 2d2u2€e’“(x’X)
(Kot (Ko + €
= ( _ heFate) ( 22 ) — 5) 2ee=T) ( _ JalRa o) ( 22 ) — dz,uz) 2ee M%) > .

If £(t,x) > C, one derives 0 < ¢.(£(t,x)) < e and then 7(t,z) < 5e. It follows from

(7.117) that fo.(¢-(E(t,2))) = forc(U(t, ) = —(f35.(0)/2)(2ee~="1) 4 2ee~#==X)) By virtue
of (7.116)—(7.117) and the negativity of ¢ and f; _(0), there holds

5 .(0
Nu(t,z) > —]02%() <2€e’€(t7T) + 286’“(3”’)()) — 2e%e75D) _ 9qyPeem @ X)

50 ,-(0
(-2 e (L2 e s

If —-C < &(t,x) < C, it turns out that # — X > ¢y (t = T) —we=1D + w+ B >
Coc(t —T) + B, whence e #@=X) < emule2(t=T)+5) By (7.117)-(7.120), one infers that

Nu(t,r) > — max \f2€| (256 e(t=T) 4 Qge—u(x—X)> + kwee<t=T)

(0,2 +-¢]
— 2e2e7<(t=T) _ 9,2 eeME=Y)
> (K,w —2¢ —2 max ’f25 >€€ e(t=T) ( max |f25\ + dopt >2€€*M(Cz,a(t7T)+B)
[O,Kg-i-
> —4e — 2 > <(t=T) >
> (ﬁw €= 2 max, |f2el )ee™
Consequently, we have proved that Nu(t, z) :==u (t x) — doliy, (t, x) — fo(u(t,x)) > 0 for

all t > T and x > X. Thus, w(t,x) — doli..(t,x) — fo(u(t,z)) > 0 for allt > T and z > X.
The comparison principle gives that

u(t,z) <u(t,z) =¢- (=X — o (t —T) + we =T _ - B — C) + 2ce~(=T) 4 9ger(@=X)

for all t > T"and # > X. Since ¢ is sufficiently small, one has sup,-; u(t,r) — 0 as t — +o0
for every ¢ > 0. This completes the proof. n

7.5 The bistable-bistable case

In this section, we only outline the different part of the proofs in the bistable-bistable case,
since most of the arguments are similar to the ones in the preceding section.

Proof of Proposition 7.20. Suppose that U is a nonnegative, bounded and classical stationary
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7. Propagation and blocking in a two-patch reaction-diffusion model

solution of (7.3) such that U(—o0) = K; and U(4+o00) = 0. From the strong maximum
principle and the Hopf lemma, it follows that U > 0 in R.
Since U(—o0) = K7, multiplying d;U” + f1(U) = 0 by U’ and integrating by parts over
(—o0, z) for any x € (—o0,07] yields that
dy a
—(U'(x))?* = fi(s)ds > 0. (7.122)
2
U(=)
Then, we claim that
either U > K;, U' > 01in (—o0,07],
or U< Ky, U <0in (—o0,07], (7.123)
or U=K; in (—o0,0].

To prove (7.123), we first show that either U(-) — K has a strict constant sign in (—oo, 0] or
U = K in (—00,0]. Indeed, assume that there is zg € (—00,07] such that U(zg) = K7, then
(7.122) implies U'(zo) = 0. By the uniqueness of the solution to the initial value problem,
one has U = K in (—o0, 0]. Assume now that U(-) — K; has a strict constant sign in (—oo, 0].
Then (7.122) implies that U’ has a strict constant sign in (—oo,0~]. More precisely, due to
U(—o0) = K, one concludes that, if U(0) > K, then U > K; and U’ > 0 in (—o0,07]; if
U(0) < Ky, then U < K; and U’ < 0 in (—00,07]. Our claim (7.123) is achieved.

The argument in patch 2 is exactly the same as the one in the proof of Proposition 7.10.
The proof is thereby complete. n

Propagation with positive or zero speed

Parallel to Lemma 7.28 and Theorem 7.29, we have

Lemma 7.34. Assume that (7.19) holds and there is i € {1,2} such that fOKi fi(s)ds > 0.
Then there exist R; > 0 and a function v; of class C*([—R;, R;]) such that

d! + fa(¢;) =0, in [—R;, Ril,
0< < Ki; ‘ _Ria RZ ;

sv in| | (7.124)
wi = O, at x = :I:RZ,

max[_g, g, Vi = ¥i(0) > 0;.

Theorem 7.35. Assume that (7.19) holds and there is i € {1,2} such that fOKi fi(s)ds > 0.
Let R; > 0 and 1; be as in Lemma 7.34. Let u be the solution to (7.3) with nonnegative
continuous and compactly supported initial function ug Z 0. If ug > ;(- — x;) in R for some
|z;| > Ry, then the conclusion of Theorem 7.26 still holds true.
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Finally, let us sketch the proof of the long time behavior (7.24) of u(t, z) in Theorem 7.27.
Since the rest of the proof is the same as that of Theorem 7.17, we omit it here.

Proof of Theorem 7.27. Let u be the solution of (7.3) with nonnegative continuous and com-
pactly supported initial datum uy # 0 satisfying the hypothesis in the statement. By Propo-
sition 7.4, one has 0 < u(t,z) < M = (Ki, Ky, ||uo|/z=m®)) for ¢ > 0 and z € R. The
conclusion of Theorem 7.26 holds true in patch 1, moreover, the argument of Theorem 7.26
also implies that u(T,-) > ¥1(0) in [x; — Ry, z; + R;] for some T' > 0 and z; < —R;, where
Y1 and Ry > 0 are given as in Lemma 7.34.

Let v and w be, respectively, the solutions of (7.3) with initial data v(0,-) = ¥4 (- — 1)
and w(0,-) = M in R. Proposition 7.4 implies that

0<v(t,x) <u(t+T,z) <w(t,z) <M fort>0andx € R.

Moreover, v is increasing in time and w is nonincreasing in time. By parabolic estimates,
v(t,-) and w(t,-) converge as t — +o00, locally uniformly in R, to stationary solutions p and
q of (7.3), respectively. Therefore,

0 < p <liminfu(t, ) <limsupu(t,-) < ¢ < M locally uniformly in R. (7.125)

t—r+00 t—+o00

It is sufficient to show that p = ¢ in R and p(+o0) = ¢(4+00) = Ks. From Theorem
7.35, it follows that v propagates to the left with speed ¢; and p(—o0) = K;. Hence,
q(—o0) > K. We wish to show that ¢(—oc0) = K;. Indeed, consider any sequence (x,)nen
such that z,, - —o0 as n — 4o00. By elliptic estimates, up to a subsequence, the function
> (R) to a classical bounded solution g of di1¢% + fi(¢s) =0
in R with ¢ > K; in R. Let 9(¢) be such that 9'(t) = f1(J(¢)) for all ¢ > 0 and 9¥(0) = M.
The comparison principle implies that g (z) < 9(t) for t > 0 and =z € R. Since f; < 0
in (Ki,+00) and f1(K;) = 0, one has J(t) \y Ky as t — +oo0. Thus, ¢ < K; in R.
Consequently, ¢, = K, i.e. ¢(—o0) = Kj, thanks to the arbitrariness of the sequence
(2n)nen. On the other hand, one can show as before that p and ¢ are both stable in R,

¢n = q(- + x,) converges in C?

whence p(4+00) = q(+00) = Ky by using the approach in Theorem 7.17. Thanks to the
uniqueness of the stationary solution of (7.3) connecting K; and K, given in Proposition
7.22, one has p = ¢ = V in R. Thus, the large time behavior (7.24) is proved by using
(7.125). O

7.6 Appendix

In this appendix, we give Gaussian upper bounds for solutions to the Cauchy problem (7.3)
with compactly supported initial data at each fixed ¢ > 0 for all |z| large enough.
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7. Propagation and blocking in a two-patch reaction-diffusion model

Assume that f; (i = 1,2) satisfy the general hypothesis:
dK >0, fi(s) < Ks and f3(s) < K for all s > 0. (7.126)

Lemma 7.36. Assume that (7.126) holds. Let u be the solution to the Cauchy problem
(7.3) with nonnegative continuous and compactly supported initial datum ug Z 0 satisfying
spt(ug) C [—Lq, Ls] for some Ly, Ly > 0. Then, we have

(i) for every t; > 0 and for all x < — L,

_(@+L)?
u(ty, z) < MeXhe™ o,

(ii) for every ty > 0 and for all x > Lo,

_(e=L9)?
u(ty, r) < MeRt2e itz

where M := max (Kl, Ko, ||u0||Loo(R)).

Proof of Lemma 7.36. Let u be the solution to the Cauchy problem (7.3) with nonnegative
continuous and compactly supported initial datum ug Z 0 satisfying spt(ug) C [—L1, La].
The proof is based on the comparison between u and the solution of certain initial-boundary
value problem defined in a half-line. We only sketch the proof for the first statement, since
the second one can be handled analogously.

Set M := max (K17K2, HUOHLOO(R)). Then by Proposition 7.4, one has 0 < u(t,z) < M
for t > 0 and x € R. Let v be the solution of the following initial-boundary value problem

vy = d1Vpy, t>0,2<0,
v(0,2) = MX[-1,0), *<0, (7.127)
v(t,0) = M, t>0,

where y denotes an indicator function of an interval. By a comparison argument, one has
u(t,z) < efto(t,x) for all t > 0 and x < 0.
To solve (7.127), we define V'(¢,z) := v(t,z) — M for t > 0 and < 0. Then V satisfies

‘/t:dl‘/xza t>0,[L‘<0,
V(0,2) = =MX(—oo-1,), <0,
V(t,0) =0, t>0.

By using the odd reflection method, we shall deal with the following initial value problem on
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Wy = AWy, t>0,r€R,
w(0,2) = Voua(0,2), xR,

where V,44(0, ) is the odd extension of V (0, z), that is,

V(O,%) = —MX(_OO’_Ll), r < 0,
‘/odd(o)x) = O; T = 07
_V(07 —iU) = MX(L1,+OO)7 x> 0.

Denote by S; the standard heat kernel:

1 _ 2%
Sl(t,x) = m@ it fort >0, v € R,
Ty

then for t > 0 and x € R,

+oo
w(t, z) = / Su(t,z — y)w(0, y)dy

o0

— /0 Sy(t,x —y)V(0,y)dy — /;Oo Si(t,z —y)V (0, —y)dy

—0o0

_ / (Si(t, 2 — ) = Si(t, 2z + 1)V (0, y)dy.

—00

By noticing that V (¢, z) = w(t, x)|.<o, it follows that

_(@—y)? _@+y)?
e 4dit e 4dqt dy‘

v |

Thus, the solution of problem (7.127) reads

v(t,x) =M+ V(t, x)

M M < _(Zy)Q _(a;-;y)z) d
= — e 1t — e 1t
vV 47Td1t Y

(1_ /_1401?2 2 dZ_|_ /\/4d1t —Z2 )
L1 1 — X
M (1= et (X2 — Lt
( 2er( —_ 2er( = ))

where erf(z) and erfc(z) = 1 — erf(z) denote the error function and the complementary error
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7. Propagation and blocking in a two-patch reaction-diffusion model

function, respectively, given by

2 [T o
erf(x) : / —ds, erfc(z) = —/ e ¥ ds.
~ R @)=,

Hence, for any t; > 0 and © < —L, there holds

U(tl,x) = Ktl (tla ) - 6Kt1M<

1

2

K“M(l—erf 4d Nz )
1t1

— L
— Kty f 1
e M ertc (—4d1t1 )

_(@+Ly)?
< el Mem Amh

where we have used the exponential-type upper bound erfc(z) < e~ for z > 0 in the last

inequality. This completes the proof. n
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